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Chapter 1

Introduction

The study of holomorphic functions of several complex variables reveals a rich interplay
between geometry, topology, and complex analysis. Unlike the one–dimensional setting,
where the geometry of domains plays a relatively minor role, holomorphicity in multiple
complex variables is deeply influenced by the shape of the underlying domain. In particular,
a crucial class of domains called Reinhardt domains serves as a natural stage on which several
foundational results unfold.

Reinhardt domains arise naturally when studying power series in Cn. While a power
series in one complex variable converges inside a disk, its analogue in Cn converges inside
a domain displaying a strong symmetry: invariance under independent rotations of each
complex coordinate. This symmetry, together with a logarithmic change of variables, reveals
that the geometry of domains of convergence is governed by convex subsets of Rn that are
unbounded in certain directions. These logarithmically convex sets encode the exact growth
restrictions of the coefficients in a power series and enable a precise geometric description
of its domain of convergence.

The first objective of this text is to present a complete and self-contained discussion of
Reinhardt domains, beginning with the foundations of summation in Banach spaces and
the convergence of power series in several complex variables. We then use these tools to
describe in detail how the geometry of a Reinhardt domain is reflected in the convexity
properties of its logarithmic image, establishing the key equivalence between domains of
convergence and logarithmically convex Reinhardt domains.

A second objective is to explore holomorphic extension phenomena in such domains.
A classical theorem of Hartogs shows that holomorphic functions often extend far beyond
their initial domain of definition. In the specific context of Reinhardt domains, this exten-
sion phenomenon can be described with remarkable precision: every holomorphic function
on a Reinhardt domain extends to the smallest logarithmically convex Reinhardt domain
containing it. This powerful result relies on a geometric analysis of the domain, as well as
the construction of an explicit integral formula used to extract the coefficients of its Taylor
expansion.

Finally, we discuss an elegant bridge between analysis and representation theory. Since
Reinhardt domains are invariant under the natural action of the complex torus Tn, holo-
morphic functions defined on them admit a decomposition into Fourier modes associated
with the irreducible representations of the torus. The Peter–Weyl theorem then provides
a conceptual explanation for why holomorphic functions on complete Reinhardt domains
possess convergent power series expansions, and why these expansions take the precise
multi-indexed form ubiquitous in several complex variables.
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Throughout, we emphasize the geometric intuition behind the underlying structures and
present detailed proofs of the results. The goal is to provide a clear and coherent path from
the foundational definitions to the central theorems governing power series, logarithmic
convexity, and analytic continuation in Reinhardt domains.
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Chapter 2

Reinhardt Domains

2.1 Circular and Reinhardt domains

In this part of the text we define some useful terms and the main object of this text:
Reinhardt domains. Throughout this text, we denote the set of holomorphic functions over
a domain Ω ⊂ Cn as O(Ω).

2.1.1 Summation in Banach Spaces and Power Series

We begin by establishing what constitutes a power series in the context of Cn. Let (X, || · ||)
be a Banach space and Λ be a countable set.

Definition 2.1.1. Let (aα)α∈Λ be a countable family in X. This family is called absolutely
summable if there exists a bijection

τ : N → Λ

such that the series
∞∑
n=0

∥aτ(n)∥

converges.

From this definition, we can start to characterize modes of convergence and determine

ways of computing sums of the form
∑
α∈Λ

aα, starting from actually giving it meaning.

Lemma 2.1.1. Let (aα)α∈Λ be absolutely summable in the Banach space X. Then the
following holds:

1.

∞∑
n=0

aφ(n) converges for every bijection φ : N → Λ to the same limit, and we define

∑
α∈Λ

aα :=
∞∑
n=0

aφ(n)

Whenever this holds, we say
∑
α∈Λ

aα converges absolutely.
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2. If Λ = Nn, the limit can be computed from the homogeneous expansion

∑
α∈Λ

aα =

∞∑
k=0

 ∑
|α|=k

aα

 .

Proof. For item 1., since (aα) is absolutely summable, by definition there exists a bijection
τ : N → Λ such that

∞∑
n=0

∥aτ(n)∥ <∞.

Thus the series
∑∞

n=0 aτ(n) is absolutely convergent in X. Hence, given ε > 0, we can choose
N ∈ N such that for all m ≥ N ,

∞∑
k=m

∥aτ(n)∥ < ε

Let φ : N → Λ be any other bijection and let

Sp =

p∑
n=0

aφ(n), Sq =

q∑
n=0

aφ(n).

Then, since that for some M = M(N) ∈ N we have that for any p, q such that M < p < q
it follows that {φ(p), .., φ(q)} ⊂ τ(N ∩ [m,+∞[ ), for such p and q we have:

∥Sq − Sp∥ ≤
q∑

k=p

∥aτ(k)∥ < ε.

Thus, (Sn)n∈N is Cauchy in the Banach space X, so it converges. In order to show that this
limit is independent of the bijections N → Λ, we proceed in a similar manner.

Let φ,ψ : N → Λ be two bijections and let

Sn :=
n∑
k=0

aφ(k), Tm :=
m∑
k=0

aψ(k).

Fix ε > 0. Since (aα) is absolutely summable, choose N such that∑
n≥N

∥aτ(n)∥ <
ε

3
,

where τ : N → Λ is any enumeration whose existence comes from absolute summability.
Consider the finite set

FN := {τ(0), τ(1), . . . , τ(N − 1)}.

Every α ∈ FN appears somewhere in both rearrangements, i.e. there exist indices p(α) and
q(α) such that

φ(p(α)) = α, ψ(q(α)) = α.

Let
P := max

α∈FN

p(α), Q := max
α∈FN

q(α).
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Then for all n ≥ P and m ≥ Q, the partial sums Sn and Tm contain all terms aα with
α ∈ FN , and the only terms not shared by both sums come from indices in

Λ \ FN = {τ(n) : n ≥ N}.

Hence,

∥Sn − Tm∥ ≤
∑

α∈I\FN

∥aα∥ =
∑
n≥N

∥aτ(n)∥ <
ε

3
.

Thus, for all sufficiently large n,m, we have simultaneously:

∥Sn − Tm∥ <
ε

3
, ||Sn −

∞∑
k=1

aφ(k)|| <
ε

3
and ||Tm −

∞∑
k=1

aψ(k)|| <
ε

3
,

meaning

||
∞∑
k=1

aψ(k) −
∞∑
k=1

aφ(k)|| < ε, ∀ε > 0.

Therefore, the sums are equal.
Finally, since Nn =

⋃
k∈N{α ∈ Nn : |α| = k}, the equality stated in item 2. comes

simply by giving any enumeration to
⋃
k∈N{α ∈ Nn : |α| = k} such that the first n terms

contemplate the members of {α ∈ Nn : |α| = 1}, the next
(
n+1
2

)
terms group the members

of {α ∈ Nn : |α| = 2} and so on, and then invoking item 1.

Another useful (and intuitive, given what was done above) way to characterize absolute
convergence is by means of the following:

Lemma 2.1.2. The statements

1. The series
∑
α∈Λ

aα converges absolutely.

2. There exists a constant C ≥ 0 such that∑
α∈F

∥aα∥ ≤ C for all finite subsets F ⊂ I.

are equivalent.

Proof. If
∑

α∈Λ ∥aα∥ <∞, then for any finite F ⊂ I,∑
α∈F

∥aα∥ ≤
∑
α∈Λ

∥aα∥.

Thus, taking

C :=
∑
α∈Λ

∥aα∥

gives the desired bound.
Now, suppose 2. holds. Let τ : N → Λ be any bijection. For the partial sums

sn :=
n∑
k=0

∥aτ(k)∥,
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the summation index set {τ(0), . . . , τ(n)} is finite, so by assumption sn ≤ C for all n. Since
(sn)n∈N is nondecreasing and bounded above, it converges, hence

∞∑
n=0

∥aτ(n)∥ <∞,

which gives absolute summability of the family {aα}α∈Nn and, by the previous lemma, the
absolute convergence of

∑
α∈Λ aα.

We are ready to start the discussion on power series.

Definition 2.1.2. Let {cα}α∈Nn be a set of complex numbers. Then the series given by∑
α∈Nn

cα(z − a)α, (2.1)

is called a power series centered at a ∈ Cn.

The domain of convergence of a power series centered at 0, here noted as D0, is
the set of points z ∈ Cn for which the series is absolutely convergent at every point of a
neighborhood of z. For a general power series as in 2.1, its domain of convergence will
simply be Da := a+D0, D0 being the domain of convergence of

∑
α∈Nn cαz

α.
Of course, notice how a ∈ Da and the function f : Da → C given by

f(z) =
∑
α∈Nn

cα(z − a)α (2.2)

becomes naturally well-defined.
One of the first relevant facts that we can establish is the analyticity of the function

f . With this in mind, recall that if Ω ⊂ Cn is an open set and (aα)α∈Nn is a family of
functions aα : Ω → C, we say that a series

∑
α∈Nn aα(z) converges normally in Ω if∑

α∈Nn supK |aα(z)| converges for every compact K ⊂ Ω .
Normal convergence implies absolute and uniform convergence in any compact K ⊂ Ω,

and to see this, fix K ⊂ Ω compact and a point z ∈ K. Since the series of nonnegative
numbers

∑
α supz∈K |aα(z)| converges, given ε > 0 there exists a finite set F ⊂ Nn such

that ∑
α/∈F

sup
z∈K

|aα(z)| < ε.

For any finite sets G1, G2 ⊃ F , write

SGi(z) =
∑
α∈Gi

aα(z)

Then,

sup
z∈K

|SG1(z)− SG2(z)| = sup
z∈K

∣∣∣ ∑
α∈G1△G2

aα(z)
∣∣∣ ≤ ∑

α∈G1△G2

sup
z∈K

|aα(z)| ≤
∑
α/∈F

sup
z∈K

|aα(z)| < ε.

Thus, the net {SG} (over finite G ⊂ Nn) is uniformly Cauchy on K, and hence converges
uniformly on K. Therefore the series

∑
α aα(z) converges uniformly on every compact

K ⊂ Ω.
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This is important, for if each function aα is holomorphic in Ω, considering the sequence of

partial sums

 ∑
|α|=k

aα


k∈N

, each term is holomorphic, and since normal convergence means

this sequence converges uniformly in the compacts of Ω, the function z →
∑

α∈Nn aα(z) will
also be holomorphic in Ω (see, e.g., [Hör66], corollary 2.2.4).

Since polynomials are holomorphic, considering functions given by power series as in
2.2, if we manage to prove then, that power series converge normally in its domain of
convergence, we will have established their holomorphy. A clue in how to do this comes
from Abel’s lemma:

Lemma 2.1.3 (Abel). Consider the power series
∑
α∈Nn

cαz
α and the set

B0 := {z ∈ Cn : ∃C ≥ 0, |cαzα| < C, ∀α ∈ Nn}

as in the discussion at the beginning of this section. If w ∈ B0, then the power series
converges normally in the polydisc ∆(0, |w|) := {z ∈ Cn : |zj | < |wj |, 1 ≤ j ≤ n}.

Proof. Since w ∈ B0, for any α ∈ Nn we have that |cαwα| < C. Now, for z ∈ ∆(0, |w|), for
each j ∈ N ∩ [1, n] we can find 0 < kj < 1 such that |zj | < kj |wj |, and therefore, putting
k = (k1, ..., kn),

|cαzα| ≤ |cαkαwα| ≤ Ckα

But then, if q ∈ [0, 1[ is such that q ≥ |zj |, ∀j ∈ N∩ [1, n], for any finite F ∈ Nn, for any
compact K ⊂ ∆(0, |w|),

∑
α∈F

|zα| =
∑
α∈F

|z1|α1 ...|zn|αn ≤
n∏
j=1

∑
α∈F

qαj ≤
n∏
j=1

∞∑
i=1

qi =
1

(1− q)n
, ∀z ∈ K,

which means ∑
α∈F

sup
z∈K

|zα| ≤ C :=
1

(1− q)n

Therefore, by lemma 2.1.2 the series
∑

α∈Nn supz∈K |cαzα| converges absolutely, and there-
fore, the power series converges normally in the polydisc.

Given a power series
∑

α∈Nn cα(z − a)α, define Ba as the set of points in which, for
all α ∈ Nn, |cα(z − a)α| ≤ C for some constant C ≥ 0. Of course, Da is a subset of the
interior of Ba, B̊a, a fact seen simply by putting together the definition of Da and lemma
2.1.2. But, equality actually holds because, given z0 ∈ B̊a, Abel’s lemma gives normal
convergence of the power series in a polydisc centered in a and polyradius (|z01|, ..., |z0n|)
(here, z0 = (z01, ..., z0n)), which in turn means absolute convergence of

∑
α∈Nn cα(z − a)α,

for all z ∈ ∆(0, |z0|), and hence, Da ⊃ B̊a. Putting everything together, this means that
indeed the function z →

∑
α∈Nn cα(z−a)α is holomorphic in Da by our previous discussion.

2.1.2 Introducing Reinhardt Domains

The domains of convergence of power series in Cn are attached to a geometrical property in
Rn. Throughout this section, unless specified otherwise, for simplicity we will treat power
series of the form

∑
α∈Nn cαz

α with domain of convergence D = B̊, B = B0 being the set
described in Abel’s lemma (2.1.3). Then, the following holds:
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Theorem 2.1.1. Let

D∗ = {ξ : ξ ∈ Rn, (eξ1 , . . . , eξn) ∈ D}.

Then D∗ is an open convex set in Rn, and if ξ ∈ D∗ it follows that η ∈ D∗ if ηj ≤ ξj for
every j (this property will be henceforth referred to as downward closedness). Further, we
have z ∈ D if and only if |zj | ≤ eξj , j = 1, . . . , n, for some ξ ∈ D∗.

Before the proof, it is worth meditating about what this theorem is telling us. First of
all, the characterization of D as the set of points z = (z1, ..., zn) ∈ Cn such that |zj | ≤ eξj

for some ξ = (ξ1, ..., ξn) ∈ D∗ as a consequence gives that D is invariant by rotations on the
coordinates of its elements (after all, |zj | = |zjeθj | for some θj ∈ R), and each rotation can be
of a different angle for each coordinate, i.e., (z1, ..., zn) ∈ D implies (z!e

iθ1 , ..., zne
iθn) ∈ D,

∀(θ1, ..., θn) ∈ Rn. In other terms, the geometry of D is such that it only depends on the
”moduli” (|z1|, ..., |zn|) of its elements. Furthermore, this dependence is translated to D∗

by taking logarithms: z ∈ D imply (log |z1|, ..., log |zn|) ∈ D∗, and the shape of D can be
inferred by analyzing the set log(|D|), where |D| := {(|z1|, ..., |zn|) ∈ Rn : (z1, ..., zn) ∈ D},
which is a much simpler set since, according to the theorem, it is convex and extends
indefinitely in the negative coordinate directions. In order to visualize how to do such
inference, consider the figure.

ξ1

ξ2

D∗

Figure 2.1: A set in R2 that illustrates
the idea behind the properties of D∗ de-
scribed in theorem 2.1.1

The diagram of D∗ ⊂ R2 represents
all admissible pairs of logarithmic radii (log |z1|, log |z2|)
corresponding to points z = (z1, z2) lying in
a hypothetical domain D ⊂ C2. To recover
the shape of D, one exponentiates the picture:
each point (ξ1, ξ2) ∈ D∗ corresponds to the radii
(|z1|, |z2|) = (eξ1 , eξ2), and by rotating each ra-
dius independently through all angles one ob-
tains the full geometric shape of D ⊂ C2.

Furthermore, the location of (ξ1, ξ2) in the
diagram directly reflects properties of D. Large
values of ξj represent large moduli |zj |, so the up-
per boundary of D∗ indicates where points with
large radii cease to belong to D. Conversely, as
ξj → −∞, we have |zj | → 0; the fact that D∗

extends indefinitely toward −∞ in each coor-
dinate expresses that shrinking any coordinate
radius always keeps a point within the domain.

With all of this in mind, let us prove the
theorem.

Proof. (Theorem 2.1.1) Define B∗ by substitut-
ing B for D in the definition of D∗. Since D = B̊, it follows that D∗ = B̊∗. This follows
from the fact that Φ : (C \ 0})n → Rn given by

Φ(z) = (log |z1|, . . . , log |zn|)

is an open map and D∗ = Φ(D) = Φ(B̊) = ˚(Φ(B)) = B∗. This gives the openness of D∗

immediately.
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In order to see the openness of the application Φ, it is enough to check that the map
ϕ : C\{0} given by ϕ(z) = log |z| is open. Let U ⊂ C∗ be open and let z0 ∈ U . There exists
r > 0 such that B(z0, r) ⊂ U . Then,

|B(z0, r)| := {|z| : z ∈ B(z0, r)} = (|z0| − r, |z0|+ r) ∩ (0,+∞),

which is open relative to (0,+∞). Since log : (0,+∞) → R is an open map for being
continuous, strictly increasing and defined in an open interval of R , it follows that ϕ(U) is
open in R.

Therefore ϕ is an open map, and hence the product map Φ = (ϕ, . . . , ϕ) is open.
Now, if ξ, η ∈ B∗, by definition one can find C ≥ 0 so that

|cα| exp

 n∑
j=1

αjξj

 ≤ C and |cα| exp

 n∑
j=1

αjηj

 ≤ C for all α.

If λ, µ ≥ 0 and λ + µ = 1, elevating one inequality by λ and the other for µ and then
multiplying them, it follows that

|aα| exp

 n∑
j=1

αj(λξj + µηj)

 ≤ C.

Hence, λξ+µη ∈ B∗, for λξ+µη = (log |w1|, ..., log |wn|) with wk = exp(αk(λξk + µηk)),
(w1, ..., wn) ∈ B by the above inequality. In other words, B∗ is convex.

Let ξ ∈ D∗ and η ∈ Rn satisfy ηj ≤ ξj for all j. Because D∗ is open, there exists
t > 0 such that ξ − t(1, . . . , 1) ∈ D∗. Let N ≫ 1 and set v := (−N, . . . ,−N) ∈ Rn. Since
η ≤ ξ − t(1, . . . , 1), choose s ∈ (0, 1) such that

η = (1− s)
(
ξ − t(1, . . . , 1)

)
+ s v.

For N large enough we have v ∈ D∗ (because D∗ is open and unbounded towards −∞ in
every coordinate). Hence both ξ− t(1, . . . , 1) and v lie in D∗, and by convexity their convex
combination η also lies in D∗. Thus, D∗ is downward closed.

Finally, by definition, for z ∈ D then (log |z1|, . . . , log |zn|) ∈ D∗. Conversely, if |zj | ≤ eξj

for some ξ ∈ D∗, let η = (log |z1|, . . . , log |zn|). Then η ≤ ξ, and by downward closedness
η ∈ D∗, which means z ∈ D.

We give a special name for sets with the properties discussed above that domains of
convergence satisfy. The below definition of a Reinhardt domain given in many textbooks
is the one related to Reinhardt domains centered at 0. We first give this definition before
generalizing it.

Definition 2.1.3 (Reinhardt Domain centered at 0). An open set Ω ⊂ Cn is called a
Reinhardt Domain centered at 0 ∈ Ω if

(z1, z2..., zn) ∈ Ω =⇒ (eiθ1z1, e
iθ2z2, ..., e

iθnzn) ∈ Ω, ∀θ1, θ2, ..., θn ∈ R. (2.3)

A Reinhardt domain D centered at 0 is called complete if for any a ∈ Ω the polydisc of
polyradius |a| = (|a1|, |a2|, ..., |an|) and center 0 is contained in Ω, that is,

∆ (0, |a|) ⊂ Ω, (2.4)

where
∆ (0, |a|) = {z ∈ Cn | |zj | < |aj |, 1 ≤ j ≤ n}. (2.5)
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We can generalize the idea behind Reinhardt domains and change its center.

Definition 2.1.4 (Reinhardt Domain). An open set Ω ⊂ Cn is called a Reinhardt Do-
main centered at a ∈ Ω if

(z01 , z
0
2 ..., z

0
n) ∈ Ω =⇒ {z = (z1, ..., zn) | zj = aj + (z0j − aj)e

iθj , θj ∈ R, 1 ≤ j ≤ n} ⊂ Ω.
(2.6)

That is equivalent to take, for each coordinate, a circle with center aj and radius |z0j − aj |.
This type of domain is also called multiple-circular domain and if all θj are equal, it is
called a circular domain. If z0 ∈ Ω, with Ω Reinhardt, implies that

{z ∈ Cn | zj = aj + λj(z
0
j − aj), |λj | ≤ 1, 1 ≤ j ≤ n} (2.7)

also belongs to Ω, then it is called a complete multiple-circular domain.
A Hartogs domain is a special case of multiple-circular domain in which we set λj = 1

and aj = 1 for j ≥ 2.

We close this chapter with a collection of examples of Reinhardt domains.

• Let (d,Cn) a metric space with d : Cn × Cn → R be a metric given by d(z, w) =∑
j |zj −wj | for z = (z1, ..., zn) and w = (w1, ..., wn). Then every ball centered at the

origin is Reinhardt. To see this, we just compute (eiθ1z1, ..., e
iθnzn) and notice that it

has the same modulus as the original point.

• Let (d,Cn) a metric space with d : Cn × Cn → R be a metric given by d(z, w) =(∑
j |zj − wj |p

) 1
p
for z = (z1, ..., zn) and w = (w1, ..., wn). Again, every ball centered

at the origin is Reinhardt. This metric is called the Minkowski distance.

• Let || · || a norm over Cn. Then, if this norm is invariant under the action (2.3), any
ball centered at 0 induced by this norm is Reinhardt domain. In special, this holds
for the usual quadratic norm and for those associated with the Minkowski distance

• Let ∆ be a polydisc centered at 0 with polyradius |a|. Then it is a Reinhardt domain.
In order to prove this, we use the definition (2.5) and the fact that |eiθjzj | = |zj | < |aj |.

• Let Ω ⊂ Cn be a Reinhardt domain and define Ω̂ as

Ω̂ = {(t1z1, t2z2, ..., tnzn) | tj ∈ [0, 1], j = 1, ..., n, (z1, z2, ..., zn) ∈ Ω}. (2.8)

Then it is a Reinhardt domain. To show this, one just need to verify that the set of
points (t1e

iθ1z1, ..., tne
iθnzn) ∈ Ω̂ if Ω is Reinhardt.

• The last two examples for a non trivial Reinhardt domain are the following sets

Ω = {z = (z1, z2) ∈ C2 | max (|z1|, |z2|) < 1, min(|z1|, |z2| < ε}, (2.9)

and
Ω̃ = {z = (z1, z2) ∈ C2 | max (|z1|, |z2|, |z1||z2|/ε) < 1} (2.10)

are Reinhardt, as can be easily seen by using the action (2.3). In this case Ω̃ is the
smallest logarithmically convex Reinhardt domain that contains Ω, and this is an
example of Theorem 3.0.1.
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Chapter 3

Holomorphic Extension in
Reinhardt Domains

A common terminology used is that if a given Reinhardt domain obeys the condition from
theorem 2.1.1 then it is said to be a logarithmically convex Reinhardt domain. The pre-
ceding discussion is related to a very powerful theorem about the extension of holomorphic
functions.

Theorem 3.0.1. Let Ω be a connected Reinhardt domain containing 0 and let Ω̃ be the
smallest logarithmically convex Reinhardt domain containing it. Then every function in
O(Ω) can be extended to a function in O(Ω̃).

This theorem gives us a way of extending holomorphic functions from a given domain Ω
to a bigger one Ω̃, and its proof relies on a second theorem that characterizes holomorphic
functions in Reinhardt domains as power series:

Theorem 3.0.2. Let Ω ⊂ Cn be a connected Reinhardt domain containing the origin, and
let f ∈ O(Ω). Then there exists one (and only one) power series such that

f(z) =
∑
α

aαz
α

with normal convergence in Ω.

Proof. About uniqueness, suppose that

f(z) =
∑
α

aαz
α and f(z) =

∑
α

bαz
α

are two normally convergent power series representations of f in Ω. Since Ω contains a
neighborhood of the origin and the series converge normally, term-by-term differentiation is
allowed by normal convergence of the series of the derivatives (a consequence of the estimate
presented in [Hör66] theorem 2.2.3) and hence uniform convergence of its partial sums. ‘
Evaluating the α-th partial derivative of each series at z = 0 gives

∂αf(0) =
∑
β

aβ ∂
αzβ

∣∣
z=0

= aα α!,

because the only monomial whose α-th derivative at 0 is nonzero is zα. The same compu-
tation applied to the second series yields

∂αf(0) = bα α!.
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Hence aα = bα for every multi-index α, and the power series representation of f is unique.
To prove the existence we take an arbitrary number ε > 0 and define

Ωε = { z ∈ Ω: d(z, Ωc) > ε|z| }

We have 0 ∈ Ωε and that Ωε is open. The latter holds because, defining F : Ω → R as
F (z) = d(z,Ωc)−ε|z|, F is continuous and Ωε = F−1((0,+∞)). Furthermore, let Ω′

ε be the
component of Ωε which contains the origin. It is clear that Ω′

ε increases when ε ↓ 0, and
since every z ∈ Ω can be joined to 0 with a polygon in Ω, we have Ω = ∪ε>0Ω

′
ε. Indeed,

the inclusion Ω′
ε ⊂ Ω is obvious.

To prove the reverse inclusion, fix z ∈ Ω. Since Ω is open and connected and 0 ∈ Ω,
there exists a polygonal path

γ : [0, 1] → Ω, γ(0) = 0, γ(1) = z.

The image γ([0, 1]) is compact, and the function t 7→ d(γ(t),Ωc) is continuous. Thus,

m := min
t∈[0,1]

d(γ(t),Ωc) > 0.

Similarly, the function t 7→ |γ(t)| is continuous on [0, 1], so

M := max
t∈[0,1]

|γ(t)| <∞.

Choose ε > 0 such that
ε <

m

M
.

For any t ∈ [0, 1], we then have

ε|γ(t)| ≤ εM < m ≤ d(γ(t),Ωc),

and therefore γ(t) ∈ Ωε for all t. Thus γ([0, 1]) ⊂ Ωε, which implies that z ∈ Ω′
ε.

Since this argument works for arbitrary z ∈ Ω, we obtain

Ω ⊂
⋃
ε>0

Ω′
ε.

When z ∈ Ω′
ε, set

g(z) := (2πi)−n
∫
∂0Tε

f(t1z1, . . . , tnzn)(t1 − 1)−1 · · · (tn − 1)−1 dt1 · · · dtn,

where
Tε = { t : |tj | ≤ 1 + ε, j = 1, . . . , n }.

Lets understand why the integral is well-defined. Two things must happen: the integrand
must be holomorphic in a neighbourhood of ∂0Tε and, ∀(t1, ..., tn) ∈ ∂0Tε,
(t1z1, ..., tnzn) ∈ Ω.

If z ∈ Ω′
ε, then z ∈ Ωε, hence

d(z,Ωc) > ε|z|.

Since |(1 + ε)z − z| = ε|z|, it follows that w := (1 + ε)z ∈ Ωε, hence, w ∈ Ω.

12



Now, let t ∈ ∂0Tε, so |tj | = 1 + ε. Define sj := tj/(1 + ε). Then, |sj | = 1 and

(t1z1, . . . , tnzn) = (s1(1 + ε)z1, . . . , sn(1 + ε)zn).

Since Ω is a (complete) Reinhardt domain, w ∈ Ω and |sj | ≤ 1 for all j, downward closeness
imply (s1w1, . . . , snwn) ∈ Ω. Applying this with w = (1 + ε)z yields (t1z1, . . . , tnzn) ∈ Ω.

Thus, the map t 7→ f(t1z1, . . . , tnzn) is holomorphic in a neighborhood of ∂0Tε, and the
Cauchy-type integral defining g(z) is therefore well defined.

Differentiation under the sign of integration proves that g is analytic in Ω′
ε. If now |z|

is so small that (t1z1, . . . , tnzn) ∈ Ω for every t ∈ Tε (this is necessary for the previous
argument only covers the case where t ∈ ∂0Tε), it follows from Cauchy’s integral formula
([Hör66], theorem 2.2.1) that f(z) = g(z). Since Ω′

ε is connected, we obtain that f = g on
Ω′
ε.

Now, we have

(t1 − 1)−1 · · · (tn − 1)−1 =
∑
α

t−α1−1
1 · · · t−αn−1

n ,

with normal convergence when t ∈ ∂0Tε. Since (t1z1, . . . , tnzn) belongs to a compact set in
Ω if z belongs to a compact set in Ω′

ε and t ∈ ∂0Tε, we obtain with normal convergence in
Ω′
ε that, substituting the expansion in the expression for g and integrating term by term,

f(z) =
∑
α

fα(z), fα(z) = (2πi)−n
∫
∂0Tε

f(t1z1, . . . , tnzn) t
−α1−1
1 · · · t−αn−1

n dt1 · · · dtn.

Indeed, to estimate the terms fα(z) on compact subsets of Ω′
ε, fix a compact set K ⊂ Ω′

ε

and consider the set
L := { tz : z ∈ K, t ∈ ∂0Tε }.

Since K and ∂0Tε are compact and the map (z, t) 7→ tz is continuous, the set L is compact.
Because f is continuous on Ω and L ⊂ Ω, the quantity

M := sup
w∈L

|f(w)|

is finite. Thus, for all z ∈ K and all t ∈ ∂0Tε we have

|f(tz)| ≤M

Using this bound in the definition

fα(z) = (2πi)−n
∫
∂0Tε

f(tz) t−α−1 dt,

we obtain

|fα(z)| ≤ (2πi)−n
∫
∂0Tε

|f(tz)| |t−α−1| dt ≤ C ·M · sup
t∈∂0Tε

|t−α−1|,

where C is the (finite) measure of ∂0Tε, and normal convergence holds.
This completes the proof, since Ω =

⋃
ε>0Ωε.

We are ready to prove the main theorem.
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Proof. (Theorem 3.0.1) The first step of this proof is to show the existence of Ω̃. To do
so, first notice that Cn satisfies the required conditions, since it is logarithmically convex
and Reinhardt. Therefore for any Ω ⊂ Cn there always exists a logarithmically convex
Reinhardt domain Ω̃ such that Ω ⊂ Ω̃. The existence of a smaller Ω̃ relies in the fact that
the interior of the intersection of a family of logarithmically convex Reinhardt domains is
also a logarithmically convex Reinhardt domain.

Let Ω̃ be a logarithmically convex subset of Cn. By Theorem 2.1.1 then z ∈ Ω̃ if there
exists ξ ∈ (Ω̃)∗ such that |zj | ≤ eξj . In this situation, notice that for the same ξ we have

|zj | = |eiθjzj | ≤ eξj , (3.1)

which implies that eiθz = (eiθ1z1, ..., e
iθnzn) ∈ Ω̃. Therefore Ω̃ is a Reinhardt domain. By

Theorems 2.1.1 and 3.0.2, we know that the domain of convergence of any power series must
be a logarithmically convex Reinhardt domain. Let f ∈ O(Ω) such that

f(z) =
∑
α

aαz
α (3.2)

If Ω = Ω̃, then the theorem follows. If Ω ̸= Ω̃ then we know that the power series
∑

α aαz
α

converges for a logarithmically convex Reinhardt domain and since Ω is not such subset,
the series converges in the smallest subset satisfying this property which contains Ω. This
smallest subset is, by definition, the subset Ω̃ which contains Ω. Therefore this power series
converges in the whole Ω̃ and it defines a holomorphic function F ∈ O(Ω̃) such that

F (z) =
∑
α

aαz
α, z ∈ Ω̃, (3.3)

and F |Ω = f . We conclude that F ∈ O(Ω̃) is a holomorphic extension of f .
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Chapter 4

Some Applications

4.1 Derived Results From Analytic Continuation Over Rein-
hardt Domains

In this section we study some special cases of the analytic continuation over Reinhardt
domains. As we will show, these are consequences of Theorem 3.0.1.

Definition 4.1.1. Let Ω ⊂ Cn be a Reinhardt domain. Then, we define Ω̂ as

Ω̂ = {(t1z1, t2z2, ..., tnzn) | tj ∈ [0, 1], j = 1, ..., n, (z1, z2, ..., zn) ∈ Ω}. (4.1)

From these, we are able to state the following result

Proposition 4.1.1. Let Ω ⊂ Cn be a Reinhardt domain. Then any function f ∈ O(Ω) can
be extended to a function F ∈ O(Ω̂).

Proof. We will show that Ω̂ ⊂ Ω̃, where Ω̃ is the smallest logarithmically convex Reinhardt
domain containing Ω, as in Theorem 3.0.1. Let z′ ∈ Ω̂ given by z′ = (t1z1, ..., tnzn), with
z = (z1, ..., zn) ∈ Ω. Because z ∈ Ω ⊂ Ω̃, then

∀zj ∃ξj ∈ (Ω̃)∗ such that |zj | ≤ eξj . (4.2)

But since tj ∈ [0, 1], then
|z′j | = |tjzj | ≤ |zj | ≤ eξj , (4.3)

and therefore this implies that z′ ∈ Ω̃. Because this reasoning works for any z′ ∈ Ω̂ we
conclude that Ω̂ ⊂ Ω̃. By Theorem 3.0.1, we conclude that for any f ∈ O(Ω) there exists a
holomorphic function F ∈ O(Ω̂) such that F is the holomorphic extension of f .

There is another important result, called the Hartog’s Kugelsatz in a special case.

Theorem 4.1.1. Let n ≥ 2, 0 < r < R ≤ ∞ and || · || a norm in Cn. We define the Br(0)
and BR(0) the balls of radius r and R associated with || · ||. If we define

B(r,R) = BR(0)\Br(0), (4.4)

then for every f ∈ O (B(r,R)) there exists a function F ∈ O (BR(0)) such that F is the
extension of f .

Proof. The proof is analogous to the previous one by showing that BR(0) is contained in
the smallest logarithmically convex Reinhardt domain that contain B(r,R). Then we may
apply Theorem 3.0.1 and obtain the desired result.

15



4.2 The Relationship with Group Theory

We start with basic definitions of a representation.

Definition 4.2.1. Let G be a group and fix a topology. We say that G is a topological group
if the multiplication map m : G×G → G and the inversion map i : G → G are continuous
with respect to the fixed topology.

If the G, as a set, is compact, then we say that G is a compact (topological) group.

This definition is important for two main reasons: we are able to define continuity and
compactness for an algebraic object. There are many reasons why this is important but we
focus on a single result that we present (without proof), called Peter-Weyl theorem. Before
we state it, we need some preparation results.

Definition 4.2.2. Let G be a group. Then we define a representation of G over a vector
space V as a homomorphism π : G → GL(V ). We recall that a homomorphism is a map
such that π(a)π(b) = π(ab) where both sides are well defined.

A representation is said to be unitary if V is a Hilbert space and π : G→ U(V ), where
U(V ) is the set of unitary linear operators over V .

A representation is said to be irreducible if the only invariant subspaces over the action
of π are {0} and V . In particular, if a representation is reducible (that is, there exists a
invariant subspace different from V and {0}), then we say that π is decomposable if there
is a decomposition π = π1 ⊕ π2 ⊕ ...⊕ πn with π1, ..., πn irreducible.

Two representations πi : G→ GL(Vi), i = 1, 2 are said to be equivalent if there exists a
linear invertible map T : V1 → V2 such that for any g ∈ G

π1(g) = T−1π2(g)T. (4.5)

If there is no map T , then π1 and π2 are said to be inequivalent.
Given a representation π : G→ GL(V ), we define the matrix coefficient as

πa,b(g) = ⟨π(g)b, a⟩, g ∈ G, a, b ∈ V. (4.6)

In special, for an orthonormal basis {e1, ..., en} of V we define the matrix coefficients for
the representation as

πij(g) = πei,ej (g) (4.7)

To define the concept of integration over a compact group we briefly present a theorem
(without proof) about the existence of a measure in it.

Theorem 4.2.1. There exists a unique action invariant continuous positive linear form
µ : C(G) → R such that µ(1) = 1, where 1 denotes the identity of G.

By the Riesz-Markov-Kakutani representation theorem, this implies that there exists a
Borel measure such that

µ(f) =

∫
G
f(g)dµ(g), (4.8)

is called Haar integral of f and dµ(g) is called Haar measure of G.

With these definitions at hands, we can state the Peter-Weyl theorem.
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Theorem 4.2.2 (Peter-Weyl). Let G be an abelian compact group, Ĝ = {πα | α ∈ I} the
set of unitary irreducible inequivalent representations of finite dimension. Then this set is
countable. More than that, the set of matrix coefficients is an orthogonal complete basis of
L2(G). Therefore, any f ∈ L2(G) can be written as

f(g) =
∑
α∈I

fαπα(g). (4.9)

The coefficient fα is given by

fα =

∫
G
πα(g)f(g)dµ(g) (4.10)

where dµ is the Haar measure of G.

This brief introduction of compact group theory is necessary in order to obtain a special
formulation about Reinhardt domains. First, notice that by the definition of Reinhardt
domains, these are invariant under the componentwise multiplication of a exponential of
modulus one. As we know, eiθ, for θ ∈ R is periodic, therefore we may restrict the domain
of θ to [0, 2π). Then, for Ω ⊂ Cn Reinhardt domain this multiplication is given by

m : S1 × S1 × ...× S1 × Ω −→ Ω,

(θ1, θ2, ..., θn, (z1, z2, ..., zn)) 7−→ (eiθ1z1, e
iθ2z2, ..., e

iθnzn).
(4.11)

If we notice that Tn = S1× ...×S1 is the n-torus, then m is the action of an element of
Tn on Ω. Therefore, Reinhardt domains are those that are invariant under the action of the
torus group. Also, the torus is compact, therefore we can apply the Peter-Weyl theorem,
but before we do this we need preparatory results.

The action of the torus on a Reinhardt domain defines a representation given by

π : Tn → L (O(Ω)) . (4.12)

In this situation, we argue that the action of the torus implies that

(π(g)f) (z) = f (m(g, z)) . (4.13)

We define a group character to be the trace of the matrix coefficient defined in (4.7), that
is

χπ(g) =
∑
i

πii(g). (4.14)

Notice that if we consider the eigenvalue problem

π(g)f = λ(g)f (4.15)

then λ(g) is one of the eigenvalues of π(g) and its sum yields the trace of π in matrix form
given by the character of the group.

In special, for the torus, it is sufficient to compute the character for the circle since

χπ1⊗π2(g, h) = χπ1(g)χπ2(h), (4.16)

for π1 ⊗ π2 a representation of a given tensor product and π1 and π2 representations of
the first and the second space in the tensor product respectively. Hence for the torus an
irreducible representation π yields a decomposition

χTn(w1, w2, ..., wn) = χS1(w1)χS1(w2)...χS1(wn) (4.17)
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in which every χS1 is a character of S1, χTn is a character of the n-torus. Here wj ∈ S1

and therefore there exists θj ∈ [0, 2π) such that wj = eiθj implying the action (4.11). It
is important to remark that every irreducible representation of Tn arises via this tensor
product.

From the Schur’s lemma, the representations of an abelian group is unidimensional,
therefore representations of the circle are given by

π : S1 → GL(1,C). (4.18)

Which yields the representations of the circle group are homomorphisms from S1 to itself.
If we solve the equation

π(a)π(b) = π(ab), a, b ∈ S1, (4.19)

then we obtain that πn(w) = wn are solutions with n ∈ Z. Hence the representations are
indexed by an integer, and the character associated with this representation is given by

χn(w) = χπ(w) = πn(w) = wn, (4.20)

where πn is a representation associated with the circle for any n ∈ Z. Since the choice of
representations in (4.17) are independent for each character on the right side, it implies
that for the n-torus we have to combine different representations, that is

χπTn (w1, ..., wn) = wα1
1 wα2

2 ...wαn
n = wα (4.21)

where α = (α1, ..., αn) ∈ Nn is a multi-index. From now on, we denote this character by
χα(w) = wα.

Theorem 4.2.3. Let Ω ⊂ Cn be a complete Reinhardt domain. As we discussed, Ω is
invariant under the action of the torus Tn. In special, since Tn is compact, it satisfies
the Peter-Weyl theorem with πα(z) = zα. Moreover, the Taylor series for a holomorphic
function f : Ω → C is a consequence of the application of Peter-Weyl’s theorem.

Proof. In this first part, we set f as a function over the torus. As a direct consequence of
4.20, the set of unitary irreducible inequivalent representations of Tn is given by Ĝ = {πα |
α ∈ Nd} where πα(z) = zα. Therefore we can apply the Peter-Weyl theorem and obtain
that

fα =

∫
Tn

zαf(z)dµTn(z). (4.22)

First, notice that the torus is given by the product of S1 by itself n times. This implies
that the Haar measure is given by

dµTn(z) = kdµS1(z1)dµS1(z2)...dµS1(zn), (4.23)

where z = (z1, z2, ..., zn) ∈ Tn and zj ∈ S1 for all j from 1 to n. In this case, k is
normalization constant obtained by requiring that the integral of the whole torus is 1. If we
parametrize the circle as zj = eiθj with θj ∈ [0, 2π), then we obtain that the Haar measure
is given by

dµTn(z) = kdθ1dθ2...dθn. (4.24)

Requiring that

1 =

∫
Tn

dµTn(z) =

∫
Tn

kdθ1dθ2...dθn = k(2π)n =⇒ k =
1

(2π)n
. (4.25)
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If we impose the same parametrization zj = eiθj in (4.22), we obtain that

fα =
1

(2π)n

∫
Tn

eiθαf(eiθ)dθ1...dθn, (4.26)

where eiθα = eiθ1α1eiθ2α2 ...eiθnαn for simplicity. This yields

fα =
1

(2π)n

∫
Tn

e−iθαf(eiθ)dθ1...dθn. (4.27)

If we use the differentiation Cauchy formula in polar coordinates (we show it after this
theorem), we obtain that

∂αf(0) = f (α)(0) =
α!

(2π)n

∫
Tn

e−iθαf(eiθ)dθ1...dθn (4.28)

hence

fα =
f (α)(0)

α!
, (4.29)

and we obtain finally the expansion

f(z) =
∑
α∈Nd

f (α)(0)

α!
zα. (4.30)

Notice that, at first, this only holds for z ∈ Tn, but it implies that it should also agree in
the interior region of the torus. The generalization of this result for any complete Reinhardt
domain relies on the fact that after we obtain the function decomposition, we can rescale the
size of each circle in the definition of the torus, which yields a rescale of the coefficients of
the Taylor series. In this situation, we define a new function having this new Taylor series,
and as we have done it is possible to compute the coefficients of this new decomposition
and show that they are exactly given by the usual formula for a Taylor series.

It is important to notice that we only applied Peter-Weyl to variables zα. Therefore
this method only applies to holomorphic functions, since we ignored the complex conjugate
part. This implies that the presented decomposition only holds for holomorphic functions,
as stated in the theorem.

We now derive the differentiation Cauchy formula in polar coordinates. First, we use
that

∂αf(0) =
α!

(2πi)n

∫
∂0Tn

f(z1, ..., zn)
∏

z
−αj−1
j dz1...dzn (4.31)

and with zj = eiθj we obtain

∂αf(0) =
α!

(2πi)n

∫
∂0Tn

f(eiθ)
∏

ei(−αj−1)θj (i)n
(
eiθ1dθ1

)
...
(
eiθndθn

)
(4.32)

which implies

∂αf(0) =
α!

(2π)n

∫
∂0Tn

f(eiθ)
∏

e−iαjθjdθ1...dθn =
α!

(2π)n

∫
Tn

f(eiθ)e−iαθdθ1...dθn. (4.33)
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