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ABSTRACT16

This paper concerns the prediction of flows in open channels. For this purpose, models based17

on partial differential equations are usually employed. Such models require the estimation of18

constitutive parameters based on available data. In this way, the solution of differential equations19

produces predictions of the flux evolution. In this research, we consider that most natural channels20

are not well represented by deterministic models for different reasons. Therefore, we propose21

to estimate parameters using stochastic variations of the original models. There are two types22

of parameters to be estimated: constitutive parameters (such as roughness coefficients) and the23

parameters that define the stochastic variations (usually, dispersion parameters). Both types of24

estimations are computed using the maximum likelihood principle, which determines the objective25

function to be employed. After obtaining parameter estimations, due to the random essence of the26

stochastic models, we are able to produce predictions with appropriate probabilistic margins of the27

flux behavior in times or places where observations were not available.28

INTRODUCTION29

In order to predict river flows, the Saint-Venant equations are frequently used. For solving30

these partial differential equations one needs to know the state of the channel at an initial time31

t = t0, which means to know depth, fluid velocity and/or flow-rate at as many points as possible32

in the one-dimensional channel. Information about boundary conditions, that is, values of the33

main description variables at the beginning and/or the end of the channel, is also useful. In34

addition, we need topographic information such as bed slopes and shapes of transversal areas and35

1This work was supported by FAPESP (grants 2013/07375-0, 2016/01860-1, and 2018/24293-0) and CNPq (grants
304192/2019-8, 309517/2014-1 and 303750/2014-6).
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roughness parameters generally called Manning’s coefficients. With these information at hand,36

we are able to solve the Saint-Venant equations using numerical methods and, so, to predict the37

physical characteristics of the flow in the future or in positions in which the values of state variables38

are not known.39

In real life, Manning coefficients are not known and, so, they need to be estimated using40

available data. The standard procedure entails applying an optimizationmethod to theminimization,41

with respect to the Manning coefficients, of the sum of squares of the differences between real42

observations and observations predicted by the numerical resolution of a deterministic model43

based on differential equations. Many papers have been devoted to the problem of estimating44

Manning parameters using this approach. In Pappenberger et al. (2005) the performance of the45

HEC-RAS software (Brunner 1994) for predicting inundation data was analyzed as a function46

of Manning’s roughness coefficient and weighting discretization parameters to produce dynamic47

probability maps of flooding during the event. HEC-RAS was also used in Agresta et al. (2021),48

where different heuristic methods were employed for optimizing the Manning coefficient. Ding49

andWang (2005) solved the Saint-Venant equations to simulate flows in channel networks and used50

the resulting deterministic model to compute the optimal Manning’s coefficient using standard51

quasi-Newton methods. Askar and Al-jumaily (2008) estimated the Manning coefficient using52

plain Saint-Venant equations as predictors and sequential quadratic programming for optimization53

purposes. Ebissa and Prasad (2017) used the GVF (Gradual Varied Flow) equations for simulations54

and genetic algorithms for deterministic optimization of the roughness parameter. In Birgin and55

Martínez (2022), a secant derivative-free optimization method was developed for determining the56

Manning coefficient in synthetic experiments.57

In the Data Assimilation approach with joint state parameter estimation (Ziliani et al. 2019), at58

each time level one has estimations of the state variables, the constitutive parameters and the process59

noise. Using simulation, forecasts of the state variables for the next time level are computed and60

the distribution of noise is updated. The next step is computed when a new observation becomes61

available and allows one to update the forecasts and, consequently, to compute the estimations of62

state variables and constitutive parameters at the new time level.63

Themethod that we suggest in this paper should be useful in the case of irregular rivers for which64

a one-dimensional simplification roughly corresponds to reality and the available data are sparse65

both in time and space. These cases are very frequent in Brazil and other Latin American countries.66

On the one hand, due to model inadequacies, estimates based on deterministic least squares may be67

unreliable. On the other hand, the availability of data on the flight in such a way that standard data68

assimilation could be applied seems to be out of question. Our proposal to tackle this scenario is69

to consider that the parameters that define perturbations of the (Saint-Venant) deterministic models70

(essentially, standard deviations) need to be estimated together with Manning coefficients using71

available data and maximal likelihood principles. In this way, we expect each river submitted to72

the estimation procedure to be equipped with a good system for reacting to extreme events. We73

illustrate with numerical experiments that the proposed method works well when the observed data74

come from laboratory tests, both when the unknown data we intend to forecast correspond to the75

future and when correspond to unexplored regions. We also illustrate the successful application of76

the method to a real irregular river.77

PARAMETERS ESTIMATION AND FUZZY-FAVORABILITY-BASED LIKELIHOOD78

At each step of a numerical method for solving the deterministic Saint Venant equations, the79
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values of the state variables A (transversal area), Q (flow-rate), and V (velocity) at time t + ∆t80

are computed assuming that these state variables are known at time t. Therefore, a numerical81

method for solving these equations starts from initial states at t = t0 and computes, iteratively, the82

states at t1 < t2 < · · · < tmax = T . At each time instant, the states are computed for x in a grid83

x0, x1, . . . , xmax. Therefore, this numerical process has the form84

®u(x, tn+1) = ®F(x, tn, tn+1, ®u(x, tn), ®ξ), (1)85

where ®ξ ∈ Rnξ is a vector of physically meaningful parameters to be estimated using known data86

and ®u ∈ Rnu is a vector containing the state variables. In our case, ®ξ represents the unknown87

Manning coefficients.88

Due to the inherent modeling errors, we postulate that, instead of obeying (1), the actual89

evolution of channel flows obeys the stochastic process90

®u(x, tn+1) = ®F(x, tn, tn+1, ®u(x, tn), ®ξ) + ®η(®σ), (2)91

where ®η ∈ Rnu is a zero-mean random vector whose distribution depends on dispersion parameters92

®σ ∈ Rnσ , that are allowed to be nonzero with frequency 1/γ, where γ is a given parameter. In this93

case, not only ®ξ but also ®σ must be estimated using available data.94

We assume that nobs observations vobsi of the physical phenomenon represented by (2) at spatial-95

time coordinates (xobsi , tobsi ) for i = 1, . . . ,nobs are available. Furthermore, we assume that each96

observation vobsi is associated with a quantity ϑi > 0, which usually represents an estimate of the97

measurement error of the observation. In this setting, we wish to determine ®ξ and ®σ from available98

data by means of the maximization of a likelihood measure based on a fuzzy favorability metric99

calculated through simulations. Let nsim be the number of considered simulations and let vsimi,j be100

the simulated value at spatial-time coordinate (xobsi , tobsi ) for i = 1, . . . ,nobs obtained at simulation j101

for j = 1, . . . ,nsim. The simulated values are calculated through a run of the process (2). It is102

important to stress that simulated values vsimi,j depend on ®ξ and ®σ.103

The likelihood associated with a pair ( ®ξ, ®σ) is intended to represent the probability of a given104

set of observations to be generated by (2). Roughly speaking, the considered likelihood is the ratio105

of the favorable cases to the total number of simulations nsim. For each simulation j, instead of a106

binary definition of favorability, we propose the fuzzy definition given by107

exp
(
−

(
d(vobs1 , . . . , vobsnobs, v

sim
1,j , . . . , v

sim
nobs,j)

)2
)
, (3)108

where109

d(vobs1 , . . . , vobsnobs, v
sim
1,j , . . . , v

sim
nobs,j) =

√√√
1

nobs

nobs∑
i=1

(
(vobsi − vsimi,j )

2

ϑ2
i

)
(4)110

represents the root mean square deviation of simulation j with respect to observations. Therefore,111

the favorability of simulation j is 1 if vobsi coincides with vsimi,j for i = 1, . . . ,nobs and is equal to112

1/e ≈ 0.37 if the distance between vobsi and vsimi,j is equal to ϑi for i = 1, . . . ,nobs. Thus, ϑi must113

be chosen in practical cases as a representation (not necessarily a rigorous upper bound) of the114
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measurement error of observation vobsi . Consequently, the likelihood associated with the pair ( ®ξ, ®σ)115

is given by116

Lϑ( ®ξ, ®σ) =
1

nsim

nsim∑
j=1

exp
(
−

(
d(vobs1 , . . . , vobsnobs, v

sim
1,j , . . . , v

sim
nobs,j)

)2
)
. (5)117

SAINT-VENANT EQUATIONS118

Let us consider the one-dimensional shallow water flow in a non-rectangular non-prismatic119

channel with cross section varying with the coordinate x in Ω, as described in Figure 1.120

zb

h

z = zb + h y = 0

y

A

z = 0

B

b(y)

Fig. 1. Geometry of a cross section of the channel at a point x of the spatial domain Ω.

The governing equations, known as Saint-Venant equations (Saint-Venant 1871), are given by121

the mass balance of the fluid122
∂A
∂t
+
∂Q
∂x
= 0 (6)123

and the linear momentum balance equation which, according to Khan and Lai (2014), can be written124

as125

∂Q
∂t
+

∂

∂x

(
Q2

A

)
= −gA

∂z
∂x
−

n2
gQ |Q |

R4/3 A
, (7)126

where A = A(x, t) is the wetted cross-section area at position x and time t, Q = Q(x, t) is the flow127

rate, g is the gravitational acceleration (taken as 9.81 m/s2), zb(x) is the channel bed elevation at128

point x, measured from a datum, R is the hydraulic radius (ratio between the wetted area and the129

wetted perimeter of the channel), z(x, t) is the water level, defined as z(x, t) = h(x, t)+ zb(x), and ng130

is the Manning roughness coefficient as suggested by Yen (1992, Yen (1993), which has units m1/6
131

in SI. Equations (6) and (7) can be obtained by integrating the Reynolds-averaged Navier-Stokes132

equations, under the shallow water hypothesis (Ying et al. 2004). From A and Q, we can univocally133

determine the mean velocity V = Q/A.134

The estimation of the Manning coefficient is a fundamental problem related to the simulation135

of floods in natural channels (Ding et al. 2004). Curiously, the first theory for the derivation of136

Manning’s equation from first principles was only proposed in 2001 (Gioia and Bombardelli 2001).137

The intrinsic uncertainty of ng in natural channels is an additional reason for imposing that reliable138

Saint-Venant equations should be optimally perturbed as suggested in this paper. In fact, we may139

consider that this uncertainty, similarly to model inaccuracies, contributes to the evolution of the140
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state variables and, so, it is implicitly considered when we estimate the dispersion of the random141

distribution of the increments of ®u.142

OPTIMIZATION PROCEDURE143

In the problems considered in this work, the only parameter with physical meaning is the144

Manning’s coefficient ng. Thus nξ = 1 and ®ξ = (ng). Additionally, ®η in (2) is such that each145

component ®ηi is a random value that follows a normal distribution with zero mean and standard146

deviation σ | ®F(x, tn, tn+1, ®u(x, tn), ®ξ)|, where σ ∈ R is the same for all i. So, ®σ = (σ) and nσ = 1.147

Given the observed data vobsi (heights and/or flow-rates) at spatial-time coordinates (xobsi , tobsi )148

for i = 1, . . . ,nobs, finding optimal n∗g and σ∗ consists of maximizing function (5). Evaluating (5)149

requires to consider nsim simulations. (In the numerical experiments we used nsim = 100.) Sim-150

ulations come from embedding the numerical solution of the Saint-Venant equations (6,7) into151

the stochastic process (2). The Saint-Venant system is numerically solved employing the upwind152

conservative finite volume scheme proposed in Ying et al. (2004).153

Function (5) is a function of two variables, stochastic, and nonlinear. Considering that we know154

a priori intervals [ngmin,ngmax] and [σmin, σmax] within which the optimal values n∗g and σ∗ lie,155

the simplest way to find these values is to choose steps ngstep and σstep and to perform a global156

search within the given bounds. According to the desired accuracy of the optimal values, iterative157

refinements can be performed.158

In what follows, we intend to illustrate the performance of the suggested approach determining,159

from observed data, the Manning coefficient ng ∈ R and the standard deviation σ ∈ R that are160

more likely to describe different open channel flow scenarios. Numerical experiments include the161

formation of a hydraulic jump in a horizontal flume, the simulation of a partial dam-break, and162

simulations of a real river.163

NUMERICAL EXPERIMENTS164

Hydraulic jump in a rectangular channel165

In this first experiment, we study the formation of a hydraulic jump by taking as reference the166

experiment reported inGharangik andChaudhry (1991). There, the authors performed experimental167

investigations of the steady-state location of the hydraulic jump in a horizontal 14.0m long and168

0.46mwide flume, for different Froude numbers Fr = V/
√
gh, by starting from a supercritical flow169

in the entire channel and then controlling the tailwater depth by an adjustable downstream gate. The170

bottom of the flume is made up of metal and the walls are made up of glass for 0m ≤ x ≤ 3.05m171

and of metal for 3.05m < x ≤ 14m. The Saint-Venant equations were then solved in uniform172

meshes of nx = 50 cells with Courant number Cr = 0.1 in the CFL-type condition that defines the173

time scale parameter τ (Ying et al. 2004) and γ = 0.5 s. Empirically, we considered Fr = 4.23.174

The initial condition is a steady-state flow with water height h(x,0) = 0.043m and velocity175

V(x,0) = 2.737m/s for all x ∈ Ω. The upstream boundary condition is given by these same values,176

while the downstream boundary condition for the water depth changes according to h(14, t) =177

min{0.222,0.043+0.00358 t}. The observed nobs = 10 values hobsi at the points xobsi , i = 1, . . . ,nobs178

were selected from the experimental measurements of Gharangik and Chaudhry (1991). According179

to Gharangik and Chaudhry (1991) these values correspond to the steady state of the system.180

However, it is not clear for which value of tobsi they are obtained. Therefore, in our experiments181

we consider two possibilities for tobsi : (i) tobsi = 60 s for i = 1, . . . ,nobs and (ii) tobsi = 180 s for182

i = 1, . . . ,nobs. The variation of the water depth at the downstream boundary ceases at 50 s. Thus,183
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we may expect that in case (i) the solution is still transient, while the simulation for case (ii) is more184

likely to match the observed values.185

In this experiment, as in all the others that follow, we considered that the ϑi = ϑ for all i. Table 1186

shows the results for different values of ϑ ∈ {0.05,0.01,0.005,0.001}. In the table, column n∗g187

shows the optimal value found for the Manning coefficient ng, column σ∗ shows the optimal188

value found for the deviation σ of the random effect, and Lϑ(n∗g, σ∗) corresponds to the optimal189

likelihood. As a reference, the table also includes (in the column named ng |σ=0) the optimal value190

of ng that is obtained when the condition σ = 0 is imposed, as well as the corresponding likelihood191

Lϑ(ng |σ=0,0). These values correspond to the least-squares approximation of ng. For tobs = 60 s192

the optimal value for the Manning coefficient was n∗g = 0.0435 for ϑ ≥ 0.010 and n∗g = 0.0445193

for ϑ = 0.005 and ϑ = 0.001, with positive values of σ∗. Similarly, for tobs = 180 s the optimal194

parameters were (n∗g, σ∗) = (0.0382,0.0) for ϑ ≥ 0.010, (n∗g, σ∗) = (0.0398,0.017) for ϑ = 0.005195

and (n∗g, σ∗) = (0.0401,0.022) for ϑ = 0.001. The difference between the estimates for ng can be196

explained by the fact that the solution at t = 60 s is still transient, as expected.197

ϑ
tobs = 60

σ∗ n∗g ng |σ=0 Lϑ(n∗g, σ
∗) Lϑ(ng |σ=0,0)

0.050 0.000 0.0435 0.0435 9.41407375×10−1 –
0.010 0.000 0.0435 0.0435 2.21024242×10−1 –
0.005 0.037 0.0445 0.0435 3.31604786×10−2 2.38649012×10−3

0.001 0.059 0.0445 0.0435 1.15603418×10−9 2.77965587×10−66

ϑ
tobs = 180

σ∗ n∗g ng |σ=0 Lϑ(n∗g, σ
∗) Lϑ(ng |σ=0,0)

0.050 0.000 0.0382 0.0382 9.88118174×10−1 –
0.010 0.000 0.0382 0.0382 7.41689584×10−1 –
0.005 0.017 0.0398 0.0382 3.13619599×10−1 3.02613794×10−1

0.001 0.022 0.0401 0.0382 1.39467474×10−4 1.05249005×10−13

TABLE 1. Optimal Manning’s coefficient, standard deviation parameter, and likelihood obtained
for varying values of the precision-related parameter ϑ in the hydraulic jump problem.

There are four possible scenarios with respect to the value of the precision-related parameter198

ϑ ∈ {0.05,0.01,0.005,0.001} and two possibilities for the instant tobs (identical for all observations)199

at which data could have been collected (60 s and 180 s). In the eight resulting cases, we estimated200

the Manning coefficient and the standard deviation using the proposed method. For the four201

scenarios on ϑ, the probability that the observed data was generated by the distribution defined by202

n∗g and σ∗ turned out to be maximized when tobs = 180 s. Therefore, it is sensible to conclude that203

the published data were obtained at this time instant or later. Therefore, let us concentrate ourselves204

in the case defined by tobs = 180 s. As we mentioned above, we made four assumptions on the205

precision with which the observations were obtained. Note that the estimated σ∗ increases when ϑ206

decreases. This means that, as expected, if the observations are made with maximal precision207

(ϑ = 0.001 in this case) their probability in the case of the deterministic model (σ = 0) is smaller208
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than the probability in the case of the stochastic model with σ∗ = 0.022. On the other hand,209

the probability Lϑ(n∗g, σ∗) decreases very quickly with ϑ. Again, this is the expected behavior as210

far as the assumption of extremely good precision in observations decreases the probability that211

observations come from mathematical (obviously inexact) models. These results are illustrated212

in Figure 2, for ϑ = 0.005 and ϑ = 0.001, where we compare the results of the deterministic213

case (σ = 0) with the superposition of all the nsim = 100 simulations obtained for the optimal214

parameter σ∗.215

0

0.05

0.1

0.15

0.2

0.25

0 2 4 6 8 10 12 14

h
(m
)

x (m)

σ∗ = 0.017, n∗g = 0.0398
σ = 0, ng

��
σ=0 = 0.0382
Observations

0

0.05

0.1

0.15

0.2

0.25

0 2 4 6 8 10 12 14

h
(m
)

x (m)

σ∗ = 0.022, n∗g = 0.0401
σ = 0, ng

��
σ=0 = 0.0382
Observations

Fig. 2. Simulations of the hydraulic jump problem constructed with the optimal parameters that
were obtained with ϑ = 0.005 (left) and ϑ = 0.001 (right), assuming that tobs = 180 s. The
graphics display the superposition of all the nsim = 100 simulations associated with the optimal
Manning’s roughness coefficient n∗g and standard deviation parameter σ∗. The pictures also show
the least-squares solution, that corresponds to the case σ = 0.

Let us interpret the results of this experiment in terms of the concepts introduced in the present216

work. The observed data are the heights at nobs = 10 points between 0.23 and 4.27. These data have217

been used to estimate the Manning coefficient and the standard deviation that defines the random218

effect of the deterministic model. Knowledge of the variance allows us to simulate the behavior of219

the height at the unobserved points between 4.27 and 14. Moreover, this unobserved behavior can220

be characterized in probabilistic terms. For example, we can establish that, say, with probability221

0.99 the depth for x = 13m is between two values produced by the simulation. In graphical terms,222

this result is shown in Figure 2. Note that the uncertainty for x = 13m is lower than the uncertainty223

in the vicinity of the hydraulic jump.224

Partial dam-break225

In this numerical experiment, we evaluate the performance of the proposed methodology in a226

scenario of partial dam-break. In this case, we take as reference the experimental investigation227

performed by the U.S. Army Corps of Engineers in 1960 (USACE 1960), where it was studied the228

extent andmagnitude of floods induced by the breaching of a 0.3048m (1 ft) high dam, located in the229
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middle of a 121.92m (400 ft) long and 1.2192m (4 ft) wide model flume with a bed slope of 0.005230

and rectangular cross-section. From these investigation, we took the stage-time measurements of231

the Test Condition 11.1, which is characterized by an initial state with the upstream side of the232

channel full of water and the downstream dry, and by the sudden opening of a 0.7315m (2.4 ft)233

wide and 0.18288m (0.6 ft) breach, from the top of the dam, at t = 0.234

From the experimental measurements given in Test Condition 11.1 of USACE (1960), we235

selected a set of observed values of the water height that represents a stage-time hydrograph placed236

at x = 68.58m, consisting of nobs = 10 observations for t ≤ 20 s. As a reference, the center of the237

dam is located at x = 60.96m. In all the simulations, we adopted a uniform mesh of nx = 400238

cells, Courant number Cr = 0.1 in the CFL-type condition that defines the time scale parameter τ,239

and γ = 4.9 s. The treatment of the dry bed was done as described in Ying et al. (2004), with240

hdry = 10−5 m. Also, due to the sensitivity of the numerical model to the dry bed treatment, in this241

numerical experiment we only consider perturbations due to the parameter σ on the flow rate Q242

(obviously, the water height h is indirectly affected by these perturbations).243

The results, shown in Table 2, lead to an optimal Manning’s coefficient n∗g = 0.0294 with small244

values of the standard deviation σ∗ for ϑ ≥ 0.005, indicating a behavior close to the deterministic245

ones. For ϑ = 0.001, however, the methodology returned σ∗ = 0.230, limited to this value in order246

to avoid the occurrence of unphysical (numerical) instabilities. The plots of the solutions obtained247

for ϑ = 0.001, compared with the observed data, are shown in Figure 3. Finally, in Figure 4, we248

show the simulations for t = 30 s and t = 60 s, compared with the measured data also taken from249

the Test Condition 11.1 of USACE (1960). These results show that the simulations performed250

with the parameters calculated with the time-stage information obtained at a single spatial point,251

for t ≤ 20 s, can provide a good prediction of the flood induced by the dam break, at future time252

instants.253

ϑ σ∗ n∗g ng
��
σ=0 Lϑ(n∗g, σ

∗) Lϑ(ng
��
σ=0 ,0)

0.050 0.002 0.0294 0.0294 9.94105668×10−1 9.94105316×10−1

0.010 0.002 0.0294 0.0294 8.62608850×10−1 8.62600897×10−1

0.005 0.003 0.0294 0.0294 5.53679297×10−1 5.53655504×10−1

0.001 0.230 0.0294 0.0294 1.02462106×10−4 3.81057525×10−7

TABLE 2. Optimal Manning’s coefficient, standard deviation parameter, and likelihood obtained
for varying values of the precision-related parameter ϑ in the partial dam-break problem.
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Fig. 3. Simulations of the partial dam-break constructed with the optimal parameters that were
obtained with ϑ = 0.001. The graphic displays the superposition of all the nsim = 100 simulations
associated with the optimal Manning’s roughness coefficient n∗g and standard deviation parame-
ter σ∗. The pictures also show the deterministic solution, that corresponds to the case σ = 0. In
this case the graphic represents an hydrograph at x = 68.58m for tobs ≤ 20 s.
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Fig. 4. Simulations of the partial dam-break at t = 30 s (left) and t = 60 s (right), constructed with
the optimal parameters that were obtained with ϑ = 0.001. The graphics display the superposition
of the water level z = h + zb of all the nsim = 100 simulations associated with the optimal
Manning’s roughness coefficient n∗g and standard deviation parameter σ∗. The pictures also show
the deterministic solution, that corresponds to the case σ = 0. In this case, simulations represent
predictions, since observed data correspond to t ≤ 20 s and simulations correspond to t = 30 s
(left) and t = 60 s (right).

It must be emphasized that in this experiment the estimates of Manning’s coefficient and254

variance were obtained using data from a single hydrograph at x = 68.58m. Despite this, the255
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forecasts (including uncertainty) shown in Figure 4 were very good at predicting actual data that,256

in the estimation process, were considered unknown.257

East Fork River258

In this experiment, we simulate the flood in the 3.3 km flow reach of East Fork River, Wyoming,259

USA during a part of the high-flow season in late May of 1979, by using the randomly supported260

one-dimensional shallow water model and several data from the technical reports (Emmett et al.261

1979; Meade et al. 1979). A total of 41 sections, ranging from section 0000 to section 3295, were262

considered. These numbers indicate their center-line distance upstream from x = 0.0 m. For more263

details, see (Emmett et al. 1979, Fig.1 therein). Thus, in our numerical model, we considered a264

non-uniform mesh in which each section represents the center of a cell. The simulation period265

was from 1AM on May 20 to 1PM on May 31, and we considered the mean bed elevations and266

the mean cross-sections measured at 1AM on May 20, taken from (Meade et al. 1979, Tables 41267

and 42 therein). The discharge values at section 3295, measured at 1AM and 1PM of each day, were268

used as inflow boundary condition (Emmett et al. 1979, Table 7 therein). As outflow boundary269

condition, we considered the water surface values at section 0000 taken from (Emmett et al. 1979,270

Table 1 therein), also measured at 1AM and 1PM of each day. The water surface measured at271

1AM on May 20 was used to set the initial wetted area and the initial flow was assumed to be272

8.76 m3/s throughout the entire river. In all simulations, the Courant number was set to Cr = 0.1273

and γ = 256 s. In what follows, we consider that the Manning’s coefficient ng is homogeneous in274

space, even though the geometric characteristics of the river (width and bed elevation, for example)275

are heterogeneous.276
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Fig. 5. Manning’s coefficients for the Cases A, B and C.

From (Emmett et al. 1979, Table 2 therein) we collected nobs = 22 values of the water surface277

at section 2505 measured at 1AM and 1PM, from May 21 to May 31. These data represent a278

stage-time hydrograph at section 2505 and are used as the set of observations in the experiments.279

We considered two main cases of study: Case A, with one value of ng for the whole simulation280

period and Case B, with time-varying ng. Additionally, a simplification of Case B, named Case C,281
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in which it is assumed that the bed elevation is a straight line connecting the bed elevation at282

sections 0000 and 3295, was also considered. The three cases are described below:283

Case A: In this simulation, we proceeded as in the previous experiments and used the set of284

22 observations to find the optimal Manning’s coefficient n∗g = 0.078 with σ∗ = 0.05 for285

ϑ = 0.01.286

Case B: As reported in (Emmett et al. 1979), the width and the bed elevation of the river change287

in time. Taking this observation into account, in this simulation we subdivide the set of288

observations in four subsets and we found the optimal Manning’s coefficient for each one of289

these subsets. The optimal values obtained are: ng1 = 0.093 for observations from 1AM on290

May 21 to 1PM on May 23; ng2 = 0.079 for 1AM/May 24 to 1PM/May 26; ng3 = 0.070 for291

1AM/May 27 to 1PM/May 29; ng4 = 0.079 for 1AM/May 30 to 1PM/May 31. With these292

values, we compose a time-varying Manning, as illustrated in Figure 5. In this case, the293

optimal deviation parameter so far obtained was σ∗ = 0.033 for ϑ = 0.01.294

Case C: This case is a simplification of Case B, now assuming that the bed elevation is a straight295

line connecting the bed elevation at sections 0000 and 3295. The optimal values obtained are:296

ng1 = 0.129 for 1AM/May 21 to 1PM/May 23; ng2 = 0.106 for 1AM/May 24 to 1PM/May 26;297

ng3 = 0.092 for 1AM/May 27 to 1PM/May 29; ng4 = 0.113 for 1AM/May 30 to 1PM/May298

31. The respective time-varying Manning curve is also illustrated in Figure 5. In this case,299

the optimal deviation parameter so far obtained was σ∗ = 0.050 for ϑ = 0.01.300

Figure 6 displays the results of these experiments. Recall that the elevation data at x = 2505 m301

were used to estimate the parameters n∗g and σ∗. Therefore these data represent the “training set”302

of our study. On the other hand, the surface elevation data at x = 3295 m were not employed at303

all in the process of parameter estimation. So, using the machine learning terminology, these data304

play the role of a “test set” or “validation set”.305

It is remarkable that, in Cases A and B, validation set data are recovered with similar accuracy306

as training set ones. This indicates that training our model using a single hydrograph is enough for307

obtaining good predictions over all the domain of interest. Moreover, the simulation clouds around308

deterministic solutions of the Saint-Venant equations seem to provide adequate uncertainty regions309

for the purpose of taking decisions. As expected, data were better recovered in Case B than in310

Case A, although the difference between both cases is not very impressive. Finally, the symmetric311

distribution of random variations involving observations probably indicates that systematic errors312

in the model are not meaningful in these two cases, in spite of the obvious simplification that313

represents to simulate an irregular channel by a rectilinear one.314

The results are quite different in Case C, in which we replaced the correct bed elevation with315

a straight line, as shown in Figure 7. In this case training set data were recovered with similar316

accuracy of CasesA andB.However, the situation is dramatically different with respect to validation317

data. The reason is that, as shown in Figure 7, the new (wrong) bed elevation turns out to be a318

severe underestimation of the true one over almost the whole spatial domain. This is a systematic319

modeling error that, in the training process, is overcome by the possibility of optimizing with320

respect to Manning coefficients. However, the data that were not considered in the fitting procedure321

could not be recovered at all. Of course, this type of failures is expected in the case of gross322

systematic errors involving the physical characteristics of the river.323
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Fig. 6. Simulations of stage-time hydrographs for the Fork river for ϑ = 0.01. The left column
contains the computed water surfaces at station 2505 for Cases A (top), B (middle) and C (bottom)
and the observed data. The right column contains predictions at station 3295 for the three cases,
compared with measured data (not used for estimating ng and σ).
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CONCLUSIONS324

One of the most common reasons for using mathematical models is to extract information not325

directly contained in the data. Mathematical models, except for very rare circumstances, cannot326

deliver such knowledge with absolute confidence. Putting too much faith in model forecasts,327

regardless of their flaws, might lead to fatal judgments. Therefore, models that propose alternative328

possibilities for the predicted variables along with the accompanying probabilities may be useful.329
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In the fundamental fields of physics, deterministicmodels arewidely renowned for their accurate330

predictions. These models are frequently made up of systems of partial differential equations, the331

numerical solution of which has been the topic of extensive research in the specialized literature.332

As a result, it is sensible to rely on these models to generate stochastic counterparts that allow333

us to make reasonable forecasts while accounting for fluctuations and uncertainties. The physical334

problem under examination in this study was water flux in channels, and the Saint-Venant equations335

provided the deterministic model upon which we created the stochastic counterpart.336

Examples from the hydraulic literature were examined to verify the reliability of our approach337

in this paper. These examples demonstrate how effective Saint-Venant equations were in defining338

a trustworthy underlying deterministic model. Moreover, the stochastic approach’s simulations339

were able to create reasonable bundles of possibilities for unknown variables, including useful340

confidence intervals and probabilities. In addition, the examples involving Fork River indicated the341

availability of reasonable bed elevation data is crucial for obtaining reliable predictions.342

343

Data availability statement: Some or all data, models, or code that support the findings of this344

study are available from the corresponding author upon reasonable request.345
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