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Introduction

Two classes of trees

according to average height

1. logn-trees: binary search trees, digital search trees, recursive
trees, increasing trees

2. v/n-trees: simply generated trees, Pdlya trees



Historical Remarks

e Stepanov '69: Cayley trees, limiting distribution of level sizes,
density and moments

o Kennedy '75, Kolchin '75, Takacs '91: simply generated trees,
limiting density

e Aldous '91: simply generated trees, two conjectures for func-
tional limit theorems, relation to Brownian excursion

e Drmota and G. '97, G. '99, Pitman '99: Proof of Aldous’
conjectures



Historical Remarks

Representations of the Brownian excursion local time

e Getoor and Sharpe '79: double Laplace transform
approach directly via Brownian functionals

e Cohen and Hooghiemstra '82:
M/M/1 queues

e Knight '82: convolution formula

e Louchard '84: Laplace transform, Kac formula



Historical Remarks

Extensions:

e Pavlov 80ies, 90ies: random forests

e Drmota '96: nodes of fixed degree, functional limit theorems

e G. '02: functional limit theorem for simply generated forests



Historical Remarks

Extensions:
e Pavlov 80ies, 90ies: random forests
e Drmota '96: nodes of fixed degree, functional limit theorems
e G. '02: functional limit theorem for simply generated forests
Other tree classes:

e Chauvin, Drmota, Jabbour-Hattab 01, Drmota 04, Drmota
and Hwang 2005: binary search trees

e Hwang et al. 2006, 2007: recursive trees, increasing trees



Brownian Excursion and Local Time

W(t) ... Brownian motion (Wiener process)
e PIW(0)=0]=1

o for 0 < tg <ty < -+ <ty the increments W(t;) — W(t;,_1) are
independent

o for 0 < s <t the random variable W; — W ~ N (0, t — s)

e(t) = (W (#)|W (1) = 0) Brownian excursion
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Brownian Excursion and Local Time

1

/I p)(e(s)) ds ... occupation time of [a, b]
O Y

local time:

e—0

1
(k) = lim % [ Ty (o)) ds
0]



Brownian Excursion and Local Time

1
J 1 b](e(s))ds ... occupation time of [a, b]
0 Y

local time:
1
() = lim = O/ T ppe (e(s)) ds
or(t) ... characteristic function
Then
\/7 t\/ se V—2s
K t _ 1 Sd
Pelt) =1+ \/7[Y\/ sefV—2s Zt\/_Slnh(li\/—QS) i

where ~ is a straight line parallel to R -4



Generating Functions

YVn class of trees of size n

yn ... humber of trees of size n
y(x) ... generating function of the sequence yn,
y(z) = ) ynz"
n>1

Y simply generated trees

y(xz) = zp(y(z))

Polya trees:

y(2) = 26V exp (z y@)

i>2



Generating Functions

Pdolya trees:

y(x) = 2e¥®) exp (Z y(xz))

i>2 ¢

Polya '37: radius of convergence p, 0 < p < 1,
x = p only singularity on circle of convergence

Otter '48: y(p) =1
y(@) =1-blp—a)? +clp—a) +dlp—2)>2 + -,

with b~ 2.681, ¢ = b2/3 ~ 2.396, p ~ 0.338.

Hence
b _ _
yn ~ VP =3/2 on
N



T he Profile

Ln(k) number of nodes at distance k£ from the root of an unlabeled
rooted tree of size n

Y
Y



T he Profile — Results

Theorem 1 Let
In(k) = TLn (/if)

Then we have in C[0, c0)

(In(8))is0 - ?( ( § ))
t>0

as n — oo, where b and p are the constants in

y(x) ~ 1 —b(p— )12, T — p.



T he Profile — Results

Theorem 2 Let I,(t) as before.

Then, as n — oo, for any choice of fixed tq1,...,1t4

(Un(s1)s o In(sg)) 2 j( ( v ) (Z§ ))

Theorem 3 For all n,r,h > 0 and some C' > 0 we have

E(Ln(r) — Ln(r + h))* < Ch2n

and therefore the processes (In(t));>0 are tight.



T he Profile — Combinatorial Setup

Ln(k) number of nodes at distance k£ from the root of an unlabeled
rooted tree of size n

? Ynm ... humber of trees in )V, with m nodes
in level k

yp(T,u) = Z Z Ynmz u'



T he Profile — Combinatorial Setup

—> the generating function y,(xz,u) is given by

yo(z,u) = uy(z)
yp+1(x,u) = zexp (yk(:c,u) + Z yk(ajz’uz)) , k>0

i>2 v

char. function of \/LﬁLn(k):

Pron (1) = yin[x”]yk (w, et/Vm)



T he Profile — Combinatorial Setup

the sequence y,(x,u) satisfies

im y(z,u) = y(z)

k— 00

hence define

wk(a:,u) — yk(xau) — y(ZC)

T hen

im wg(z,u) =0, wi(x,1) =0

k— o0



T he Profile

Get more precise information and use

singularity analysis to determine

brn(1) = Ll (,e"/V7)
i (/)

dx

-
N

|/

1
¢ >  27iyn y{ gntl
Notice:

yl{:(aza u) — y(m) + wk($7u)



The Profile — Local Behaviour of wy

Theorem 3 Setx =p (1 + %), u= et/ | = K+/T0.
Assume s = O (log"), t =0 (1), n — oo.

Then wi(xz,u) admits the local representation

y(z)*wo

wk(x7u> —
- wo (50 + (e w)) (14O (wo))

where
w xi,ui
k ZiZQ o( )

fr(z,u) = ) L—y(a)"

/=0 wﬁ(xa U)Q

wo = (u—Dy(x), y(@)~1-byp/p—z



T he Profile — Idea of the Proof

Idea of the Proof

wpt1(2,u) = y(2) (exp (wk<z,u> 4y s "’”) - 1)

i>2 ¢
Lemma 1 |z| < p?+¢, |u| =1 = there exists 0 < L < 1 with

lwg(z, )| < Clu— 1] - |z - L

Consequence: sums like

Z wy(zt, ut)

i>2 t

behave relatively nicely.



T he Profile — Idea of the Proof

Lemma 2 Under the assumption of Theorem 2 we have

wi (2, u)| < Cqlwolly(2)|
and

wi (2, u)| > Calwolly(2)|F(1 — Cze)”

—> wo(x,u) fr.(x,u) is bounded



T he Profile — Idea of the Proof

Lemma 2 Under the assumption of Theorem 2 we have

lwy (2, w)| < C1lwol|ly(2)|F
and

wi (2, u)| > Colwolly(2)|F(1 — Cze)”

—> wo(x,u) fr.(x,u) is bounded
and

wy. and f;. have square root type singularities w.r.t. x, in particular,

T

woli( u) = (u—1)y(a) i@, u) = C1 () + Calr,w) 1=

and

lim fr(z,u) = cg
k— 00



T he Profile — Idea of the Proof

Lemma 3 For k ~ ky/n we have Lp(k) — Al(Bk).

1 Y,
(1 —co)by/2p 2v/2




T he Profile — Normalisation

We have
ELn(k) = [z ()

with
0

Ye(x) = a—yk(fﬂ, u)
U u=1

It can be shown that ~i(z) ~ C(z)y(x).

But

E) Ln(k)=n — C(z) ~ 2y (2)(1 - y(2))
k



T he Profile — Normalisation

We have
ELn(k) = [z"]v,(x)

with
0

() = -y,
u u=1

It can be shown that ~.(z) ~ C(z)y(x).

But

E) Ln(k)=n — C(z) ~ zy'(z)(1 — y(=))
k

— 1iMp—oo ELn(k) = E(AL(Bt)) with A= B = %



Tightness

Tightness follows from

E (Ln(r) — Ln(r + h))P < C (hv/n)®

for all non-negative integers n,r,h and some a>1, 3> 0

We also know that showing

E (Ln(r) — Ln(r + h))* < Ch%n

doable for simply generated trees.



Tightness

GF encoding the bivariate distribution of L, (k), Ln(k+m) is yi,,,(x, u, v)
with

yo,m(z, u,v) = uym(z,v)

~ zh ul, o
Uk+1,m (T, u,v) = T EXp (Z Gk , )) . k>0.

i>1 t

Hence tightness follows from
52 o3 o4 1 h2
"] [<8u+ Ou? +6 + > rh(x’u’u)]uzl_ \/ﬁp
and therefore from
5, 02 o3 o4 1 h2
(a +7_+6_+_) Th(x,u,_)] :o( )
U ou? u/ |,—=1
for x € A.




The Height

yfq,k) ... number of trees with n nodes and height at most k

yp(z) = Xp>1 y ()
Then
yo(z) =0
Yr+1(z) = zexp (Z yk(i:z;i)> . k>0.
i>1

— yi(z) = yp(z,0)

w(x) 1= wi(z,0) = y(z) —yp(x) = > P{Hp > k} ynz"
n>0



The Height

Theorem 4 Let k = ky/n. Then, as n — oo, we have

—y ()"
11—y(z)"
21Gy +O(VE)
uniformly for |x — p| = O (1/4/n) such that x € A.

wi () =

Thanks to Flajolet, Odlyzko '82
and Flajolet, Gao, Odlyzko, Richmond '95 this is enough.



The Height

Theorem 5 Let H, denote the height of a tree of size n. Then

Moreover, if we set 3 = fb\\rr then

(h) 5
Yn n m>1



The Height

Theorem 5 Let H, denote the height of a tree of size n. Then

Moreover, if we set 3 = fb\\rr then

(h) 5
Yn n m>1

LLarge deviation results by Broutin & Flajolet 2008
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