Programacao dinamica

CLRS 15.2-15.3

= "recursdo—com-tabela”
= transformacdo inteligente de recursdo em iteracao
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Multiplicacao iterada de matrizes

SeAépxgeBéqgxrentio ABépxr.
(AB)[i,j]= ) Ali,k]Blk,}]
k

MULT-MAT (p, A, q,B,r)
1 para /<1 até p faca

2 para j < 1 até r faca

3 AB[i,j] <0

4 para k < 1 até g faca

5 ABli,j] < ABJi,j]+ Ali, k] - Blk,J]

Ndmero de multiplicacbes escalares = p-q-r
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Multiplicacao iterada

Problema: Encontrar nimero minimo de multiplicacGes escalares
necesséario para calcular produto A;A>---A,,.

pl0] p(1] pl2] ... pln-1] pln]
A A, A,

cada A; é p[i-1]x p[i] (A;[L..p[i-1],1..p[/]])

Exemplo: A;-A,- Az

10 Al 100 A2 5 A3 50

((A1 Ap) A3) 7500 multiplicacdes escalares
(A1 (As A3)) 75000 multiplicacdes escalares
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Solugoes 6timas contém solugoes otimas

Se
(A1A2) (A3((A4A5)A6))

é ordem 6tima de multiplicacdo entdo
(A1Az) e (A3((A4As5)Aq))

também s3o ordens étimas.
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Solugoes 6timas contém solugoes otimas

Se
(A1A2) (A3((A4A5)A6))

é ordem 6tima de multiplicacdo entdo

(A1A2) e (A3((AsAs)Aq))
também s3o ordens étimas.
Decomposicdo: (A;--Ay)(Axs1-+Aj)

ml[i,j]= nidmero minimo de multiplicacdes escalares
para calcular A;--- A;
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Recorréncia

m[i,j] = nidmero minimo de multiplicagdes escalares
para calcular A;--- A;
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Recorréncia

m[i,j] = nidmero minimo de multiplicagdes escalares
para calcular A;--- A;

se i =j entdo m[i,j] =0

se | <j entdo

mlij] = min (m[i, k] + pli ~ Lp[K]plj] + m[k+L,j]}

i<k<j

Exemplo:

m(3,7] = Jmin, {m[3, k] + p[2]p[k]p[7] + m[k+1,7]}
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Algoritmo recursivo
Recebe p[i—1..j] e devolve m[i,]]

REC-MAT-CHAIN (p, i, )
1 sei=j

entao devolva 0

m(i,j] < oo

para k < i até j—1 faca
g1 «— REC-MAT-CHAIN (p, i, k)
g> «— REC-MAT-CHAIN (p, k + 1, )
q < q1+p[i —1]p[k]p[j] + g2
se g < m[i,j]

entdo m[i,j] < q
devolva m[/, ]

O© 0O NO OB~ WN

—
o

Consumo de tempo?
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Consumo de tempo

T(n)= ndmero comparacdes entre g e m[* %]
na linha 8 quando n:=j—i+1

T(1) = 0
n-1 n-1
T(n) = ) (T(W+T(n-h+1) =2) T(h -1)
h=1 h=2
= 2(T(2)+---+T(n-1)) + (n—1) paran>2

Andlise de Algoritmos — 2° sem 2025 9/89



Consumo de tempo

T(n)= ndmero comparacdes entre g e m[*, %]
na linha 8 quando n:=j—i+1

T(n) = 2(T(2)+---+ T(n-1)) + (n-1)
Considere a mesma férmula para n—1:
T(n-1) = 2(T(2)+---+T(n-2)) + (n-2)

e subtraia a primeira da segunda:
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Consumo de tempo

T(n)= ndmero comparacdes entre g e m[*, %]
na linha 8 quando n:=j—i+1

T(n) = 2(T(2)+---+ T(n-1)) + (n—1)
Considere a mesma férmula para n—1:
T(n-1) = 2(T(2)+---+ T(n-2)) + (n-2)
e subtraia a primeira da segunda:
T(n)—T(n-1) = 2T(n-1)+1.
Logo T(n) = 3T(n-1)+1.
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Consumo de tempo

T(n)= ndmero comparacdes entre g e m[*, %]
na linha 8 quando n:=j—i+1

T(n) = 2(T(2)+---+ T(n-1)) + (n—1)
Considere a mesma férmula para n—1:
T(n-1) = 2(T(2)+---+ T(n-2)) + (n-2)
e subtraia a primeira da segunda:
T(n)—T(n-1) = 2T(n-1)+1.

Logo T(n) = 3T(n-1)+1.

Facil verificar que T(n) > 3'1721’1 para n> 1.
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Recorréncia

n |1 23 4 5 6 7 8
T(n) [0 1 4 13 40 121 364 1093
31|10 2 8 26 80 242 728 2186

Prova: Paran=1, T(1)=0=(1-1)/2.
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Recorréncia

n |1 23 4 5 6 7 8
T(n) [0 1 4 13 40 121 364 1093
31|10 2 8 26 80 242 728 2186

Prova: Paran=1, T(1)=0=(1-1)/2.
Para n>2,
T(n) = 3T(n-1)+1

i3 -1

il 3( )+1

B 3"—3+1 _371-3+42
T2 B 2
31

= =
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Conclusao

T(n)> 3"721_1 para n>1.

O consumo de tempo do algoritmo REC-MAT-CHAIN é Q(37).
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Resolve subproblemas muitas vezes

pl0]=10 p[1]=100 p[2]=5 p[3]=50

REC-MAT-CHAIN(p, 1, 3)
REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 3)

REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 1, 2)
REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 3)

Nimero minimo de mults = 7500
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Resolve subproblemas muitas vezes

REC-MAT-CHAIN(p, 1, 5)
REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 5)

REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 5)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 5)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 5, 5)
REC-MAT-CHAIN(p, 3, 4)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 5, 5)
REC-MAT-CHAIN(p, 2, 3)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 5)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 5, 5)
REC-MAT-CHAIN(p, 2, 4)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 4)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 2, 3)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 3)
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REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 5, 5)
REC-MAT-CHAIN(p, 1, 2)
REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 5)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 5)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 5, 5)
REC-MAT-CHAIN(p, 3, 4)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 5, 5)
REC-MAT-CHAIN(p, 1, 3)
REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 3)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 1, 2)
REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 5)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 5, 5)
REC-MAT-CHAIN(p, 1, 4)

REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 4)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 4)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 2, 3)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 1, 2)
REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 4)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 1, 3)
REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 3)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 1, 2)
REC-MAT-CHAIN(p, 1, 1)
REC-MAT-CHAIN(p, 2, 2)
REC-MAT-CHAIN(p, 3, 3)
REC-MAT-CHAIN(p, 4, 4)
REC-MAT-CHAIN(p, 5, 5)
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Programacgao dinamica

Cada subproblema

A A

é resolvido uma sé vez.
Em que ordem calcular os componentes da tabela m?

Para calcular m[2,6] preciso de . ..
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Programacgao dinamica

Cada subproblema

A A

é resolvido uma sé vez.
Em que ordem calcular os componentes da tabela m?

Para calcular m[2,6] preciso de . ..

m(2,2], m[2,3], m[2,4], m[2,5] e de
m(3,6], m[4,6], m[5,6], m[6,6].
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Programacgao dinamica

Cada subproblema
A A

é resolvido uma sé vez.
Em que ordem calcular os componentes da tabela m?

Para calcular m[2,6] preciso de . ..

m(2,2], m[2,3], m[2,4], m[2,5] e de
m(3,6], m[4,6], m[5,6], m[6,6].

Calcule todos os m[/,j] com j—i+1=2,
depois todos com j—i+1=3,
depois todos com j—i+1=4,
etc.
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Programacgao dinamica

1 2 3 4 5 6 7 8
110
20 O | & | & | K |77
3 0 *
4 0] |+
5 0| *
6 0
7 0
8 0
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

Andlise de Algoritmos — 2° sem 2025 22/89



p[0]=10

6

i
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p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

Simulacao

1 2 3 4 5 6
0 ??
0
0
0
0
0

J
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000
2 0
3 0
4 0
5 0
6 0

m[1,1]+ p[1-1]p[1]p[2] + m[1+1,2]=0+2000+0=2000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000
2 0 2?
3 0
4 0
5 0
6 0

i

Andlise de Algoritmos — 22 sem 2025 25/89



Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1] 0 | 2000

2 0 | 6000

3 0

4 0

5 0

6 0

m[2,2] + p[2-1]p[2]p[3] + m[2+1, 3]=0+6000+0=6000
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p[0]=10

6

i
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p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

Simulacao

1 2 3 4 5 6
0 2000
0 6000
0 ??
0
0
0

J
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1] 0 | 2000
2 0 | 6000
3 0 | 6000
4 0
5 0
6 0

m(3,3]+ p[3-1]p[3]p[4] + m[3+1,4]=0+6000+0=6000
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p[0]=10

6

i
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p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

Simulacao

1 2 3 4 5 6
0 2000
0 6000
0 6000
0 2?
0

J
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1] 0 2000

2 0 6000

3 0 6000

4 0 4500

5 0

6 0

m(4,4]+ p[4-1]p[4]p[5] + m[4+1,5]=0+4500+0=4500
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p[0]=10

6

i
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p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

Simulacao

1 2 3 4 5 6
0 2000
0 6000
0 6000
0 4500
0 2?

J
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000

2 0 | 6000

3 0 | 6000

4 0 | 4500

5 0 | 4500

6 0

m(5,5]+ p[5-1]p[5]p[6] + m[5+1,6]=0+4500+0=4500
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p[0]=10

6

i
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p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

Simulacao

1 2 3 4 5 6
0 2000 ??
0 6000
0 6000
0 4500
0 4500

J
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 9000
2 0 | 6000
3 0 | 6000
4 0 | 4500
5 0 | 4500
6 0

m[1,1]+ p[1-1]p[1]p[3] + m[1+1,3]=0+3000+6000=9000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000
2 0 | 6000
3 0 | 6000
4 0 | 4500
5 0 | 4500
6 0

m[1,2]+ p[1-1]p[2]p[3] + m[2+1,3]=2000+6000+0=8000
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Simulacao
pl0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6

1 0 2000 | 8000

2 0 6000 ??

3 0 6000

4 0 4500

5 0 4500

6 0

i
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000

2 0 | 6000 | 8000

3 0 | 6000

4 0 | 4500

5 0 | 4500

6 0

m[2,2] + p[2-1]p[2]p[4] + m[2+1,4]=0+2000+6000=8000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000

2 0 | 6000 | 8000

3 0 | 6000

4 0 | 4500

5 0 | 4500

6 0

m(2,3]+ p[2-1]p[3]p[4] + m[3+1,4]=6000+3000+0=9000
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Simulacao
pl0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6

1 0 2000 | 8000

2 0 6000 | 8000

3 0 6000 27

4 0 4500

5 0 4500

6 0

i
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000

2 0 | 6000 | 8000

3 0 | 6000 | 13500

4 0 | 4500

5 0 | 4500

6 0

m(3,3]+ p[3-1]p[3]p[5] + m[3+1,5]=0+9000+4500=13500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000

2 0 | 6000 | 8000

3 0 | 6000 | 9000

4 0 | 4500

5 0 | 4500

6 0

m[3,4]+ p[3-1]p[4]p[5] + m[4+1,5]=6000+3000+0=9000
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Simulacao
pl0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6

1 0 2000 | 8000

2 0 6000 | 8000

3 0 6000 | 9000

4 0 4500 ??
5 0 4500

6 0

i
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000

2 0 | 6000 | 8000

3 0 | 6000 | 9000

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[4,4]+ p[4-1]p[4]p[6] + m[4+1,6]=0+9000+4500=13500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000

2 0 | 6000 | 8000

3 0 | 6000 | 9000

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[4,5]+ p[4—1]p[5]p[6] + m[5+1,6]=4500+13500+0=18000
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Simulacao
pl0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6

1 0 2000 | 8000 ?2?

2 0 6000 | 8000

3 0 6000 | 9000

4 0 4500 | 13500
5 0 4500

6 0

i
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000
2 0 | 6000 | 8000
3 0 | 6000 | 9000
4 0 | 4500 | 13500
5 0 | 4500
6 0

m[1,1]+ p[1-1]p[1]p[4] + m[1+1,4]=0+1000+8000=9000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000
2 0 | 6000 | 8000
3 0 | 6000 | 9000
4 0 | 4500 | 13500
5 0 | 4500
6 0

m[1,2]+ p[1-1]p[2]p[4] + m[2+1,4]=2000+2000+6000=10000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000 | 9000

2 0 | 6000 | 8000

3 0 | 6000 | 9000

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[1,3]+ p[1-1]p[3]p[4] + m[3+1, 4]=8000+3000+0=11000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000 | 9000
2 0 | 6000 | 8000 | ??
3 0 | 6000 | 9000
4 0 | 4500 | 13500
5 0 | 4500
6 0

i
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000 | 9000
2 0 | 6000 | 8000 | 12000
3 0 | 6000 | 9000
4 0 | 4500 | 13500
5 0 | 4500
6 0

m[2,2]+ p[2-1]p[2]p[5] + m[2+1,5]=0+3000+9000=12000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000 | 9000
2 0 | 6000 | 8000 | 12000
3 0 | 6000 | 9000
4 0 | 4500 | 13500
5 0 | 4500
6 0

m[2,3]+ p[2-1]p[3]p[5] + m[3+1,5]=6000+4500+4500=15000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000 | 9000
2 0 | 6000 | 8000 | 9500
3 0 | 6000 | 9000
4 0 | 4500 | 13500
5 0 | 4500
6 0

m(2,4]+ p[2-1]p[4]p[5] + m[4+1,5]=8000+1500+0=9500
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Simulacao
pl0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6

1 0 2000 | 8000 | 9000

2 0 6000 | 8000 | 9500

3 0 6000 | 9000 27

4 0 4500 | 13500
5 0 4500

6 0

i
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000
2 0 | 6000 | 8000 | 9500
3 0 | 6000 | 9000 | 31500
4 0 | 4500 | 13500
5 0 | 4500
6 0

m[3,3]+ p[3-1]p[3]p[6] + m[3+1,6]=0+18000+13500=31500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000
2 0 | 6000 | 8000 | 9500
3 0 | 6000 | 9000 | 16500
4 0 | 4500 | 13500
5 0 | 4500
6 0

m[3,4]+ p[3-1]p[4]p[6] + m[4+1,6]=6000+6000+4500=16500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000
2 0 | 6000 | 8000 | 9500
3 0 | 6000 | 9000 | 16500
4 0 | 4500 | 13500
5 0 | 4500
6 0

m[3,5]+ p[3-1]p[5]p[6] + m[5+1,6]=9000+9000-+0=18000
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Simulacao
pl0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6

1 0 2000 | 8000 | 9000 27

2 0 6000 | 8000 | 9500

3 0 6000 | 9000 | 16500
4 0 4500 | 13500
5 0 4500

6 0

i
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000 | 9000 | 11000

2 0 | 6000 | 8000 | 9500

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[1,1]+ p[1-1]p[1]p[5] + m[1+1,5]=0+1500+9500=11000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000 | 9000 | 11000

2 0 | 6000 | 8000 | 9500

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[1,2]+ p[1-1]p[2]p[5] + m[2+1,5]=2000+3000+9000=14000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000 | 9000 | 11000

2 0 | 6000 | 8000 | 9500

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[1,3]+ p[1-1]p[3]p[5] + m[3+1,5]=8000+4500+4500=17000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6 J
1| 0 | 2000 | 8000 | 9000 | 10500
2 0 | 6000 | 8000 | 9500
3 0 | 6000 | 9000 | 16500
4 0 | 4500 | 13500
5 0 | 4500
6 0

m[1,4]+ p[1-1]p[4]p[5] + m[4+1,5]=9000+1500+0=10500
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p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

Simulacao

1 2 3 4 5 6
1 0 2000 | 8000 | 9000 | 10500
2 0 6000 | 8000 | 9500 ??
3 0 6000 | 9000 | 16500
4 0 4500 | 13500
5 0 4500
6 0

i
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000 | 10500

2 0 | 6000 | 8000 | 9500 | 22500

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[2,2]+ p[2-1]p[2]p[6] + m[2+1,6]=0+6000+16500=22500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000 | 10500

2 0 | 6000 | 8000 | 9500 | 22500

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[2,3]+ p[2-1]p[3]p[6] + m[3+1,6]=6000+9000+13500=28500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000 | 10500

2 0 | 6000 | 8000 | 9500 | 15500

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[2,4] + p[2—1]p[4]p[6] + m[4+1,6]=8000+3000+4500=15500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000 | 10500
2 0 | 6000 | 8000 | 9500 | 14000
3 0 | 6000 | 9000 | 16500
4 0 | 4500 | 13500
5 0 | 4500
6 0

m[2,5]+ p[2-1]p[5]p[6] + m[5+1, 6]=9500+4500+0=14000
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p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

Simulacao

1 2 3 4 5 6
1 0 2000 | 8000 | 9000 | 10500 | ??
2 0 6000 | 8000 | 9500 | 14000
3 0 6000 | 9000 | 16500
4 0 4500 | 13500
5 0 4500
6 0

i
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000 | 10500 | 17000

2 0 | 6000 | 8000 | 9500 | 14000

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[1,1]+ p[1-1]p[1]p[6] + m[1+1,6]=0+3000+14000=17000
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000 | 10500 | 17000

2 0 | 6000 | 8000 | 9500 | 14000

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[1,2]+ p[1-1]p[2]p[6] + m[2+1,6]=2000+6000+16500=24500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000 | 10500 | 17000

2 0 | 6000 | 8000 | 9500 | 14000

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[1,3]+ p[1-1]p[3]p[6] + m[3+1,6]=8000+9000+13500=30500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000 | 10500 | 16500

2 0 | 6000 | 8000 | 9500 | 14000

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[1,4]+ p[1-1]p[4]p[6] + m[4+1,6]=9000+3000+4500=16500
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Simulacao

p[0]=10 p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

1 2 3 4 5 6
1| 0 | 2000 | 8000 | 9000 | 10500 | 15000

2 0 | 6000 | 8000 | 9500 | 14000

3 0 | 6000 | 9000 | 16500

4 0 | 4500 | 13500

5 0 | 4500

6 0

m[1,5]+ p[1-1]p[5]p[6] + m[5+1,6]=10500+4500+0=15000
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p[0]=10

6

i
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p[1]=10 p[2]=20 p[3]=30 p[4]=10 p[5]=15 p[6]=30

Simulacao

1 2 3 4 5 6
0 2000 | 8000 | 9000 | 10500 | 15000
0 6000 | 8000 | 9500 | 14000
0 6000 | 9000 | 16500
0 4500 | 13500
0 4500

J
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Algoritmo de programacao dinadmica
Recebe p[0.. n] e devolve m[1, n].

MATRIX-CHAIN-ORDER (p, n)

1 para i< 1 até n faca
2 m(i,i] <0
3 para ¢ < 2 até n faca
4 para i< 1 até n—¢+1 faca
5 je—i+l-1
6 m(i,j] < oo
7 para k < | até j—1 faca
8 q — mli, K]+ pli - 1]p[K]plj] + m[k+L,j]
9 se g < m[i,j]
10 entdo m[i,j] < q

11 devolva m[1,n]
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Corregao e consumo de tempo

Linhas 3-10: tratam subcadeias A;---A; de comprimento ¢
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Corregao e consumo de tempo

Linhas 3-10: tratam subcadeias A;---A; de comprimento ¢

Consumo de tempo: 777
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Corregao e consumo de tempo

Linhas 3-10: tratam subcadeias A;---A; de comprimento ¢

Consumo de tempo: O(n?) (trés loops encaixados)
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Corregao e consumo de tempo

Linhas 3-10: tratam subcadeias A;---A; de comprimento ¢
Consumo de tempo: O(n?) (trés loops encaixados)
Curioso verificar que consumo de tempo é Q(n3):

Ndmero de execucdes da linha 8:
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Corregao e consumo de tempo

Linhas 3-10: tratam subcadeias A;---A; de comprimento ¢
Consumo de tempo: O(n?) (trés loops encaixados)
Curioso verificar que consumo de tempo é Q(n3):

Ndmero de execucdes da linha 8:

¢ i execs linha 8
2 1,...,n-1 (n=1)-1
3 1,...,n=-2 (n=2)-2
4 1,...,n-3 (n=3)-3
n-1 1,2 2-(n=2)
n 1 1-(n-1)

total Y 7= h(n—h)
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Consumo de tempo

Paran>6, Y "1h(n-h) =

nY iih — Yhih?

= n%n(n -1)- %(n —1)n(2n—=1) (ctRrs p.1060)

> %nz(n— 1)— %2n3

19250 1.3
> §n ?—§n
_ 5.3 1.3
= ph—3n
_ 1.3
= 12”.

Consumo de tempo é Q(n®)
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Conclusao

O consumo de tempo do

algoritmo MATRIX-CHAIN-ORDER é O(n?).
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Versao recursiva eficiente

MEMOIZED-MATRIX-CHAIN-ORDER (p, n)
1 parai< 1 até nfaca

2 para j < 1 até n faca

3 m[i,j] < oo

4 devolva LOOKUP-CHAIN (p,1,n)
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Versao recursiva eficiente

LOOKUP-CHAIN (p, i, )
1 se m[i,j]<oo

2 entdo devolva m[/, /]
3 sei=j
4 entdo m[i,j] <0
5 sendo para k < i até j—1 faca
6 q < LOOKUP-CHAIN (p, i, k)
7 + pli-1]p[k]pl/]
8 + LOOKUP-CHAIN (p, k+1, )
9 se g < m[i,j]
10 entdo m[i,j] < q

11 devolva ml[i, ]
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Versao recursiva eficiente

LOOKUP-CHAIN (p, i, )
1 se m[i,j]<oo

2 entdo devolva m[/, /]
3 sei=j
4 entdo m[i,j] <0
5 sendo para k < i até j—1 faca
6 q < LOOKUP-CHAIN (p, i, k)
7 + pli-1]p[k]pl/]
8 + LOOKUP-CHAIN (p, k+1, )
9 se g < m[i,j]
10 entdo m[i,j] < q

11 devolva ml[i, ]
Quanto tempo consome?
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Versao recursiva eficiente

LOOKUP-CHAIN (p, i, )
1 se m[i,j]<oo

2 entdo devolva m[/, ;]
3 sei=j
4 entdo m[i,j] <0
5 sendo para k < i até j—1 faca
6 q < LOOKUP-CHAIN (p, i, k)
7 + pli-1]p[k]pl/]
8 + LOOKUP-CHAIN (p, k+1, )
9 se g < m[i,j]
10 entdo m[i,j] < q

11 devolva ml[i, ]

Quanto tempo consome?
Como encontrar uma parentizagdo 6tima?
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Ingredientes de programacao dinamica

> Subestrutura étima: solucdes 6timas contém solucdes Gtimas
de subproblemas.

» Subestrutura: decomponha o problema em subproblemas
menores e, com sorte, mais simples.

» Bottom-up: combine as solu¢des dos problemas menores para
obter solucoes dos maiores.

» Tabela: armazene as soluces dos subproblemas em uma
tabela, pois solucdes dos subproblemas sdo consultadas varias
vezes.

» Nimero de subproblemas: para a eficiéncia do algoritmo é
importante que o niimero de subproblemas resolvidos seja
‘pequeno’.

» Memoized: versdao top-down, recursao com tabela.

Andlise de Algoritmos — 2° sem 2025 86 /89



Exercicio

O algoritmo MATRIX-CHAIN-ORDER determina o niimero minimo
de multiplicacdes escalares necesséario para calcular produto
AlAy---A,.

Na aula, mencionamos uma maneira de obter uma parentizacio
6tima a partir dos célculos feitos, usando para isso um dado a mais
que podemos guardar no decorrer do algoritmo.

Faca os ajustes sugeridos na aula, de modo a guardar esse dado
extra, e devolvé-lo junto com o valor m[1, n].

Faca uma rotina que recebe a informacao extra armazenada pelo
algoritmo acima e imprime uma parentizacao 6tima das matrizes
AiAr--- A,
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Exercicios

Exercicio 13.A [CLRS 15.2-1]
Encontre a maneira 6tima de fazer a multiplicacdo iterada das
matrizes cujas dimensdes s3o (5,10,3,12,5,50,6).

Exercicio 13.B [CLRS 15.2-5]
Mostre que sdo necessarios exatamente n—1 pares de parénteses

para especificar exatamente a ordem de multiplicacdo de
Ap-Ay- A,

Exercicio 13.C [CLRS 15.3-2]

Desenhe a arvore de recursdo para o algoritmo MERGESORT
aplicado a um vetor de 16 elementos. Por que a técnica de

programacdo dindmica n3o é capaz de acelerar o algoritmo?
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Mais exercicios

Exercicio 13.D [CLRS 15.3-5 expandido]

Considere o seguinte algoritmo para determinar a ordem de
multiplicacdo de uma cadeia de matrizes A, Ay,..., A, de
dimensoes pg, p1,...,Ps: primeiro, escolha k que minimize py;
depois, determine recursivamente as ordens de multiplicacao de
Al Ak e Agsts---, A, Esse algoritmo produz uma ordem que
minimiza o nimero total de multiplicacGes escalares? E se k for
escolhido de modo a maximizar p,? E se k for escolhido de modo
a minimizar py?

Exercicio 13.E

Prove que o niimero de execucdes da linha 9 em Martrix-Crain-Orper
é O(n3).
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