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as there has been significant progress in the literature during the last decade or so. We
focus on computational aspects, summarizing the main algorithms and complexity results
for inference and decision making. We address the question “What is really known about
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1. Introduction

The now unclassified United States National Intelligence Estimate report number 29-51 concluded that “an attack on
Yugoslavia in 1951 should be considered a serious possibility”. When asked to quantify the expression “serious possibility”,
the authors of the report provided odds that ranged from 20/80 to 80/20 in favor of an attack [1]. Translating to probabilities,
the experts assessed that

0.2 < P(attack) <0.8.

This is not an isolated example: imprecision in probability values pervades practical life. Often this imprecision appears
when modeling scenarios with many random variables that interact in a non-trivial way.

According to the report, the possibility of an attack was largely dependent on a decision to invade the country. The latter
event was influenced by broad Soviet objectives, but also by a possible regime change in Yugoslavia, perhaps due to Tito’s
assassination, or due to a coup/revolt. A decision to invade should cause a military build-up and an increase in propaganda
against supposed Soviet enemies. This intricate set of relations is captured by the directed acyclic graph (DAG) in Fig. 1,
where each node is a (binary) random variable.! If we could associate a sharp conditional probability value with each value
of a variable given each value of those variables that point to it in the graph, we would obtain a Bayesian network [2].
That is, we would have a “probabilistic graphical model” that could be used to calculate the probability of any possible
scenario involving the variables in the model (e.g., the probability of an invasion given the observation of military build-up
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1 Note that each one of these events (attack, propaganda, etc) can be associated with a random variable that yields 1 when the event happens and 0
otherwise; to simplify matters, we often do not distinguish between an event and the corresponding random variable that indicates its happening.
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Fig. 1. A simplified graphical representation for the reasoning in the 29-51 report.

and propaganda) [3,4]. If we instead cannot associate a single joint probability distribution with the graph, we obtain a
credal network.

In short, credal networks are directed acyclic graphs whose nodes represent random variables associated with “impre-
cise/indeterminate” probabilistic assessments, and whose arcs (or their absence) represent irrelevance or independence.
Credal networks keep the graphical appeal of Bayesian networks [2] while allowing for a more flexible quantification of
values. This ability to represent and reason with imprecision in probability values allows credal networks to reach more
conservative and robust conclusions than Bayesian networks.

Even though it is difficult to pinpoint when credal networks and their strong extensions first appeared in the literature,
it seems fair to say that by 1990 some authors had already touched on their basic features. The literature evolved steadily
until 2005, when the second author published a review of graph-based techniques that deal with imprecise probabilities
[5]. Since then, research in the field has led to a considerable change in our understanding of credal networks. First, a rich
toolbox of algorithms has been put together, containing (fast) approximate techniques and (slow) exact methods. Second, the
complexity of various inferences has been studied in depth, so we can identify features that guarantee tractable inference.
Third, there is now a significant number of real applications of credal networks in various domains where it is advantageous
to encode imprecision in probability values. Finally, the last ten years have witnessed progress also on elicitation of credal
networks and on decision making with credal networks.

Several of those more recent results have been discussed in an excellent tutorial on credal networks published in 2014
[6]. Also of note is a previous relevant tutorial focused on the elicitation of credal networks [7]. The present review should
be valuable to the novice who has read some of that introductory material, and wants more scholarly detail; this review
should also be useful to the researcher who is interested in an up-to-date technical introduction to credal networks. We
will examine the main results on the theory of credal networks, including basic (but non-trivial) results about their charac-
terization, algorithmic strategies for producing inferences and computational complexity results. In short, we try to provide
some guidance regarding the fair question: “After some thirty years of research on credal networks, what exactly is known
about their specification, algorithms and inferential complexity?”.

There are many ways to interpret independence relations in a credal network; in this paper we focus on what is known
as strong independence and its related concept of strong extension. As we discuss later, there are other well-known exten-
sions for credal networks in the literature [8], but strong extension seems to be the most popular one.

The paper is organized as follows. Section 2 summarizes the literature up until 2005, presenting an abridged version
of the survey we have mentioned [5]. Section 3 introduces basic terminology and notation, while Section 4 presents some
basic results on credal networks. In Section 5, we provide a fair sample of the algorithms for marginal inference and decision
making, while in Section 6 we present results on computational complexity of those tasks. Section 7 contains an overview
of some recent applications of credal networks. We finish in Section 8 with comments on recent developments and an
optimistic view about the future of credal networks.

2. Credal networks up to 2004: a summary

Several early expert systems and knowledge representation formalisms were developed amidst intense debate concerning
the best way to handle uncertainty [9-11]. Bayesian networks appeared by the middle eighties [2] and have since proved
that probabilistic modeling can be used successfully in many circumstances. As soon as Bayesian networks started to attract
interest, researchers felt the need to generalize them so as to allow the representation of imprecision in probability values.
One motivation for this was the difficulty in eliciting the many probabilities required by a Bayesian network. Another mo-
tivation was the analysis of robustness to perturbations in Bayesian networks (a parallel line of research has investigated
sensitivity to changes in parameters [12,13]). Probably an even stronger motivation, amongst researchers interested in arti-
ficial intelligence, was the desire to study many languages in which to represent uncertainty, from Dempster Shafer theory
to possibility theory, many of which could be reframed using interval probabilities, interval expectations, or credal sets.
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The earliest appearance of Bayesian networks with set-valued parameters seems to be by Lamata and Moral [14]. There
was then considerable debate on the meaning of independence for special kinds of assessments, such as interval proba-
bilities, Choquet capacities and qualitative probabilities. The early efforts that adopted set-valued assessments took strong
extensions as the sole semantics of any given credal network.

By mid nineties, many consequences of the Markov condition and inference algorithms had been developed for strong
extensions. Here inference refers to a computation of tight probability bounds for a value of some variable given values of
some other variables. Perhaps the most representative reference of that period is the work of Cano et al. [15]. At that point
there was great emphasis on inference algorithms that operated by passing messages around nodes, thus mimicking the
behavior of inference algorithms for Bayesian networks. Algorithms such as the 2-Updating (2U), for polytrees with binary
variables [16], or Tessem’s propagation, where interval arithmetics is exploited [17], represented the state-of-art. References
that reflect those developments, and that include other graph-theoretical structures, can be found in previous survey papers
[5,18].

It became clear by mid nineties that, instead of focusing on special cases such as interval probabilities, one should
adopt general credal sets from the outset. Given that the class of closed convex credal sets is closed under elementwise
marginalization and conditioning under mild conditions [19], and that most axiomatizations dealing with imprecision in
probability values generate convex credal sets [20], most of the literature just assumed closure and convexity throughout.
By mid nineties it also became clear that, instead of focusing on a single concept of independence, one must accept that
several concepts of independence make sense when credal sets are present; this understanding was championed by the
influential work of Walley [21]. The idea that credal networks should be broad enough to encompass several definitions of
independence was then proposed by the end of the nineties [22].

Computational experience during the nineties led to the understanding that, instead of trying to adapt Bayesian network
message passing algorithms to inference with strong extensions, the most profitable path was to look at inference as an
optimization problem. Even though a number of successful message passing techniques have emerged, the main algorithms
developed from the late nineties on have been inspired by optimization techniques, as described in Section 5.

3. Background: Bayesian networks and credal sets

Given that credal networks are extensions of Bayesian network that replace conditional probability distributions with
credal sets, in this section we review basic concepts for Bayesian networks and credal sets; this section also helps in fixing
notation and terminology used later.

3.1. Bayesian networks

In a DAG, a node X is a parent of a node Y (conversely, Y is a child of X) if there is an arc from X to Y. We denote the
parents of a node X by Pa(X) and its children by Ch(X). The in-degree of a node is the cardinality of Pa(X). The ancestors of
a node are its parents, the parents of its parents, and so on, recursively. Similarly, the descendants of a node are its children,
the children of its children, and so on, recursively; the nondescendants are all nodes that are not descendants except the
node itself.

Formally, a Bayesian network is a pair containing a DAG whose nodes are random variables in a set X = {X1, ..., X;;}, and
a probability distribution IP(X) over X. The DAG and the distribution satisfy the Markov condition: for every node/variable
X, the nondescendant nonparents of X are independent of X given the parents of X. To illustrate the Markov condition,
consider again Fig. 1. The structure of the graph implies a number of independence relations. For example, the graph implies
that Tito’s assassination and coup/revolt are independent. If such independence relation is deemed unreasonable, then edges
should be added accordingly. Another independence relation extracted from the graph is: given regime change, then the
decision to invade is independent of Tito’s assassination. This captures the essence of the Markov condition: once we know
the parents of a variable, anything about other ancestors is irrelevant to the variable.

In this paper, we consider only random variables with finite support. When this is the case, the Markov condition implies
a particular factorization of the joint probability distribution:

n
P(X1=x1,..., X = %) = [ [P(Xi = xi[Pa(X;) = 1), (1)
i=1
whenever all conditional probabilities on the right are well-defined. In the equation above 7; is the projection of {x1, ..., x,}
over Pa(X;), and if Pa(X) is empty, then we use P (X; = x;) in lieu of P (X; = x;|Pa(X;) = ;).

Because “local” conditional probabilities P (X = x|Pa(X) = ) suffice to specify any Bayesian network, often a Bayesian
network is specified through a DAG and a set of probability assessments P (X = x|Pa(X) = ) for each X, x and 7. This leads
to a drastic reduction in the number of parameters one must specify and represent with respect to the joint distribution.

The moral graph of a DAG is obtained by connecting nodes with a common child and then dropping arc directions.
One celebrated feature of Bayesian networks is that one can detect many independence relations implied by the Markov
condition using d-separation [2]. The latter is a graph-theoretical criterion that we apply as follows to a given Bayesian
network. Suppose we have three sets of variables X, Y, Z. Delete all nodes that are not ancestors to at least one of the
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Fig. 2. Rooted tree decomposition for the DAG in Fig. 1.

variables in those sets, and obtain the moral graph of the resulting DAG. Sets X and Y are d-separated by Z if and only if in
the resulting undirected graph any path between X and Y is blocked by Z (i.e., it contains a node in Z) [23]. The important
consequence of this d-separation is that X and Y are stochastically independent given Z. Because d-separation can be quickly
computed [24], it is often employed in practice to discard unnecessary variables before any inference is carried out.

The complexity of drawing inferences with Bayesian networks is tightly coupled with the topology of its DAG, and to
graph-theoretical concepts such as treewidth.

A polytree is a DAG that contains no undirected cycles, that is, the subjacent undirected graph we obtain by ignoring
the arc directions has no cycles. A directed tree is a polytree with each node having at most one parent. Polytrees are also
called singly connected directed graphs. A DAG is loopy or multiply connected if it is not a polytree. The DAG in Fig. 1 is loopy;
the subDAG over the nodes assassination, coup/revolt and regime change is a polytree that is not a tree.

A cycle in an undirected graph contains a chord if there is an edge which connects two nodes of the cycle and is not in
that cycle. An undirected graph is chordal if and only if every cycle of length four or more has a chord. Every graph can be
turned into a chordal graph by inserting edges, a process called chordalization.

The treewidth of a chordal graph is the size of the largest clique minus one, that is, the maximum size of a complete
subgraph minus one (a complete graph is a graph such that each pair of nodes is connected). The treewidth of a non-
chordal graph is the minimum treewidth over all chordalizations of it. As its name suggests, the treewidth measures the
resemblance of an undirected graph to a tree. The treewidth of a directed graph is the treewidth of its moral graph. In the
case of polytrees, the treewidth is given by the maximum in-degree of a node (so the treewidth of directed trees is one). All
known algorithms for drawing inference in Bayesian networks have a worst-case running time that is at least exponential
in the network treewidth.

A tree-decomposition of an undirected graph G = (V, E) is a pair (C, T), where C is a collection of subsets C; C V of
nodes of G, and T is an undirected tree whose nodes are identified with elements of C, and that satisfies the following
properties: (1) For every edge (u,v) in E there is a set C; € C with u,v € C;; (2) For every node v in V the subgraph
obtained by deleting nodes C; not containing v is a (connected) tree. The width of a tree decomposition is the maximum
cardinality of a set C; minus one. The minimum width over all tree decompositions of a graph is the graph’s treewidth. A
tree-decomposition can be rooted at a certain node R € C by directing edges away from R; this allows us to refer to parents
and children of the nodes in T (note that a rooted T is a directed tree, thus every node has at most one parent). Fig. 2
shows a tree-decomposition for the DAG in Fig. 1 rooted at R = {attack]}.

3.2. Credal sets

It is often difficult to specify sharp probability values for events due to insufficiency of resources (time, cost, data)
or lack of consensus. An alternative is to specify a set of probability distributions that encodes the incompleteness and
indeterminacy in the beliefs of the model builder, and arguably leads to more conservative and hence robust conclusions.

We start with some needed concepts of imprecisely specified probability models and their usual notation. A set of
probability distributions for a variable X is called a credal set and is denoted by K(X) [19]. Similarly, K(X1, ..., X,) denotes
a set of joint distributions for variables X1, ..., X;. The convex hull of a set K is denoted by coK. A finitely generated
set is the convex hull of a finite set of points (hence it is closed and convex). A set of conditional probability distributions
for a variable X given event A is called a conditional credal set and denoted by K (X|A). The lower probability Py x,(A) is
equal to infIP(A), where the infimum is taken over all possible probability values for event A induced by the distributions
in K(X); similarly we have the lower conditional probability Py x| (A|B). We also have the upper probability P x)(A)
that is supIP(A) and similarly upper conditional probabilities. In the operators above, we usually omit the dependence on
the credal set when its choice is clear from context and write, for example, P(A) and IP(A|B). By marginalizing every
gstribution in the credal set K(Xj,..., X;), we obtain a marginal credal set over a subset of the variables. Whenever
P(Y = y) > 0, we obtain a conditional credal set K(X|Y = y) by applying Bayes rule to each distribution in K (X, Y) such
that P(Y = y) > 0. This prescription for conditioning is often called regular conditioning [25]. One can find prescriptions in
the literature that handle conditioning events differently when they may have zero probability [26-28]. One particularly
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popular alternative strategy is to take K(X|Y = y) to be vacuous® whenever P(Y = y) =0, and otherwise to apply Bayes
rule elementwise as before; because this strategy is obtained with Walley’s natural extension [21], we refer to it as natural
conditioning.® In our definitions and results we adopt regular conditioning unless explicitly indicated, and we implicitly
assume that the upper probability of the conditioning event is positive.

One basic result is that, if a credal set is convex, both its elementwise marginalization and its elementwise conditioning
lead to convex sets [19].

One can specify a credal set by listing constraints on probability values. If a credal set is closed and convex, then it
can be described by listing its extreme points (and taking the convex hull). Constraints and extreme points are connected
by duality: one can transform one representation into the other using well known algorithms [29]. However, the size of
the representation may explode through this transformation: a set of (even linear) constraints may generate an exponential
number of extreme points and vice-versa. Some algorithms discussed later assume that the input credal sets are given as
sets of constraints, while other algorithms assume the input is a list of extreme points; these are mathematically equivalent,
but not computationally interchangeable. Matters are dramatically simpler if we deal with a single binary variable X: in this
case, a closed convex credal set K(X) is fully captured by a single closed interval [P(X =1), P(X =1)].

There are several concepts of independence that apply to sets of probability distributions [28,30]. A conceptually simple
concept is complete independence: variables X and Y are completely independent with respect to a credal set K(X, Y) if they
are stochastically independent with respect to every joint distribution in K (X, Y). This definition extends to conditional
independence in the trivial way: in essence, it requires elementwise stochastic independence.

If X and Y are completely independent with respect to some K (X, Y), then in general K (X, Y) cannot be a convex set
[28]. Complete independence seems to require one to accommodate non-convex credal sets. As many principled ways to
justify credal sets postulate that they ought to be convex [19,31], there has been steady interest in “convexifying” complete
independence, a move that yields strong independence.

Variables X and Y are strongly independent with respect to a credal set K(X,Y) if the latter can be written as the
convex hull of a credal set for which X and Y are completely independent. When K (X, Y) is closed and convex, strong
independence is equivalent to assuming that X and Y are stochastically independent with respect to each extreme point of
K(X,Y).

Another popular concept is epistemic irrelevance [21]: Y is epistemically irrelevant to X given Z when the convex hull of
K(X|Y =y, Z =2) is equal to the convex hull of K(X|Z = z) for every possible (y, z). Epistemic irrelevance is asymmetric:
X may be epistemically irrelevant to Y while the opposite fails [21]. Epistemic independence is a symmetrized version of
epistemic irrelevance: X and Y are epistemically independent when X is epistemically irrelevant to Y and Y is epistemically
irrelevant to X.

Yet another concept of independence is due to Kuznetsov, a generalization of the usual factorization of expectations that
is implied by stochastic independence [32]. Little is known about Kuznetsov independence, and the few existing inference
algorithms that can handle it rely on optimization to look for bounds on probabilities [33].

4. Credal networks and their strong extensions

A credal network consists of a pair containing a DAG where each node is a variable, and a credal set for those variables,
such that, for every node/variable X, the nondescendant nonparents of X are “independent” of X given the parents of X.
Obviously the Markov condition has a different effect depending on the concept of independence that is adopted.

Suppose for instance that “independence” in the Markov condition means “epistemic irrelevance”. As epistemic irrel-
evance is not symmetric, the direction of edges in the credal network then gets denser content. During the last decade
a rich theory and a powerful set of algorithms have been developed around extensions of credal networks that satisfy the
Markov condition with epistemic irrelevance — we do not dwell on that topic as a recent in-depth review paper has covered
all necessary territory [8]. As for epistemic independence and Kuznetsov independence, little is known in connection with
credal networks (even though credal networks under epistemic independence have received some attention [34]).

In the remainder of this paper we adopt the Markov condition with strong independence; that is, each variable is strongly
independent of its nondescendants given its parents.

4.1. Specifying credal networks

The most common way to specify sets of probabilities associated with credal networks is to mimic the strategy used for
Bayesian networks. That is, to specify a closed convex credal set K(X|Pa(X) = 7) for each variable X, for each value 7 of
parents Pa(X). As a very simple example, we might have three binary variables X, Y and Z, the simple DAG

o 00

2 A credal set is vacuous if it contains all distributions of that variable.
3 Yet another strategy is to replace usual probability measures by full conditional probabilities and their variants [27], where conditional probability is
defined even when the conditioning event has probability zero — this is a move we do not consider in this paper.
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and probabilistic constraints

P(X=1)e[1/10,1/3], P(Y =1)=4/5, )
P(Z=1]Y =0)e[2/5,3/5], P(Z=1|Y=1)e[7/10,9/10]. 3)

Recall that an interval suffices to specify the credal set for a binary variable. In general a more complex language may be
needed to specify credal sets for variables with more than two values (Section 4.4).

When a credal network is specified through a DAG and a set of credal sets K(X|Pa(X) = 1), one for each variable X and
each value 7 of parents of X, we say the network is separately specified.

A different specification strategy is to explicitly describe a set of functions IP(X|Pa(X)) for each variable X (note: here
P(X|Pa(X)) is a function both of X and of Pa(X)). We then say that the credal set for X is extensively specified, or just
extensive for short. For instance, one might replace assessments in Expression (3) by two functions Py (Z|Y) and P,(Z|Y),
taking their convex hull as the set of possible functions P (Z|Y).

A few kinds of non-separately specified credal networks have been explored in the literature. One example is the (large)
family of qualitative probabilistic networks (QPNs) [35]. A QPN is usually interpreted as a partially specified Bayesian network,
where in lieu of the conditional probability values one writes down qualitative constraints amongst these probabilities.
The goal is to simplify elicitation efforts. For instance, the qualitative constraint referred to as positive additive synergy on a
variable X with parents Y and Z imposes

PX=1Y=1,Z=1)+PX=1|Y=0,Z=0) >
P(X=1Y=0,Z=1)+PX=1]Y =1,Z =0),

meaning, roughly, that the “concerted” influence of X and Z on X is greater than the sum of their “discordant” influence.
Note that constraints are imposed across values of conditioning variables in a non-separately specified scheme. Many other
constraints have been proposed to enlarge the expressivity of QPNs [36,37] and to apply them to practical scenarios [38].
Another example of non-separately specified credal networks can be found in the Bayesian logic of Andersen and Hooker
[39], where a directed graph can be associated with probabilities over events defined with a flexible logical language.*

Whatever specification strategy one adopts, one ends up with a set of constraints over probabilities. The largest set
of joint probability distributions that satisfies those constraints and the Markov condition, where “independence” means
“strong independence”, is the strong extension of the credal network. Of course one might consider sets of joint distribu-
tions that are smaller than the strong extension; the strong extension corresponds to a minimum commitment given the
assessments.

4.2. The strong extension for closed convex local credal sets

Suppose that one has a separately specified credal network where each variable X is associated with a closed and
convex conditional credal set IK(X|Pa(X) = i), for each configuration 7 of the parents. This is the most common situation
discussed in the literature.

Define the complete extension of the network, denoted by K¢ (X1, ..., Xp), to be the following (possibly non-convex) set:

n
P: P(Xi=x1..... X0 =xn) = [ [P(Xi =xi[Pa(X)) = 1),

i=1

with P (X;|Pa(X;) = ;) € K(X;|Pa(X;) :n,»)} , (4)

where each m; is the projection of {xq,...,x,} over Pa(X;j).

The set K¢ (X1,...,Xn) and the input DAG satisfy the Markov condition with respect to complete independence: for
every X, the nondescendants of X are completely independent of X given Pa(X).

We have that:

Theorem 1. The convex hull of the complete extension of a credal network is the strong extension of the credal network: it is the largest
credal set that satisfies the Markov condition with respect to strong independence. This is also true when we replace each credal set
K(Xj|Pa(X;) = ;) in Expression (4) by the set of its extreme points.

The proofs of all theorems are in the appendix.

4 Non-separately specified constraints also surface in connection with conservative updating on probabilistic graphical models, where missing data may
lead to credal sets [40-42]; Antonucci et al. [6] present an interesting discussion of this phenomenon.
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Hence every extreme point of the strong extension of a separately specified credal network with closed convex local
credal sets is built by a combination of “local” extreme points, and thus it behaves like a Bayesian network. Importantly,
d-separation in the DAG implies strong independence; in this sense strong extensions mimic the semantics of independence
commonly associated with Bayesian networks.” Interestingly:

Theorem 2. Any combination of extreme points from the local credal sets is an extreme point of the strong extension.

Thus the strong extension can actually be built directly from the extreme points of local credal sets, that is,
coK¢(X1,..., Xy) is equivalently produced if we replace each local credal set IK(X;|Pa(X;) = ;) in Expression (4) by the set
of its extreme points, denoted by ext K (X;|Pa(X;) = ;). For instance, take the three-variable network with assessments in
Expressions (2) and (3). The strong extension is the convex hull of eight distributions, generated by multiplying the extreme
points of K(X), K(Z|Y =0) and K(Z|Y = 1), and the distribution P(Y =1).

4.3. A word on extensive local credal sets

Expression (4) focuses on separately specified credal networks; if instead we have an extensive specification, the strong
extension is the convex hull of all distributions P(X) = ]‘[XieXIP(XHPa(Xi)) built so that each function P(X;|Pa(X;)) is an
extreme point of the extensive specification related to X;.

Note that if we have a separately specified credal network we can always build a set of conditional probability functions
P (X;j|Pa(X;)) by combining all extreme points of each K (X;|Pa(X;) =) across all 7. Once we do that, the strong extension
of these latter extensively specified credal sets will be exactly the strong extension of the original separately specified credal
network. Such a transformation is however not harmless from a computational point of view: the extensive specification
related to a variable X; may be exponentially larger than the separately specified credal sets for X;.

4.4. Specification languages for credal networks

There has been relatively little work on specification languages for credal networks. The contrast with research in
Bayesian networks is striking. Since the appearance of the first inference engines for Bayesian networks, there has been
active work in languages that encode probability distributions. One example is the BUGS package [47], where a declara-
tive language is used to describe the structure and the probability values of any Bayesian network. There are other visual
languages such as DAPER [48], textual languages such as BLOG [49], and languages that explore logic programming [50,51]
among other proposals. Almost none of this activity can be found in connection with credal networks, despite the fact that
there is arguably more structure to be explored: possible ways to list extreme points and exploit regularities amongst them;
possible ways to encode qualitative and quantitative constraints, conceivably by recycling constructs from constraint pro-
gramming. Existing packages for credal networks usually adopt simple strategies for specification where each local credal
set is represented as a set of linear inequalities, or where each extreme point is a distribution represented as a table of
probability values.

It has recently been noted that credal sets can be specified using probabilistic logic programming [52], but this insight
has not been used to specify credal networks. Another relatively recent effort mixes Boolean operators and interval-valued
probabilities in specifications such as [53]:

regime change = assassination Vv (coup/revolt A —inhibitor),
P (inhibitor) € [0.9, 1],

where the first sentence reads “regime change obtains if and only if there is an assassination or a coup/revolt (provided the
latter is not inhibited)” and the second sentence reads “probability of inhibitor is no smaller than 0.9”. In this particular
example one obtains a Noisy-OR gate with interval-valued inhibitory probabilities.

There seems to be significant room for refined and extended specification strategies in the future.

5. Algorithms for marginal inference and decision making

The most common computation applied to credal networks is marginal inference, where we must compute bounds for
the marginal probability of a value of a query variable conditional on some evidence on some other variables. For instance,
in the credal network representing a possible attack on Yugoslavia in 1951, one might be interested in the probability of an
attack after observing an increase in propaganda.

Credal networks are also used to support decision making; there the problem is to select actions that are endorsed by
some appropriate criteria — maximality, E-admissibility, minimality.

In this section we review the most effective known algorithms for marginal inference and decision making with credal
networks.

5 Other concepts of independence, such as epistemic independence, do not necessarily interact well with d-separation [43], and alternatives to d-
separation have been designed for them [44-46].
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5.1. Marginal inference

Given a credal network over variables X = {X1,..., X3}, an event of interest Z =z and some evidence Y =y, we are
interested in obtaining:

P(Z=zY=y) and B(Z=2]Y=y). )

where {Z} and Y are assumed to be disjoint subsets of X such that P(Y =y) > 0, and we take the lower and upper
probabilities with respect to the regular conditioning of the strong extension of the network.

The following result is fundamental as it shows that marginal inference can be accomplished by operating only on
distributions that satisfy the Markov property:

Theorem 3. The lower/upper probability in Expression (5) are obtained, respectively, by

> [Tie1 P(Xi = xi|Pa(X;) = 1)
Y [T P(Xi =xilPa(Xi) =)’

where the sum in the numerator and the inner sum in the denominator are over the values of the set of marginalized variables
X' =X\ ({Z} UY), the outer sum in the denominator is over the values of the query variable Z, and the optimization is over the
distributions from the complete extension such that P (Y =y) > 0.

inf /sup

(6)

The most popular type of specification for credal networks employs finitely generated local credal sets; for these cases
we can further reduce the search space in Expression (6)°:

Theorem 4. Suppose a credal network is separately specified with closed convex local credal sets. Then the solution to Equation (6) is
attained at some extreme point IP of the strong extension such that P (Y =y) > 0; hence it is attained at some combination of extreme
points of the local credal sets K(X|Pa(X) = ).

Solving the optimization in Equation (6) presents two challenges. First, the large (exponential) number of combinations
of local extreme points, assuming one has already obtained these. Second, the large (exponential) numbers of terms in the
sum in the denomination and numerators. There are essentially two approaches to the problem.

One approach is to cast the problem as a combinatorial search over the extreme distributions of the local credal sets.
This approach assumes a vertex-based representation of credal sets. Typically these search schemes reproduce, at some level,
the message-passing schemes that succeed with Bayesian networks, with the condition that now messages have to be set-
valued (perhaps sets of real numbers, perhaps sets of functions). Message passing schemes received attention in particular
during the nineties. Among the insights developed in that investigation, we must mention the 2U algorithm, a clever exact
algorithm that solves a particular class of inference problems in polynomial time. Many other ideas in combinatorial search
have been explored since then. Notable examples of this approach are the integer-programming formulation of de Campos
and Cozman [54], the algebraic system of Maua et al. [55], the local search methods of Cano et al. [56].

The other approach is to cast the problem as a continuous optimization, and to adapt known techniques from the
numerical optimization literature for the resulting (difficult) optimization problem. Notable methods in this category are
the multilinear programming reformulation of de Campos and Cozman [57], and the linear programming approximation of
Antonucci et al. [58]. An important feature of this approach is the ability to naturally handle both the constraint-based and
vertex-based representations of credal sets.

We next present some of the most general and effective approaches to marginal inference, emphasizing the ones that
have demonstrated leading performance in the literature. Note that we assume separately specified networks with finitely
generated local credal sets (that is, each set is the convex hull of finitely many distributions), unless explicitly indicated.

5.1.1. Message-passing: basic ideas and the 2U algorithm

One (intractable) simple idea is to generate all possible extreme points of the strong extension by combining the local
extreme points, and for each one run standard message passing algorithms of Bayesian network. A slightly more efficient
approach is to exploit the redundancies among these shared Bayesian network inferences, and to propagate messages that
instead of containing a single function, contain sets of functions that correspond to (some of) the extreme points.

We have already mentioned some important landmarks within this approach in Section 2. For instance, the whole ex-
haustive message passing scheme is captured by the algorithm of Cano et al. [15], while approximate inference is obtained
by Tessem’s algorithm, which propagates only bounds for each set [17].

There is a very distinguished case where message propagation can be performed both efficiently and accurately: this
happens when the DAG is a polytree and all variables are binary. The well known 2U algorithm exploits this pocket of

6 The proof of Theorem 4, presented in the appendix, also shows that regular conditioning on a finitely generated credal set produces a finitely generated
conditional credal set; if one starts with the latter fact, then Theorem 4 is a direct corollary.
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tractability [16]; its main ideas can be explained with relative ease.” A brief description of Pearl’s propagation algorithm
for inference with polytrees is needed first [2]. Say we have a Bayesian network whose underlying graph is a polytree and
some evidence Y =y. To facilitate the notation, assume that the evidence sets only the values of leaves of the graph with a
single parent. This can be always made true: if X is a variable set by evidence that does not satisfy those conditions, then
insert a fresh “dummy” node X’ with only X as parent and such that P(X'=1|X=x) =1 and P (X' =1|X # x) = 0, where
x is the original value set for X by the evidence. Then set evidence X’ =1 (and remove X from the evidence set). One can
check that any marginal inference has its value unchanged by this transformation.

In Pearl’s algorithm one focuses on one variable X at a time, and passes messages to its neighbors as follows. Assume
that X has parents Uy, ..., Uy and children Y1, ..., Y,, and no evidence is set for X.

e From X to each child Y}, send the message:

fxov, @ =[] frex® Y P(X=xIPaC) =) [ | fu,-x i),

ket 7 i=1

where 7 ranges over the values of Pa(X) and u; is the projection of 7 on U; € Pa(X).
e From X to each parent Uj;, send the message:

fxou @)=Y [ frimx® > PX=xPa(X) =m) [ | fu,-x),

x j=1 T~ ki

where 7 ~ u; are the configurations whose projection on U; is u;j, and uy is the projection 7 on Uy.

In the expressions above, the products are identical to one if the corresponding range is empty (e.g. if X is a root then there
are no messages fy,— x). So for example, if X is a leaf with a parent U and no evidence is set for X, then fx_y =1.

Consider now the case of a node X which has value x fixed by the evidence. Recall that we assumed that evidence was
set only for leaf nodes with a single parent. Then X sends message fx_.y(u) =P (X =x|U =u) to its single parent U.

Since the graph is a polytree, it is always possible to find a node that can send a message to a neighbor based on
the messages it has received. For example, if X is a leaf with a single parent U then its message fx_.y does not depend
on any other message. Another example is the case of a root node X with a single child Y, which can send message
fxsy®) =P (X =x).

After all messages are sent, for each node X in the network we have:

m n
P(X=xY=y) o[ [ fr;=x® D _PX=xIPa(X) =7) [ | fu,xw).
j=1 e i=1
The message-passing algorithm above can be extended for credal networks by considering the whole set of messages
fa—p that go through any edge A — B as we vary the distributions in the complete extension. That fact by itself does not
render the problem easy. A key insight behind the 2U algorithm is that these sets of messages can be computed efficiently
with a very similar message passing scheme for the case of binary variables. The 2U algorithm operates as follows.

e From X to each child Y}, send the message:

-1

(1= p(x) 1

=11 ’
iX—)Yj(X) ( + /L(X) nk;ﬁtik—ﬁ((x)>

where

m
(0 =min Y "P(X =x[Pa(X) =70) [ | fui-x (i),
T i=1
with the minimization being performed over the extreme points of the intervals [ f Ui X(u,-), Tuﬁ x(u;)]. Upper bounds
are obtained by replacing minimization/lower bounds with maximizations/upper bounds in the equations above.
e From X to each parent Uj;, send the message:
1X)p &) +AE (A — pxlup)
A p X)) + AX) (1 — px];))

ix—>u,-(ui) = min

7 The fact that the 2U algorithm can be derived as a message passing algorithm has been mentioned before [59], but the relevant details have not
appeared in the literature.
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where

p(lu) =Y P(X =xPaX) =7) [ | fu,—x )

TT~Uj k#i

and the minimizations are performed over

20 e [T x® [T Frx®1 .
j=1 j=1
P(X =x|Pa(X) =) € extK(X|Pa(X) =),

foexo e £y, o 1= f, @l

As in Pearl’s algorithm, the products in the above expressions are replaced with value 1 when their ranges are empty.
If X is a leaf node with evidence X = x, then it sends message

. P(X=x|U=u)
ix U(u) = min -
- PeextK(X|U=u) P(X =x|U =u)

to its single parent U. This is equivalent to setting A(x) =1 and A(x) =0 in the equation for a node X with no evidence.

At the end one can compute exact bounds on P(X =x|Y=y) = (1 + (1/(x) — 1A (X)/A(x))~! for each variable X in the
network by optimizing over variables p(x) and A(x) as in the equations above.

The expressions above assume that probabilities are always positive. Regular conditioning with zero probabilities is
obtained by extending the domain of the messages to include oo, and by extending sums and products accordingly (e.g.
using 1/0 =00, 1/00 =0, 1+ 0o = o0). This can be done without hurting computational performance [16].

The 2U algorithm has inspired a few other approximate methods. The Loopy 2U (L2U) algorithm focuses on credal
networks with binary variables where the underlying graph may fail to be a polytree: in this case one can always keep
iterating the interval-valued messages, hoping to reach convergence [60]. Such a scheme corresponds to belief propagation
for Bayesian networks, where Pearl’s propagation is run until messages converge or until some prescribed time limit is
reached, an idea that may seem far-fetched but that often obtains reasonable accuracy [61]. This approach has been further
extended in the Generalized L2U (GL2U) for credal networks that may contain non-binary variables; the idea is to turn non-
binary variables into connected clusters of binary variables that are then processed by L2U [62]. A different possibility is
to “cut” edges so as to produce approximate credal networks whose underlying graphs are polytrees that can be processed
by 2U; the IPE algorithm explores this path [60]. These approximate schemes resemble in several ways variational methods,
and indeed some preliminary efforts have been made to apply variational methods to credal networks [60].

5.2. Message-passing: algebraic variable elimination

As we discuss later in Section 6, the 2U algorithm is a truly isolated island of tractability for inference with strong
extensions. To handle other situations one may resort for instance to stochastic search techniques. Cano and Moral [63]
employed genetic programming to find approximate solutions. Cano et al. [64] implemented a local search with simulated
annealing in order to avoid poor local optima. These approximate methods were later used in conjunction with outer
approximation algorithms to develop a branch-and-bound algorithm [56].

A more sophisticated approach, based on the manipulation of sets of pairs of functions, was developed by Maua et al.
[55]. The approach is able to produce both exact and approximate solutions, and has been shown to outperform the integer
programming formulation (described later) on a large collection of synthetic problems. We focus on this algorithm in the
remainder of this subsection; before describing it, we must review the operations behind variable elimination in the context
of Bayesian networks.

In short, variable elimination extends Pearl’s message passing algorithm to networks of arbitrary topology.® So let (C, T)
be a tree-decomposition for the DAG of a Bayesian network and R C C be such that Z € R. Assume with no loss of generality
that R = {Z} (otherwise we can add a new node to T satisfying such property and connect it to R and to no other node).
Root T at R, orienting the arcs away from R. The variable elimination procedure in Algorithm 1 computes P(Z=2z|Y=y)
for a given rooted tree decomposition (C, T) and set of conditional probability mass functions ®y = {p(X|Pa(X)) : X € X}.°
The functions 8§, (Y) in the algorithm denote the Kronecker delta function that returns one at Y=y and zero elsewhere. The
algorithm starts by creating and inserting these functions into ®g. This somewhat uncommon step is only a convenience,
as it allows us to dispense with the need of either fixing the values of evidences in the initial distributions in ®g, or to
treat evidence variables separately. The second “for loop” of the algorithm is the elimination step: at each iteration, the

8 The variable elimination we present differs marginally from other algorithms such as bucket elimination [65], junction tree propagation [66], Shenoy-
Shaffer algorithm [67], and the collect algorithm [68].
9 Note that p(X|Pa(X)) represents a function over the values of X and Pa(X).
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Algorithm 1: Variable elimination.

Input: Tree decomposition (C, T) rooted at R = {Z}, set of functions ®¢ = {p(X|Pa(X)) : X € X}, query Z=z, evidence Y=y
Output: The value of P(Z=z|Y=y)

for Y €Y do

Add function §y to ®g, where y is the corresponding value of Y iny;
end
Let Cq,...,Cm =R be a reverse topological ordering of T ;

fori=1,...,m—1do
Obtain X; = C; \ Pa(C;) and I'; = {f € ®j_1 : X € X;, f is a function of X};
Compute f;(C; NPa(Ci)) =3 [{f €T}
Update ©; = (0©;_1 \ T} U {fi};

end

Let fm(Z2) =[[{f € Om-1};

return fin(2)/Y_, fm(2)

set of variables X; is marginalized out of the product of all functions in the current set ®;_; with X; in their domains.'®
A new set ®; is then generated replacing all multiplied functions by this new function f;. The last step, multiplies all
remaining functions in ®,;,_1 and normalizes the result. This produces the desired conditional probability inference. Note
the resemblance of the marginalization operation that computes f; and the computation of the function fx_.y in Pearl’s
message passing algorithm.

To better grasp the steps of variable elimination, let A, C, R, D, O, S, B, I denote binary variables representing,
respectively, events attack, coup/revolt, regime change, decision to invade, propaganda, assassination, build-up and invasion, re-
spectively. Running variable elimination with the tree-decomposition in Fig. 2, query A=1, evidence O =1, and conditional
distributions

B0 = {p(5), p(C), p(R|S, O), p(DIR), p(O|D), p(A|D), p(B|D), p(I|A, B)}

generate functions

AR =" pEPpEp(RIs,0), f(D)="Y_"p(DIn) f1(r),
f3(D) =" " p(0|D)81(0), fa(A,B) ="y " p(Ald)p(Bld) f(d) f3(d),
0 d

fs(A) = " p(ilA,b)fa(A,b),

b,i

and outputs P(A=1|0=1) = f5(1)/ ), f5(a).

Now return to credal networks. To describe the Algebraic Variable Elimination algorithm, we need to introduce a few
more definitions. A potential ¢ (Y), where Y is a set of variables, is a finite set of pairs (p, q), where p and q are nonnegative
real-valued functions of Y. Each pair of functions (p,q) in a potential represent a possible solution obtained by some
configuration of the extreme points of local credal sets; the function p is used to compute the probability P(Z #2z,Y=Yy),
while the function q is used to compute the probability P (Z =z, Y =y). The product of two potentials ¢ (Y) and ¥ (Z) is:

oY) -Y(@):={(p-1r,q-5):(p,q €9, (,5) €V¥}.

The sum-marginal ), ¢(Y) of a potential ¢(Y) with respect to a set of variables Z C Y is obtained by marginalization of
each element in each pair:

Y o) = {(Zp(Y), Zq(Y)) H(p,q) e¢}.
Z Z Z

We also define a pruning operation that potentially reduces the cardinality of a potential. The potential max ¢ (Y) returns
the set of nonzero maximal elements of ¢(Y) under the partial order that compares the first functions of two potentials
with < and the second functions with >, that is:

10 The product of real-valued functions f(X) and g(Y) is the function h(Z) such that Z=XUY and h(z) = f(x) - g(y) for all z with x and y denoting the
projection of z on X and Y, respectively.
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Algorithm 2: Credal Variable Elimination.

Input: Local extreme distributions extK (X|Pa(X)), query Z=z and Evidence Y=y
Output: The value of max p(Z=z|Y=y)

Let ®¢ be an initially empty set;

Add potential ¢, = {(1 —§,5;)} to Op;

for X € X do
Add potential ¢x = {(p, p) : p € ext K(X|Pa(X))} to Op;
if Y €Y then
Add potential ¢y, = {(8y,8y)} to Op;
end
end
Construct tree decomposition (C, T) rooted at R = {Z};
Let C1,...,Cn = R be a reverse topological ordering of T;

fori=1,...,m—1do
Obtain X; = C; \ Pa(C;) and T'; = {¢y € ©;_1 : X € X;, ¥ is a function of X};
Compute v (C; NPa(Cy)) = maxzzi [T{¢ e T}
Update ©; = (©;—1 \ T} U {¥i};

end

Let Ym(2) =[[{¥ € Om-1};

return max{q/(p +q) : (p, q) € Ym}

max ¢ (Y) = {(p,q) €p\{(0,0)}:
there is no (r,s) € ¢ \ {(p, q)} satisfyingr < p and s > q} . (7)

Note that the operation above effectively performs regular conditioning by removing distributions that assign probability
zero to the evidence.

We abuse notation and write extK(X|Pa(X)) to denote also the set of all conditional probability mass functions
p(X|Pa(X)) such that p(x|7) = P(X = x|Pa(X) = ) € ext K(X|Pa(X) = ) (i.e., extKK(X|Pa(X)) is an extensive set of func-
tions).

Marginal inference can be accomplished by the variable elimination procedure described in Algorithm 2. The algorithm
creates a singleton potential ¢/, to represent the query, a potential ¢x for each extK(X|Pa(X)) as discussed, and singleton
potentials ¢}, for representing the evidence. The only differences with respect to the standard variable elimination procedure
are that the operations involve potentials (that is, sets of pairs of functions), and that pruning is applied at each iteration to
discard non-maximal elements.

To obtain the lower probability, we can either modify the potential ¢/, to be (5;,1 — §;), so that the algorithm returns
P(Z +# z|Y = y), from which we can compute P(Z =z|Y =y) =1 — P(Z # z|Y =), or modify the pruning operation, so
that max is replaced by min:

ming¢(Y) = {(P,Q) €dp\{(0,0)}:
there is no (r,s) € ¢ \ {(p, q)} satisfyingr > pand s < q} . (8)

The complexity of the algorithm is given by the width of the tree decomposition used (which is lower bounded by
the network treewidth) and the cardinality of the potentials ; generated during the bottom loop of the algorithm. While
obtaining a minimum-width tree-decomposition is NP-hard there are effective heuristics that most often produce small
width tree decompositions (if they exist). In the worst-case, the size of ; is exponential in the cardinalities of the input
sets ext K (X|Pa(X)). In practice, Maua et al. [55] showed that the cardinality of ; is most often low enough to be handled
by current computers within reasonable time and memory limits.

By relaxing the maximality criteria to allow elements to be slightly dominated by some other element, Maua et al. [55]
showed that the same algorithm can be adapted to provide a provably good approximation algorithm, that is, a procedure
that outputs a solution whose error is at most a given value € > 0. The authors showed that the same algorithm runs in
time polynomial in the input and in 1/€¢ on networks of bounded treewidth and bounded variable cardinality. Thus, the
variable elimination algorithm with e-maximality pruning produces a fully polynomial-time approximation scheme (FPTAS).
The algorithm is optimal in the sense that polynomial-time provably optimal algorithms for marginal inference do not exist
when variables can take arbitrarily many states, unless P equals NP [69]. However, the algorithm has large hidden constants,
and in practice the performance of the approximation version is comparable to that of the exact version.
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5.2.1. Multilinear programming

The algebraic variable elimination obtains state-of-the-art results when credal sets are specified as finite sets of distri-
butions (not necessarily extreme points), or when one such representation can be efficiently obtained. This is the case, for
example, when credal sets are estimated from data independently using the Imprecise Dirichlet Model [70], when they are
obtained by perturbation of a distribution [71], or when they are fabricated so as to conservatively model data missing not
at random [40].

In many other cases, however, credal sets are more conveniently represented by sets of linear constraints on probability
values [38,72,73]. As discussed in Section 3.2, converting from such form to a vertex-based form can lead to a drastic
increase in size. A better approach in these cases is to formulate the inference problem as a nonlinear optimization subject
to linear constraints.

Expression (6) defines a fractional-multilinear program over variables IP(X = x|Pa(X) = ) and linear constraints
P(X|Pa(X)) € K(X|Pa(X)). This connection however is of little use for computing marginal inferences for most practical
models, as the sums in the numerator and denominator are carried over a very large an exponential number of terms. Nev-
ertheless, when the treewidth of the network is small, the program can be efficiently reformulated as a multilinear program
by means of a symbolic variable elimination procedure.

The gist of the multilinear programming reformulation is to look at the functions f; produced during variable elimination
(Algorithm 1) as equality constraints on the optimization variables P (X = x|Pa(X) = 7). When the treewidth of the network
is small, a succinct multilinear programming formulation of the marginal inference problem is given by

optimize @, (9a)

subject to @) =t fn(2), Y fn@)=1, (9b)
z!

filCinPaC)=> [[(fer}, i=1,...m-1, (9¢)

pXilm) e K(Xilmi),  VX; € X, i ~Pa(X;). (9d)

Equations (9b) encode the Charnes-Cooper transformation of fractional to linear expressions [74]. The normalization equal-
ity, in particular, discards any distribution assigning probability zero to evidence (such a distribution would produce fr,
everywhere equal to zero), hence naturally leads to regular conditioning. Equation (9c) represents a set of equations, one for
each configuration of the random variables C; NPa(C;), for i =1,...,m — 1. Similarly, Expression (9d) represents a multilin-
ear constraint-based specification of the credal set K (X;|w;) in terms of optimization variables p(x;|r;). Thus, the number
of constraints is at most exponential in the width of the tree decomposition.

The above multilinear formulation can be fed into any multilinear programming solver. These solvers usually implement
a branch-and-bound procedure based on convex relaxations to obtain outer bounds, similar to the way that most integer
programming solvers operate (except that generating the convex relaxations of multilinear programs is more intricate).
While the performance of multilinear solvers has been improving, they are still slow compared to other optimizers (e.g.,
mixed-linear program solvers) and suffer from numerical instability. De Campos and Cozman [57] suggested using efficient
approximate inference methods such as A/R+ [75] for producing inner and outer bounds on the solution, speeding up
the convergence of branch-and-bound (building and refining the interval propagation methods of Tessem [17]). A similar
suggestion was made by Ide and Cozman [60] for their approximate IPE algorithm, which is able to produce outer bounds.

A short note: while the multilinear formulation just presented is based on the work of de Campos and Cozman [57], the
presentation here differs from their work in that we use tree decompositions to guide the (symbolic) variable elimination
procedure, instead of (symbolic) bucket elimination (these methods are largely equivalent, with tree decomposition being
slightly more flexible as we can sum-out multiple variables at once, something that is not possible in standard bucket
elimination); the use of tree decompositions here is mainly to facilitate notation, as the domains of the functions generated
can be related to the cliques of the tree.

5.2.2. Digression: an integer program formulation

With a few clever changes the multilinear programs described in the previous section may be turned into linear integer
programs [54]. Even though the resulting scheme has not generated leading results in empirical testing, it may suggest new
ideas for further investigation, so we summarize the main points here.

A path decomposition is a tree decomposition (C, T) where T is a path, that is, each node has at most two neighbors. By
using a path decomposition in lieu of the tree-decomposition we can ensure that each constraint in the form of Expression
(9c¢) involves a product of a function f and a function p(x|) [54]. For example, if we use the rooted path-decomposition

[A pB}—>(AB1)

with query A=1,0 =1 and no evidence, a symbolic variable elimination generates a multilinear program where y must
be optimized subject to a variety of constraints such as




146 D.D. Maud, EG. Cozman / International Journal of Approximate Reasoning 126 (2020) 133-157
fi(A,BY=Y "p(lA,B)S1(A),  fa(A, D)= fi(A,b)p(bID).
i b

The important point is that each constraint contains only products of two variables, one of which is a variable p(x|r)
related to the specification of the local credal sets.

If the local credal sets are finitely generated then any p(X|m) can be written as a convex combination of functions
p1(X|m), ..., px(X|m) obtained from the extreme distributions in the set. Since the result of the inference is attained at
the extreme distributions of the local credal sets, the value of the inference is not changed if we constraint p(X|w) by

K

K
p(X|m)=) bi-pe(X|m), bref{0,1}, Y be=1.
k=1 k=1

By substituting the p(X|m) in Expression (9c) by the expression in the right-hand side of the equation above, we end
up with a bilinear constraint where each term is a multiplication of a linear variable fj(w), a Boolean variable b, and a
constant py(x|).

A well-known, and very useful, fact is that the product of a Boolean and a linear variable can be transformed into linear
constraints. Let r be a variable taking values in [0, 1] and b be a {0, 1}-valued variable. Then the product r - b is equivalent
to a real-valued variable t subject to

0<t<b, r—14+4b<t<r.

Thus the whole program can be turned into a linear integer program, solved by off-the-shelf mixed-integer linear program-
ming solvers.

In case evidence is present, de Campos and Cozman [54] show how to derive a linear integer program by replicating
constraints and auxiliary variables.

The conceptual advantage of the whole method is that it shows how to benefit from the available highly efficient solvers
for integer programs. However, it seems that current solver technology is not yet able to beat the other specialized algo-
rithms described previously.

5.2.3. Linearization

The multilinear formulation in Expression (9) attempts to optimize all the local distributions p(X;|m;) at once, which is
usually time-consuming and leads to numerical problems. A simple and effective inner approximation to the problem based
on Lukatskii and Shapot [76]’s ideas was proposed by de Campos et al. [38] and Antonucci et al. [58]. The proposal consists
in performing a local search on the space of distributions by optimizing all local distributions p(Xj|7w;) for a variable X; at a
time, while fixing the values of the remaining distributions. The algorithm is initialized with arbitrary distributions selected
inside their corresponding credal set (e.g., the center of mass of the set). Then at each iteration, all distributions but one
in Expression (9) remain fixed and the resulting linear program is optimized. The optimal solution replaces the incumbent
solution and the process is repeated. The algorithm stops when no further improvement can be made, or when a maximum
number of iterations is reached. The method is efficient in low-treewidth networks, as every iteration consists in solving a
linear program with a reasonably small number of variables and constraints. Moreover, the constraints of the program can
be updated from one iteration to another in an efficient way using methods from inference in Bayesian networks.

Preliminary experiments carried out by Antonucci et al. [58] suggest that linearization of Expression (9) leads to an
efficient approximate procedure which provides more accurate results than other approximate methods such as GL2U [62]
and ILS [59], which were previously shown to be state-of-the-art.

5.3. Decision-making

Probabilistic models are often used to produce decisions. The standard theory of statistical decision making postulates
that a rational agent should act so as to maximize her expected utility [71]. As an example, take 0/1 utility, a commonly
used metric in machine learning that assigns utility 1 if the decision matches the true value and 0 otherwise, and consider
the selection of a configuration for some subset of categorical variables as a decision. Then, using a single probability
distribution, a decision for the agent boils down to selecting the configuration that maximizes the posterior probability, a
procedure known as Maximum-A-Posteriori inference or Most Probable Explanation [4].

The situation is less clear when the agent’s belief is modeled by a credal set; several criteria have been proposed for
optimality of decisions, most of them allowing for indeterminacy (i.e., for prescribing more than one optimal decision).
Perhaps the most intuitive criterion is E-admissibility: a rational agent should choose an act that maximizes expected utility
for at least one distribution in her credal set [19]. The analogue of the Maximum-A-Posteriori procedure is to have the
agent select any configuration that maximizes posterior probability with respect to some distribution in the credal set.
More formally: a configuration z* of a set of random variables Z is E-admissible given some evidence Y =y when there is
P € K(Z]y) such that P(z*|y) = max; P (z|y); in symbols, z* is E-admissible iff:
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IP e K(Zly) : []P’(Z:z*|Y:y) - mZaxIP’(Z:z|Y:y)] >0. (10)

When the local credal sets are finitely generated, the above criterion can be cast as a maximization; thus z* is E-admissible
iff:

max []P’(Z:z*|Y:y)—maXIP’(Z:z|Y:y)]20. (11)
PeK(zly) z

The solution to the above maximization is not guaranteed to be attained at the extremes of K(Z|y), because of the (non-

linear) inner maximization. The inequality in Expression (11) can however be rewritten as a multilinear program by taking

probabilities jointly on Z and Y instead of conditioning on Y =y, and adding a constraint of positivity of the probability of

evidence. Alternatively, we can employ the Charnes-Cooper transformation, and we can rewrite the problem as verifying if

the objective of the following program is nonnegative:

maximize P'(Z=z"Y=y) -y,
subjectto P'(Z=2z,Y=y) <Yy for each z,
PZ=z2Y=y)=t-PZ=2Y=Yy) for each z,
Y PZ=zY=y =1
z

PeK(ZY),

where t and y are fresh continuous variables, and the number of inequalities grows exponentially with the number of
configurations of Z. The latter form can in turn be recast as a multilinear program with the number of inequalities bounded
by the network treewidth, analogously to the approach presented in Section 5.2.1.

Researchers in imprecise probability have sometimes argued that a better criterion to select decisions is maximality,
where a configuration is selected when it is not assigned a smaller probability value than some other configuration under
any distribution in the credal set. That is, a configuration z* is maximal when there is no other configuration z such that
P(zly) > P(z*|y) for every P € K(Z|y). We have that:

Theorem 5. Given a separately specified credal network with finitely generated local credal sets, a configuration z* is maximal iff:

max  min  [PZ=zY=y)-PZ=z"Y=y)]|<0. (12)
z PeextK(Zly)

The optimization above must again deal with multilinear terms that are built from the structure of the input credal
network; the problem is thus one of multilinear programming, a problem that can exploit the network structure much in
the same way as the multilinear programming and integer-linear programming reformulations for inference.

In some tasks, we are interested in obtaining all maximal configurations of a large number of variables. Running a mul-
tilinear program for each possible configuration z* may not be feasible as there are exponentially many of them (in the
cardinality of Z). Looking at a special case, De Boom et al. [77] developed an algorithm for computing the maximal hidden
state sequences of HMM-shaped credal networks conditional on an observation of “manifest” variables.'! The algorithm is
polynomial in both the input and in the number of maximal sequences, so it bypasses the need to look at every configu-
ration. However, the number of maximal sequences is not polynomially bounded by the input; thus the overall worst-case
complexity of the algorithm is not, in a strict sense, polynomial. Still, for many models the number of maximal sequences
is reasonably small.

De Bock et al. [78] used maximality/E-admissibility to measure the robustness of decision making with a Bayesian net-
work. They considered credal networks obtained as perturbations of a reference Bayesian network, and judged a decision
made by the precise model to be robust to a certain level if the corresponding credal network admitted no other maximal/E-
admissible configuration (by construction, the decision obtained from the Bayesian network is E-admissible, hence maximal,
w.r.t. the credal network). Importantly, their approach scales to decisions involving several variables, with complexity similar
to computing inferences in Bayesian networks.

A common alternative to producing set-valued decision is to consider only the maximin and minimax decision rules,
which produce a single configuration by either minimizing the worst-case expected loss or maximizing the worst-case
expected utility. For example, the maximin criterion selects

argmaxP(Z=z|Y=Yy).
z

11 An HMM-shaped network is a tree-shaped model in which variables are either hidden or manifest. The manifest variables represent observations and
are leaves of the graph. The hidden variables represent unobserved quantities and are arranged as a chain. Each manifest variable has a single hidden
variable as parent. Each hidden variable has at most one other hidden variable as parent.
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There are also more heuristic criteria aiming at efficient computation that produces set-valued decisions. Interval domi-
nance considers a configuration z* optimal when

PZ=zY=y)>maxP(Z=z]Y=Y).
z

Optimal configurations under interval dominance can be computed by verifying the lower and upper probabilities of every
pair of configurations. This is efficient only if the number of variables in Z is small.

We have so far limited our discussion to 0/1 utilities; very often one is interested in making decisions involving more
general utility functions (e.g., quadratic loss, concave utilities, etc). A well-known result by Cooper [79] on Bayesian networks
is that, for random variables with finite domains, the computation of a conditional expected utility U(Z) can be translated
to a marginal inference by augmenting the model with a Boolean variable Z whose conditional probability is obtained by a
min-max normalization of the utility function:

U(z) — ming U(Z)
maxy U(Z) —miny U(Z)

P(Z=1Z=2)=

Then E[U(Z)|Y =y] equals P(Z =1|Y=Yy) up to a positive constant (note that the decision criteria discussed are invariant
to positive scaling). Since that is a linear transformation, and the decision making criteria that we discussed can be cast as
multilinear programs, the properties of E-admissibility and maximality extend also to more general utility functions. Note
however that Cooper’s transformation adds arcs to the network (from Z into Z), so that the complexity of inferences may
drastically change (Maua et al. [80] show that for additive utility functions the transformation does not increase complexity
[80D).

Even more complex decision scenarios may require sequential decisions. Influence diagrams extend Bayesian networks
with decision and utility nodes in order to represent structured sequential decision making problems. Solving an influence
diagram means finding a combination of policies, functions that map observations of the parents of a decision node to
values of the corresponding variable, so as to maximize the sum of the utilities. The first algorithms for influence diagrams
with imprecise probabilities appeared around 1990 [81,82]. More recently, Cabafias et al. [83] developed algorithms for
influence diagrams with set-valued probability and utility assessments. The algorithms implement a variable elimination
like procedure with the same complexity of algorithms for standard influence diagrams.

A more detailed list of decision making criteria with imprecise probabilistic models has been given by Troffaes [84], but
a similarly comprehensive study of decision making with respect to credal networks is still lacking.

6. The complexity of marginal inference and decision-making

Initial results on the complexity of marginal inference appeared in 2003 and 2004 [85,86]: NP-hardness of marginal in-
ference with polytrees, NPNP-completeness of marginal inference. These results were given with sketchy, sometimes flawed
proofs. The first thorough analysis of the complexity of marginal inference and related problems appeared in 2005 [G9].
These results have been enlarged and refined in a number of ways since then. In order to survey the results, we first
present a quick and intuitive introduction to complexity theory [87].

6.1. A bit of background

Readers who are familiar with computational complexity theory may wish to skip this section.

The main idea in computational complexity theory is to classify problems according to the amount of computational
resources it takes to solve them in the worst-case. A problem in this context usually corresponds to a set of strings containing
binary symbols (say 0 and 1); the idea is that one takes a string as input, and the challenge is to determine whether this
input actually belongs to the set of strings of interest. Thus our task is to read a string as input and to accept the string,
or to reject it. If we can do this for a problem, then the problem is solved. This sort of task can be encoded in a Turing
machine, a particularly simple abstraction that captures the essence of computing machinery. A Turing machine reads the
input written into a tape; then it operates on the tape using its own internal states and transitions; and then it either
stops by accepting or rejecting the input, or it gets into an infinite loop of transitions. A sequence of transitions in a Turing
machine, from initial state on, is a computation path.

Suppose then that we have a problem and we can determine whether any given string belongs or not to the problem
by using a Turing machine with deterministic transitions, using a number of transitions that is a polynomial on the size
of the input string. Then the complexity of the problem is said to be polynomial; the class containing all these problems is
denoted by P. A different kind of transition is a nondeterministic one: here the machine can jump from one state to a set
of other states in parallel. Note that “nondeterministic” does not mean “uncertain” in this setting; it rather means that one
cannot pin down a single state for the machine, as it is simultaneously running through a set of possibilities. A machine
with nondeterministic transitions accepts a string if any of its computation paths accepts the string; otherwise it rejects it.
The set of problems that can be solved using Turing machines with a polynomial number of nondeterministic transitions
(in a computation path) in the size of the input string forms the class NP. It seems that a problem in NP can be a lot more
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complicated than a problem in P, for the former can be solved by pursuing many paths at once; however one of the open,
and most difficult, questions in computational complexity theory is whether P = NP.

Yet another transition is a probabilistic one: from one state the machine moves to another state selected with uniform
probability amongst a set of possible states. Now consider solving a problem with a machine containing probabilistic tran-
sitions. It may be the case that for a given input the machine accepts or rejects it with probability one. But in general
each input string will be accepted with some probability. And there will be a probability that the machine makes a mistake
(that is, it accepts when it should not, or it does not accept when it should do so). The complexity class PP consists of
those problems that can be solved by a Turing machine using a number of probabilistic transitions that is a polynomial
on the size of the input, such that the probability of error is smaller than half for each input string. This is a difficult and
convoluted definition. Note that to decide whether a problem is in PP or not it does not suffice to run a machine once for
each possible input. What matters is the probability that the machine makes a mistake, for each possible input. So we must
rather look at the prospective solving machine “from the outside”, computing its probabilities so as to declare our problem
to be in PP or not.

Here is an alternative way to understand the complexity class PP. A problem is in PP if and only if we can find a Turing
machine such that, for each input that must be accepted, more than half of the computation paths end up accepting, and
these computation paths (accepting or rejecting ones) contain a number of nondeterministic transitions that is polynomial
on the size of the input. That is, we find a nondeterministic polynomial-time Turing machine and we again look at it “from
the outside”, not worrying whether a particular computation path accepts the input of interest, but rather by counting the
computation paths that accept the input, and checking whether this number is larger than half of the total number of
computation paths. Clearly PP has a different nature from NP, as it is related to counting solutions, rather than finding one
solution.

For any given complexity class C, we say that a problem P is C-hard if any problem in C can be solved first by trans-
forming the string input s with polynomially many steps into another string s’, and then feeding s’ to P (this process is
often called a many-one reduction). A problem P is C-complete if and only if it is in C and it is C-hard. Intuitively, if a
problem is C-complete, then it requires the full resources that are used to define C, because one can use the solution of the
problem to solve any other problem in C.

An important result about PP is that deciding if a marginal inference exceeds a given threshold with Bayesian networks is
PP-complete [88]. Intuitively, this means that “probabilistic reasoning means counting”. Indeed, to compute the probability
of a solution one must examine the set of possible solutions, rather than finding a single solution — hence one might
conjecture that PP is “harder” than NP”. While it is known that NP C PP, it is open whether NP = PP.

To state results about credal networks we need one more piece of complexity theory. An oracle Turing machine M7,
where P is a problem (a set of strings), is a Turing machine that can at any time request an immediate solution to an
instance of P. If a class of problems C is defined by a set of Turing machines M (that is, the problems are solved by
these machines) then C” denotes the set of problems that are solved by {M” : M € M}; if B is another class of problems,
then CB is defined to be Upes C”P. For instance, the class NPPP contains problems that can be solved by running a search
procedure in parallel (the nondeterministic part) such that at any time the solution to a counting problem can be used (the
probabilistic part).

One final note about complexity theory. The computational problems we entertain here, for example computing marginal
inference with a given credal network, are of a functional form, meaning that they produce a number and not simply a
decision. While such problems can be captured in complexity theory under the so-called functional classes (e.g. FP or #P),
doing this introduces subtleties that are out of the scope of this work (e.g. approximating real values) [89]. These two classes
of problems however are closely related. For example, we can compute a functional version of a problem (e.g. computing
marginal inference) by running the bisection method where each iteration solves the decision version (e.g. whether marginal
inference exceeds a threshold). However, a celebrated theorem by Toda [90] states that any problem that can be solved by
a NP or PP machine with an arbitrary finite number of PP or NP oracles “stacked” can be solved with polynomially many
calls to a PP machine. Thus, allowing polynomially many calls to a problem may blur the distinction between complexity
classes. Yet, it is our understanding that studying the decision version of the inference problems provides a fair picture of
the complexities of the respective functional problems without delving into more complicated issues. Thus in the following
we consider only the decision version of problems.

6.2. Complexity results

To start, suppose we get a credal network, a query Z =z, evidence Y=y and a rational value y as input, and consider
the following problem: Decide whether the upper probability of Z =z given Y =Yy is larger than y. The basic result is that,
if we impose no restriction on the input credal network, this problem is NPPP-complete [86]. Intuitively: marginal inference
with strong extensions consists of searching the “best” extreme point formed by extreme points of the local conditional
credal sets, where each extreme point is ranked by its probability, computed using multiple calls to a problem in PP. The
fact that marginal inference can be solved this way is clear: just select extreme points, thus obtaining a Bayesian network,
and run inference on the latter. The proof of NPPP-hardness is more involved; the most direct way is to show that any
instance of E-MAJSAT, a complete problem for NPPP, can be turned into a marginal inference for a strong extension [69].
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The natural question is then whether inference gets less complex when we impose restrictions on the input credal
networks. Trivially yes: if every credal set is a singleton, we return to the PP-completeness of deciding marginal inference
with Bayesian networks. And if every credal set is a singleton and the DAG is a polytree, or even if the DAG merely has
a bound on treewidth, then deciding marginal inference is in P. But we also know the 2U algorithm takes polynomial
time to compute an inference for a credal network over binary variables whose DAG is a polytree [16]. Can we remove
the restriction of binary variables and stay within P? No: when the DAG is already a tree, marginal inference is NP-hard
when variables have more than two values [91,92]! And deciding marginal inference is in NP when the DAG is a polytree
(irrespective of the number of values any variable can assume, provided that this number is larger than one) [69].

When the input credal network is assumed to have bounded treewidth, then deciding marginal inference is still NP-
complete [69]. A more impressive result is this: as mentioned in Section 5, if treewidth is bounded, and the number of
values of variables is also bounded, then there is fully-polynomial time approximation scheme that computes marginal
inference with error within some € in time that is polynomial on the size of the input and on 1/€ [91].

Maua et al. [91] provided another tractable case by showing that marginal inference in HMM-shaped networks is
polynomial-time computable if the query variable is the “last” hidden node (this type of marginal inference is called filtering
in the time-series statistical analysis literature). An alternative polynomial-time algorithm for the same problem was later
developed by Maua et al. [93], along with efficient algorithms for other types of inference in HMM-shaped networks.

Regarding decision making, Antonucci and de Campos [94] showed that both deciding if a given value of a single variable
is E-admissible and deciding if a given value is maximal can be used to solve any marginal inference problem; hence
verifying E-admissibility and maximality is as hard as marginal inference. As discussed in Section 5.3, when deciding for the
values of a single variable, maximality can be efficiently reduced to marginal inference. Hence, the complexity of the former
and the latter coincide.

An interesting exception in this sea of intractability is that of Forest-Augmented Naive Credal Classifiers, which consist
of a credal network where there is a distinguished variable Z such that every other node has Z and at most one other
variable as parent (i.e., the network obtained by removing Z is a forest). In this case, Zaffalon and Fagiuoli [95] developed a
polynomial-time algorithm for computing the maximal configurations of Z given evidence on all the remaining variables.

The complexity of decision making involving multiple variables has been much less studied. de Campos and Cozman
[69] showed that computing maximin configurations is NPNP-hard in polytree-shaped and bounded-treewidth credal net-
works. This complexity is reduced if every variable is either a decision variable (i.e., one of the variables whose value we
want to decide) or part of evidence; in this case, complexity of maximin is PP-hard. Kwisthout [96] showed that deciding
maximinimality is NPNPP? -complete, climbing several steps in the counting hierarchy.

7. Eliciting, learning, and applying credal networks

A Bayesian network consists of two parts: a qualitative one that is encoded by the underlying directed acyclic graph,
referred to as the structure of the network; and a quantitative one that is translated into conditional probabilities. Similarly,
a separately specified credal network consists of a directed acyclic graph, its structure, and a set of local credal sets. The
structure carries information about dependences and independences amongst relevant variables; the guiding principle is the
Markov condition that connects the graph with assumed independence relations.

While the elicitation of a Bayesian network must necessarily interpret independence relations in a single way (stochastic
independence), with credal networks one may choose among strong independence, epistemic irrelevance, and so on. In this
paper we have focused on strong independence, so we assume here the Markov condition with respect to strong indepen-
dence. Thus the elicitation of the structure is similar in principle to the elicitation of the structure for a Bayesian network.
On the other hand, one has much more flexibility in eliciting local credal sets than in eliciting conditional distributions. For
instance, one may work with assessments such as “the probability of victory is twice as large as the probability of defeat”
instead of requiring a precise number as in “the probability of victory is exactly 0.85”. Indeed by allowing probabilities to
be imprecise one greatly facilitates the elicitation of knowledge-based systems; by demanding less from experts, one can
build models whose recommendations have higher credibility [97]. The enormous variety of elicitation strategies that one
can use, both in eliciting structure and local credal sets, has been discussed at length in a previous excellent tutorial [7].
Given that published material, we do not dwell further on the topic.

As an example of elicitation-based decision support system, Salvetti et al. [98] used credal networks to identify debris
flow source areas. Debris flows are destructive natural hazards, which might lead to human losses, especially in mountain
regions. Also, Antonucci et al. [99] designed a credal network to assess the operational risk of banks, which sets the capital
requirements needed and has important implications. And Antonucci et al. [100,101] used expert knowledge to build credal
networks that supported critical decision making for military purposes, where data is usually scarce.

Several other applications of credal networks can be found in the literature, particularly during the last ten years or so;
many of them resort to data analysis and statistical inference to build credal networks, particularly for classification tasks.
Before we visit some notable recent applications, we must comment on a few general techniques to learn credal networks
from data.

There are in fact two tasks: one is to learn the structure; the other is to learn the local credal sets. We start with the
latter. Clearly the estimation of local credal sets is no trivial matter; the most common strategy is to place sets of prior
distributions over parameters and to use Bayes rule over them. One particularly popular set of distributions that is used in
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this setting is the Imprecise Dirichlet Model (IDM); as suggested by the name, the idea there is to specify a set of Dirichlet
distributions [102]. Other strategies, such as NonParametric Inference (NPI), also lead to credal sets when data is collected
[103]; even frequentist and imputation methods can be adapted to handle robustness and missing data concerns [102,104].
The literature is extensive on these matters, but they are general issues regarding credal sets and statistical inference, not
challenges that depend on properties of credal networks.

Building the structure of a credal network from data using methods that take into account the possible imprecision in
probability values is a challenging topic. Should we stay with a single graph? Or should we look into “imprecise” structures
— perhaps a set of related graphs? The literature has not converged to a consensus on these matters, with few representative
proposals. One notable effort is due to Masegosa and Moral [105], where the authors consider a variety of approaches. They
start with the Imprecise Dirichlet Model so as to learn credal sets from data. First they identify drawbacks of the Imprecise
Dirichlet Model and propose suitable fixes. They then consider various ways to build the structure of a credal network,
contemplating methods that build sets of credal networks, and also methods that produce extensively (not separately)
specified credal networks. Recently an even more general framework has been proposed by Moral [106], where several
paradigms used to learn credal sets are combined and applied to credal networks.

Apart from these general learning methods, there are several techniques that aim at specific types of credal networks.
As already noted, most of them focus on classification tasks. Indeed, a typical applied theme for credal networks has been
the construction of reliable classifiers, that is, systems that issue a prediction (an assignment of an object to a class) only
if enough statistical evidence is available. Work on credal classification started in 2001 [107] with the Naive Credal Classifier
(NCC), a version of the popular Naive Bayes classifier that accommodates imprecision in probability values. The idea is that
a NCC is learned by collecting training data and computing posterior probabilities from a family of prior distributions; the
NCC resorts to the Imprecise Dirichlet Model (IDM) [70] to encode sets of prior distributions. The IDM can capture a set
of Dirichlet distributions and leads to closed-form expressions for decisions of interval dominance in the NCC. The NCC
has since been extended in a variety of directions, for instance by allowing missing data to be treated with conservative
updating [108], as well as model averaging [109] and tree-like structures [95].

We refrain from providing technical details on credal classifiers, and indeed from further surveying the many publications
on this topic, because an excellent review of the literature has appeared in 2014 [110]. Since then there has been significant
extensions and applications [111-113]. In the following paragraphs we describe a few applications of credal classification,
from its initial years until rather recent work.

Zaffalon [114] employed credal classifiers to reliably predict grass grub quantities based on paddock characteristics and
farming practices. Grass grubs are one of the major insect pests in pastures in New Zealand; data on grass grub occurrence
and related events is however scarce. Corani et al. [115] used credal classifiers to perform robust texture recognition based
on images. The classifiers were able to suspend classification on degraded images, on which standard classifiers usually
perform poorly. Missing data is another source of unreliability in classification. de Campos and Ji [116] and Antonucci et
al. [117] modeled the missing process as credal sets and employed the resulting models in action recognition tasks, that
is, the task of predicting which action is being carried out from a video sequence. Notably, these procedures obtain credal
networks even when the underlying model is a Bayesian network.

Soullard et al. [118] used HMM-shaped credal networks to perform technical gesture recognition in workers of an alu-
minium foundry. They argue that class imbalance hampers the classification accuracy, and that, due to scarcity of data, class
distributions obtained from data are unreliable. They use the Imprecise Dirichlet Model to learn a credal network, which is
used to compute the maximal classes. They report an increase in predictive accuracy with respect to the precise classifier
when a single maximal class is obtained, which occurs in more than 90% of instances.

Antonucci et al. [119] tackled the problem of multivariate time series classification by comparing the limiting upper and
lower bounds of the probability of observations of different HMM-shaped credal networks learned for each class. They eval-
uate their approach on benchmark datasets of action recognition and gesture recognition (e.g., sign language recognition).
They showed that their approach finds hard-to-classify instances more accurately than previous approaches based on credal
HMMs, and are competitive with standard methods such as Dynamic Time Warping.

The classification examples we have discussed consider that each instance is assigned exactly one class label. In some
tasks such as annotating multimedia content (photos, videos, texts), an object can be assigned many or even no labels.
This is known as multilabel classification. Antonucci and Corani [111] extended the multilabel classifier based on Bayesian
networks of Antonucci et al. [120] to accommodate imprecision in the model parameters. The resulting model, named
Multilabel Naive Credal Classifier (MNCC), was evaluated on a collection of benchmark datasets for multilabel classification.
The results showed that MNCC was able to determine with high accuracy instances where the precise counterpart performed
poorly, thus supporting reliable predictions.

Maua et al. [93] shows applications for HMM-like credal networks such as reliable classification of phonemes of Japanese,
human action recognition, text completion for smart TV user interfaces, and part-of-speech tagging. In all applications they
show that a credal classification achieves better results in terms of discounted accuracy [121] and custom losses, and is able
to discriminate between hard-to-classify and easy-to-classify instances.
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8. Conclusions

After some thirty years of development, strong extensions lie at the center of a relatively large web of results and
algorithms. One characteristic of strong extensions of separately specified credal networks (with closed convex local sets)
that is worth emphasizing is that they mimic many properties of Bayesian networks, given that lower and upper bounds on
probabilities are attained at their extreme points — and each extreme point is basically a Bayesian network. For instance,
the key property of d-separation is preserved. Another characteristic of strong extensions that is worth mentioning is that
they are closely tied to convexity; indeed strong independence is just complete independence spiced with convexity. Thus
strong extensions are quite appealing within the context of theories of imprecise and indeterminate probabilities that rely
on convex (and closed) credal sets. However it is fair to ask whether the conceptual benefits of convexity pay off. On
the one hand, most algorithms and complexity results presented in this paper are not affected in any essential way if
strong independence is replaced by complete independence. Some calculations, for example related to decision making or
to entropy and mutual information (topics we have not stressed here as there is relatively little to report on them) may
actually be affected by whether credal sets are convex or not. Still, strong extensions live on offering the most popular
semantics for credal networks, one that is adopted in almost all the literature.

In this review we have concentrated on the main ideas behind algorithms and complexity results. The reader can benefit
from previous gentler tutorials on credal networks [6,7], and from surveys that have covered historical and computational
aspects of credal networks up to 2005 [5,18]. Certainly we could not do justice to many aspects of credal networks that
should deserve more space. We did not present in detail several algorithms that are quite ingenious but that work within
very special conditions. We have also downplayed several algorithms that contain clever and potentially useful ideas but
that have been surpassed by more recent schemes. Also, we have tried to paint an intuitive picture of complexity results,
as their proofs can be very technical and dry. Finally, we have summarized only the main ideas behind elicitation, learning
and classification; there are other tutorials that cover several issues there, and a comprehensive picture is yet to emerge.

From a computational point of view, we now have the basic infrastructure for strong extensions in place: we know the
complexity of marginal inference for a variety of cases, and we have algorithms that can handle practical problems. How-
ever, there is quite some room for future exploration. There are many criteria for decision-making, and few have received
adequate investigation; their complexity is mostly unknown, and few algorithms can be run. And marginal inference offers
still plenty of challenges before large credal networks can be applied in practice. Finally, we note that there has been little
work on specification languages that specify credal networks in flexible ways.
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Appendix A. Proofs
In this section we present proofs for the main results in the text. To facilitate reading, we replicate the statements.

Theorem 1. The convex hull of the complete extension of a credal network is the strong extension of the credal network: it is the largest
credal set that satisfies the Markov condition with respect to strong independence. This is also true when we replace each credal set
K(X;|Pa(X;) = ;) in Expression (4) by the set of its extreme points.

Proof. To show that coK¢(Xi,..., Xp) is indeed the strong extension of the credal network, reason by finite induction.
Assume that X1, ..., X; are topologically sorted, and associate with each variable X; a subgraph G; consisting of X1, ..., X;
and the edges amongst those variables. Clearly the strong extension for G; is K¢(X1) =K(X7) = coextK(X;). Consider a
subgraph G; and the associated local credal sets; assume their strong extension is co K¢ (X, ..., X;). Now consider moving
to the subgraph Gjy1, that is, consider adding the variable X;,1. Note that the marginal credal set of K¢ (Xq, ..., Xj+1) with
respect to Xy, ..., Xj is K¢(X1,..., Xj), as
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i+1
Z]‘[P(x,wa(x,))_]_[P(x]u)a(x,))
Xig1 j=1 j=1

for any choice of IP(X;|Pa(X;)) € K(X;|Pa(X;)). Now consider extending coKc(X1,..., X;) to the largest set that satisfies
the Markov condition “X;y; is strongly independent from its nondescendant nonparents given Pa(X;y1)” and the local
constraints P (Xjy1|Pa(Xiy1)) € K(Xj+1|Pa(Xj+1)). That means that the extreme distributions of that (closed and convex)
largest set must factorize as

P(X1,.... X)P (Xiy1/Pa(Xiy1))

where P (X1, ..., X;) is an extreme distribution of coK¢ (X, ..., X;) and P(X;1|Pa(Xit+1)) € K(Xi+1|Pa(Xi+1)). The convex
hull of these distributions is exactly coKc¢(Xj, ..., Xj+1). Hence the strong extension of the whole credal network is the
credal set coKc¢ (X1, ..., Xp).

Now we argue that each local credal set K(X;|Pa(X;) = ;) can be replaced by extK(X;|Pa(X;) = ;) in Expression (4).
Note first that each element of each K (X;|Pa(X;) = 7r;) can be written as a convex combination Z;.':; aj; P (XilPa(X;) = m;)
where «aj; > 0, ij aj; =1, and Pj (X;|Pa(X;) = m;) € extK(X;|Pa(X;) = ;). Now suppose we build a joint distribution

P(Xq,..., Xn) in the product form of Expression (4), where each term is written as a convex combination. Then:
m;
P(X1=x1,.... Xo =) = [ | D_ @;;Pj;(Xi =xilPa(X;) = ;)
i \Ui=1
mp mp
= Z Z (naj,-lpji(xi = x;|Pa(X;j) =7Ti)) .
=1 Jn=1 i

We have that o; =[];¢j;, > 0 and

mq m;
Z a= Y TTen =TT L | =1
=1 jn=11i i \Ji=1
Hence any joint distribution P(Xy,..., X,) produced this way with at least a nontrivial convex combination (i.e., with
m; > 1 and all «j; > 0) is itself a nontrivial convex combination of joint distributions built as the product of extreme points
of local credal sets. But any such convex combination is already generated in the convex hull of the products involving only
extreme points of local credal sets; hence these latter sets of “local” extreme points are all we need to consider. O

Theorem 2. Any combination of extreme points from the local credal sets K(X|Pa(X)) is an extreme point of the strong extension.
Proof. If the strong extension has a single point (i.e., it is a Bayesian network), then the result follows trivially. Otherwise,

reason by contradiction as follows. Take IP that is the product of extreme points of local credal sets (as specified by The-
orem 1) and suppose that IP is a nontrivial convex combination ); o;I’; where each IP; is a distinct extreme point of the

strong extension, «; > 0 for all i, and ); o; = 1. Suppose the variables X, ..., X, are topologically ordered, so that X; has
no parents and any other X; has parents in {X1, ..., Xj_1}, if any.
Consider the following property R;: either the marginal of P with respect to a nonempty subset of Xy, ..., X; contradicts

the hypothesis that IP is a nontrivial convex combination of extreme points of the strong extension, or the marginals of IP;
with respect to Xy, ..., X; are identical for all i, that is, P;(X1,..., Xj) =P (X1, ..., X}).

We start by showing that R holds. Suppose there are two marginals IP;, (X1) and IP;, (X;) that are different; then the
marginal of IP with respect to X7 is a nontrivial convex combination of distinct points of K (X7), contradicting the fact that
P was built by multiplying extreme points of local credal sets. Thus we either find that marginals IP;(X;) = P (X;) for all i,
or we reach a contradiction (and the proof is finished).

Now take some j > 1 and assume that R;_; holds. If property Rj_; holds because a contradiction is produced,
then property Ry holds for all k > j as well (and in fact the proof of the theorem is finished). Thus suppose that
Pi(X1,...,Xj—1) =P(X1,..., Xj—1) for all i. Consider the case where X; has a nonempty set of parents Pa(X;). Hence,
the marginals of all IP; with respect to Pa(X;) € {X1,...,Xj_1} are identical, that is, P(Pa(X;)) = P;(Pa(X})). Select a
configuration 7 of Pa(X;) such that P(Pa(X;) =) > 0. It may happen that all IP;(X;|Pa(X;) = 7) for every such 7 are
identical; then it follows from the Markov property that the marginals of IP; with respect to X1, ..., X; are all identical, so
property R; holds as well. If however there are IP;, (Xj|Pa(X;) = 7) # P;, (Xj|Pa(X;) = ), then

i i Py (Pa(Xj) =) Pi(Xj[Pa(X;) = 1)

=Y aiPi(XjlPa(X)) =),

i
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where the last equality follows from the fact that P;(Pa(X;) =) are all identical. Hence we reach a contradiction with the
fact that IP is the product of extreme points of local credal sets, consequently showing that R; holds. If X; has no parents,
then simply repeat the argument above with IP;(X;|Pa(X;) = 7) = P;(X;) and IP;(Pa(Xj) =) =1 to conclude that R; must
hold.

To conclude, as we reach R, we find that there is a contradiction to the fact that IP is a nontrivial convex combination
of distinct extreme points of the strong extension. O

Theorem 3. The lower/upper probability in Expression (5) are obtained, respectively, by
> ox [isi P(Xi = xi|Pa(X;) = )
>, Yow [t P(Xi = xilPa(Xp) =)
where the sum in the numerator and the inner sum in the denominator are over the values of the set of marginalized variables

X' =X\ ({Z} UY), the outer sum in the denominator is over the values of the query variable Z, and the optimization is over the
distributions from the complete extension such that P (Y =y) > 0.

inf/sup

Proof. Any P € K(Z|Y =y) is produced by taking P = >, o;[P; for «; € [0, 1] and IP; € K¢ (X1, ..., X»), marginalizing out
X' and conditioning on Y =y. Thus we have that P(z]y) = Zi:ﬂ,->0 BiPi(z|ly), where B; = ociIP’i(y)/(Zj a;P;(y)). Note that
due to regular conditioning there must be 8; > 0. Since any convex combination of real numbers lies between its extrema,
we have that P (z]y) € [min;.g, -0 IPi(zly), max;.g.~0 IPi(zly)]. Therefore the optimization reaches the same result if we discard
every P with «; € (0, 1) for some i. O

Theorem 4. Suppose a credal network is separately specified with closed convex local credal sets, where each local credal set has
finitely many extreme points. Then the solution to Equation (6) is attained at some extreme point IP of the strong extension such that
P(Y=Yy) > 0; hence it is attained at some combination of extreme points of the local credal sets K(X|Pa(X) = ).

Proof. To simplify the notation, denote by K the credal set coK¢(X), by Kg the subset of K containing distributions
such that P(Y =y) =0, and by ]K}L the set of extreme points of Ks such that P(Y =y) > 0. Distributions in Kg are
not to be taken into account in the optimization. Any distribution P in Ks\{Kg u coKé} is the convex combination of a
distribution P’ coKé and a distribution P” e Kg. For P must be a convex combination ) ; «;IP; of extreme points of
Ks, then P' =} p y—y)~o(@i/)Pi and P =37, p. y_y—o(i/(1 — )i for & = ;. p y_y)- o @i- We cannot have o =1
for otherwise IP € co ]KE* and we cannot have o =0 for otherwise IP € ]K(s). Now for any distribution P = aP’ + (1 — o) P”
such that P’ € co]KEr and P” ¢ ]K(s), with o € (0, 1), we have

P/ (Z=z,Y=y)+ (1 —-a)P"(Z=2,Y=Y)
aP'Y=y)+ (A -a)P"(Y=Yy)
aP'(Z=2z,Y=Yy)
aP’/(Y=y)
=P(Z=z]Y=Yy).

Thus we do not need to look at any distribution in ]Ks\{]K(SJ u cng}; hence we can restrict ourselves to coK‘g in the
optimization (and the infimum/supremum is indeed a minimum/maximum over this closed set). In fact we can produce
K(Z|Y =y) by taking the finitely many points in K, conditioning them, and taking the convex hull of the resulting points.

This shows that K(Z|Y =y) is itself a finitely generated credal set.

Finally, there is no need to look at elements of coKzf that are nontrivial (that is, 0 # o # 1) convex combinations
of distributions in co Ké: suppose we had the minimum/maximum at some distribution P € co Ké that is a con-
vex combination alP’ + (1 — a)P” for some a € (0,1) and for P’ and P” elements of coKEr. Then we would have
P(Z=zlY=y)=BP'(Z=2zIY=Yy)+ (1 — B)P"(Z =z|Y =y) where 8 = aky/(aki + (1 — a)ky) for ki =P’ (Z =z|]Y=Yy)
and k, =IP”(Z =z|Y =Yy), and it would be at least as good to have P’ or P” as IP. Thus we can examine only ]Kér in the
optimization. O

P(Z=2zIY=Y)

Theorem 5. Given a separately specified credal network with finitely generated local credal sets, a configuration z* is maximal iff:

max min P(Z=zY=y)-PZ=7z"Y= <0.
2 ]P’eext]K(Zly)[ ( | y) ( | Y)]_

Proof. As in the proof of Theorem 4, we use K, Kg and KZY with the same meaning. Recall that any distribution P in
]Ks\{]K(SJ U COKEL} is the convex combination P’ + (1 — a)P” of a distribution P’ € coKzf and a distribution P” € ]Kg,
with « € (0, 1). That implies that P(Z=z|Y =y) = P’(Z=z|Y =y) for any z. Thus we can restrict ourselves to co Kg when
verifying maximality. Again, following the same reasoning in the end of the proof of Theorem 4, we have that the minium
of the difference P(Z=12|Y=y) — P(Z=2z*|Y =y) is attained at an extreme point of K(Z][Y=y). O
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