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Abstract
Nonlinear systems of equations often represent mathematical models of chemical production processes and other engineering problems. Homotopic techniques (in particular,
the bounded homotopies introduced by Paloschi) are used for enhancing convergence to
solutions, especially when a good initial estimate is not available. In this paper, the homotopy curve is considered as the feasible set of a mathematical programming problem,
where the objective is to find the optimal value of the homotopic parameter. Inexact
restoration techniques can then be used to generate approximations in a neighborhood
of the homotopy, the size of which is theoretically justified. Numerical examples are given.
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Introduction

Many models in chemistry, engineering and applied physics require the solution of nonlinear
systems of equations (NLS) with bounded variables. In particular, this problem has many
applications in chemical engineering, so that it is not surprising that valuable contributions
for the computational solution of NLS can be found in the chemical engineering literature.
See [14, 15, 16, 22, 23] and references therein.
Assume that Ω = {x ∈ IRn | ℓ ≤ x ≤ u}, the mapping F : Ω → IRn has continuous first
partial derivatives, ℓ, u ∈ IRn and ℓ < u. Then, the mathematical problem consists in finding
∗
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x ∈ Ω such that
F (x) = 0.

(1)

When bounds are not present, a classical strategy for solving the problem (1) is given
by the homotopic approach. See, among others, [2, 3, 4, 5, 17, 18, 24, 25]. This approach
has been extended to bounded problems by Paloschi [14, 15, 16]. See, also, [22, 23]. Often,
there are solutions of (1) not belonging to Ω but they do not have physical meaning. Hence
imposing natural bounds is essential for obtaining practical solutions of the problem. In other
cases, bounds are introduced artificially due to ill-conditioning or singularity of the Jacobian.
Homotopic methods are used when strictly local Newton-like methods for solving (1) fail
because a sufficiently good initial guess of the solution is not available. Moreover, in some
applications areas, homotopy methods are now the rule of choice. See [25]. The homotopic
idea consists in defining
H : Ω × IR → IRn
such that H(x, 1) ≡ F (x) and the system H(x, 0) = 0 is easy to solve. The solution of
H(x, t) = 0 is used as initial guess for solving H(x, t′ ) = 0, with t′ > t. In this way,
the solution of the original problem is progressively approximated. For many engineering
problems, natural homotopies are suggested by the very essence of the physical situation.
In general, the set of points (x, t) that satisfy H(x, t) = 0 define a curve in IRn+1 . Homotopic methods are the procedures to “track” this curve in such a way that its “end point”
(t = 1) can be safely reached. Since the intermediate points of the curve (for which t < 1)
are of no interest by themselves, it is not necessary to compute them very accurately. So, an
interesting theoretical problem with practical relevance is to choose the accuracy to which
intermediate points are to be computed. If an intermediate point (x, t) is computed with high
accuracy, the tangent line to the curve that passes through this point can be efficiently used
to predict the points corresponding to larger values of the parameter t. This prediction can
be very poor if (x, t) is far from the true zero-curve of H(x, t). On the other hand, accurate
computing of all intermediate points can be unaffordable.
The discussion above led us to establish a relation between the homotopic framework for
solving nonlinear equations and inexact restoration methods [9, 10, 11], a family of recently
introduced methods for nonlinear programming (NLP). The idea is to look at the homotopic
problem as the nonlinear optimization problem
Minimize (t − 1)2
subject to H(x, t) = 0, x ∈ Ω.

(2)

Therefore, the homotopic curve is the feasible set of (2). The nonlinear programming problem (2) could be solved by any constrained optimization method, but inexact restoration
algorithms seem to be closely connected to the classical predictor-corrector procedure used in
the homotopic approach. Moreover, they give theoretically justified answers to the accuracy
problem.
Let us survey here how inexact restoration (IR) algorithms proceed in a general nonlinear
program given by
Minimize f (w) subject to w ∈ C.
(3)
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In (3), C ⊂ IRm is the feasible region, defined by a set of equalities and/or inequalities.
Given the current iterate w, an iteration of IR consists of two phases. In the first phase a
“more feasible” point y is computed and in the second phase a “more optimal point” z is
calculated on the “tangent” approximation to C that passes through y. If, according to some
merit function, z is better than w, then z is the new current iterate. Otherwise, a trust region
centered at y is reduced and a new trial point z is computed at the intersection of the tangent
set with the trust region. It can be proved that the iteration finishes with a trial point z which
is better than w. The criterion by which the intermediate point y is more feasible than the
current point w is rigorously defined in the IR framework. These features give an answer to
the question of how accurate the intermediate point should be. Under suitable assumptions,
the theory ensures that convergence to a solution takes place. Inexact Restoration algorithms
are related to gradient projection, reduced gradient and gradient restoration techniques. See
[1, 8, 12, 13, 19, 20]. The main differences will be discussed in the following sections.
This paper is organized as follows. In Section 2 we discuss the relation between nonlinear
programming and continuation. In Section 3 we define the algorithm and discuss some of its
properties. Section 4 is devoted to numerical examples and some conclusions are drawn in
Section 5.

2

Nonlinear programming and continuation

The feasible set of the nonlinear programming problem (3) can always be represented as
C = {w ∈ IRn | h(w) = 0, ℓ ≤ w ≤ u},

(4)

where h : IRn → IRm . (When an inequality constraint g(w) ≤ 0 appears in the original
formulation, it can be replaced by g(w) + z = 0, z ≥ 0.)
Feasible methods for solving (3-4) generate a sequence of approximations wk ∈ C such that
f (wk+1 ) is sufficiently smaller than f (wk ) for all k. Reduced gradient, gradient projection
and gradient restoration techniques [1, 8, 12, 13, 19, 20] belong to this class of methods.
Usually, each iteration of a feasible method consists of two phases. In the “predictor phase”,
given a feasible y ∈ C, a “better” approximation z is computed in the tangent set to C
that passes through y. In the “corrector phase”, feasibility is restored. Starting with (the
generally infeasible) z one tries to find a new feasible point w such that f (w) is sufficiently
smaller than f (y). In reduced gradient (GRG) methods [1, 8] the restored point is obtained (if
possible) by modifying only the value of m “basic” variables. In gradient projection methods,
the restoration is along a nearly orthogonal direction to the feasible manifold. If h(w) is
nonlinear, completely feasible points cannot be obtained, and we can say that restoration is,
in some sense, always inexact.
Two questions arise: (i) how feasible the restored points must be in order to preserve
(theoretical and practical) convergence?, and (ii) is it necessary to take care of feasibility at
all?
In many problems it is not worthwhile to care a lot with feasibility because fast convergence can be obtained by dealing with the primal-dual system of optimality conditions as
a whole. Such problems are generally solved by sequential quadratic programming (SQP)
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techniques. SQP can be viewed as an adaptation of Newton’s method to the solution of the
optimality conditions of (3). A pure Newton strategy cannot be used because one wants to
distinguish minimizers from other stationary points, so the Newtonian technique is modified
using line searches or trust regions. See [7] and references therein.
In some other problems it is important to preserve feasibility of the iterates or, at least,
to recover easily feasibility from current iterates. Frequently, feasible points are useful even
without being optimal, whereas infeasible points are not. The feasibility of iterates in reduced
gradient and gradient projection methods is controlled in the corrector phase of the iteration.
This phase involves the application of an iterative algorithm (usually Newton’s chord or
quasi-Newton) and the feasibility tolerance is related to its convergence criterion. Usually,
this tolerance is a “small positive number” related to machine precision and scaling quantities.
The inexact-restoration techniques for nonlinear programming introduced theoretical criteria that control feasibility and preserve convergence of the overall process. Moreover,
the requirements on the restored point are quite general, so that one is not restricted to
orthogonal-like or basic-like restoration steps. This is important because the nature of many
problems calls for specific restoration procedures.
The identification of the homotopy path with the feasible set of a nonlinear programming
problem allows us to use IR criteria to define the closeness of corrected steps to the path.
The solutions of (1) correspond exactly to those of (2), so the identification proposed here is
quite natural.
The correspondence between the feasibility phase of the feasible algorithms for (3) and the
corrector phase of predictor-corrector continuation methods is immediate. The IR technique
provides a criterion for declaring convergence of the subalgorithm used in the correction.
The optimality phase of the feasible algorithms for (3) corresponds to the predictor phase of
continuation methods. The IR technique determines how long predictor steps can be taken
and establishes a criterion for deciding whether they should be accepted or not.
Turning points of the homotopy path correspond to local minimizers of (2). Inexact
restoration helps to find them but says nothing about how to continue the path through
them. From the point of view of (local) nonlinear programming, at a turning point the
problem is solved. Other singular points of the homotopy paths generally correspond to the
points where some constraint qualification is not fulfilled. Again, IR says nothing about how
to continue the homotopy path in this case.
Inexact restoration (as classical feasible methods, SQP and practical versions of penalty
and augmented-Lagrangian methods) is a local technique for nonlinear programming in
the sense that convergence is guaranteed to critical points. The set of critical points is
an approximation of the set of local minimizers that generally includes saddle points and
nonregular points of the feasible set. When in nonlinear programming a local minimizer
is not satisfactory, some global tool must be used to jump out from its convergence basin.
Similar procedures are used when one wants to find more than a single minimizer. Many
heuristic nonlinear programming techniques have been proposed for that purpose. However,
we feel that for this specific task the amount of continuation ideas that can be used in
nonlinear programming is larger than the number of nonlinear programming global heuristics
that could be useful in numerical continuation.
Inexact-restoration tools can be used in connection to any curve-tracking method for
4

tracing homotopies. Imbreeding between nonlinear programming and continuation techniques
seems to be natural and necessary, by means of the identification between (1) and (2).

3

Inexact-restoration algorithm

Let us first introduce the notation that will be used throughout the rest of this paper. The
symbol k·k will denote the Euclidean norm and B(y, δ) the ball with the center y and radius δ.
For x ∈ IRn and t ∈ IR we denote x̃ = (x, t) = (x, xn+1 ) ∈ IRn+1 , and f˜(x̃) = f (xn+1 ) =
(xn+1 − 1)2 . So, the problem we are going to consider can be written as
Minimize f (xn+1 )
subject to H(x̃) = 0, x ∈ Ω,

(5)

where Ω = {x ∈ IRn : ℓ ≤ x ≤ u}, ℓ, u ∈ IRn and H is the homotopy mapping. The
solution of this problem is x̃∗ = (x∗ , 1), and F (x∗ ) = 0. The Inexact-Restoration algorithm
for obtaining x∗ is iterative. The generated sequence will be called {x̃k }. The parameters
η > 0, θ−1 ∈ (0, 1), δmin > 0, δmax > δmin , r ∈ (0, 1), β > 0 and the sequence of positive
P
numbers {wk } such that
wk < ∞, are given as well as the initial approximation x0 . We
also define t0 = 0. In the implementation, we use η = 1, θ−1 = 0.8, δmin = 10−3 , δmax = 1,
wk ≡ 1.1−k , r = 0.1 and β = 106 .
Assume that xk ∈ Ω, tk , θk−1 , . . . , θ−1 have been computed. The steps for obtaining x̃k+1
are given below.
Algorithm 1.
Step 1. Initialize the trust region and the penalty parameter.
Define
θ = min{1, min{θk−1 , . . . , θ−1 } + wk }.
and
δ ← 1.
Step 2. Feasibility phase of the iteration.
Compute the point ỹ ∈ Ω × IR such that
kH(ỹ)k ≤ rkH(x̃k )k and kỹ − x̃k k ≤ βkH(x̃k )k.

(6)

(Observe that ỹ = x̃k is the only point that satisfies (6) if kH(x̃k )k = 0.)
Step 3. Tangent Cauchy direction
Let N be the null-space of H ′ (ỹ). Define
π = (ỹ + N ) ∩ (Ω × IR).
Compute
dktan = p − ỹ
where p is the projection of ỹ −η∇f˜(ỹ) on π. In general, π is a line segment, so this projection
can be trivially computed.
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If ỹ = x̃k and kdktan k = 0, terminate the execution of the algorithm.
If kdktan k = 0 but ỹ 6= x̃k , define
x̃k+1 = ỹ, θk = θk−1 ,
and terminate the iteration.
Step 4. Trial point in the tangent set.
Compute z̃ ∈ π the minimizer of f˜(z̃) on π ∩ B(ỹ, δ). Observe that, since π is in general
a segment and f˜ is quadratic, this step is trivial.
Step 5. Predicted reduction
Define, for all µ ∈ [0, 1],
Pred (µ) = µ[f˜(x̃k ) − f˜(z̃)] + (1 − µ)[kH(x̃k )k − kH(ỹ)k].
Compute

1
θ ← max{µ ∈ [0, θ] | Pred (µ) ≥ [kH(x̃k )k − kH(ỹ)k]}
2

and define
P red ← Pred (θ).
Step 6. Compare actual and predicted reduction.
Compute
Ared = θ[f˜(x̃k ) − f˜(z̃)] + (1 − θ)[kH(x̃k )k − kH(z̃)k].
If
Ared <

1
P red
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update δ ← kz̃ − ỹk/2 and go to Step 4.
Else, define
x̃k+1 = z̃, θk = θ.
If Ared ≥ 2 P red, update
δ ← min{δmax , max{δmin , 2δ}}.
Terminate the iteration.
As we mentioned in the introduction, Algorithm 1 is obtained as a special case of the
inexact restoration algorithm given in [10], taking into account the specific problem we deal
with here. See, also, [9, 11]. Some steps deserve further comments. Since H ′ (ỹ) ∈ IRn×(n+1) ,
the null-space of this matrix is, very likely, a line. For some homotopies it can be assumed
that it is a line with probability 1. See [24, 25]. We are going to assume that this is the
case in the rest of this paper. Therefore, the set π is a line segment and the projection p can
be trivially computed. By the same reason, it is also trivial to compute the trial point z̃ in
Step 4.
The merit function used in [10] is the addition of a Lagrangian plus a nonsmooth penalty
term. In [9], a classical augmented Lagrangian is used. Therefore, in each iteration an
6

estimation of the Lagrange multipliers at the solution is needed. In our case, the gradient of
the objective function at the desired solution is null so that the optimal Lagrange multipliers
are zero. Therefore, the Lagrangian term is not necessary in the merit function from which
Ared and P red are derived.
The algorithm for the feasibility phase of the inexact restoration algorithm (Step 2 of
Algorithm 1) is given in Appendix 1 (Algorithm 2).
The theoretical (convergence) results related to the algorithm defined in this section follow
as particular cases of the results proved in [10]. Assuming that H is Lipschitz-continuous, it
can be proved that the algorithm is well defined, that is, each iteration necessarily finishes
after a finite number of reduction of the trust region radius. In the remaining results it
is assumed that Phase 1 of the algorithm can always be completed. In this case one can
prove that every limit point of the generated sequence belongs to the homotopy curve and an
optimality condition of the nonlinear program (2) is satisfied by a certain limit point. Under
regularity conditions, this implies that this limit point is a solution of (2).

4

Numerical examples

We present four examples. The first is a bound-constrained problem taken from [14]. The
other three examples are unconstrained problems. These problems were introduced in [6] as
difficult problems in the sense that the purely local Newton method, given by
xk+1 = xk − F ′ (xk )−1 F (xk ),
does not converge for different reasons regardless of the number of iterations allowed.
Example 1: Process of production of dibutyl phtalate. ([14])
This problem models a process of production of dibutyl phtalate. The process involves two
adiabatic continuous stirred-tank reactors (CSTR) and the model consists of seven equations.
See [21]. We used the bounds ℓ = (50, 0, 0, 0, 0, 0, 0), u = (100, 10, 100, 10, 1, 10, 1), and the
initial point x0 = (70, 6, 50, 8, 0.1, 2, 0.9).
The Newton homotopy fails for this problem. The path enters a region with negative values for some of the variables and becomes unbounded afterwards (see [14]). The
use of the Newton bounded homotopy combined with the affine-scaling-invariant regularization form of Paloschi’s penalty solves this problem. Figure 1 shows the restarted (ỹ k )
points which, according to (6), are approximate solutions of H(y, t) = 0. The solution is
x∗ ≈ (80.52, 61.11, 6.97, 7.20, 0.55, 3.65, 0.06). It should be noted that the value of H(x∗ , 1) ≈
7.35 × 10−9 while F (x∗ ) ≈ 0.12. This can be easily explained looking at Paloschi’s bounded
homotopies formulae [14].
Example 2: Augmented Powell badly scaled ([6])
F3i−2 (x) = 104 x3i−2 x3i−1 − 1,
F3i−1 (x) = exp(−x3i−2 ) + exp(−x3i−1 ) − 1.0001,
F3i (x)
= ϕ(x3i ),
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for i = 1, . . . , n/3 (n multiple of 3), where

ϕ(t) =


t


− 2,


2







if t ≤ −1

1
(−1924 + 4551t + 888t2 − 592t3 ), if t ∈ [−1, 2] ,
 1998








 t

2

if t ≥ 2

+ 2,

with x0 = (0, 1, −4, 0, 1, −4, . . .).
Example 3: Tridimensional valley ([6])
F3i−2 (x) = (c2 x33i−2 + c1 x3i−2 ) exp(
F3i−1 (x) = 10(sin(x3i−2 ) − x3i−1 ),
F3i (x)
= 10(cos(x3i−2 ) − x3i ),

−x23i−2
100 ) −

1,

for i = 1, . . . , n/3 (n multiple of 3), where
c1 = 1.003344481605351,
c2 = −3.344481605351171 × 10−3 ,
with x0 = (−4, 1, 2, 1, 2, 1, 2, . . .).
Example 4: Diagonal of three variables premultiplied by a quasi-orthogonal matrix ([6])
F3i−2 (x) = 0.6x3i−2 + 1.6x33i−1 − 7.2x23i−1 + 9.6x3i−1 − 4.8,
F3i−1 (x) = 0.48x3i−2 − 0.72x33i−1 + 3.24x23i−1 − 4.32x3i−1 − x3i + 0.2x33i + 2.16,
F3i (x)
= 1.25x3i − 0.25x33i ,
for i = 1, . . . , n/3 (n multiple of 3), with x0 = (50, 0.5, −1, 50, 0.5, −1, . . .).
Problems 2–4 (with n = 51, 33, 33, respectively) were solved using Newton’s, regularizing
and affine-scale-invariant homotopies. For Problem 2, all homotopies found a solution of (1).
In Problem 3, the Newton and affine-scale-invariant homotopies found solutions of (1) while
the regularizing homotopy stopped at a local minimizer of (2). Finally, for Problem 4, all
homotopies stopped at local minimizers of (2) that are not solutions of (1). Figures 2–4 show
the trajectories (t, x1 ) of Newton’s homotopy for this set of problems.

5

Conclusions

We considered the resolution of nonlinear systems using homotopies as a nonlinear programming problem and exploited a recently introduced NLP technique, inexact restoration, to
produce approximate feasible points that are close to the homotopy path. Inexact-restoration
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ultimately guarantees the points are on the curve and finding of solutions at least in the NLP
sense. The proposed preliminary algorithm appeared to be successful in solving some reported problems. Many efficient techniques for tracing homotopies through singular points
have been introduced in the literature. These techniques are not the subject of the present
research. In the algorithm we used several classical homotopies, including the bounded homotopies of Paloschi, which are quite useful for generating continuous paths to the solutions
when natural bounds are present or when artificial bounds are induced by the behavior of
unbounded homotopies.
In this research we considered the inexact restoration procedure as an independent technique for tracing approximate homotopies. Considering the formidable advances of homotopy
methods in the last 15 years, there is probably a more promising approach that deserves future research. The inexact restoration criteria implicit in Steps 2, 5 and 6 of Algorithm 1
can be used in connection with other predictor-corrector algorithms for tracing homotopic
curves, providing auxiliary tools for deciding on the acceptance or rejection of trial points.
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Appendix 1

The algorithm below describes the first phase (restoration) of the IR algorithm.
Algorithm 2.
Initialize ỹ ← x̃k , ν = 0.
Step 1. Terminate if the desired conditions have been satisfied.
If ỹ satisfies (6), return.
Step 2. Stop if the number of iterations is exhausted.
If ν > 10, stop declaring “Failure of Phase 1”.
Step 3. Compute the projection on the linearized homotopy-curve
Define
L = {w ∈ IRn+1 | H ′ (ỹ)(w − ỹ) + H(ỹ) = 0}.
If L ∩ (Ω × IR) = ∅ stop declaring “Failure of Phase 1”. Else, compute ỹnew , the projection
of ỹ on L ∩ (Ω × IR), set ỹ ← ỹnew , ν ← ν + 1 and go to Step 1.
As we can see above, Algorithm 2 can fail in its task of finding ỹ satisfying (6). A theorem
proved in [10] indicates that such a failure is unlikely to occur.
The implementation of Step 3 of Algorithm 2 requires some linear algebra, which is
sketched below. Again, the fact that the null space of H ′ (y) is one-dimensional plays an essential role in the procedure. Let us write, for simplicity, A = H ′ (ỹ) ∈ IRn×(n+1) , rank (A) = n.
We compute the rectangular LU factorization of A. So,
AP = LU,
where P is a permutation matrix, L ∈ IRn×(n+1) is the lower-triangular with nonnull diagonal
entries, U ∈ IR(n+1)×(n+1) is the upper-triangular with unitary diagonal. This factorization
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allows us to preserve possible sparsity of A. To find a particular solution of Av = b, observe
that this system is equivalent to
LU s = b, v = P s.
(7)
For solving LU s = b we fix (U s)n+1 = 1 and proceed by back-substitution. The problem
of finding a basis of the null-space of A corresponds to taking b = 0 in (7). In this case,
the situation is even simpler because b = 0 implies that U s = en+1 (the last element of the
canonical basis of IRn+1 ).
Having a particular point of L and a basis of the (one-dimensional) null-space of H ′ (ỹ),
the problem of finding the projection of ỹ on L ∩ (Ω × IR) can be solved as follows. First,
we compute the projection of ỹ on L. With the parametric representation of L this merely
requires the minimization of a one-dimensional quadratic. If this projection belongs to Ω×IR,
we are done. Otherwise, we consider the finite set
F = {x ∈ L | xi = ℓi or xi = ui }.
If F ∩ (Ω × IR) = ∅, then L ∩ (Ω × IR) = ∅ and nothing can be done. Otherwise, the projection
of ỹ on L ∩ (Ω × IR) is the point of F ∩ (Ω × IR) which is closest to ỹ.
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Figure 1: Approximate solutions of H(y, t) = 0 for Problem 1.
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Figure 2: Approximate solutions of H(y, t) = 0 for Problem 2 (just first variable).
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Figure 3: Approximate solutions of H(y, t) = 0 for Problem 3 (just first variable).
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Figure 4: Approximate solutions of H(y, t) = 0 for Problem 4 (just first variable).Note that
the method stops at a local minimizer of the NLP with t ≈ 0.5.
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Figure 5: Newton “homotopy” for F (x) = x2 − 1, Ω = [0, 2] and δ = 0.1. Note that, for
t = 1, x = 1 ∈ Ω is a solution of F (x) = 0 but x = −0.1 ∈ Ω′ = [−0.1, 2.1] is not.
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