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Abstract

We consider convex composite optimization problems in which the objective function is
the sum of a smooth convex term and a nonsmooth convex term admitting an efficiently
computable proximal operator. We introduce a learning-enhanced inertial proximal gra-
dient method that combines learned deviation terms with momentum-based acceleration,
while also allowing for inexact evaluation of the proximal operator. The proposed scheme
is motivated by a limitation commonly observed in learning-based optimization methods:
acceleration induced by learned components is typically effective only within the finite it-
eration regime used during training. To address this issue, our method combines learned
deviations with inertial acceleration. It leverages learned deviations to improve performance
within the training horizon, while the inertial mechanism ensures robust asymptotic con-
vergence independently of the training regime. We establish convergence results showing
that the proposed algorithm preserves the optimal O(1/k?) worst-case convergence rate of
accelerated proximal gradient methods despite the presence of learned perturbations and
inexact proximal evaluations. Numerical experiments indicate that the learned deviations
significantly improve performance during the training horizon, while the inertial structure
ensures stable and competitive behavior in later iterations. The proposed framework there-
fore combines the practical advantages of learning-based acceleration with the robustness of
classical accelerated optimization methods.
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1 Introduction

1.1 Convex Composite Optimization Problems

A convex composite optimization problem consists of minimizing an objective function expressed
as the sum of two convex functions, each satisfying a different set of assumptions. This formula-
tion is useful because it enables the development of optimization algorithms based on splitting
strategies. These approaches involve different types of steps at each iteration, with each step
type exploiting the structure of one of the constituent functions.

Convex composite optimization problems have a wide range of applications. An important
use case is variational regularization models, which are used to find stable solutions to ill-posed
inverse problems. In this application, the objective function comprises a data fidelity and a
regularization term. Often, the data fidelity term is a smooth function (e.g., mean squared
error), while the regularization term is a non-smooth function (e.g., ¢1-norm regularization).

One of the most popular and well-studied splitting methods for solving convex composite
optimization problems with one smooth term is the proximal gradient method, which com-
bines the gradient descent iteration with the proximal iteration. The convergence properties of
the method are achieved with the constant step-size policy [7]. Line searches that guarantee
analogous convergence properties have also been studied in the literature (see [5, §10.3-10.4]).

The proximal gradient method has been the focus of multiple enhancements aimed at accel-
eration. One of these techniques, known as the Spectral Proximal Gradient Method, involves
considering the Barzilai-Borwein step-size [4], which estimates second-order information, asso-
ciated with a non-monotone line search (e.g., the Grippo—Lampariello-Lucidi line search [15]).
This technique was initially considered for the projected gradient method in [9] and was sub-
sequently extended to the proximal gradient method in [26]. Another notable acceleration
technique involves incorporating a momentum term. The seminal papers [21, [I§] introduced
momentum acceleration for the gradient descent method. An algorithm with convergence of
order O(1/k?) on the optimality gap, where k is the iteration counter, was developed in [18].
This order of convergence was proven optimal in the sense that, for any method based only
on gradient evaluations of the iterates, there exists a function for which the optimality gap is
bounded from below by a quantity of O(1/k?), as stated in [I9, Thm. 2.1.7]. The momentum
acceleration method proposed in [I8] was extended to composite convex optimization problems
in [7] and [20]. The method developed in [7] was named Fast Iterative Shrinkage-Thresholding
Algorithm (FISTA) as it is an accelerated version of the Iterative Shrinkage-Thresholding Algo-
rithm (ISTA). ISTA is essentially the proximal gradient method applied to the LASSO problem
[24]. Despite its name, which reflects its origins in shrinkage and thresholding methods, FISTA
is a general algorithm applicable to a broad class of convex composite optimization problems.
The convergence of function values is guaranteed under the constant step-size policy [7]. With
analogous convergence results, line search procedures were derived in [7, 22]. In both cases,
the methods achieve the optimal O(1/k?) convergence rate of first-order methods for smooth
problems. (Incidentally, note that FISTA can also handle non-smooth problems.) This fast
convergence rate is possible because the algorithms use the proximal operator to handle the
non-smooth term of the objective function.



1.2 Machine Learning and Optimization

Machine learning (ML) techniques have long relied on optimization theory and methods to
achieve success, as most learning paradigms involve solving either a minimization or a maxi-
mization problem. For instance, Support Vector Machine classifiers select a hyperplane that
provides the largest possible margin of separation in the training data, resulting in a quadratic
optimization problem. K-means clustering minimizes the within-cluster sum of squares (akin
to variance), resulting in a hard integer optimization problem that is typically solved heuristi-
cally. Deep learning techniques require computing parameters for artificial neural networks that
minimize network error in the training data, by solving a continuous nonconvex optimization
problem. In most cases, computationally expensive numerical optimization only occurs during
training. In contrast, the classification or regression steps of ML methods are inexpensive from
a computational viewpoint.

Conversely, an emerging research direction is the development of machine learning (ML)-
based optimization methods; see [I1]. On the one hand, classical optimization algorithms can be
unrolled, that is, their iterative steps are explicitly truncated to a finite number and interpreted
as layers of a neural network, possibly with learnable parameters. These unrolled methods
can then serve as the basis for deep neural network architectures applied to a variety of tasks,
such as sparse coding [13] or medical imaging reconstruction [I, 27]. As discussed in [I1],
these unrolled architectures may also be used directly to solve optimization problems, effectively
acting as learned optimization algorithms. On the other hand, ML techniques may be used
to learn optimization algorithm parameters based on data representing a class of problems of
interest with the objective of accelerating convergence. For example, learning step-sizes and
extrapolation/momentum parameters was considered in [23].

Another example is the deviation-based algorithms proposed in [2]. In that paper, the
authors introduce deviation vectors into a known optimization method and estimate bounds
on the norms of these vectors to guarantee convergence properties. Then, a normalized neural
network may be trained to infer suitable deviations to accelerate empirical convergence.

Introducing deviations in the analysis of an optimization algorithm is a standard approach
to derive the convergence properties of inexact methods. In these methods, the deviations
are unknown because they model errors in the computations. For instance, a deviation could
represent an error when calculating the gradient at an iterate, as in incremental or stochastic
gradient descent techniques. However, ML-based acceleration—the topic of this paper—aims to
produce deviations that meet a specific goal, directing the training procedure. This goal could
be, for example, to obtain the smallest possible value of the objective function within a certain
number of iterations or to meet a specific termination criterion within the smallest possible
number of iterations.

1.3 Contributions

We present a new method for composite convex optimization. The method can be seen as a vari-
ant of the proximal gradient method that combines accelerations based on momentum/extrapolation
and on deviations. Moreover, the method we introduce allows for the inexact computation of the
proximal operator within iterations. From a practical point of view, following [2], we propose



that the deviations be learned by training a neural network. From a theoretical point of view,
unlike the methods presented in [2], the optimality gap of the proposed method preserves the
O(1/k?) asymptotic and non-asymptotic convergence orders exhibited by the FISTA method.
Thus, the proposed method is the first to simultaneously present the benefits of ML-based ac-
celerated methods and the theoretical properties of momentum/extrapolation-based accelerated
methods. The numerical results show improved convergence in all aspects. At each step, our
method achieves lower objective function values than traditional momentum-based accelerated
proximal gradient methods and recent ML-based accelerated methods.

1.4 Paper Organization

Section [2] presents the problem and the method we propose to solve it; it is a momentum-
accelerated proximal-gradient method with additional deviation terms. Section [3| presents the
theoretical analysis and properties of the method. Section [4] presents numerical experiments on
the application of the proposed method to the computational tomography problem. The section
also describes implementation details, including how to learn the deviations. Section [5| provides
conclusions and brings suggestions for future research.

Notation: We denote by ||-|| and (-, -) the standard norm and inner product in R", respectively.

2 Optimization problem and proposed method

In this paper, we consider the optimization problem given by

min F(z) = f(z) + g(2), (1)

where the functions f and ¢ satisfy the following assumptions.
Assumption Al f:R" — R is conver and Lg-smooth, i.e., it is differentiable and its gradient

satisfies
IVf(y) = V@) < Lelly —=ll, Vo,yeR™

The constant Ly is called the smoothness parameter of f.
Assumption A2 g: R" — (—o0, 00| is proper, closed, and convez.

Assumption A3 The set X, := argmingcgn F(x) is non-empty and we define Fy := F(x,) for
some Ty € Xi.

The proximal operator associated with ¢ is defined as

. 1

proxy(u) = arguin { (o) + o_flo - wlP}. )
zeR" 2/7

with w € R™ and p > 0. By Assumption it holds that, for every p > 0, proxf(w) is a

singleton; see [5, Thm. 6.1, p. 131]. From a practical point of view, we assume that g is simple,

in the sense that proxf(w) has a closed form or an efficient iterative approximation scheme.



The iterations of the proximal gradient for are written as
Ti1 = proxgt (zy — ppV f(zy)), Vk =0, (3)

with py > 0. When Assumptions hold, convergence of the algorithm is ensured with a
constant step-size p, = 1/Ls. If Ly is unknown, a backtracking line search procedure can be
used, which also provides the same convergence properties. In both cases, it is possible to prove
an O(1/k) order of convergence on the optimality gap, i.e., on the sequence {F(x) — F}r>o;
see [7] or [5], §10.4].

FISTA is a momentum-based accelerated proximal gradient method. Given an initial esti-
mate xo € R™ and a sequence of non-increasing step-sizes {py, } x>1, considering the initializations
y1 = zo and t; = 1, the update of the k-th iteration of FISTA is given by

), = proxgt (yx — peV f(yk)) (4a)
14 4/14 48
tht1 = 5 (4b)
t, — 1
Y1 = T+ ——— (0% — Tp-1), (4c)
k+1

for £ > 1. Notice that the x; update in is a proximal gradient step from yj, and that
the yr11 update in is an extrapolation (momentum) step from xp. The parameter tj
determines the extrapolation parameter in . In the original formulation of [7], ¢ is computed
as in ({4b). Alternatively, one can compute t;, = (k4 1)/2; see [I0]. Convergence on function
values is guaranteed under the constant step-size policy p, = 1/Ly¢. A line search procedure
was also derived in [7] with analogous convergence results. In both cases, the optimal order of
convergence O(1/k?) on the optimality gap for smooth problems is attained, even though FISTA
was developed to treat non-smooth problems in the form of (I)); see [7] or [5, §10.7).

A deviation-based proximal gradient method was proposed in [2], in which the update in the
k-th iteration is given by

W = Tk + Al‘}c, (53)
Tg41 = proxy* (:ck — peV f(wg) + prkAa:,lg + Aﬂs%) , (5b)

with p € (0,2/Ly) and Aa;,lﬁ, sz € R"™ for each k > 0. Under Assumptions and appro-
priate bounds on ||Az}| and ||Az||, convergence properties can be assured; see [2, Thm. 3.4
and Cor. 3.5]. Moreover, it is pointed out in [2] that FISTA, as defined in (), can be recovered
from by setting Azl = (te=D/t,01) (xg, — 2p—1), Axz = 0, pr, = 1/L¢, and {tx}r>2 as in
with ¢ = 1. Since in this case the bounds on ||Az}| and ||[AzZ| hold [2, Rmk. 3.8],
both the convergence properties of and hold. However, in the general setting there is no
convergence rate analysis for the optimality gap of the iterative scheme given by .

The method proposed in this work can be considered as an extension of FISTA with devia-
tions analogous to those described in [2]. Moreover, we also consider inexact proximal evaluations
as in [25] 8]. For the inexact notion of the proximal evaluations, let g satisfying Assumption
and consider Jg: R" x Ry x Ry — P(R") such that

Jg(w, p,€) == {zE]R": Oeagg(z)—i-;(z—w)}, (6)

5



in which 0.g(z) denotes the e-subdifferential of g in z, defined by the following extension of the
subdifferential of ¢ in z:

0eg(z) ={y e R": g(x) > g(2) + (y,x — z) — e,V € R"}. (7)

By Fermat’s optimality condition [5, Thm. 3.63, p. 73] and the definition of the proximal operator
in , one has that

proxy(w) = {z eR": 0€0g(z) + /1)(,2 — w)} .

Thus, it holds that proxf(w) = J,(w, p,0) and proxj(w) C J,(w, p, €) for every w € R, p € Ry,
and € € R;. Moreover, it is easy to see that if 0 < e; < ey then Jy(w,p,e1) C Jg(w, p, €2).
Therefore, the operator J, (-, p,€) could be interpreted as an extension of proxj(-) for inexact
evaluations with a tolerance parameter ¢ > 0.

This notion of inexactness is equivalent to the notion described in [25] §2.1], where the authors
define the notation z &, prox,/(y) when Y= € a%g(z). Thus, it holds that z = prox,,(y) <=

z € Jy(y, A, €2/2)). One remarkable property of this inexact criterion is its formulation in terms
of the duality gap. By [25, Prop. 2.2], when g(z) = w(Bz), with B : R® — R’ a linear
transformation and w : R — (—o0, +00] a proper, closed, convex function, if v € R¢ is such that
G(y — ABTv,v) < %, in which G is the duality gap function associated with the minimization

problem that defines the evaluation of proxg(y) (see ), then y — ABTv =, prox,,(y). By

setting € <— v2Xe, p < A, and y < w, we can conclude that
G(w — pBTv,v) <e = w— pBTv e J(w,p,e). (8)

The above implication gives us a sufficient condition to evaluate J(w,p,e). Moreover, this
condition relies on computable quantities.

The proposed method is fully described by Algorithm (1} in which inexact proximal evalua-
tions have their error modeled by the operator Jy(-, p,€), and the deviations are expressed by
Ay, Awy, and Azy.

Concerning the deviations Ayg, Awy, and Az, lines [4] and [6] impose bounds on [|Ay||
and ||Awg||, respectively, while line [10| imposes that the deviation Az, must produce functional
decay. The deviation Awy is analogous to an error vector considered in the inexact FISTA
proposed in [§]. The deviation Az generalizes the step that guarantees monotone function
values in Monotone-FISTA (MFISTA) [6], in which x; = argmin{F(x) : = € {xp_1,2x}}, by
setting Az = 0 if F(z) < F(xg_1), or setting Az = xx_1 — 25 if F(zi) > F(xg—1). To the
best of our knowledge, the deviation Ay is a novelty introduced in the present work.

The sequence { Ry, } ;>0 is responsible for the bounds on ||Ayg||, [[Awy||, and €, as can be seen
in lines [4] [6] and [8] respectively. The value of Ry is an input parameter of the algorithm, while
subsequent values are computed as described in line The input parameter « is only used in
line acting as a relative tolerance parameter for ||Ay||, ||Awg||, and the inexactness €; on
the proximal evaluation. The input sequences {31 x }x>1, {2,k tk>1, and {B3 ; }x>1 have the same
property as « for each k, but with individualized actions on ||Ayg||, |[Awg||, and €, respectively.
These sequences also allow total freedom in each iteration, given by Ry, to dynamically flow
between the bounds on ||Ayg||, ||Awg||, and € throughout the iterations. The input sequence




Algorithm 1: Deviation-based FISTA
Require: zg € R", Ly >0, {7, }x>1 C (0,1}, @ € [0,1], Ry > 0, three sequences
{Britps1 > B2kt gzt - {8k} s1 © Ry such that By + Bak + B35 < 1 for each k > 1.
1 y1=x9,t1 =1
2: for k=1,2,...do
3 k=1t
Let Ay, € R™ be such that %HA%HQ < BipRr—1
Uk =Yk + (1 — ) Ayp,
Let Awg € R™ be such that ﬁHAwk\P < BopRi—1
wi = Yk — prV f(Gk) + Awg
€k = B3 k-1
2z € Jg(Wk, i, €k)
10:  Let Az € R™ be such that F'(zp + Azg) < F(zg)

11: T = 2 + Az
14, /1+4%t§
120ty = —

13t yrer = @, + E (o — 2m1) — 5ty (Azg + Awy)

2 _ 2
e R = (1= o) i o~ vt el

15: end for

{7k }x>1 also acts as a relative tolerance parameter for each iteration (see line . On the other
hand, the value of 73, also determines the shrinkage of the step size (see line [3)).

In terms of computational costs, Algorithm [I| has one mandatory evaluation of Vf at g in
line {7] and one mandatory evaluation of J; at wy, in line @ The evaluations of F'(z + Azy) and
F(z) in line |10 are not required if Az, = 0 for all k. If the MFISTA step x; = argmin{F(x) :
x € {xp_1,2r}} is used, then we have that Az; = 0 when z, = 2z and Az = z;_1 — 2, when
x = xk—1. Therefore, only the evaluation at zj is required because F'(zp + Az) = F(xp_1) has
already been computed in the previous iteration.

3 Convergence results

In this section the convergence properties of Algorithm [I] are analyzed under Assumptions [AT}l-
The main result is stated in Theorem in which the non-asymptotic convergence order
O(1/k?) on the optimality gap is proved.

The lemma below is an extension of the descent result of FISTA-like methods, such as in
[7, Lem. 2.3] and [8, Prop. 1], in the presence of deviations and inexact proximal evaluation in

Algorithm

Lemma 3.1 Assume that [ and g satisfy Assumptions and . Let {zk}r>1, {yr}e>1,
{zt}e>1, {Ayk}e>1, {Awiti>1, {extre>1 be given by Algorithm . Then for every x € R™ and



k >1 one has

F(z)— F(z) > Q;k (2 (yp — (21 — Awg),z — (21, — Awy)) +

—[lyre — (21 — Awk)“%) + 7% — Cks

where
(1 — 7k)7k 2 1 2
cp = ———||Ayi|l5 + — || Awg]||5 + €k,
S8 Al + 5 S
1—7
= 2k — Y + TeAyk 13-
Pk

(10)

(11)

Proof: Let x € R™ be an arbitrary point and let £ > 1. From line[J]of Algorithm[I]and definitions

@ and we have that

1
g(x) > g(z) + <pk(wk —2), % — Zk> — €k,

while from the convexity of f it follows that

f@) = f(gk) + (Vf(Gk)sz — Tr) -
By summing and one has

_ 1 _ _
o)+ 1) 2 g(ax) + ) + (-l = 2= 1) + (TG = ) — o
and rearranging the terms and noticing that F' = f + g, it follows that
F(z) = F(zr) = f(Gk) + (VF(Gk)s 21 — i) — f(2r)+
+ <,%,€(wk = zk) + V(i) x — Zk> — €.
By the descent lemma (see [5, Lem. 5.7, p. 109]), it follows that
Ly -2 1 5
F(z) — F(z) > —7\\% — Jkllz + ﬁ(wk —2k) + V() — 2k ) — e

From lines [3] and [7] of Algorithm [I} we have that

Tk - 1 1
F(z) — F(z) > —THZk —kll5 + — (k= 2, — 2) + — (Awg, x — 2) — €.
Pk Pk Pk
Since ) .
2 2 2
— Wk — 2k, ® — 2k) = — Yk — 2xll2 1T — 2kll2 — Iy — )
o ( ) r (Il 12+ 1l 12—l I3)

(12)



we have that
Tk

1
=12
oy 18— Olla 5 (e = 2ll2 + llz = 26113 — llye — z[13)

F(x) — F(Zk) Z — 2,0k

1
+ — (Awg,  — 2z) — €.
Pk

By line [f| of Algorithm [T} it follows that
2k — Gkl3 = ll2e — well3 — 2 (2 — wis (1 — 700) Ayi) + [1(1 — 72) Ay |3,
which implies that

1—7

1
2 = ykll3 + 5 (lz = 23 = lyw — 2113)

F(z) — F(z) > o

T] 1
+ Pf (zk — Yr, (1 — 1) Ayg) (1 —7) Ayg 3 + o (Awg, x — 25) — €.

Tk
- Tpkll
Since
lz = 25 + 2 (Awg, @ — 21) = [|(2 — @) — Awg|; — [|[Awgl)3,
we have that

1—7

1
F(2) = Flor) 2> 5l = el + 5 (11x = ) = Sunl3 ~ g~ =1B)

Tk Tk 2 1 2
+*Zk—yk,1—TkAyk _ 1—TkAyk ——Awk — €.
o e (L= ) Ag) — 0= ) A — 5
Moreover, since
Tk 1—7
— (2 — Yk, (1 — 1) Ayy) = (2t — Yr» TR AY)
Pk 1 Pk:T
— Tk

= 5 (et =t Bl = o=l = ImeA ).

it follows that

T 1
Fl@) = F(a) > = lok — g+ gl + 5 (I — ) — Aewil ~ [l — ) +
20k 2pk

1—7']<j

2 Tk 2 1 2
— TkAyk — —[(1 — Tk Ayk —_ Awk — €k.
s Il = 501 = 7 A3 = o[
17 2 1 2 2
= 12k = Yk + TeAywllz + 5— ((zk — 2) — Awgll; = [lye —zl2) +
2pk 2pi;

(1 — 7))k 2 1 2
— | ——]A —|A .
(B2 18018 + 5o Awnlf + e

Thus, by lines and of Algorithm (1| and the definitions of ¢; and ry in and (1)),
respectively, it holds that

1
Fla) = Flay) 2 5 (Il = Awg = @l|3 =y, — 23) + & — cx,



and @D follows from the fact that

2k — Awy, — x5 — llyx — =13 = 2 (yr — (2 — Awp), @ — (2 — Awy)) +
—|lyk — (21 — Awy)|3.
]

The three lemmas that follow present technical results that will be used to prove the main
convergence result in the sequel.

Lemma 3.2 The sequences {t;}r>1 and {pi}tr>1 defined in Algorithm satisfy

k2
2> 7, Vk>1 14
Pkl = 4Lf7_k7 = 1, ( )
i which
SE VA
= (T) , Vk>1. (15)

Proof: Let us prove by induction. For the base case k = 1, since t; = 1 and p; = 71/Ly (see
lines|1| and [3| of Algorithm , inequality reduces to 71 > 71 /4, which holds by the definition
of 71 in . For the inductive step, assume that holds for some k > 1. By the definition
of tr41 in line [T2] of Algorithm [I] the relation between pj and 7 in line [3] of Algorithm [T and
the inductive hypothesis, we have that

Tk 42 PE_42
1+4Tk 1 1+4pk+1t 1+\/1 Pk+1 e
tk+l - )

respectively. Thus, it holds that

By multiplying the above expression by ,/pr one has

1
VPk+1tht1 = —F— (\/ Lypgs1 + kv?k) :
2\/Ly
From line [3| of Algorithm [I| and the definition of 741 in (15 we have that

1
VPk+1tk+1 2 \/L—(k + 1)\/Tht1-
f

10



Lemma 3.3 Suppose that the assumptions in Lemma together with Assumption[A3, hold.
Then for all k > 1 and x, € X, one has

2p—1t3_y (Flax—1) — Fu) = 2ot (F () — Fi) >

16
Jun () 3 1 ()13 + 200832 — ), 1)
in which
po =0, 1o =0, (17a)
uo(Tx) == Ty — Ty, (17b)
up(zy) = tp(zr — Awg) — (tp — V)ag—1 — x4, for all k> 1. (17¢)

Proof: Let x4, € X, and k > 1. By considering @ with z = x, and with x = x;_1, we obtain

F(z.) = Flax) > 55 (20 — (5% — Awg), 2 — (2 — Awg)) +

(18)
~llye = (2 = Awg)3) + 7 — o,

and
F(xk,l) - F(a;k) > ﬁ(Q <yk - (Zk — Awk),l'k,1 - (Zk - Awk)> +
gk — (o — D) [2) + e — i,
respectively. By lines [I] and [I2] of Algorithm [I]it holds that ¢; > 1. Moreover, we have that the

stepsize is positive, i.e., pr > 0. Thus, adding and multiplied by t; — 1 and multiplying
the result by 2pgt;, we obtain that

(19)

205tk (ty — 1) (F(xp—1) — Fi) — 2ppt3 (F(z1) — Fy) >
2 (te(yx — (21 — Awg)), Ts + (tp — Vg1 — tr(2x — Awy)) + (20)
Ity — (25 — Awp))||5 + 20k (i — ck)-

Note that, by pp = to = 0 in (17a)), the definition ¢; = 1 in line [1, and the definitions of py
and tgyq for all £ > 1 in lines [3| and [12] of Algorithm [1] respectively, we have that, for all k > 1,

prte(ts — 1) = pr_ati_y. (21)
Applying in , one has

2pk—1t3_ 1 (F(zr—1) — Fi) — 2pxts(F(zp) — Fy) >
2 (tr(yr — (2x — Awy)), 74 + (tr *21)%—1 — tr (2 — Awg)) +
Ntk (yr — (2 — Aw)) |3 + 2pxt3 (re — ci).

Rearranging the term in the right hand side, it follows that

2pp—1th_1 (F(wp—1) — Fi) = 2piti (F(xg) — Fi) >
— lltwyn — (2o + (tr — Dap—1) |3 + |2 + (tr — Dazn_ — ti(ze — Awy)|l3
+ 2pkth Tk — ).

11



By the definition of ug(x) in (17¢c|), we have that

20Kty (Fap-1) — ) = 287 (F(wy) — Fy) >

22
— Nty — (2 + (e — Dag—1)ll3 + [lu(@)l5 + 2082 (re — cx).- (22)

Therefore, it only remains to prove that txyr — (x. + (tp — 1)xg—1) = ug—1(zs) for all k > 1.
In fact, if £ = 1, then by line [T] of Algorithm [I] we have that

t1y; — (CL’* + (tl - 1)1’0) =20 — Tx = Uo(x*)a

in which the last equation follows from the definition of ug(z.) in (17bf). On the other hand, if
k > 2, then, by line [13] of Algorithm [I} we have that

teye — (s + (ty — D)ag—1) = thwp—1 + (te—1 — 1) (Tp—1 — Tp—2)+
—tp_1 (Azp_1 + Awp_1) — (24 + (tp — Dag_1),

and, by line [T of Algorithm [I we conclude that
teyk — (s + (e — Dap—1) = tp1(zr-1 — ADwp—1) — (th—1 — 1)Tp—2 — To = up_1(24).
Thus, by replacing txyr — (x« + (tg — 1)zk—1) = ug—1(x4) in , we obtain . O

Lemma 3.4 Suppose that the assumptions in Lemmal[3.5 hold and let po, to, uo(z*), and uj(x*)
be defined as in . Then for all k > 1 and x, € Xy, it follows that

k
204t} (F(ax) — F) + llu(@) [ +2(1 — a)putire +20 Y pitdri <

2 @)
llzo — 2«5 + 2p1 Ro.
Proof: First, let us prove that, for all k > 1,
cr < Rp_q (24)
and, for all k > 2,
piticr < (1 — &) pp_1t}_17r—1. (25)

In fact, by lines @ and |8 of Algorithm |1} the definition of ¢ in , and the fact that
Bik + Bog + Bk < 1 for each k > 1, we have that holds. Furthermore, by the definition of
pr and Ry for each k > 1 in lines [3| and [14] of Algorithm [1] respectively, the definition of ry in
, and , it follows that holds.

Now, in order to prove , let £ > 1, and consider the sum of in Lemma from
iteration 1 up to iteration k. By identifying the telescoping sums in the right and left-hand sides
of the resulting inequality, we have that

k
20013(F (20) — F.) — 204 3(F (wg) — F2) > —[luo @) [3 + llu (@) |3+ 23 pit2(rs — ).
=1
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By their definitions in (17a]) and (1L7b)), to = po = 0 and ug(z+) = g — x«. Thus, it follows that

!
=201t (F(xk) — Fo) > —|lzo — @l + lun(@)|13 + 2D piti (ri — ).
=1

From , we have that

k
> piti(ri - ci)
i=1

k
> pitf(r—er) + Z(Pit?n‘ - (1= a)ﬂz‘flt?_ﬂ”ifl)
=2

k k
= pti(ri—ca)+ Z(mt?n’ — picitiyric1) +a Z pi-1ti_1ric1
i=2 i=2
k—1
= piti(r — 1) + prtire — pitir + o Z pitirs
=1
k—1 ’
= —plt%cl + pktirk + o Z pﬂf?h‘
=1

k
= —pitier + (1 - @)pptiry + a Z pitiri,
i=1

which implies that

_kati(F(.Tk) —QF*) > ) k
—lwo — |5 + [|ur(zs)[|5 — 201811 = Q)PRLETE T A2 iy PiliTi-
I 15+ (@)l = 2p1tier + 21 — @) prtirs + 20 354 pit}

By line [1| of Algorithm (1} we have that t; = 1. Moreover, by , we have that ¢; < Ry. Thus,
by rearranging the terms in the last inequality, we have that holds. O

Theorem below is the main convergence result, which guarantees the O(1/k?) order of
convergence on the optimality gap under suitable assumptions on the sequence {75 }i>1.

Theorem 3.1 Suppose that the assumptions in Lemma hold and let po, to, uo(x*), and
ug(z*) be defined as in . Then for all k > 1 and x. € Xy, it follows that

2 L
Flay) = Fo < 5= (llwo = 2.1+ 201 Ro). (26)
Tk
Proof: Let k > 1 and z, € X,. Since |Jug(z.)||3 > 0, 2(1—a)ptir, > 0, and 2o Zle pitir; >0,
by in Lemma we have that
2002 (F k) — Fi) < llag — 243+ 201 Ro.
Therefore, by Lemma it follows that holds. 0
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If {74 }r>1 is lower bounded by a constant 7y, > 0, by the definition of 7 in , we have
that 7 > Ty for each k£ > 1. Thus, by , for each k£ > 1 it holds that

2 L
F(l‘k) “hs ﬁ'rmin

<||$0 — .3 +2P1R0>, (27)

which is a non-asymptotic convergence result, in the sense that it holds for each £ > 1. On the
other hand, if {7} },>1 converges to 7 > 0, by the definition of 7, in , we have that {7y }x>1
also converges to 7. From it follows that

oLy 2L; (1 1
Flag) — F, < [k:?j + k—j (Tk - T)] (on — ) —|—2p1R0>.

. — k= ~
Since Tj, ——» 7, we have that

2Ly (11 1
_ _ = =0 _
k2 \7, 7 k2)”

which implies that, for sufficiently large k, one has

F(xy) — Fe S igj (on — @5+ 2p1R0). (28)
This is the asymptotic behavior of the optimality gap, in the sense that it holds for £ > 1. By
comparing Theorem with FISTA’s optimality gap convergence result in [7, Thm. 4.4], one
observes that they are, in the worst case, analogous up to a constant.

The following theorem examines the convergence of the sequence {Rj}x>1, responsible for
the bounds on [|Ayg||, ||Awgl|, and e; see lines [4] [6] and [§] in Algorithm It states that
Ry, decays as fast as the optimality gap (compare and ) Moreover, under suitable
assumptions, the asymptotic convergence of Ry to zero is faster than that of the optimality gap

(see (30).

Theorem 3.2 Suppose that the assumptions in Lemma hold and let py, to, uo(x*), and
ug(z*) be defined as in . Then for all k > 1 and x. € X, it follows that

2 Ly
R < —s—
b= (k+1)2Tpp

Ri=o (;) . (30)

Proof: Let k > 1 and z, € X,. Since |Jug(z,)[5 > 0 and 20t (F(xx) — Fu) > 0, by in
Lemma [3.4}, we have that

(llzo = 24113 + 201 Ro ). (29)

Moreover, if « > 0 and inf 7, > 0 then

k
2(1 — a)prtyre + 200 Y pityry < |0 — |5 + 2p1 Ro. (31)
=1
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Moreover, from lines [3| and [14] of Algorithm (1| and the definition of r in it follows that
pk+1ti+1Rk = (1 — a)pkti'rk. (32)

In order to prove , replace in and notice that 2« Zle pit?ri > 0, which implies
that
2Pk+1t%+1Rk < HZL‘() - 1’*”3 + 2p1Ryp.

Thus, by Lemma it follows that holds.
On the other hand, in order to prove , notice that by and it holds that

E+1)2
(4Lf)7'k+1Rk <(1- a)Pktirk‘

By the definition of T4 in , we have that Ty, > inf 7, which implies that

, k+1)>
(inf Tk)(4Lf)Rk < (1 — Q)pptire. (33)

Furthermore, since 2(1 — &) pytiry > 0 in (31)), we have that

k

QQZpit?ri < ||lzo — x||5 + 2p1 Ro.
i=1

Since a > 0, we have that Zle pitr; is bounded by a constant for each k > 1. Therefore, it
holds that {pktirk}kzl is summable, which implies that pktirk = o(1/k). Finally, since inf 73, > 0
and pytiry, = o(1/k) in (B3)), we can conclude that Ry = o(1/k?). O

4 Numerical experiments

In this section, we describe numerical experiments designed to validate the proposed algorithm
in practical tomographic image reconstruction settings. We consider two types of regularization:
¢1-based regularization and Total Variation (TV). The former admits a closed-form proximal
operator, which is a requirement of the method introduced in [2] for nonsmooth-regularized least-
squares inversion, making a direct comparison with that approach possible. In contrast, Total
Variation regularization does not admit a closed-form proximal operator, so its evaluation relies
on numerical approximation. This setting is used to illustrate the flexibility of our Algorithm
which does not require a closed-form proximal operator.

The remainder of this section is organized as follows. In Section 4.1} we describe the two
problems in detail, explain how they fit within the class of problems addressed by Algorithm 2.1,
and discuss the computation of the exact and approximate proximal operators in each case. Sec-
tion is devoted to the procedure used to learn the deviations in Algorithm[I} Implementation
details are provided in Section [£.3] and the experimental results are presented in Section [£.4
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4.1 Applications to linear inverse problems

A discretized linear inverse problem is written as
Az = bexact, (34)

in which A : R® — R"™ is the linear discretized forward operator, which models the direct
problem, x € R" is the sought solution, and bexact € R™ is the exact data. However, only a
noisy version b € R™ of the exact data is known in practice. Thus, due to the ill-conditioning of
the operator A inherited from the ill-posedness of A’s infinite-dimension counterpart, one should
consider regularization methods to solve (34) (see e.g. [12, Chap. 3-5]).

The variational regularization approach involves solving the optimization problem

min d(Az,b) + Ar(z), (35)
zeR?
in which d : R™ x R™ — R is the data fidelity measure, r : R — R is the regularization
measure, and A > 0 is the regularization parameter. The data fidelity term d(Az,b) induces
Az =~ b, whereas the regularization term r(x) induces an a priori knowledge on the solution. The
regularization parameter \ balances these two objectives. In many cases of interest, problem
fits into the framework of problem (/1)) under Assumptions which implies that
Algorithm [I] can be applied.
In this paper we consider two variational regularization approaches for solving the 2D com-
puted tomography problem. First, we use the ¢{—wavelet regularized least squares model:

min + (| Az — b|3 + A DWalls, (36)

z€R" 2
in which A : R" — R™ is the discretized Radon forward operator (or ray tracing operator),
b € R™ is the observed sinogram, W : R™” — R™ is the 2D discrete wavelet transform from the
Symlets family with 5 vanishing moments and 5 levels of decomposition, and D : R® — R” is
such that Dy = (d;y;)I; for each y € R™. For each i € {1,...,n}, the coefficients d; are chosen
according to the wavelet decomposition. If (Wz); corresponds to a trend component, then
d; = 1. Otherwise, if (Wx); corresponds to a detail component at level ¢, then d; = 1.8,
Second, we consider the total variation regularized least squares model:

1 )
min oAz — b3 + ATV(2), (37)

in which A : R™ — R™ and b € R™ are as in , and TV : R” — R is defined as

p—1qg—1

TV(z) = Z
i=1 j=1
-1 p—1
3 {1l + 1 Xp41 = Kol + D0 {1 Xivng = Xigl + 1Xigl} + 20X, (39)
=1

j=1

_Q

(]

{\Xi+1,j — Xii| +1Xij41 — Xi,j|}

LS
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where the vector x € R™ with n = pq is the stacking of the columns (or rows) of a p X ¢ image
X, e.g., obtained by identifying x(;_1)q+; = Xi;. Both optimization problems given by
and have the structure of problem under Assumptions Indeed, considering
f(z) == 3||Az —b||3, one has that f is convex and || AT A|2 2-smooth (see [5, Example 5.2]). Both
g1(z) = A|DWzl||; and go(x) = AXTV(x) are continuous real-valued functions, which implies
that they are proper and closed. In addition to that, functions g; and go are convex, since they
can be written as the composition of a linear transform with the sum of absolute value functions
multiplied by a positive scalar. Finally, the existence of a solution for both problems follows
from the fact that both ¢g; and g9 are coercive functions.

Therefore, Algorithmcan be applied to solve or . We now describe how to evaluate
V f and J, in practice; this is needed in order to use Algorithm m For both problems we have
that f(z) = [|Az — b||3, which implies that V f(z) = AT (Az — b). In the experiments we used
the Radon Transform implemented in [16], which is a GPU-accelerated implementation with
the adjoint’s numerical precision in the machine precision level. Computing .J,, for solving
amounts to computing the proximal operator of g;(x) = A||DWz||; exactly. In fact, by rewriting
g1 as g1 = hy o W, in which hy(y) := Y 1" | Md;|y;| for each y € R™, it is possible to see that g;
is the composition of an orthogonal linear operator and a separable function. In this manner,
considering [5, Thms. 6.6 and 6.15 and Lem. 6.5], one can compute proxj, for each p > 0 as

prox (u) = W7 (ﬁAdi ((W“)i)le’ v

in which (Wwu); is the i-th component of Wu € R™ and

t_/Ba t>6)
Ta(t) = {0, | < B, (40)
t+/31 t<_57

for each 8 > 0. Function 73 in is known as the soft-thresholding function.

For problem , on the other hand, there is no closed formula for the proximal operator of
the function go(xz) = ATV(z). Nevertheless, since Algorithm |1 supports inexact proximal point
evaluations, one may use an efficient iterative scheme to approximate the proximal operator
of g2, such as the methods described in [3| [6]. The implementation must have a stopping
criterion that meets the e tolerance of J; as defined in @ or the sufficient condition in .
From the definition of the function TV in , it follows that there is a linear transformation
B : R" — R*" such that TV(z) = ||Bz|;. Thus, from (8, it suffices to calculate v € R?"
such that G(w — pBTv,v) < € to have w — pBTv € J,(w, p,€). The algorithm proposed in [6]
can compute such v by applying FISTA to the dual problem associated with the minimization
problem defined in the evaluation of proxf, (w). Therefore, in our experiments we integrated the
stopping criterion G(w — pBTv,v) < € into the algorithm proposed in [6] to compute Jy, (w, p, €).

4.2 Learning the deviations

We now describe the training framework for the deviations of Algorithm [I] which is closely
related to the training framework considered in [2]. Learning the deviations in Algorithm
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consists of choosing appropriate deviation vectors from data to meet a specific objective. The
deviations Ay and Awy, in particular, are well-suited for this purpose, since one only needs
to constrain their norms, being completely independent from the oracles f, g, Vf, or J,. The
deviation Az, on the other hand, is required to be a descent step, which naturally involves the
oracles. In preliminary experiments, we identified that this extra computational cost prevents
one from learning the deviation Az efficiently. Thus, in our experiments, we set Az, = 0 for
each k > 1.

In the context of learning deviations in an optimization algorithm, the data consists of
instances of optimization problems. For a supervised training, one must have a paired data
(problem, solution), whereas, for an unsupervised training, one would only require the optimiza-
tion problems. For variational regularization of linear inverse problems, by fixing the linear
discretized forward operator A, the data fidelity measure d, the regularization parameter A,
and the regularization measure r, the optimization problem in can be parametrized by the
observed data b. In this way, the dataset would consist of realizations of the observable data
b € R™, and each respective optimization problem would have the objective function written
as Fy(z) == d(Az,b) + A\r(z). For the sake of notation, when identifying F} in the form of the
objective function in (1)), we will write F}, = f, + gp.

Rather than learning the deviations themselves, we aim to learn the parameters of param-
etrized functions that will generate the deviations. Consider the functions hy, : E, — R" and

gw K, — R" parameterized by 0¥ € R™ and 0% € R"™", respectively, in which E, and
E,, are finite dimensional spaces. We index the functions and their respective parameters and
domains with the letters y and w since they will all be used to compute Ay, and Awg in
each iteration k of Algorithm (1} respectively. Moreover, consider a differentiable normalization
function N : R x R, — R™ such that

HN(.CE, 77)” <n, Vxe€ Rnyvn eR,y.. (41)
A possible choice of normalization function, used in our experiments, is

N = e )

Consider that v] € E, and v}’ € E,, are the inputs of h, and h{, at the k-th iteration of
Algorithm [I] respectively. Then, one computes Ay, and Awy as

Aye = N <hgy (W), \/ (2”’“5”‘“RM> (43)

1 — 7)7

and
Ay = N (g (0, /2002 Ri 1) (44)

respectively. In this manner, the bounds on ||Ayg|| and ||Awy|| respectively specified in lines
and |§| of Algorithm [1| are satisfied. Furthermore, the architecture of the functions hj, and
hg. used in our experiments is described in Figure The inputs to hzy and hy, at the k-th
iteration are given by (yr, Vf(9x—1), Ayr—1) and (yx, Vf(Jx), Ayk, Awg_1), respectively. This
architecture is equivalent to the one used in [2] for computing Azi and Az? in algorithm .
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Figure 1: Architecture of the network used in training.

Let Sp,n(0) € R™, with 6 = (6¥,0"), denote the N-th iterate produced by Algorithm 1] when
minimizing Fg, with the deviations Ay, and Aw; computed as in and , respectively.
Consider the random variable N, uniformly distributed over [Nuyin, Nmax] N Z, and let B be
a random variable taking values in the set of observable data. We consider the unsupervised
training problem defined by

Fp(Sp.n(9)) — FL

) 45
Foa) 7} )

m@in]EBvN

where xg{%m denotes the N-th iterate generated by FISTA applied to minimize Fz, and F ;

is an approximation of the optimal functional value given by Fp (xg%TA), with K > Npax. In
our experiments, we set K = 1000 for problem and K = 200 for problem . In practice,
only a dataset {bi}le of observed data is available. The training procedure therefore consists of
epochs in which each observed datum is used once to update the parameters 6, possibly within
a mini-batch. At the beginning of each epoch, the dataset is shuffled, and at each update step,
a number of iterations n is sampled from [Nyin, Nmax] N Z. Algorithm [1}is then executed for n
iterations to solve the current problem associated with b, yielding S, (), or to solve in parallel
the problems corresponding to a mini-batch Y C {b;}¢_,, yielding Spn(8) for each b € Y. The
Fy(Sp.n (0)~ F
Fy(zf15TA) —Ff
are updated using the chosen optimizer. When mini-batch training is employed, the gradient of
Fy(Sp.n(0))~ F
Fy(af15TA)— pf

optimizer, with the standard parameters o = 1073, 8; = 0.9, and By = 0.999.

gradient of 6 — is computed by automatic differentiation, and the parameters 6

0 — meanycy [ ] is computed instead. In our experiments, we chose Adam as the

4.3 Implementation details

For to hold, we need o > 0. Experimentally we have observed that the greater the choice
of a, the sooner the o(1/k3) behavior of Ry, starts; see Theorem In order to tune this
parameter and avoid this behavior near the trained iterations horizon, which is associated with
poor performance of the algorithm in the transition to the untrained iterations, we tried the

values a € {10735,1073,10725,1072,10~1°}.
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When the proximal operator is computed exactly, such as for solving , the input sequence
{7k }r>1 is chosen such that
0.99

T Tr e e

Tk
Notice that 7 koo, 0.99, which implies, from , an asymptotic behavior of the optimality

gap similar to the FISTA’s behavior. Also, this guarantees that the step size px = Z—’; is similar

to the FISTA’s step size given by Lif for sufficiently large k. Moreover, we have that inf 73, > 0,
which implies that holds. The parameter v > 0 in is chosen for the algorithm to have
a smooth transition between the training iterations and the non-training iterations. When the
proximal operator is computed inexactly, such as for solving , we considered the constant
sequence 73, = 7 for each k > 1. In our experiments, we studied v € {0.01,0.025,0.05,0.075,0.1}
and 7 € {0.1,0.25,0.5,0.75,0.9}.

The three sequences {1 x},~1 {82,k }p>1 > 183k >, € Ry were chosen such that 8y g+ B2, +
B3 = 1 and the upper bound{l on [[(1 — 7)Ayg|| and ||Awg|| coincide for each iteration k > 1.
Therefore, we chose

Bk = (1 — Bs), (47a)
Boge = (L= 7i)(1 = Bs), (47b)
B3k = B3, (47¢)

for each k > 1, in which 83 € [0,1) is an input scalar. When the proximal operator is computed
exactly, we considered 3 = 0. On the other hand, when the proximal operator is computed
inexactly, we considered (B3 = 0.5.

We chose the input parameter Ry of Algorithm |1/ based on the available training data {bi}le
when the proximal operator is computed exactly. The goal is to set the upper bounds on ||Aw ||
and [|(1 — 7)Ay; ||, which coincide by (47), to be equal to the root mean square of the step norm
given by the proximal gradient method from xg:

2

)

¢
1
vV 2p1B2 . Ro = ZE L;
=1

= 1
pI‘OXng’i <{L’0 — fobl ((L‘o)) — X

)

in which L; is the smoothness parameter of f, for ¢ € {1,...,¢}. Substituting (47b|) with 83 =0
in the above expression and solving for Ry we have that

2

= 1
proxé]i (:Eo — fobi (a:o)> — g
1

1 1<
Ry=—7F""—-> L;
0 2p1(1—7’1)£;

On the other hand, when the proximal operator is computed inexactly, we chose R large enough
so that the first approximation produced by the inner algorithm is accepted. The chosen value
was Ry = 107.

We consider the upper bound on ||(1 — 7)Ays|| rather than the upper bound on ||Ayg|| since the actual
deviation in line [5| of Algorithm [1]is given by (1 — 7)Ays.
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4.4 Results

In this section, we present the results of the numerical experiments. Section is devoted to
the ¢;-wavelet regularized least-squares model (problem ({36))), for which the proximal operator
can be evaluated exactly. Section considers the total variation regularized least-squares
model (problem ), where the proximal operator must instead be computed approximately
using an inner iterative algorithm. For both experiments, the sinograms were simulated from
images of the AAPM Low Dose CT Grand Challenge Dataset [I7]. The dataset, containing
a total of 2378 examples, was split into three subsets: training (70%), validation (10%), and
testing (20%). All implementations were carried out in TensorFlow 2, and both training and
inference were performed on an NVIDIA GeForce RTX 5070 Ti GPU. The entire experimental
process, including dataset creation, took approximately six days. The source code is freely
available at https://github.com/gabriel-grillo/FISTA-LD.

4.4.1 /{i-wavelet regularized least-squares model

In this experiment we intend to solve problem . First, we performed a parameter search to
select o € {10735,10730 ... 10715} and v € {0.01,0.025,0.05,0.075,0.1}. We trained FISTA-
LD with each pair («a, ) for N € [1,20] and with 5% of the available training data for 20 epochs.
Then we ran the trained algorithms over the entire validation set for 1000 iterations. The mean
optimality gap results are depicted in Figure [2| We also evaluated the results with two metrics.
First, the mean validation loss, given by

Fy(Spx(9)) — F}

Fy(afiS™) — Ff

MVL(0) := meany, j, , (48)

where b is in the validation set and k € [1,20]. Second, the mean validation penalty, given by

Fy(Spx(0)) — Fy(zp ™) 0)]

Fb( FISTA) (49)

MVP(0) := meany, [max <
Ly ke

where b is in the validation set and k& € [21,1000]. The notation in and follows
the definitions introduced in Section see . The MVL serves as an empirical measure of
generalization, since it computes the mean value of the training loss function defined in over
unseen validation examples and across the trained iterations k € [1,20]. In contrast, the MVP
compares the given algorithm with FISTA outside the training range, namely for k£ € [21, 1000].
Whenever the given algorithm yields a functional value greater than that produced by FISTA,
the corresponding relative difference is added to the penalization term. Both of this metrics are
shown in Tables [I] and [2] respectively. The smallest value in each table is highlighted in bold.
The results indicate that FISTA-LD is robust to variations of « and v within the considered
ranges. Figure [2] shows that the qualitative behavior of the optimality gap is similar across
all 25 parameter combinations. In the initial iterations, corresponding to the training horizon,
FISTA-LD exhibits a substantially faster decay of the optimality gap compared with FISTA. In
later iterations, however, the difference between the two methods gradually vanishes. Moreover,
larger values of 7 lead the trained algorithms to behave more similarly to FISTA in the asymp-
totic regime. Table [I| shows that the mean validation loss is relatively insensitive to the choice
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Figure 2: Mean optimality gap results over the validation dataset. Training performed with 5%
of the training dataset, N € [1,20], 20 epochs, and varying pairs («a,").

of parameters. In particular, the trained algorithms are able to achieve a mean optimality gap
approximately one order of magnitude smaller than that of FISTA over the trained iterations
(k € [1,20]). The mean validation penalty reported in Table 2| further corroborates the observed
qualitative behavior, indicating that the iterates produced by the trained algorithms progres-
sively approach those of FISTA beyond the training horizon. Based on these results, we selected
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a\ vy ‘ 0.01 0.025 0.05 0.075 0.1

10735 | 8.80e-02 9.70e-02 1.07e-01 1.33e-01 1.37e-01
10730 | 9.29e¢-02 9.49¢-02 1.15e-01 1.27e-01 1.56e-01
10725 | 8.93e-02 9.51e-02 1.08¢-01 1.36e-01 1.38e-01
10720 | 9.93e-02 1.18e-01 1.22¢-01 1.39e-01 1.60e-01
10715 | 1.19e-01 1.35e-01 1.53e-01 1.63e-01 1.79e-01

Table 1: Mean validation loss. Training performed with 5% of the training dataset, N € [1,20],
20 epochs, and varying pairs (a, 7).

a\y ‘ 0.01 0.025 0.05 0.075 0.1

1073% | 1.31e-04 1.34e-04  1.43e-04 1.85e-04 1.37e-04
10739 | 1.84¢-04 1.32¢-04 1.07e-04 1.93¢-04 1.63e-04
10725 | 1.72e-04 2.10e-04  1.79e-04 1.73e-04 1.59e-04
10729 | 2.85e-04 3.72e-04  1.92e-04 2.22¢-04 2.19e-04
10715 | 5.45e-04 3.89e-04  3.18e-04 3.95e-04 3.97e-04

Table 2: Mean validation penalty. Training performed with 5% of the training dataset, N €
[1,20], 20 epochs, and varying pairs (c, 7).

the parameter pair o = 1072 and v = 0.025. This choice is motivated by the observation that,
although the configurations with v = 0.01 achieve lower mean validation losses, they converge
more slowly to the FISTA curve in Figure In contrast, the configurations with v = 0.025
exhibit faster convergence, and the setting with o = 10730 achieves competitive performance
across all evaluated metrics.

For the selected parameter pair (o, ), we investigated the influence of the training length,
measured in epochs, on the performance of the method. At this stage, we switched from using
only 5% of the dataset to using the entire dataset. Figure |3|shows the mean optimality gap over
the validation set when training with the entire training dataset for five different numbers of
epochs: 20, 40, 60, 80, and 100. The results indicate that training for only 20 epochs is already
sufficient to reproduce the same qualitative behavior observed after 100 epochs of training. From
a quantitative perspective, Table [3| reports the corresponding mean validation loss (MVL) and
mean validation penalty (MVP) for each training length. The MVL decreases between epochs
20 and 60 but increases thereafter, between epochs 60 and 100. In contrast, the MVP exhibits
an overall increasing trend throughout the training process. Considering these results, together
with the computational cost of prolonged training, we selected 20 epochs as the standard training
duration. In our implementation, each epoch requires approximately 13 min 20 s, resulting in a
total training time of about 4 h 30 min for a 20-epoch run.

Finally, we evaluated FISTA-LD on the test set using the selected parameter pair and a
model trained with the full training dataset for 20 epochs. The algorithm was executed for 1000
iterations on each test instance. For comparison, we also trained the learned forward—backward
algorithm proposed in [2] using the recommended parameter choice @ = 0.5, under the same
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Figure 3: Mean optimality gap results over the validation dataset. Training performed with
100% of the training dataset, N € [1,20], @ = 1072, 4 = 0.05, and varying number of epochs.

Epochs 20 40 60 80 100

MVL 4.70-02 4.23e-02  3.99e-02 4.09e-02 4.14e-02
MVP 1.03e-4 1.73e-4  2.99e-4  2.39e-4  4.53e-4

Table 3: Mean Validation Loss (MVL) and Mean Validation Penalty (MVP) for training with
100% of the training dataset, N € [1,20], a = 1072, 4 = 0.05, and varying number of epochs.

training protocol, namely, 100% of the training data and 20 training epochs. This protocol
produces more than 3 - 10* training iterations, which is sufficient according to the authors. The
resulting trained method was likewise evaluated on the test set for 1000 iterations. In fact,
analogously to the calibration procedure adopted for FISTA-LD, we also tuned the method
from [2] over the parameter set o € {0.1,0.25,0.5,0.75,0.9}. The calibration procedure selected
a = 0.5, which coincides with the parameter value originally recommended in [2]. The mean
optimality gaps obtained by both methods are presented in Figure[d] The results show that the
two approaches are competitive within the range of iterations used during training. Beyond this
regime, however, FISTA-LD preserves the theoretical O(1/k?) convergence behavior, whereas the
competing learned method does not exhibit the same asymptotic performance. Quantitatively,
when MVL and MVP are redefined so that b is taken from the testing set rather than the
validation set, FISTA-LD achieved an MVL of 4.54e—2 and an MVP of 1.09e—4. In contrast,
the trained algorithm from [2] obtained an MVL of 1.06e—1 and an MVP of 3.83e—3, indicating
inferior performance in both metrics.
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Figure 4: Mean optimality gap results over the test dataset. Both algorithms were trained with
100% of the training dataset, with N € [1,20], and for 20 epochs. For FISTA-LD it was used
a=10"2° and v = 0.05.

4.4.2 Total variation regularized least squares model

In this experiment, we aim to solve problem directly using Algorithm |1} that is, by comput-
ing the proximal operator associated with the TV term through an iterative procedure. To this
end, as discussed in Section we employed the algorithm from [6] with a stopping criterion
consistent with the definition of .J; in @ In our implementation, we allow at most 10 iterations
of this inner algorithm. We tested Algorithm [I|both with and without training. In the untrained
setting, we set 81, = for = 0 and B3 =1 for all k > 1 in Algorithm which yields an inexact
version of FISTA. In the following, we refer to this method simply as FISTA. In both settings,
we considered the constant sequence 7, = 7 for all £k > 1, with 7 € {0.1,0.25,0.5,0.75,0.9}.
Regarding the parameter «, the experiments in Section showed that both the considered
metrics and the qualitative behavior were largely insensitive to variations in this parameter. Ac-
cordingly, in the present experiment we fixed « at the same value used in the previous section,
namely, a = 1073%. For this preliminary experiment, we trained FISTA-LD using 5% of the
training data for 20 epochs with N € [1,20]. Figure [5| depicts the resulting optimality gaps.

It is possible to observe that, for every pair of FISTA and FISTA-LD sharing the same
value of 7, the qualitative behavior of the optimality gap is consistent with that observed in
the previous section. Within the range of trained iterations, the optimality gap of FISTA-LD
decreases faster than that of FISTA, whereas for later iterations the difference between the two
methods becomes negligible. Except for FISTA with 7 = 0.1, all algorithms eventually reach
an outer iteration k£ at which the solver for the proximal subproblem fails to produce a solution
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Figure 5: Mean optimality gap results over the validation dataset. Training performed with
5% of the training dataset, N € [1,20], 20 epochs, and varying values of 7. For both FISTA
and FISTA-LD it was used a = 10725, Over the x-axis it is marked (x for FISTA and O
for FISTA-LD) the mean first iteration in which the proximal approximation does not match
the definition of J,. For FISTA with 7 = 0.1 the proximal approximation always matched the
definition of J,

satisfying the definition of J; in @ Moreover, larger values of 7 lead to earlier failures of the
proximal subproblem solver. Nevertheless, both FISTA and FISTA-LD, viewed as instances of
Algorithm |1} preserve the O(1/k?) decay rate of the optimality gap even after the failure of the
approximate proximal evaluation.

Among the trained algorithms, the variant with 7 = 0.75 achieved the best performance
within the range of trained iterations. We therefore selected this variant and

To show the behavior of the algorithms in the test dataset, we arbitrarily chose 7 = 0.5
and trained FISTA-LD on the full training dataset for 20 epochs with N € [1,20]. In our
implementations, each epoch takes approximately 9 min 50 secs, which implies in a complete
training with 20 epochs in around 3 h 17 min. Figure [6] presents the results for FISTA and
FISTA-LD with 7 = 0.5 on the test dataset. Compared with Figure 5| the additional training
further improved the decay of the optimality gap achieved by FISTA-LD. The optimality gap of
FISTA-LD exhibits a nonmonotone behavior, which also appeared, although less prominently, in
Figure [d Nevertheless, in both cases FISTA-LD eventually approaches the behavior of FISTA.
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Figure 6: Mean optimality gap over the test dataset. The algorithms share the parameters
a = 10730 and 7 = 0.5. FISTA-LD was trained with 100% of the training dataset, N € [1,20],
and for 20 epochs. The marks over the x-axis follows the description of Fig.

5 Conclusion and future work

In this work, we introduced a new splitting algorithm for solving convex composite optimization
problems in which the objective function is the sum of a smooth convex term with a computable
gradient and a convex term whose proximal operator can be evaluated, at least approximately.

Our algorithm combines momentum-based acceleration with learned deviations. The mo-
mentum mechanism is active throughout the iterations and ensures an O(1/k?) convergence
rate, as in [0 [7]. The learned deviations, inspired by [2], provide transient acceleration within
the finite iteration horizon used during training, while the momentum mechanism governs the
asymptotic convergence behavior of the method. Moreover, the method allows for inexact eval-
uation of the proximal operator, as in [I4], a feature not present in [2, 6] [7].

Our numerical experiments indicate that the combination of learned corrections and momen-
tum yields an algorithm that is competitive with state-of-the-art methods across all regimes. In
particular, the method of [2] is significantly faster than FISTA during the iterations for which
the deviations are trained, but does not maintain the same advantage beyond this regime. Our
algorithm achieves comparable or better performance in the early iterations, while matching
FISTA in later iterations, consistent with its theoretical convergence analysis.

One of the acceleration techniques of the proposed method is based on deep learning. Conse-
quently, it requires an offline training phase. In deep learning, training consists of optimizing the
neural network parameters with respect to a prescribed loss function. In this work, we designed
the loss function so that its minimization promotes faster convergence in terms of the objective
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function value. However, this is only one possible direction within the proposed framework. As
immediate future work, the same theoretical framework could be trained with alternative objec-
tives more directly related to image quality. Furthermore, by decoupling optimization-oriented
goals from inverse-problem-oriented goals, promising research directions may include the joint
training of both the algorithmic components and the structural elements of the model.

Acknowledgments

We sincerely thank Marcelo Marazzi for his careful editing and helpful suggestions that enhanced
the quality of the written text in English.

References

1]

2]

J. Adler and O. Oktem. Learned Primal-Dual Reconstruction. IEEE Transactions on
Medical Imaging, 37(6):1322-1332, June 2018.

S. Banert, J. Rudzusika, O. Oktem, and J. Adler. Accelerated forward-backward optimiza-
tion using deep learning. SIAM Journal on Optimization, 34(2):1236-1263, 2024.

A. Barbero and S. Sra. Modular Proximal Optimization for Multidimensional Total-
Variation Regularization. Journal of Machine Learning Research, 19(56):1-82, 2018.

J. Barzilai and J. M. Borwein. Two-Point Step Size Gradient Methods. IMA Journal of
Numerical Analysis, 8(1):141-148, 1988.

A. Beck. First-Order Methods in Optimization. Society for Industrial and Applied Mathe-
matics, Philadelphia, PA, 2017.

A. Beck and M. Teboulle. Fast Gradient-Based Algorithms for Constrained Total Varia-
tion Image Denoising and Deblurring Problems. IEEE Transactions on Image Processing,
18(11):2419-2434, 2009.

A. Beck and M. Teboulle. A Fast Iterative Shrinkage-Thresholding Algorithm for Linear
Inverse Problems. SIAM Journal on Imaging Sciences, 2(1):183-202, 2009. Publisher:
Society for Industrial and Applied Mathematics.

Y. Bello-Cruz, M. L. N. Gongalves, and N. Krislock. On FISTA with a relative error rule.
Computational Optimization and Applications, 84(2):295-318, Mar. 2023.

E. G. Birgin, J. M. Martinez, and M. Raydan. Nonmonotone spectral projected gradient
methods on convex sets. SIAM Journal on Optimization, 10(4):1196-1211, 2000.

A. Chambolle and C. Dossal. On the Convergence of the Iterates of the “Fast Iterative
Shrinkage/Thresholding Algorithm”. Journal of Optimization Theory and Applications,
166(3):968-982, Sept. 2015.

28



[11]

[12]

[13]

[14]

[18]

[19]

[20]

[21]

22]

T. Chen, X. Chen, W. Chen, Z. Wang, H. Heaton, J. Liu, and W. Yin. Learning to optimize:
a primer and a benchmark. J. Mach. Learn. Res., 23(1):189:8562-189:8620, 2022.

H. W. Engl, M. Hanke, and A. Neubauer. Regularization of inverse problems. Number v.
375 in Mathematics and its applications. Kluwer Academic Publishers, Dordrecht, Boston,
1996.

K. Gregor and Y. LeCun. Learning Fast Approximations of Sparse Coding. In Proceedings
of the 27th International Conference on Machine Learning, 2010.

G. R. S. Grillo, E. S. Helou, and S. A. Santos. Inexact fista-like methods with adaptive
backtracking. Computational Optimization and Applications, 93(3):1259-1304, 2026.

L. Grippo, F. Lampariello, and S. Lucidi. A nonmonotone line search technique for newton’s
method. SIAM Journal on Numerical Analysis, 23(4):707-716, 1986.

E. S. Helou. https://github.com/elias-helou/ray_tracing. Accessed: 2025-11-06.

C. H. McCollough, A. C. Bartley, R. E. Carter, B. Chen, T. A. Drees, P. Edwards, D. R.
Holmes III, A. E. Huang, F. Khan, S. Leng, K. L. McMillan, G. J. Michalak, K. M. Nunez,
L. Yu, and J. G. Fletcher. Low-dose ct for the detection and classification of metastatic liver
lesions: Results of the 2016 low dose ct grand challenge. Medical Physics, 44(10):e339-e352,
2017.

Y. Nesterov. A method of solving a convex programming problem with convergence rate
(0] (1/1{:2). In Doklady Akademii Nauk, volume 269, pages 543-547. Russian Academy of
Sciences, 1983. Issue: 3.

Y. Nesterov. Introductory Lectures on Conver Optimization, volume 87 of Applied Opti-
mization. Springer US, New York, NY, 2004.

Y. Nesterov. Gradient methods for minimizing composite functions. Mathematical Pro-
gramming, 140(1):125-161, 2013.

B. T. Polyak. Some methods of speeding up the convergence of iteration methods. USSR
Computational Mathematics and Mathematical Physics, 4(5):1-17, 1964.

K. Scheinberg, D. Goldfarb, and X. Bai. Fast First-Order Methods for Composite Convex
Optimization with Backtracking. Foundations of Computational Mathematics, 14(3):389—
417, June 2014.

M. Sucker and P. Ochs. PAC-Bayesian Learning of Optimization Algorithms. In Proceedings
of The 26th International Conference on Artificial Intelligence and Statistics, pages 8145—
8164. PMLR, 2023. ISSN: 2640-3498.

R. Tibshirani. Regression Shrinkage and Selection Via the Lasso. Journal of the Royal
Statistical Society: Series B (Methodological), 58(1):267-288, 1996.

29


https://github.com/elias-helou/ray_tracing

[25] S. Villa, S. Salzo, L. Baldassarre, and A. Verri. Accelerated and Inexact Forward-Backward
Algorithms. SIAM Journal on Optimization, 23(3):1607-1633, Jan. 2013.

[26] S. J. Wright, R. D. Nowak, and M. A. T. Figueiredo. Sparse Reconstruction by Separable
Approximation. IEEE Transactions on Signal Processing, 57(7):2479-2493, 20009.

[27] J. Xiang, Y. Dong, and Y. Yang. FISTA-Net: Learning a Fast Iterative Shrinkage Thresh-
olding Network for Inverse Problems in Imaging. IEFE Transactions on Medical Imaging,
40(5):1329-1339, 2021.

30



	Introduction
	Convex Composite Optimization Problems
	Machine Learning and Optimization
	Contributions
	Paper Organization

	Optimization problem and proposed method
	Convergence results
	Numerical experiments
	Applications to linear inverse problems
	Learning the deviations
	Implementation details
	Results
	1-wavelet regularized least-squares model
	Total variation regularized least squares model


	Conclusion and future work

