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Abstract

We define new classes of topological algebras of holomorphic functions on open subsets of Banach
spaces, and on open subsets of dual Banach spaces. We investigate properties and derive results concerning
polynomial approximation on such algebras. We give an explicit description of their spectra, derive results
on finitely generated ideals, and theorems of Banach—Stone type. We show that under certain conditions on
the open subset U, this new algebra coincides with Hy,,, (U), deriving new results on Hy, (U).
© 2006 Elsevier Inc. All rights reserved.
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Introduction

Let E be a Banach space, let U be an open subset of E and let V be an open subset of E’.
The algebras H,,, (U) and H,y«, (V) have been studied by several authors in the last years [1,
2,4,6,7,9]. In this work, we define similar classes of holomorphic functions. More specifically,
let Hyuk (U) denote the set of all holomorphic functions f:U — C that are weakly uniformly
continuous on each weakly compact subset of U, and let H,,+,x (V) denote the set of all holomor-
phic functions g:V — C that are weak-star uniformly continuous on each weak-star compact
subset of V. In the first section of this paper, we study properties of the algebras H,,,x(U) and
Huyw+uk (V). One of the main results concerns polynomial approximation on such algebras. We
show that if E is a Banach space with a shrinking Schauder basis and U is a weakly open sub-
set of £ which is polynomially convex, then Py (E) is dense in Hy,x (U), for the topology of

* Research supported by FAPESP, Process No. 04/07441-3, Brazil.
E-mail address: danim@ime.unicamp.br.

0022-247X/$ — see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.05.076



D.M. Vieira / J. Math. Anal. Appl. 328 (2007) 984-994 985

uniform convergence on the weakly compact subsets of U. An analogous result is given for the
algebra H,«,x (V). In Section 2, we give an explicit description of the spectrum of Hy,x(U),
when E is a reflexive Banach space with a Schauder basis and U is a weakly open subset of E
which is Py (E)-convex. Indeed, we show that in this case the spectrum of H,,x (U) is identified
with U. We also investigate whether Hy,,,(U) coincides with H,, (U). For example, if E is
reflexive and U is weakly open and convex, then H,,x (U) = Hy, (U). We present another sit-
uation where H,,,x (U) coincides with H,,, (U). With these coincidence results we can improve
results from [11,15]. In the last section of the article we present results on finitely generated
ideals of the algebra H,,,x (U) and theorems of Banach—Stone type.

1. Polynomial approximation in Banach spaces

We refer to [8,10] for background information on infinite-dimensional complex analysis. Let
E be a complex Banach space and let U be an open subset of E. For each x € U, we denote
by dy (x) the distance from x to the boundary of U. Foreachn e N, let U, ={x e U: ||x|| <n
and dy (x) > 27"}. We denote by H,, (U) the set of all f € H(U) that are weakly continuous on
each U, Hy, (U) is the set of all f € H(U) that are weakly uniformly continuous on each U,
and H(U) is the set of all f € H(U) that are bounded on each U,. We have that H,,,(U) C
Hp(U) [3, Lemma 2.2] for every open subset U. If V is an open subset of E’, let H,,+ (V) denote
the set of all g € H(V) that are weak-star continuous on each V,,, and let H,,+, (V) denote the set
of all g € H(V) that are weak-star uniformly continuous on each V,,. Let I, (U) ={A C U: A s
weakly compact} and let /C,)«(V) = {B C V: B is weak-star compact}. It is clear that ., (U)
(respectively Ky (V)) covers U (respectively V). If U is weakly open and if V is weak-star
open, then the elements of Cy,(U) and /Cy+ (V') have an useful property, that we present in the
next lemma. We denote by V,,(E) (respectively Vy«(E")) the set of all neighborhoods of zero
in E (respectively in E’) with respect to the weak topology o (E, E") (respectively weak-star
topology o (E’, E)).

Lemma 1.1. Let E be a Banach space, let U be a weakly open subset of E and let V be an open
subset of E'. Then

(1) For each A € K, (U) there exists W € Vy,(E) such that A+ W C U.
(2) Foreach B € Ky (V) there exists W € Vy«(E') such that B+ W C V.

Proof. (1) Since U is weakly open, for each x € A, there exist W,, VT/X € Vy(E) such that
Wy + W, C Wx and x + Wx C U. Since A is weakly compact, we can find x1,...,x, € A
and Wi,..., W, e Vy,(E) suchthat AC (x; + W) U---U(x, + W,) CU. If we take W =
Win-.-NW,,thenitis easy toseethat A+ W C U.

(2) The proof of (1) applies. O

We denote Pr(E) = @D,,cnPr("E), Pw(E) = P(E) N Hy(E) and Py (E) = P(E) N
Hywu(E). Actually, the two last sets coincide, i.e., Py (E) = Pyy(E) [2, Theorem 2.9]. Let
U be an open subset of E and let Hy,x(U) = {f € H(U): f is weakly uniformly con-
tinuous on each A € K, (U)}. Note that if U is weakly open, then each weakly compact
subset of U is contained in some U,, and hence Hy,, (U) C Hyur(U). It is also clear that
Ps(E) C Puu(E) C Hyur(U). Following [1], we say that a polynomial P € Ps«(E’) if and
only if P is a finite linear combination of products of weak-star continuous linear functionals
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on E’. Note that each weak-star continuous linear functional of E’ is an evaluation at some point
in E. We also denote Py (E’) = P(E") N Hy+(E") and Py, (E') = P(E") N Hy+u (E), but it
is clear that the last two sets coincide, i.e., Py+(E’) = Py, (E’). Let V be an open subset of
E’ and let Hy* (V) = {g € H(V): g is weak-star uniformly continuous on each B € Ky (V)}.
Note that Hy*uk (E") = Hy+u(E"), and Pp«(E") C Pyey(E') C Hyruk (V). If V is weak-star
open, then Hyx, (V) C Hyuk (V). If E is reflexive, then Hy«ux (V) = Hypur (V). We endow
Huwuk (U) (respectively Hy»,x (V) with the topology of uniform convergence on the elements of
Kw(U) (respectively Ky« (V)), and we denote this topology by 7i (respectively tz+). It is clear
that (Hyux(U), tr) (respectively (Hy*,x(V), Tk+)) is a locally m-convex algebra. In the next
example we present a coincidence result concerning the algebras Hy,,x (U) and Hy,y, (U).

Example 1.2. Let E be a reflexive Banach space and let U be a convex weakly open subset of E.
Then Hyuk (U) = Huypu (U).

Eoof. F_irst we observe that since U is convex, thg U, is convex for every n € N, andE:nce
U,” =U, C U. Since E is reflexive, we have that U," is w-compact, and consequently U," €
Kw(U). Then it follows that H . (U) C Hywu(U). O

Let E be a Banach space with a Schauder basis (e;,),en and let (¢,),eN be the correspond-
ing linear functionals. For each n € N, T, denotes the canonical projection 7, : E — E, where
T.(x) =T, (Z?il pj(x)ej) = Z?:l @j(x)ej. We say that a Schauder basis is shrinking if the
corresponding linear functionals (g; ),<n form a Schauder basis in E’. In this case, S,, denotes the
canonical projection S, : E' — E’, where S, (¢) = Z?:l @(ej)g;, for each ¢ € E’. It is known
that the sequence (T,),en converges to the identity operator, uniformly on the compact subsets
of E. The same result cannot hold if we replace compact by bounded subsets of E, when E is
infinite-dimensional. Indeed, if it was true, then the identity operator would be a compact opera-
tor, which is a contradiction. But in the next proposition we show a weaker result of this kind.

Proposition 1.3. Let E be a Banach space with a shrinking Schauder basis. Then

(1) T, converges to the identity operator, weakly uniformly on the bounded subsets of E.
(2) S, converges to the identity operator, weak-star uniformly on the bounded subsets of E’.

Proof. (1) We must show that for each bounded subset B of E, ¢ € E’ and ¢ > 0, there is
an integer no € N such that (x) sup,cp|@(T,(x) — x)| < e, for all n > ng. It is clear that
o(x — T,(x)) = Z?‘;nﬂ @j(x)p(e;), for each x € E, ¢ € E' and n € N. Since (¢;)jen is a
Schauder basis for E’, given ¢ > 0 there exists ng € N such that || ch?inﬂ p(ej)o;ll < e, for
n = ng, or in other words, SUPyeB, | Zj’;nﬂ @(ej)e;(x)| < e, for n > ng, which is precisely
(%) for B = Bg. Now let B be a bounded subset of E and » > 0 be such that B C r Bg. Then
SUp,cp | Z;?o:nﬂ @(ej)@;(x)| <sup,cp, | Z?O:,H_l @(ej)pj(rx)| <re, forall n > n.

(2) Let B C E’ be a bounded subset, x € E and ¢ > 0. Let > 0 be such that B C Bg/(0, r).
Since (e,),eN 1s a Schauder basis for E, there exists ng € N such that || Z?O:n—}-l pi(xejll < %,
for all n > no. If we write ¢ = 372, ¢(e;)¢;, then

o o
sup|S, (p)(x) — @(x)| = sup| D @(e;)p;(x)| = sup <0< > w,(x)e,-)‘
pEB peB j=n+1 B j=n+1
> &
< sup el Z pij(x)ej|| <r-—=eg, forn=no. O
geB j=n+1 4
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From now on, if the proof for the weak-star case in E’ is not given, then it is because it
follows the same arguments of the proof given for the weak case in E. As a consequence of
Proposition 1.3, we have the following corollaries.

Corollary 1.4. Let E be a Banach space with a shrinking Schauder basis. Then Py (E) is norm-
dense in Py, (E) and P p+(E') is norm-dense in Py (E").

Proof. Let ¢ > 1 be such that ||T,]| < ¢, for all n € N. Let B = B(0,r), C = B(0, cr) and
P e Py(E) =Pyu(E).Given ¢ > 0, there exists W € V,,(E) such thatifx,ye Candx—y e W
then |P(x) — P(y)| < ¢. By Proposition 1.3, there exists ng € N such that 7,,(x) — x € W, for
all x € B and n > ng. Consequently |P o T,,(x) — P(x)| < ¢, for all x € B and n > ng. Observe
now that Po T, e Py(E), foralln eN. O

R Let A be a subset of a Banach space E, and F C P(E). Then the F-hull of A is the set
={xeL: |f(x)| <supy|f] forall feF}.

Corollary 1.5. Let E be a Banach space with a shrinking Schauder basis, let A be a bounded
subset of E and let B a bounded subset of E'. Then A’pf(E) Apu (E), and B7>f>k (EH) = prw*(E/)

Proof. The proof of [15, Lemma 2] applies, using Corollary 1.4. O

Corollary 1.6. Let E be a Banach space with a shrinking Schauder basis, let U be a weakly open
subset of E and let V be a weak-star open subset of E'.

(1) Foreach A € Ky, (U) there exists W € V,(E) and nog € N such that A+W C U and T,,(A) +
W C U, forall n > ng. In particular, T,(A) € Ky, (U), for each n > ny.

(2) For each B € Ky (V) there exists W € Vy+(E") and ng € N such that B+ W C V and
S,(B) 4+ W CV, forall n > ngy. In particular, S,,(B) € KCy+(V), for each n > ny.

(3) The set C = AU{T,(A): n > ng} belongs to K,,(U).

(4) The set D = BU{S,(B): n > ng} belongs to ICy* (V).

Proof. (1) Let A € K,,(U). By Lemma 1.1, we can find W, W € V,,(E) such that W + W Cc W
and A + WcUu. By Proposition 1.3, there exists ng € N such that 7;,(x) —x € W, forallx € A
and n > ng. This implies that 7,(A) C A+ W C U, for all n > ng, and hence 7,,(A) + W C U,
for all n > ny.

(3) By (1), we have in particular that C C U. To show that C is weakly compact, let (Wy)yeca
be a weakly open cover for C, i.e., C C |Jy,cq We. Since A C C is weakly compact, there exist
a1, ..., € Asuchthat A C U{'C:I Wy;. By Lemma 1.1, let W € V,,(E) be such that A + W C
Uf;l Wy, . By Proposition 1.3, there exists nj > ng such that 7,,(x) —x € W, for all x € A and
n > np, which implies that 7, (x) € Ui'(:] Wy, , for all x € A and n > ny. Now it is clear that
T,(A), n =no, ..., ny is contained in a finite subfamily of (Wy)gea. O

Proposition 1.7. Let E be a Banach space with a shrinking Schauder basis, let U be a weakly
open subset of E, and let V be a weak-star open subset of E'. Let f € Hyu(U) and let g €
Huw*uk (V). Then
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(1) Foreach A € K(U) and & > 0 there exists ng € N such that

sup| f(Tn(x)) — f(x)| <&, foralln=no.
X€eA

(2) For each B € Ky+(V) and & > 0 there exists ny € N such that

sup |g(S.(v)) — (V)| <&, foralln > ny.
y'eB

Proof. Let A € K (U). By Corollary 1.6, there is an integer n; € N such that A U {T,,(A):
n>n1}=CelyU).Since f € Hyur(U), there exists W € V,,(E) such that if x, y € C and
x —y € Wthen |f(x) — f(y)| < e¢. For this W there is ny € N such that 7;,(x) — x € W, for all
xeCandn >ny. Letng=max{ni,nr},x € Aandn >ng. Thenx, T,,(x) € C, T,,(x) —x € W
and consequently | f(T,(x)) — f(x)| <e. O

Proposition 1.7 roughly means that f o T, converges to f uniformly on the elements of
K (U). But this would be an abuse of language, since not all compositions f o 7, are well
defined, for every n € N. Next theorem is our first important result concerning the algebras
kuk(U) and Hw*uk(v)-

Theorem 1.8. Let E be a Banach space with a shrinking Schauder basis, let U be a polynomially
convex weakly open subset of E and let V be a polynomially convex weak-star open subset of E'.
Then P (E) is tx-dense in Hyuk (U), and P+ (E') is tyx-dense in Hy i (V).

Proof. Let A € K\, (U), f € Hyux(U) and & > 0 be given. By Corollary 1.6 and Proposition 1.7
we can find an integer ng € N such that

Tpy(A) € Ky(U) and | fo Ty (x) — f(x)] < % forall x € A. )

Since U is polynomially convex, we have that U N T,,(E) is polynomially convex in 7,,(E)
[10, Examples 25.2(d)]. On the other hand, it is clear that 7,,(A) is a compact subset of U N
T, (E). Then it follows by [10, Theorem 25.4] that there exists P € P(T,,,(E)) such that | P (y) —
f I < ¢&/2, uniformly on y € T,,,(A), or in other words

&€
sup|P o Ty (x) — f 0 Ty (x)| <3 )
xeA

Now the conclusion follows by (1) and (2). O

The first assertion in Corollary 1.4 is known when E’ has the approximation property (see [3,
Proposition 2.7]). The second assertion in Theorem 1.8 is known when V = E’ and E has the
approximation property (see [1, Theorem 5.2]). But the proof given here when E has a shrinking
Schauder basis, is much simpler.

2. Characterization of the spectrum
In this section we present several applications of the results of the previous section. The re-

sults concern new classes of open subsets of Banach spaces. Definitions 2.1 are inspired by [15,
Definitions 1].
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Definitions 2.1. Let E be a Banach space, let U be an open subset of E and let V be an open
subset of E’. We say that:

(1) U is Pyir(E)-convex if qu,»(E) NU e KCy(U), forall A ey, (U).

(2) V is Pysi (E)-convex if Bp, .y NV € Kyx(V), forall B € y= (V).

(3) U is strongly Py (E)-convex if Ap, ) C U and Ap, (g € Ky(U), for all A € K,y (U).

4) V is strongly Py (E')-convex if Bp, gy C V and Bp, gy € Ky(V), for all B €
K (V).

In the next lemma we show that the last conditions of Definitions 2.1(3) and (4) are actually
unnecessary.

Lemma 2.1. Let E be a Banach space, let U be an open subset of E and let V be an open
subset of E'. Let A in(U) and B € Ky«(V). If Ap, gy C U, then Ap, gy € Kyw(U); and if
Bpw* gy CV, then Bpw* (E" € Ko (V).

Proof. Since C® E’ C P, (E), we have that ZPW(E) C XC@Er = co" (A), where the last equality
follows by [10, Proposition 11.1]. Since co”(A) is weakly compact and A\’pw(E) is weakly closed,
it follows that Ap, gy C U is weakly compact and then Ap, gy € Ky (U). The second assertion
is trivial, since §pw*( £ is weak-star closed and bounded, and hence weak-star compact. O

Lemma 2.2. Let E be a Banach space, and let A be a bounded subset of E'. Then Z@@E =
co"" (A), where C @ E denotes the set {a +8,: a€ C, x e E}C E".

Proof. We follow the proof of [10, Proposition 11.1(b)], applying the Hahn—Banach theorem to
the locally convex space (E’,o(E’, E)). O

Example 2.3. Let E be a Banach space, P € Py(E) and Q € Ps«(E’). Then:

(1) Every convex weakly open subset of E is strongly P, (E)-convex.

(2) Every convex weak-star open subset of E’ is strongly P« (E’)-convex.

(3) U={x e E: |P(x)| < 1} is a strongly Py« (E)-convex weakly open set.

@) V={xeE" |Q(x)| <1}is astrongly Py« (E")-convex weak-star open set.

Proof. (1) Let A € Ky(U). We will first show that co”(A) € Ky (U). By Lemma 1.1, let
W e Vw(E) be such that A + W C U. Since U is convex, it is easy to see that co(A) + W C
co(A + W) C U. Since co% (A) = mWve(E)(CO(A) + W), it follows that co¥ (A) C co(A) +
W C U and hence co" (A) € K,y (U). Now Ap, (5) C Acgr = 0" (A) € Ky (U), where the last
equality follows by [10, Proposition 11.1]. Then it follows that U is strongly Py (E)-convex.
(2) We follow the same arguments of (1), using Lemma 2.2 instead of [10, Proposition 11.1].
(3) It is clear that U is weakly open. Given A € K,,(U), we will show that sup, |P| < 1.
Suppose that sup, |P| = 1. Then there exists a sequence (x,) in A such that |P(x;)| — 1.

Since A is w-compact, there exists (x,,) a subsequence of (x,) such that x,, i xe AcCU.
Hence | P (xp)| = |P(x)| =1, that is, x ¢ U, which is a contradiction. Now let y € pr(E)
Then |P(y)| <supy |P| < 1, proving that Ap (g) CU. Now U is strongly Py (E)-convex by
Lemma2.1. O
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If U is weakly open and Py (E)-convex then U is polynomially convex. Indeed, if K is a
compact subset of U, then K € IC (U). Now, since P, (E) C P(E), we have that K’P(E) -
K’p (£)» and then K'p(E) NnNU C K’p &) NU € Ky(U) C B(U), where B(U) denotes the set of
all U-bounded subsets of U. We recall [15, Definitions 1] that an open subset U of a Banach
space E is Pb(E) -convex if A'p(E) NU € B(U) for all A € B(U); and we say that U is strongly
Py(E)-convex if A’/)(E) c U and A'])(E) € B(U) for all A € B(U). However, in [15, Lemma 3],
we show that the last condition A’p( £) € B(U) is superfluous. If U is balanced, then both notions
coincide [15, Proposition 6]. In the case of Py (E)-convex sets, we have a similar result, that
will be proved in Theorem 2.5. To show this theorem, we need the following result.

Theorem 2.4. Let E be a Banach space.

(1) Let A C E be a weakly compact subset of E and let U be a weakly open subset of E such
that A’p 7 (E) C U. Then there exists a weakly open set U which is strongly Py (E)-convex,
such that A’pf(E) cUcUu.

(2) Let B C E' be a weak-star compact subset of E’ and let V be a weak-star open subset
of E’ such that B'p o (E) C V. Then there exists a weak-star open set V which is strongly

Pk (E")-convex, such that B’pf*(E) cVcv.

Proof. (1) We are inspired by ideas of [10, Lemma 24.7 and Theorem 28.2]. Since A is weakly
compact, it follows that C = co" (A) is weakly compact. If C C U, then we take U=C+W,
where W e Vw(E) is convex and such that C + W Cc U (Lemma 1.1). Since C® E’ C Pr(E),
we have that A']’) +(E) C AC@ g = C, where the last equality follows by [10, Proposition 11.1].
Now U is strongly Pk (E)-convex by Example 2.3, and hence U is the desired set. If C is not
contained in U, then for each y € C \ U there is P € Py(E) such that sup, [P| <1 < |P(y)].
Since C \ U is weakly compact, we can find polynomials Py, ..., P, € Py(E) suchthat C\ U C
US_i{x € E: |Pj(x)| > 1}. Hence

CN{xeE: |Pj(x)|<1, forj=1,....k} CU. ©)

We claim that there exists W € V,,(E) such that (C + W) N {x € E: |[P;(x)] <1, for j =
., k} C U.If this is not the case, then for each W € V,,(E) there exists zw = xw + yw, with

xw €C,yw € W,and |P;j(zw)| < 1,for j =1,..., k;suchthat zw ¢ U. Since C is weakly com-
pact, without loss of generality, there exists x € C such that xy —, x, and hence Iw “xecC.
Since Pj(zw) — P»(x) for j=1,...,k, it follows that | P; (x)| < 1, j =1,..., k, which means
thatx € U, by (3). Let W e Vuw(E) be such that x + W C U. For this W, there exists Wp € Vy, (E)
such that zy, € x + WC U, which is a contradiction. Now U= (C+W)N{x eE: |Pj(x)] <1,
for j =1,...,k} is strongly Py (E)-convex, because it is a finite intersection of strongly
Pui (E)-convex sets (see Example 2.3). Finally, it is clear that A7> r(E) C Ucu.

(2) We follow the same approach of (1), using Lemma 2.2 instead of [10, Proposi-
tion 11.1]. O

Theorem 2.5. Let E be a Banach space with a shrinking Schauder basis, let U be a weakly open
subset of E and let V be a weak-star open subset of E'. Then

(1) U is Pyr(E)-convex if and only if U is strongly Py (E)-convex.
(2) V is Py+i(E")-convex if and only if V is strongly Py« (E’)-convex.
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Proof To show the nontrivial 1mphcat10n let A e Ky(U). By Lemma 2.1, it suffices to show
that AP (E) C U. Let us write A7D (E) = (A7D &) N U)u (Ap (E) \ U). Since U lS Puk(E)-
convex, we have that pr(E) NU € Ky(U) and then by Lemma 1.1 there exists W e Vw(E)
such that pr(E) NU+WC U, which implies that (Ap, @& NU + W) N (pr(E) \U)=40. Let
W eVy(E) such that W+ W C W. 1t follows by [15, Lemma 5] that (Ag+W)N (A1 + W) =
where Ag = (Apu () NU and Ay = Ap/(E) \ U. If we denote U =(A)+ W)U (A + W)
then it is easy to see that U’ = A7> () + W =Ap, g + W, where the last equality follows
by Corollary 1.5. Let us define f € Hyux(U') by f = O in Ag+Vand f=11in A; + V.
Now U’ is a weakly open subset of E that contains A7> (E)- By Theorem 2.4, there exists
a weakly open set U which is strongly Pk (E)-convex, such that A’pf(E) c U c U'. Since
A'pf(E) is weakly compact, we have that Apf(E) € ICw(U). Since U is strongly Py (E)-

convex and f|5 € Huwur(U), we can apply Theorem 1.8 and find a polynomial P € Pr(E)
such that SuPpr(D |flg — Pl < 1/2. Since A C A, we have that sup, |P| < 1/2 and hence

supgpf(E) |P| < 1/2. Now let y € A1 C U. Then 172> 1Py — flgWI =1PQy) — 1] =
[1— P(y)| = 1—|P(y)|. Hence it follows that | P(y)| > 1/2, which is a contradiction. O

Next we will study the spectrum of H,,x(U) when E is reflexive. Since in this case the
algebras H,,x (U) and H =, (V) are of the same type, it suffices to deal with H,,,x(U). Let E
be a Banach space and U be an open subset of E. The spectrum of Hyur(U) is the set of all
continuous complex homomorphisms 7 : Hy,,x (U) — C, and is denoted by Sy,,x (U). Let z € U.
Then 8, : Hyuk (U) — C defined by §;(f) = f(2), forall f € Hyur(U) is called evaluation at 7.
It is easy to see that §,; € Sk (U), for every z € U, and in this sense we say that U is contained
in Syuk(U). In the next theorem we show that under certain conditions on E and U all the
elements of Sy,,x (U) are evaluations at some point of U, and in this sense we say that Sy,,x(U)
is identified with U .

Theorem 2.6. Let E be a reflexive Banach space with a Schauder basis and let U be a Py (E)-
convex and weakly open subset of E. Then the spectrum of Hyui (U) is identified with U.

Proof. We follow ideas of [11, Theorem 1.1]. Let T € S,k (U). Since T is continuous, there
exists A € Kyy(U) and C > 0 such that |T(f)| < Csupy | f|, for all f € Hyuk(U). Since T
is multiplicative, by a classical argument, we may assume that C = 1. Let r > 0 be such that
A C B(0, r). In particular, we have that |T'(f)| < supy | f| < supp( ) | f], forall f € E’. Hence
we have that T € E” = E, so there exists a unique a € E such that T'(f) = f(a), forall f € E’,
and hence T(P) = P(a), for all P € P;(E). Then it follows that |P(a)| = |T (P)| < supy | P|,
for all P € Py(E), which implies that a € 1/4\73 F(E) = pr(g), where the last equality follows
by Corollary 1.5. Now by Theorem 2.5, we have that U is strongly P, (E)-convex, and hence
a € U. Then we apply Theorem 1.8 and get that T (f) = f(a), forall f € Hy,x(U). O

Example 2.7. Let E be a reflexive Banach space and let U be a convex and weakly open subset
of E. By Example 1.2 we have that Hy,,x(U) = Hy, (U). Since U is convex, it follows by
Example 2.3 that U is strongly Py« (E)-convex. If we assume that E has a Schauder basis, we
have by Theorem 1.8 that Pf(E) is dense in Hy, (U). Also, it follows by Theorem 2.6 that
Swu(U) = U.In [6,7], it is shown that if E is a Banach space such that E’ has the approximation
property, and U C E is a convex and balanced open set, then S, (U) = int(U w"), where the
interior is taken in the norm of E”. In particular, if E is reflexive with a Schauder basis, then
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Swu(U) =U. So, for the reflexive case, we are able to omit the hypothesis of U being balanced,
but we have to assume that U is weakly open.

Example 2.8. Let E be a reflexive Banach space such that P(E) = Py, (E). Let U be a weakly
open subset of E, which is strongly P,(E)-convex (and hence strongly Py (E)-convex). We
have that U, C (U,,)pw(E) = (U,,)p(E) C U. Since E is reflexive, we have that U," is weakly
compact, and hence U, € K, (U). Consequently H i (U) = Hypy (U). If, in addition, we as-
sume that £ has a Schauder basis, then by Example 2.7 we have that P (E) is dense in Hy,, (U)
and S, (U) = U. An example of a Banach space with all the required properties is Tsirelson’s
space [13]. In [15, Theorem 11 and Proposition 6] it is shown that if E is a reflexive Banach
space such that P(E) =P, (E), and U C E is balanced and P, (E)-convex, then S, (U) = U
As observed before, every balanced Py, (E)-convex open set is strongly P (E)-convex. So for the
particular case when E is Tsirelson’s space, we also improve results from [15].

3. Banach-Stone theorems

Next theorem is a consequence of Theorem 2.6. It says that, under the same hypotheses of
Theorem 2.6, every proper finitely generated ideal of H,,,x(U) has a common zero. The proof
will be omitted since it follows the same spirit of [11, Theorem 1.5].

Theorem 3.1. Let E be a reflexive Banach space with a Schauder basis and let U be a Py (E)-
convex and weakly open subset of E. Then given fi, ..., fu € Hyur(U) without common zeros,
there exists g1, ..., gn € Huwuk(U) such that Y ";_, figi = 1.

In the spirit of Example 2.7 we have the following corollary for the algebra H,,, (U).

Corollary 3.2. Let E be a reflexive Banach space with a Schauder basis and let U be a convex
and weakly open subset of E. Then given fi,..., fn € Hy,(U) without common zeros, there
exists g1, ..., &n € Huwu(U) such that Y ";_, figi = 1.

Let E and F be Banach spaces, and let U C E and V C F be open subsets. We denote
by Hyuk(V, U) the set of all holomorphic mappings ¢ : V — U such that ¢: (V, o (F, F')) —
(U,o (E, E)) is uniformly continuous when restricted to each B € Ky, (V). Let ¢ € Hyur (V, U).
Then it is easy to see that Cy: Hyurk(U) — Hyur(V) defined by Cy(f) = f o ¢, for all
f € Hyur(U), is a continuous algebra-homomorphism. An homomorphism of such type is
called composition operator. In the next theorem, we show that under the same conditions of
Theorem 2.6, every continuous algebra-homomorphism from H,,x (U) into H . (V) is a com-
position operator.

Theorem 3.3. Let E and F be Banach spaces, with E reflexive with a Schauder basis. Let U C E
be Pyi(E)-convex and weakly open, and let V. C F be an open subset. Then every continuous
algebra-homomorphism T : Hyuk (U) — Hyuk (V) is a composition operator.

Proof. We follow ideas of [14, Theorems 2 and 10]. We must find a mapping ¢ € Hyux (V, U)
such that T = C,. Let w € V and note that 8,, 0 T € Syux (U). By Theorem 2.6, there exists a
unique z € U such that §,, o T = §;. If we define p(w) = z, then it follows that T(f) = f o @,
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for all f € Hyur(U). In particular, f o is holomorphic, for all f € E’, and hence by [10, Theo-
rem 8.12] we have that ¢ is a holomorphic mapping. It remains to show that ¢ : (V, o (F, F’)) —
(U,o (E, E)) is uniformly continuous when restricted to each B € K, (V). So let B € Ky, (V),
fe€E and e > 0. Since f o ¢ € Hyur(V), there exists W € V,,(F) such that if x, y € B, and
x—yeWthen|fop(x)— foe(y)| <e. This shows that ¢ € Hyx(V,U). O

Corollary 3.4. Let E and F be Banach spaces, with E reflexive with a Schauder basis. Let
U C E be convex and weakly open, and let V C F be an open subset. Then every continuous
algebra-homomorphism T : Hyy, (U) — Hy, (V) is a composition operator.

Similar results as Corollary 3.4 appear in [7, Theorem 15 and Corollary 16], for absolutely
convex open subsets of Banach spaces whose dual has the approximation property.

In [5], S. Banach proved that two compact metric spaces X and Y are homeomorphic if
and only if the Banach algebras C(X) and C(Y) are isometrically isomorphic. M.H. Stone,
in [12], generalized this result to arbitrary compact Hausdorff topological spaces, the well-
known Banach—Stone theorem. In the next theorem we establish a similar result for the algebras
kuk(U) and kuk(v)-

Theorem 3.5. Let E and F be reflexive Banach spaces, both with Schauder bases. Let U C E

and V C F be weakly open sets, such that U is Py (E)-convex and V is Py (F)-convex. Then

the following conditions are equivalent.

(1) There exists a bijective mapping ¢:V — U such that ¢ € Hyux(V,U) and ¢~
Huwuk (U, V).

(2) The algebras Hyyr(U) and Hyui (V) are topologically isomorphic.

€

Proof. We follow ideas of [14, Theorem 12].

(1) = (2) Let us consider the composition operator Cy : Hyuk (U) — Hyur (V). Then it is
easy to see that Cy, is bijective and that (C(p)_1 =Cy-1.

2) = (1) Let T : Hyux(U) = Hyux (V) be a topological isomorphism. By Theorem 3.3,
there exists ¢ € Hyux(V, U) such that T = Cy and ¥ € Hyyuk (U, V) such that T-1= Cy . Then
it is not difficult to see that » = ¢!, and this completes the proof. [0

Corollary 3.6. Let E and F be reflexive Banach spaces, both with Schauder bases. Let U C E
and V C F be convex and weakly open sets. Then the following conditions are equivalent.

(1) There exists a bijective mapping ¢:V — U such that ¢ € Hyy(V,U) and ¢~}
HU}M(U7 V)'

(2) The algebras Hy,, (U) and H,,, (V) are topologically isomorphic.

€

Corollary 3.4 improves [11, Theorem 1.6] and Corollary 3.6 improves [14, Corollary 14].
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