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Posets

Fix [n] := {1,..., n}, the set of ordered coordinate positions of Fy.
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Posets
Fix [n] := {1,..., n}, the set of ordered coordinate positions of Fy.

@ A poset P = ([n], <p) is a partial order on [n].

@ A linear poset (or chain) is a well ordered poset (i <pj or j <p i for
every i,j € P).
e A Hamming poset (or antichain) is a poset such that i <pj < i = .
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Posets

Let P be a poset on [n], the opposite (dual) poset P is given by

i <piZpi
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Posets

Let P be a poset on [n], the opposite (dual) poset P is given by

i<pieizpi
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Ideals
@ A subset | C P is called an ideal if
i€landj2pi=jel.

@ Given a subset A C P, the ideal generated by A is the smallest ideal
of P containing A, denoted by (A)p.

Beatriz Motta (UFJF) P-Chain Codes CIMPA - July 13th 4/18



Ideals
@ A subset | C P is called an ideal if
i€landj2pi=jel.

@ Given a subset A C P, the ideal generated by A is the smallest ideal
of P containing A, denoted by (A)p.

Beatriz Motta (UFJF) P-Chain Codes CIMPA - July 13th 4/18



Ideals

@ A subset | C P is called an ideal if
i€land jpi=jel.

@ Given a subset A C P, the ideal generated by A is the smallest ideal
of P containing A, denoted by (A)p.

In the poset to the left:
e {1,2,3}, {2,4} and {2} are examples of ideals
e {2,3} is not an ideal: 1 <3, but 1 ¢ {2,3}.
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P-metric

o If x=(x1,...,xn) € Fg, we define the support of x by
supp(x) = {/; x; # 0}
and the P—weight of x by
wp(x) = [{supp(x))p|
o If x,y € IFg, the P—distance between x and y is given by
dp(x,y) = wp(x —y)

@ Note that the Hamming distance is the poset distance using the
Hamming poset (that explains its name).

Beatriz Motta (UFJF) P-Chain Codes CIMPA - July 13th

5/18



Example

@ We consider the element x = 1100 in IF‘Z‘.
@ We have
(supp(x))n = supp(x) = {1,2}
and
(supp(x))p = ({1,2}) = {1,2,3}

@ Therefore wy(x) = 2 and wp(x) = 3.
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Figura : The posets P and H.
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P-Codes

The pair (Fg, dp) is a metric space.
A P—linear code C is a vector subspace of g with this metric.

If dim C = k, we refer to it as an [n, k]q— P—code.

The minimal distance (or weight) of C:

dp(C) = min{wp(x);0 # x € C}
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P-weight hierarchy

@ The (generalized) P-weight of a subset D C Iy

wp(D) = |(supp(D))p|

o =3 £ DA
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P-weight hierarchy

@ The (generalized) P-weight of a subset D C Fy:

wp(D) = [{supp(D))p|

@ The r—th minimal generalized P—weight of a [n, k],— P—Code:

dP(C) = min{wp(D); D C C and dim D = r}
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P-weight hierarchy

@ The (generalized) P-weight of a subset D C Fy:

wp(D) = [{supp(D))p|

@ The r—th minimal generalized P—weight of a [n, k],— P—Code:

dP(C) = min{wp(D); D C C and dim D = r}

o Note that the first minimal weight is the minimal distance dp(C).
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P-weight hierarchy
@ The (generalized) P-weight of a subset D C Fy:

wp(D) = |(supp(D))p|

The r—th minimal generalized P—weight of a [n, k]q— P—Code:

dP(C) = min{wp(D); D C C and dim D = r}

Note that the first minimal weight is the minimal distance dp(C).
e The P—weight hierarchy of a [n, k]; P-code C is the set

{d{'(C), d5 (C),d5 (C),....d (C)}

@ The hierarchy is strictly increasing and satisfies the generalized
Singleton Bound:
r<df(C)<n—k+r
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Extension

Def. If P and Q are posets on [n] such that x <¢g y = x <p y then we
say that P is a extension of Q.
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Extension

Def. If P and Q are posets on [n] such that x <¢g y = x <p y then we
say that P is a extension of Q.

@ Every finite poset is an extension of the Hamming poset and can be
extended to a linear poset (over the same [n]).
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Extension

Def. If P and Q are posets on [n] such that x <¢g y = x <p y then we
say that P is a extension of Q.

@ Every finite poset is an extension of the Hamming poset and can be
extended to a linear poset (over the same [n]).

@ If P is an extension of Q and C is a code, it follows that C:
d?(C) < dF(C)
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Extension

Def. If P and Q are posets on [n] such that x <¢g y = x <p y then we
say that P is a extension of Q.

@ Every finite poset is an extension of the Hamming poset and can be
extended to a linear poset (over the same [n]).

e If P is an extension of Q and C is a code, it follows that C:
d?(C) < df(C)

@ Also: if Cis a r—MDS code using the poset Q (that is,
d®(C) = n—k+r), then it is also a r—MDS code using the poset P
(thatis, dP(C)=n—k +r).
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Extension

Def. If P and Q are posets on [n] such that x <¢g y = x <p y then we
say that P is a extension of Q.

@ Every finite poset is an extension of the Hamming poset and can be
extended to a linear poset (over the same [n]).

e If P is an extension of Q and C is a code, it follows that C:
d?(C) < df(C)

@ Also: if Cis a r—MDS code using the poset Q (that is,
d®(C) = n—k+r), then it is also a r—MDS code using the poset P
(thatis, dP(C)=n—k +r).

e In particular, d,(C) < dF(C), where d,(C) is the rth Hamming
distance, and every r—MDS code in the Hamming metric is also a
r—MDS code for every poset P over the same [n].
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P-chain code

A [n, k]q—code is said to be a P—chain code if there is a sequence of
linear subspaces D;, i = 1,2, ..., k such that

{0}=DoCD1CDC...CD=C
where
wp(D;) = df (C)
dim D; =i

In this case, we say that C satisfies the P-chain condition.
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Example

For the Hamming poset:

@ The following codes satisfy the chain condition:
» Hamming codes

Dual Hamming codes

Reed-Muller codes for all orders

Maximum Separable Distance codes

Golay codes

\4

vVvyy

@ Moreover, every perfect code must satisfy the chain condition.
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Example

Let P be the following poset.

8 9 10 11
1 2 3 4 5 6 7

Let u1, up, u3 € F3! be as below and consider D = [uy, 2, us).

u; = 00000000100, wup = 01000110001, ws = 01100000010

D satisfies the P-chain condition in different ways, both with hierarchy
{2,4,9}:

{0} C [tn] € [, 2] € D

{0} €[] € [u1,u3] € D
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Some results

Lemma. Let P be a posetin [n]and 1 < ji1 < p < ...<jk < né€Z.
There is a sequence of codes GG C G € ... € Cx = C such that
wp(Ci) = ji-

Remark.

However it is not possible to assure that this sequence satisfies the
P—chain condition.
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Example

e Fix v; = 110000, v, = 000100 and E = [v1, vo].

v1 = 110000 WP(V1) =3
vo» = 000110 - WP(V2) =3
vi + v, = 110110 wp(vi +w) =4
o E satisfies the P-chain condition with sequence {3,4}:
0CwlGCE
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Example

Let P be the Hamming poset over FS. Let's look for a P—chain code
C with hierarchy {3,4}.

o We must have wy(Ci) = df(C) =3 and dim C; = 1 (that is

G = [v]).

o WLG: let v = 111000 € G € G, = C.

o Now, we must have 4 = d}(C) = wp(G,) = #supp[w1, va].
e As wp(v1) = 3, we must have #(supp[vz] \ supp[wv1]) = 1.
@ Then:

wp(v2) >3 =d(vi,w) <2=wp(vn—v)<2<d(C)=3

@ Therefore, there is no code that satisfies the P-chain condition with
weight sequence {3,4}.
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Some results

Thm. (Moura-Firer) If the support of a P—code C is a total ordered
subset of P then C satisfies the P—chain condition.
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Some results

Thm. (Moura-Firer) If the support of a P—code C is a total ordered
subset of P then C satisfies the P—chain condition.

Cor. Every code over the linear poset (chain poset) satisfies the P-chain
condition.
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Some results

Thm. (Moura-Firer) If the support of a P—code C is a total ordered
subset of P then C satisfies the P—chain condition.

Cor. Every code over the linear poset (chain poset) satisfies the P-chain
condition.

Thm. (Moura-Firer) A code C satisfies the P—chain condition iff C*
satisfies the P-chain condition.
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Some results

Thm. Let ; € b C ... C Ji be ideals of a poset P such that
#Ji < #(Jiv1\i)p.

Then there exists a code C that satisfies the P—chain condition in the
following sense: there is a chain of codes

0}=GCGCGC..CC=C

over F? such that df(C) = wp(G;) = #J; and dim(G;) = i.
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Some results

Thm. Let J; € Jo C ... C Jx be ideals of a poset P such that

#Ji < #(Jiv1\Jdi)p .

Then there exists a code C that satisfies the P—chain condition in the
following sense: there is a chain of codes

0}=GCGCGC..CC=C

over g such that dP(C) = wp(G) = #J; and dim(G;) = i.

Thm. Let Q be a poset on [n] and X be the set {d1, d>,...,dk} C [n].

Then there is an extension P of @ such that there exists a code C
satisfying the P-chain condition with hierarchy X.
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