1 Project description:

Asymptotic and Algorithmic Graph Theory

1.1 Justification

We hope that within the framework of the proposed exchange project the existing collaboration between the groups at the Humboldt-University Berlin and the University of São Paulo may be continued and strengthened.

Past successes have included several joint publications on Ramsey theory [5, 6, 8]. Areas covered by the new project will be asymptotic graph theory, property testing, and the theory of approximation algorithms. The link between these areas is provided by the methods which we hope to use in order to find solutions. As an example we mention here the Regularity Lemma of Szemerédi, which has proved to be an invaluable tool in all three of the areas we propose to investigate.

Both groups (in particular the three research students involved), stand to gain a great deal from this project, which we hope will give the groups an opportunity to share their expertise and to make progress on the open problems listed below.

In the following sections we will outline the current state of research on these problems, the past contributions made by the two groups, and our common goals.

1.2 Graphical Evolution

The standard model for the evolution of random graphs was introduced by Erdős and Rényi: We look at the properties of “almost all” graphs on m edges, where 0 ≤ m ≤ (_n 2 ) . Much work has been done on this model with the result that it is now very well understood. But in practice one is often only interested in some special graph classes: Hence both from a theoretical as well as practical point of view it would be highly desirable to study the evolution of graphs under given side constraints. We make this precise in the next few sections.

1.2.1 Constrained evolution I: Forbidding a fixed subgraph

Consider the class of all n-vertex triangle-free graphs on m = m(n) edges. We would like to know what a typical graph of this class looks like, in particular, we would like to know its chromatic number. Prömel and Steger [13] gave a solution for a large range of m, but a significant gap remains.

Problem 1 Let n^{3/2} ≪ m ≪ n^{7/4} log n. Is almost every n-vertex triangle-free graph with m edges bipartite?

Recently, Łuczak [38] made some progress on this question by showing (with help of the Regularity Lemma of Szemerédi, see below) that in this range, a typical graph is “almost” bipartite. We hope that these recent advances might lead to a complete solution of the above problem. Furthermore, the problem of forbidding other subgraphs remains wide open. For some related results see Prömel and Steger [12, 14].

1.2.2 Constrained evolution II: Extremal graph processes

The problem is similar to the above but the approach is now slightly different: Fix some antimonotone (hereditary) property P . We start with an empty graph on n vertices, and add edges one by one at random, but always subject to the condition that the graph we obtain must have P . We stop when no more edges can be added and call the resulting graph G_P . How many edges does G_P have? A rather surprising result by Erdős et al. [29] says that if P is the property of being triangle-free then G_P has approximately n^{3/2} edges, while if P is the property of being bipartite (thus we are forbidding any odd cycle), then G_P has approximately n^2 edges.

Problem 2 What happens if P is the property of containing no odd cycles of length at most k, for 3 < k < n?

1.2.3 Constrained evolution III: Partially ordered sets

Partial orders (also called posets) are structures which arise frequently both in theory and practice. One natural interpretation of poset evolution is that of a sorting process: Initially, we are given a set with no information about its order, and we gradually gain information about relations between the elements. No universal model for the evolution of random posets has emerged so far. However, there are several models which we have successfully investigated:

Suppose we fix the class of posets on n points and with m relations. Then results obtained by Prömel, Steger, and Taraz [17] show how the typical structure of a poset depends on m. Closely related results can be found in Brightwell, Prómel and Steger [1].

Another approach is to fix a “backbone structure” and look at random subsets. For example, select each subset of [n] = {1, . . . , n} with probability p and order the selected subsets by inclusion. Perhaps the first question concerning this rather natural model was posed by Erdős. In modern language, Erdős’ question asked for the determination of the threshold function for the occurence of a comparable pair (that is, the emergence of an edge in the comparability graph). This was answered by Rényi in the early 60s [39]. Quite surprisingly, this model was not considered for a long time, but recently Kreuter [9] took up the investigation of the emergence of small substructures in such random posets. Other recent results concerning this model are due to Kohayakawa and Kreuter [4, 7] and to Osthus [10]. It is probably fair to say that we have a global picture of how this structure evolves with p, but many unsolved problems remain.

More generally, the objective is to study other posets and see if a general pattern emerges. In particular we would like to know how well our methods adapt to other models.

1.3 Combinatorial property testing and Regularity

The object of combinatorial property testing is to give efficient algorithms which determine whether a given object has a given property or is “far” from having this property. As demonstrated by Goldreich and his co-authors [32, 33, 34, 35], this approach has been particularly successful in the case of dense graphs and of some success in the case of sparser graphs.

An extremely useful tool in this area is the Regularity Lemma of Szemerédi. For instance, it can be used to prove the correctness of a simple algorithm which tests whether a given graph is close to being H-free, for some fixed subgraph H. Unfortunately, the large constants involved in the proof of the Lemma imply that the running time of the tester is prohibitively large.

Problem 3 Is it possible to develop a (fast) tester for H-freeness without recourse to the Regularity Lemma?

The problem above may indeed be deep. For instance, even the case in which H is a triangle is of interest, and a satisfactory answer for this case would have consequences concerning the estimates involved in the Ruzsa–Szemerédi theorem on triple-systems [42], or, equivalently, on Roth’s theorem [41] on 3- term arithmetic progressions in subsets of integers.

In any case, we observe that a result first proved making heavy use of Szemerédi’s Regularity Lemma, namely, the main result of Rödl and Duke [40], was independently proved by Goldreich, Goldwasser, and Ron [32], from first principles.

1.3.1 Regularity Lemma

As to the the Regularity Lemma itself, for several reasons it seems a worthwhile aim to develop a version for hypergraphs that guarantees a similarly powerful “amplification”—none of the existing variants (due to Frankl and Rödl [30], Chung [24], Frieze and Kannan [31]) seems to suffice in this respect. Not only would such a version help to generalize results in the area of property testing from graphs to hypergraphs, but it would also be interesting in its own right: Frankl and Rödl conjectured that it would help to yield a new and much simpler proof of the famous theorem of Szemerédi on arithmetic progressions.

We believe that a key notion in developing the “correct” concept of regularity for hypergraphs was introduced by Chung and Graham [25]. Indeed, under this project, we shall investigate how the notion of deviation introduced in [25] may be related to the notion of ε-regularity. It is well known that these notions are in fact closely tied together in the particular case of graphs. The case of hypergraphs must be explored—perhaps we shall arrive at the “correct” notion of ε-regularity for hypergraphs alluded to above.

1.3.2 Sparse case

The difficulties involved in developing property testers for sparser graphs [34, 35] have a similar flavour to the ones one encounters when trying to develop a satisfactory version of Szemerédi’s Lemma for sparse graphs. Despite these difficulties, some progress has been made by Goldreich and Ron [34, 35] on the property testing setting, and by Kohayakawa and Rödl on the regularity setting (see, for instance, [37]). Developing a suitable version of Szemerédi’s Regularity

Lemma for sparse graphs and, more generally, for sparse hypergraphs remains a most challenging problem.

1.4 Approximation Algorithms

As is well known, the area of approximation algorithms is currently under vigorous investigation. Research may be focussed on obtaining inapproximability results (for an overview see Hougardy, Prömel and Steger [3] and Mayr, Prömel, and Steger, Eds. [11]), or on developing approximation algorithms or polynomial approximation schemes for NP-hard problems.

As an example of the latter kind we mention the recent results of Hougardy and Prömel [2] and Prömel and Steger [15, 16] on approximating the mininum Steiner tree in graphs.

Two further problems under investigation are: (a) the largest planar subgraph problem and (b) the minimum spanning k-edge-connected subgraph problem.

For (a), Fernandes has obtained several improvements on previous algorithms, and the currently best approximation ratios are achieved by her methods [19, 20, 21, 22]. For (b), Cheriyan and Thurimella [23] and Fernandes [26, 27] independently obtained the current best results. However, here it should be mentioned that the techniques of Cheriyan and Thurimella seem to be more promising for further applications. Indeed, in this project we hope to combine the ideas in [23] and in [26, 27] to approach other algorithmic problems related to connectivity.

References of the Berlin group

[1] G. Brightwell, H.-J. Prömel, and A. Steger. The average number of linear extensions of a partial order. Journal of Combinatorial Theory, Series A 73 (1996), 193-206.

[2] S. Hougardy and H.-J. Prömel. An 1.598 approximation algorithm for the Steiner tree problem in graphs (in preparation).

[3] S. Hougardy, H.-J. Prömel, and A. Steger. Probabilistically checkable proofs and their consequences for approximation algorithms. Discrete Mathematics 136 (1994), 175-223.

[4] Y. Kohayakawa and B. Kreuter. The width of random subsets of Boolean lattices (submitted).

[5] . Threshold functions for asymmetric Ramsey properties involving cycles. Random Structures Algorithms, 11 (1997) no. 3, 245-276.

[6] Y. Kohayakawa, B. Kreuter and A. Steger. An extremal problem for random graphs and the number of graphs with large even-girth. Combinatorica, to appear.

[7] Y. Kohayakawa, B. Kreuter, and D. Osthus. The length of random subsets of Boolean lattices (preprint).

[8] Y. Kohayakawa, H.-J. Prömel, and V. Rödl. Induced Ramsey numbers (submitted).

[9] B. Kreuter. Small sublattices in random subsets of Boolean lattices (submitted).

[10] D. Osthus. Maximum antichains in random subsets of the Boolean lattice (in preparation).

[11] E.W. Mayr, H.J. Prömel, A. Steger (eds.) Lectures on proof verification and approximation algorithms. LNCS1367, 1998.

[12] H.-J. Prömel and A. Steger. The asymptotic structure of H-free graphs.

Graph Structure Theory (N. Robertson und P.D. Seymour, eds.), Contemporary Mathematics 147, 167–178, American Mathematical Society, Providence, 1993.

[13] . On the asymptotic structure of sparse triangle free graphs. Journal of Graph Theory 21 (1996), no. 2, 137-151.

[14] . Counting H-free graphs. Discrete Mathematics, 154 (1996), 311– 315.

[15] . RNC-approximation algorithms for the Steiner problem. Proceedings Symposium on Theoretical Aspects of Computer Science STACS’97, LNCS 1200, Springer-Verlag, 1997, 559–570.

[16] . New Approximation Algorithm for the Steiner Tree Problem with Performance Ratio 5/3 (preprint).

[17] H.-J. Prömel, A. Steger, and A. Taraz. Phase transition in poset evolution (in preparation).

Further references

[18] G. Brightwell. Models of random partial orders. Surveys in Combinatorics 1993 (K. Walker, Ed.), pp. 53-83, Cambridge Univ. Press, Cambridge. UK. 7

[19] G. Călinescu and C. G. Fernandes. Finding large planar subgraphs and large subgraphs of a given genus. Proc. 2nd Intern. Computing and Combinatorics Conference, vol. 1, 1996, pp. 152–161.

[20] G. Călinescu, C. G. Fernandes, U. Finkler, and H. Karloff. A better approximation algorithm for finding planar subgraphs. Proc. 7th Annual ACM-SIAM Symposium on Discrete Algorithms (EUA), vol. 1, 1996, pp. 16–25.

[21] . A better approximation algorithm for finding planar subgraphs.

Journal of Algorithms (1997), to appear.

[22] G. Călinescu, C. G. Fernandes, H. Karloff, and A. Zelikovski. A new approximation algorithm for finding heavy planar subgraphs, (submitted).

[23] J. Cheriyan and R. Thurimella. Approximating minimum-size k-connected spanning subgraphs via matching (extended abstract). 37th Annual Symposium on Foundations of Computer Science (Burlington, VT, 1996), IEEE Comput. Soc. Press, Los Alamitos, CA, 1996, pp. 292–301.

[24] F.R.K. Chung. Regularity lemmas for hypergraphs and quasi-randomness.

Random Structures and Algorithms 2 (1991), no. 1, 241–252.

[25] F.R.K. Chung and R.L. Graham. Quasi-random set systems. Journal of the American Mathematical Society 4 (1991), no. 1, 151–196.

[26] C. G. Fernandes. A better approximation ratio for the minimum k-edge-connected spanning subgraph problem. Proc. 8th Annual ACM–SIAM Symposium on Discrete Algorithms (EUA), 1997.

[27] . A better approximation ratio for the minimum k-edge-connected spanning subgraph problem. Journal of Algorithms (1997), to appear.

[28] P. Erdős and A. Hajnal. Ramsey-type theorems. Discrete Applied Mathematics 25 (1989), no. 1–2, 37–52, MR90m:05091.

[29] P. Erdős, S. Suen, and P. Winkler. On the size of a random maximal graph.

Random Structures and Algorithms 6 (1995): 309-318.

[30] P. Frankl and V. Rödl.The uniformity lemma for hypergraphs. Graphs and Combinatorics 8 (1992), no. 4, 309–312.

[31] A. Frieze and R. Kannan. The regularity lemma and approximation schemes for dense problems. Proc. 37th Ann. IEEE Symp. on Foundations of Computer Science, IEEE, October 1996.

[32] O. Goldreich, S. Goldwasser, and D. Ron. Property testing and its connection to learning and approximation. Extended abstract in Proc. of the 37th IEEE Symp. on Foundation of Computer Science, pages 339–348, 1996.

[33] , A note on testing monotonicity. Unpublished working draft, 1996. Manuscript, 1997. Available from http://theory.lcs.mit.edu/~oded/test.html.

[34] O. Goldreich and D. Ron. Property Testing in Bounded Degree Graphs. In Proc. of the 29th ACM Symp. on Theory of Computing, pages 406–419, 1997.

[35] . A sublinear Bipartite Tester for Bounded Degree Graphs. Manuscript, 1997. Available from http://theory.lcs.mit.edu/~oded/test.html.

[36] R. L. Graham, V. Rödl, and A. Ruciński. On graphs with linear Ramsey numbers (submitted).

[37] Y. Kohayakawa. Szemerédi’s regularity lemma for sparse graphs. Foundations of Computational Mathematics (Berlin, Heidelberg) (F. Cucker and M. Shub, eds.), Springer-Verlag, January 1997, pp. 216–230.

[38] T. Łuczak. Personal Communication.

[39] A. Rényi. On random subsets of a finite set. Mathematica, Cluj, 3 (26):

355–362, 1961.

[40] V. Rödl and R. A. Duke. On graphs with small subgraphs of large chromatic number. Graphs Combin. 1 (1985), no. 1, 91–96.

[41] K.F. Roth. On certain sets of integers.Journal of the London Mathematical Society 28 (1953), 104–109.

[42] I.Z. Ruzsa and E. Szemerédi. Triple systems with no six points carrying three triangles. Combinatorics (Proceedings of the Fifth Hungarian Colloquium, Keszthely, 1976), Vol. II (Amsterdam–New York), Colloq. Math. Soc. János Bolyai, no. 18, North-Holland, 1978, pp. 939–945.