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Abstract: New applicationof the Full BayesianSignificanceTest (FBST) for
precisehypothesesis presented.TheFBSTis analternative to significancetests
or, equivalently, to p-values. In theFBSTwecomputetheevidenceof theprecise
hypothesis. This evidenceis the complementof the probability of a credible
set“tangent” to the sub-manifold(of the parameterspace)that definesthe null
hypothesis.WeusetheFBSTto comparecoefficientsof variation,in applications
arisingin financeandindustrialengineering.
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1. INTRODUCTION

TheFull BayesianSignificanceTest(FBST) is presentedin Pereiraet al. (1999b)asa co-
herentBayesiansignificancetest.TheFBSTis intuitiveandhasageometricinterpretation.
It canbe easily implementedusingmodernnumericaloptimizationandintegrationtech-
niques.Themethodis “Full” Bayesianandconsistsin theanalysisof crediblesets.By Full
we meanthatwe needonly theknowledgeof theparameterspacerepresentedby thepos-
terior distribution, without the needfor any adhockery, a termusedby Good(1983),like
a positive probability for the precisehypothesis,generatingthe Lindley’s paradoxeffect.
Anotherimportantaspectof theFBSTis its consistency with the“benefitof doubt” juridi-
calprinciple.Theseremarkswill beunderstoodin thesequel.Importantissuesconcerning
invarianceanddimensionreductionareaddressedat thefinal remarks.

Significancetests,Cox (1977),areregardedasproceduresfor measuringtheconsis-
tency of datawith anull hypothesisby thecalculationof ap-value(tail areaunderthenull
hypothesis).Previously definedBayesiansignificancetests,like BayesFactoror thepos-
terior probability of the null hypothesisconsiderthep-valueasa measureof evidenceof
thenull hypothesisandpresentalternative Bayesianmeasuresof evidence,Aitkin (1991),
Bergeretal. (1987)and(1997),Irony etal. (1986)and(1995),Pereiraetal. (1993),Sellke
etal. (1999).As pointedout in Cox(1977),thefirst difficulty in definingthep-valueis the
way thesamplespaceis orderedunderthenull hypothesis.Pereiraet al. (1993)suggested
a p-valuethat alwaysconsidersthe alternative hypothesis.To eachof thesemeasuresof�����



evidenceonecouldfind a greatnumberof counterarguments.The mostimportantargu-
mentagainstBayesiantestfor precisehypothesisis presentedby Lindley (1957).Thereare
many argumentsin theliteratureagainsttheclassicalp-value. Thebookby Royall (1997)
andits review by Vielandet al. (1998)presentinterestingandrelevantargumentsto start
statisticiansthinking aboutnew methodsof measuringevidence.In a morephilosophical
terms,Good(1983)discuss,in agreatdetail,theconceptof evidence.

2. THE EVIDENCE CALCULUS

Considertherandomvariable � that,whenobserved,producesthedata � . Thestatistical
spaceis representedby thetriplet �	��
��
���� where� is thesamplespace,thesetof possible
valuesof d, � is thefamily of measurablesubsetsof � and � is theparameterspace.We
definenow aprior model ����
���
���� , which is aprobabilityspacedefinedover � . Notethat
this modelhasto be consistent,so that ����� �"!$#&% turnsout to be well defined. As usual
afterobservingdata � , we obtaintheposteriorprobabilitymodel ����
'��
��)(*� , where �+( is
theconditionalprobabilitymeasureon B giventheobservedsamplepoint, � . In this paper
we restrictourselvesto thecasewherethefunction �+( hasa probabilitydensityfunction,, �-#.!���� .

To defineourprocedureweshouldconcentrateonly ontheposteriorprobabilityspace����
���
'� ( � . Firstwewill define/10 asthesubsetof theparameterspacewheretheposterior
densityis greaterthan 2 . /30546�*#�78�9! , �	#:!����:;<2=%
Thecredibility of / 0 is its posteriorprobability,> 4 ?A@CB , �	#.!D�A�D�E#�4 ?AF , 0G�-#.!�������#
where

, 0 �	H+�I4 , �-H)� if
, �-H+�:;92 andzerootherwise.

Now, we define
,1J

asthemaximumof theposteriordensityover thenull hypothesis,
attainedat theargument# J ,# J 7LK��*M.NPOCQRTS F1U , �	#.!D�A�V
 , J 4 , �-# J !D�A�
anddefine/ J 4W/3XCY astheset“tangent”to thenull hypothesis,Z , whosecredibility is > J .

Themeasureof evidenceweproposein thisarticleis thecomplementof theprobabil-
ity of theset / J

. Thatis, theevidenceof thenull hypothesisis[]\ �^Z8�I4 �:_ > J or
�:_ � ( �-/ J �

If theprobabilityof theset / J
is “large”, it meansthatthenull setis in aregionof low

probabilityandtheevidencein thedatais againstthenull hypothesis.Ontheotherhand,if
theprobabilityof / J

is “small”, thenthenull setis in a region of high probabilityandthe
evidencein thedatais in favor of thenull hypothesis.

Although the definition of evidenceabove is quite general,it wascreatedwith the
objectiveof testingprecisehypotheses.Thatis, a null hypothesisfor which thedimension
is smallerthanthatof theparameterspace,i.e. ��`bac���ed*�gfh�E`�ac����� .
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3. NUMERICAL COMPUTATION

In thispapertheparameterspace,� , is alwaysasubsetof j�k , andthehypothesisis defined
asa further restrictedsubset�ed<lm�onpj k . Usually, �ed is definedby vectorvalued
inequalityandequalityconstraints:

� d 4q�r#s78�9!bM3�-#E�gt9uwvyxG�-#��I4Wuz%E{
Sincewe areworking with precisehypotheses,we have at leastoneequalityconstraint,
hence��`bac���ed �gf9�E`ba|�b��� .

Thecomputationof theevidencemeasuredefinedin the lastsectionis performedin
two steps,a numericaloptimizationstep,anda numericalintegrationstep.At thenumeri-
cal steps,we operatewith theposteriorprobabilitydensityfunction,

, �	#.!D�A� , representing
thestateof uncertaintyat themomentof evaluation.Hence,afterthe(posterior)Bayesian
updateprocess,the sample� playsno further role. Computationally, the posterioris op-
timized and integratingover the parameterspace,whereasthe observation data, � , or a
sufficientstatisticof it, is aconstantlist. To emphasizethispointwewrite

, �-#.!���� as
, �-#E� .

Thenumericaloptimizationstepconsistsof findinganargument# J thatmaximizesthe
posteriordensity

, �	#E� underthe null hypothesis.Thenumericalintegrationstepconsists
of integratingtheposteriordensityover theregionwhereit is greaterthan

, �-# J � . Thatis,} NumericalOptimizationstep:

# J 7~KE�*MwNPOCQR�S F U , �-#E�I
~2|4 , J 4 , �	# J �
} NumericalIntegrationstep:

> J 4 ? F , 0��	#E�D�E#
where

, 0��-H)�I4 , �	H+� if
, �	H+��;92 andzerootherwise.

Efficient computationalalgorithmsareavailablefor local andglobaloptimizationas
well as for numericalintegration in Fletcher(1987), Horst et al. (1995), Pinter (1996),
Krommeret al. (1998),Nemhauseret al. (1989),andSloanet al. (1994).Computercodes
for severalsuchalgorithmscanbefoundatsoftwarelibrariessuchasNAG andACM, or at
internetsitesaswww.ornl.org.

We noticethat the methodusedto obtain / J
andto calculate> J canbe usedunder

generalconditions.Our purpose,however, is to discussprecisehypothesistesting,under
absolutecontinuity of the posteriorprobability model, the casefor which mostsolutions
presentedin theliteraturearecontroversial.
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4. COEFFICIENTOFVARIATION APPLICATIONS

TheCoefficientof Variation(CV) of arandomvariable� is definedastheratio �]���	���V4� �-�|�'� [ �-��� , i.e. the ratio of its standarddeviation to its mean. We want to test the
hypothesisthat two normalrandomvariables,with unknown meanandvariance,have the
sameCV: �|�������-a � 
 � � �V
G�8�.�W�"�-a � 
 � � �I
�Z d�� � � � a � 4 � � �Ca �

Wewerefacedwith thenecessityof testingthishypothesisin two occasions.Thefirst
applicationinvolvesthecalibrationof asensordevice. Themanufacturerclaimsthat,within
a certainrange,thesensorreadingshave a constantCV. A proposedcalibrationprocedure
makes useof this hypothesis,so it is necessaryto test it first. The secondapplication
concernsthecertificationof anautomatictradingsoftware.Thesoftwarematchesbuy and
sell ordersat a proposedvirtual stockexchange. The software is supposedto be “f air”
in the senseof giving equaltreatmentto small and large orders,moreprecisely, the CV
of orders’ executionprice shouldbe constant. We had full accessneitherto the sensor
projectnor thetradingsoftwaresourcecode,dueto pendingpatents,industrialsecrets,and
securityreasons.We couldhowevergetsomeexperimentalreadings,in thefirst case,and
have someinformationon executed“probeorders”,in thesecondcase.Both casesimply
testingthehypothesisstatedabove.

4.1ConjugateFamily

It canbeshown that theconjugatefamily for this problemis family of bivariatedistribu-
tions,wheretheconditionaldistribution of themeana , for a fixedprecision�s4 � � � � , is
normal,andthemarginal distribution of theprecision� is gamma,DeGroot(1970),Lind-
ley (1978).Usingthestandardimproperpriors,uniformon � _�� 
�� ���

for a , and
� �C� on��uz
� ���

for � , we gettheposteriorjoint distribution for a and � :, �-a|
��:!$H)�I��� ���*H���� _:� �&�-a _��H3�D� � i ���*H��G� _.� ���$���*�1�
Hy4 � H � {T{r{�H k �)
 Ks4 �L_<�i 
 �H54 �� k¡ ¢¤£

� H
¢ 
 � 4 � i k¡ ¢¥£

� �-H
¢ _��H3� �

Given two samples,H � 4 � H ��¦ � {r{T{�H �¦ k�§ � and, H � 4 � H ��¦ � {T{r{DH �T¦ k�¨ � it is better, for
numericalstability, to optimizethelog-likelihood,,)© �-a � 
'� � 
'a � 
�� � ! � � 
 �H � 
 � � 
 � � 
 �H � 
 � � �V4� � � � ie_<� � ©^ª M)�	� � � _c� � � � _ � � � � � � i ���-a � _«�H � �D��s� � � � i¬_<� � ©^ª M)�	� � � _c� � � � _ � � � � � � i ���-a � _�H � �D�
thehypothesisbeingrepresentedby theconstraintM)�	a � 
�� � 
'a � 
�� � �I4haL�� � � _ ay�� � � 4�u
Thegradientsof

,)© ��� and M3��� have easyanalyticalexpressions,that canbe givento the
optimizer:� ,)© 4 ��_:� � � � �-a � _��H � �I
g� � � � i¬_<� �'� � � _c� � _ � � � � i ���	a � _«�H � �D�e
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_|� � � � �	a � _«�H � �I
g� � � � i¬_9� ��� � � _c� � _ � � � � i ���	a � _�H � �D�I���M 4 � i a � � � 
�a � � 
 _.i a � � � 
 _ a �� �
4.2NumericalExamples

Figure1 illustratestheFBSTconstructionin asimplercase,namely, testingthehypothesis
thatcoefficient of variationis equalto a givenconstant,H � CV 4°¯ . We plot somelevel
curvesof theposteriordensityfunction,includingthelevel curve tangentto thehypothesis
manifold. At thetangency point, # J , theposteriordensityattainsits maximum,

,1J
, on the

hypothesis.The interior of the tangentlevel curve, / J
, includesall pointswith posterior

densitygreaterthan
,1J

, i.e. it is thehighestprobabilitydensitysettangentto thehypothesis.
In Figure1 we give theFBSTevidence,Ev �	Z8� , whentesting ¯s4±uz{ � with 3 samplesof
size

� 4 �r²
, mean

�Hy4 � u andstandarddeviations ³e4 � { uz
 � { � 
 and
� {µ´ .
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Figure 1. FBSTfor H: CV=0.1

The next two examplesin this sectioncomefrom the applicationsmentionedat the
beginningof this section.Let

� H ��¦ � 
�H �¦ � 
T{r{T{�
'H ��¦ kE§ � and
� H ��¦ � 
�H ��¦ � 
T{r{T{T
'H �T¦ k�¨ � besamples

of two normaldistributeddata.A sufficientstatisticfor thenormaldistributionis thevector� � 
 �H�
³T� , i.e. the samplesize,the observationsmeanandstandarddeviation, where ³ � 4� � � � ��¶°�-H ¢ _~�H3� � . Wealwayshave
� ; i

, sotheposteriorlikelihoodfunctionis integrable
on theparameterspace.
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Tables1 and2 presentsensorreadingsandvalueof executedorders,two different
samplesin eachcase. The tablesalso presentthe FBST evidencefor the constantCV
hypothesis.Thefirst examplefavorsthenull hypothesis,whereasthesecondis againstit.

Table 1. Sensorreadings

Sample1
9.43 9.81 10.60 10.84 9.28
9.28 9.80 9.98 10.28 11.06
mean� 4 � uz{ u � std� 4�uz{ ²z�

Sample2
21.24 16.50 21.39 21.62 21.27
22.62 19.65 - - -
mean� 4 i uz{ ²Ei std� 4 � { · ²

Evidence�]� � ���]� � 4�u�{ ²E² []\ �	Z8�=4Wuz{ � ·
Table 2. Ordervalues

Sample1
8.65 9.70 6.10 10.95 10.23
8.82 8.69 7.84 9.90 10.76

10.31 10.10 9.87 10.66 10.90
mean� 4 � {µ´E¸ std� 4 � { �z�

Sample2
19.34 19.00 19.93 19.65 18.09
22.59 20.88 22.56 19.00 18.76
mean� 4 �*� { � · std� 4 � { ® ·

Evidence�]� � ���]� � 4 � { · ² []\ �	Z8�=4Wuz{ � u
5. FINAL REMARKS

The theorypresentedin this paper, grew out of the necessityof the authors’activities in
therole of audit,controlor certificationagents,PereiraandStern(1999a).Theseactivities
madethe authors(sometimespainfully) awareof the benefitof doubtjuridical principle,
or safeharborliability rule. This kind of principle establishesthat thereis no liability as
long asthereis a reasonablebasisfor belief,effectively placingtheburdenof proof on the
plaintiff, who, in a lawsuit, mustprove falsea defendant’smisstatement.Sucha rule also
preventstheplaintiff from makingany assumptionnotexplicitly statedby thedefendant,or
tacitly implied by existing law or regulation.Theuseof ana priori point masson thenull
hypothesis,ason standardBayesiantests,canberegardedassuchanadhocassumption.

As audit, control or certificationagents,the authorshad to checkcompliancewith
given requirementsandspecifications,formulatedasprecisehypotheseson contingency
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tables. In Pereiraet al. (1999b)we describeseveral applicationsbasedon contingency
tables,comparingthe useof FBST with standardBayesianandClassicaltests. The ap-
plicationspresentedin this paperarevery similar in spirit, but we arenot awareof any
standardexacttestin theliterature.Sometestsfor simplerhypothesison theCV aregiven
in Lehmann(1986).Theanalyticalderivationof thesetestsis quitesophisticated,whereas
theimplementationof FBSTis immediateandtrivial, aslongasgoodnumericaloptimiza-
tion and integration programsare at hand. In the applicationsin this paper, as well in
thosein Pereiraet al. (1999b),it is desirableor necessaryto usea testwith thefollowing
characteristics:} Be formulateddirectly in theoriginalparameterspace.} Takeinto accountthefull geometryof thenull hypothesisasamanifold(surface)

imbeddedin thewholeparameterspace.} Have an intrinsically geometricdefinition, independentof any non-geometric
aspect,like the particularparameterizationof the (manifold representingthe)
null hypothesisbeingused.} Beconsistentwith thebenefitof doubtjuridical principle(or safeharborliability
rule), i.e. considerin the“most favorableway” theclaim statedby thehypothe-
sis.} Consideronly theobservedsample,allowing no adhocartifice(thatcould lead
to judicial contention),likeapositiveprior probabilitydistributionontheprecise
hypothesis.} Considerthealternativehypothesisin equalstandingwith thenull hypothesis,in
thesensethat increasingsamplesizeshouldmake thetestconvergeto theright
(accept/reject)decision.} Give an intuitive and simple measureof significancefor the null hypothesis,
ideally, a probabilityin theparameterspace.

FBSThasall thesetheoreticalcharacteristics,andstraightforward(computational)imple-
mentation. Moreover, as shown in Madrugaet al. (2000), the FBST is also in perfect
harmony with the Bayesiandecisiontheoryof Rubin (1987), in the sensethat thereare
specificlossfunctionswhich rendertheFBST.

Finally, we remarkthat theevidencecalculusdefiningtheFBSTtakesplaceentirely
in theparameterspacewheretheprior wasassessedby thescientist,Lindley (1983). We
call it the “original” parameterspace,althoughacknowledgingthat the parameterization
choicefor thestatisticalmodelsemanticsis somewhatarbitrary. Wealsoacknowledgethat
theFBSTis not invariantundergeneralchangeof parameterization.

TheFBSTis in sharpcontrastwith thetraditionalschemesfor dimensionalreduction,
like theeliminationof socalled“nuisance”parameters.In these“reduced”modelsthehy-
pothesisis projectedinto asinglepoint,greatlysimplifying severalprocedures.Interesting
new work in this approachcanbe found in Evans(1997). However, problemswith the
traditionalapproacharepresentedin PereiraandLindley (1987).Thetraditionalreduction
or projectionschemesarealsoincompatiblewith the benefitof doubtprinciple,asstated
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earlier. In fact,preservingtheoriginalparameterspace,in its full dimension,is thekey for
theintrinsic regularizationmechanismof theFBST, whenit is usedin thecontext of model
selection,PereiraandStern(2000a andb).

Of course,thereis apriceto bepaidfor workingwith theoriginalparameterspace,in
its full dimension:A considerablecomputationalwork load.But computationaldifficulties
canbeovercomewith theuseof efficientcontinuosoptimizationandnumericalintegration
algorithms.Largeproblemscanalsobenefitfrom programvectorizationandparallelization
techniques.Dedicatedvectorizedor parallelmachinesmay be expensive andnot always
available,but most of the algorithmsneededcan benefitfrom asynchronousandcoarse
grainparallelism,a resourceeasilyavailable,althoughrarelyused,on any PCor worksta-
tion network throughMPI, PortableParallelProgrammingMessage-PassingInterface,or
similardistributedprocessingenvironments,Wilson andLu (1996).
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