Information sets from defining sets in abelian
codes

José Joaquin Bernal and Juan Jacobo Simdn

Abstract—We describe a technique to construct a set of check
positions (and hence an information set) for every abelian code
solely in terms of its defining set. This generalizes that given by
Imai in [7] in the case of binary TDC codes.

I. INTRODUCTION

In the study of any family of error-correcting codes, infor-
mation sets are essential ingredients for encoding and decoding
purposes and hence it is important to describe effective algo-
rithms for finding them. This is the interest of this paper for
the family of abelian codes [1], [3].

In [7], Imai gave a method to obtain information sets for
binary two dimensional cyclic (TDC) codes. Later, Sakata
[12] gave an alternative method for the same purpose. Imai’s
algorithm relies in the structure of the roots of the code while
the algorithm of Sakata is somehow based on the division
algorithm for polynomials. Up to our knowledge, these are
the only techniques available for TDC codes. Following the
ideas in the papers mentioned above, Chabanne described a
method to calculate syndromes via Groebner basis and then
he generalized the usual permutation decoding procedure (see
[4D.

In this paper, we generalize Imai’s method to arbitrary
abelian codes. As it was done by Imai, our method is based
on computation of cardinalities of cyclotomic cosets on
different extensions of the ground field. Such cosets, as
well as their cardinalities, are completely determined by
the structure of the defining set of the code (see below for
definitions). It turns up that these cosets determine directly
the shape of the information set. This relationship allows us
to construct codes with prescribed information sets in order
to get particular properties; or, in the case of a fixed code,
allows us to determine, a priori, the shape of its information
set. This takes an advantage with respect to the use of the
Groebner basis to obtain them. As an application, we shall
design abelian codes with good information sets in order
to implement the permutation decoding algorithm (see [9]).
Indeed, we obtain codes with better rates that those obtained
with other information sets.

This paper is devoted to study a construction of sets of
check positions for the family of abelian codes. In Section III
we describe a method to construct information sets for abelian
codes solely in terms of their defining set. In Section IV we
include some examples which complete the exposition of our
construction. In Section V we state our main result; to witt,
that our set is in fact a set of check positions. In Section VI
we show how one may design abelian codes with suitable
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information sets in order to make a permutation decoding
attempt.

An extended abstract of this paper, entitled “Information sets
for abelian codes”, appears in the proceedings of 2010 IEEE
Information Theory Workshop, Dublin, august 30-september
3, 2010.

II. PRELIMINARIES

All throughout F denotes the field with g elements where ¢
is a power of a prime p. Let C be a linear code of dimension £,
and length [ over the field F. An information set for C is a set
of positions {i1,...,ix} such that restricting the codewords
to these positions we get the whole space F¥; the other [ — k
positions are called check positions (see [10], [11]).

A (left) group code of length [ is a linear code which is the
image of a (left) ideal of a group algebra via an F-isomorphism
FG — F! which maps G to the standard basis of F!. If G is a
family of groups, we say that a linear code is a (left) G group
code if it is a (left) group code for some group G belonging
to G (see [2]). Many classical linear codes have been shown
to be group codes: cyclic codes, Reed-Muller codes, etc. We
deal with abelian codes, that is, G group codes where G is the
class of finite abelian groups.

We recall some basic facts about abelian codes (see
[1], [3] for details). Every abelian code may be identi-
fied with an ideal of a group algebra FG, where G is
an abelian group. It is well-known that a decomposition
G ~ C, x---x C, , with C,, the cyclic group of order
r;, induces a canonical isomorphism of algebras FG ~
F[Xq,...,X,]/(X{* —1,..., X" — 1). We denote this quo-
tient algebra by A(rq,...,r,). Then every abelian code may
be viewed as an ideal of A(ry,...,7,), and so we identify the
codewords with polynomials P(X7, ..., X,,) such that every
monomial satisfy that the degree of the variable X is in Z,.,
the cyclic group of non negative integers less or equal than
r;. We write the elements P(Xq,...,X,) € A(ry,...,r)
as P(X1,...,X,) = Y. a; X3, where j = (j1,...,jn) €
Zopy X -+ X Ly, and X = X]* - Xin,

We always assume that ged(r;,q) = 1 for every i =
1,...,n. Our construction make use of the structure of roots of
the ideals in A(r1,...,7,); so let us recall some basic facts
about it. We fix a primitive r;-th root of unity «; in some
extension of IF, for each ¢ = 1,...,n. It is well known that
every abelian code C < A(rq,...,r,) is totally determined by
its root set, defined as

{(aft, ...
for all P(Xq,...

Z(C) = yaem) | Paft,...,ai») =0

n

,Xn) €C}.
As it is usual, we consider the defining set of C, to witt,
{(a1y...,an) €Ly, X -+ X Ly, |

(aft,...,as) e Z(C)}.

n

D) =

Given an abelian code C < A(ry,...,r,) with defining
set D(C) with respect to {o;} ,, if one chooses different
primitive roots of unity then the set D(C) detemines a new
code, say C’, which is permutation equivalent to C. So, for



the sake of shortness, we refer to abelian codes without any
mention to the primitive roots that we are using as reference.

Recall that, for v € N, the ¢7-cyclotomic coset of an integer
a modulo r is the set

Clgrm(@) ={a-q"" | i eN} CZ,.

We extend the concept of g-cyclotomic coset modulo an
integer to “g-cyclotomic coset modulo a tuple of integers”.
Given an element (a1,...,a,) € Zyp, X -+ X Z, , we define
its g-orbit modulo (r1,...,r,) as

Qay,...,a,) = {(
Z

ar-q',...,an-q") | i€N} (D)
C Zy x

” "'XZT”.

It is easy to check that
|Q(a17 s an)l =lem (‘C(q,m)(al) C(q,rn)(an)’) .

For the sake of shortness we only write g-orbit, and the
tuple of integers (r1,...,r,) will be clear by context.

It is also easy to see that D (C) is closed under multipli-
cation by ¢ in Z,, X --- X Z,,_, so, one has that D(C) is
necessarily a disjoint union of g-orbits.

Conversely, every union of g-orbits modulo (rq,...
defines an abelian code in A(ry,...,7,).

gee ey

,Tn)

III. CONSTRUCTION OF INFORMATION SETS

In this section we shall describe a method to construct sets
of check positions for abelian codes in terms of its defining
set. We assume all throughout that n > 1. We will comment
the case n = 1 (cyclic codes) in Remark 2 (c).

Let C < A(rq,...,7,) be an abelian code with defining set
D(C). For any element e € D (C) and for each 1 < i < n
let 7;(e) denote the projection onto the first i-coordinates. We
set D;(C) = m; (D (C)); moreover, for each 1 < ¢t < ¢ and
e € D;(C) we also denote by m;(e) its projection onto the
first ¢-coordinates.

We fix a well-ordering in the indeterminates setting X; <
-+ < X,,, and we define recursively the following parameters.
For each e = (e1,...,e;) € D;(C), with 1 < j < n, we set
m (my(e)) = |Cq,r,)(e1)|, and having m (7(e)) defined for
1<t<5—1, we set

t
ys1(e) = [ m (m(e))
=1
and
m (T (€)) = | Clgrencon gy, (€041)]

Finally, for e € D(C), we set v,41(e) = [[;, m (m(e)).
It is easy to see that for 1 < t < n, we have that
Ye+1(e) = |Q(m¢(e))] and for 1 < ¢ < n, one has m (m:(e)) =
Yer1(e)/ve(e).

Remark 1. Given a q-orbit, any of its representatives yields
the same parameters m’s and y’s.

Let us prove this assertion. We argument by induction.
The case n = 1 is the obvious statement: for a,a’ € Z,,
if Clgn(@) = Clgn(a’) then [Crrm(a)] = [Crgrm(a’)
for any v € N. Suppose that m (m;(e)) = m (m;(e’)) for all

1 <i <t < n,then yy1(e) = 41(e’) and so, by the

casen = 1, C(q7t+1(5),rt+1)<et+1)‘ = ‘C(q%+1(6’),rt+1)(e;+1)
which implies m (7 41(e)) = m (me11(e’)), as desired. W

Using the previous fixed ordering we begin our construction
by choosing a set of representatives of the g-orbits, which we
will denote by D(C), verifying the following restriction: if
e=(e1,...,en) and € = (€}, ..., €, are elements of D(C)
such that y;(e) = v;(¢’) and e, ¢, belong to the same ¢7t(¢)-
cyclotomic coset modulo r¢, for some ¢ € {1,...,n}, then
it must happen e¢; = e;. We call D(C) a set of restricted
representatives. As we will see later, every defining set D(C)
has at least one subset of restricted representatives. (The reader
may see the role of this restriction in Example 6.)

In what follows, the previous ordering X; < --- < X,
will be fixed as default order. We are denoting by I'(C) the
construction below [see (2)] in which we use the default
ordering. When we use alternative orderings we will make
adecuate notational changes (see Example 5).

For every i € {1,...,n — 1}, let us denote by D;(C) the
image of the projection of D(C) onto the first i-coordinates,
and given e € D;(C), let

R(e) = {CL € ZTH»I ‘ (eva) € E1'-5-1(C)}?

where (e,a) has the obvious meaning; that is, if e =
(e1,...,e;) then (e,a) = (e1,...,e;,a).
For each e € D,,_1(C), we define

Z m (e, a)
aER(e)

and consider the set {M(e)}..5, (c)- Then we denote the
different values of the M (e)’s as follows,

M(e) =

fm = max {Mf(e)} and
e€D,,—1(C)

fir = max {M(e)| M(e) < fri—1}.
e€D,,—1(C)

So, we obtain the sequence
S>> flsn] > 0 = flsn + 11,

where f[s, + 1] = 0 by convention.

This is the initial sequence for any value of n. Now, suppose
that n > 3. Then we continue as follows:

Given 1 < u,, < s, we define for every e € D,,_5(C)

Qu,(e) = {a € R(e) | M(e,a) > flunl}

Z m(e,a).

a€Qa, (€)

and
Moy, (e) =

Note that the set 2, (¢) may eventually be the empty set. In
this case, the corresponding value p,, (e) will be zero.
We define

ftun, 11 = max  {uy,(e)}  and
e€D,,_2(C)
flun,il = max  {p, (€) | 0 < po, (€) < flun,i—11}.

e€D,,_2(C)



For each 1 < u,, < s, we order the previous parameters
getting the sequence

f[u7L7 11> > f[u7L78(u’rL)] >0 = f[unas(un) + 11,

where, again, f[un,s(u,)+ 1] = 0 by convention.
Now, suppose that n > j > 4 and we have constructed for
each list (wp,...,u;), where 1 < u, < s, and 1 < u; <

$(Up, ..., u41), for j <1 < n, the sequence
f[un,...,uj,l] > > f[un,...,uj,s(un,...,uj)] >0=
= f[u7l7--'7uj78(un7"-7uj) + 1]'
Then we define for each e € ﬁj,g(C) and 1 < u;; <
$(Un, ..., uy )
Q) Uj—l(e) = {a € R(e) | pu,,..., uj(eaa) >
f[um~-,uj,uj—1]}
and
Mun»--<7uj—1(e) = Z m(e,a),

and by ordering these parameters we obtain the sequence

f[“n»u

Sujm, 1 > > flug,.
> OZf[un,...

Suj—1)]

,Uj_1) + 1].

i1, 8(Un, ..
s Uj—1,8(Un,

We continue in this way until we have defined, for each
(up, ..., us), the sequence

f[un7~-

Sz, 1> > flun, ... us, s(un, . . .
== f[u'ru .
Finally, for any value of n, we define the last list of param-

eters as follows: for every list (uy, ..., uz2), with 1 < u,, < s,
and 1 <y < s(up,...,uy1), with 2 <l < n,if n =2 we

7’u,g,)] > 0:

ooy uz, $(un, ... us) + 11,

set
gzl = Y mfe)
e€Dq(C)
M(e)> flus]
and, in case 2 < n, we set
Glun, ... ug] = E m(e)
e€Dq (C)
Bup,...,ug (€)2Fflun,..., ug]

Using all the sequences obtained previously, we may define
the set

re) =

3(“%3"'7”2)

{(il,“-ain) € HZ’H

i=1
where (2
1 <u, <s,, and
1<y < s(up,--
such that
Jlun +11 <ip < flual,

), forl=2,...

flun, .. ;ue + 11 <ig < flun, ..., u2l,
0§i1 <g[un7...,UQJ}.

The main result of this paper stays that I'(C) is a set of
check positions for C (see Theorem 9) or equivalently, the
complement of I'(C) in Z,, X -+ X Z, is an information set
of C.

Remarks 2. a) In the case n = 2 the reader may check that
the set

F(C) = {(il,iQ) € Zrl X ng | Ju € {]., .. .7Sn}

with 3)
flu+11 < iz < flul and 0 <4y < glul}

is that constructed by Imai for TDC codes in [7], viewed
under our notation.

b) The construction of T'(C) depends uniquely on the values
m(—) computed over the restricted sets of representatives,
and, as we have seen in Remark 1, this values are inde-
pendent of the representatives, provided that their election
respects the restriction imposed. Therefore, any election
of restricted representatives D(C) yields the same set of
check positions as far as the order of the indeterminates is
fixed. However, the values m(—) depend on the ordering of
the indeterminates, so that different orderings may produce
different sets of check positions, as it is shown in Example
5.

¢) Cyclic codes. Let C be a cyclic code of length [
over F with root set Z(C) and defining set D (C) =
{e€Z; | a® € Z(C)}, where « is a primitive [-th root of
unity. Assume that ged(l, q) = 1. Let D (C) be a complete
set of representatives of the g-cyclotomic cosets modulo
[ of the elements of D (C). The specialization for n = 1
of the construction given above yields the set of check
positions

IN'C)={i1€2,|0<4; < Z m(e)};
e€D(C)

that is, the last [ — |[D(C)| positions define an information
set, as it is well known (see [10]).

Now suppose that [ = r1 - ro with ged(rq,72) = 1. Then
there exists a group isomorphism ¢ : C; — C,, x C,,
which can be extended by linearity to an isomorphism @ of
group algebras from FC; to F (C,, x C,,). Moreover, fixed
a1, o primitive r1-th, ro-th roots of unity, ¢ maps D(C)
onto the set D(%(C)). So, we can compute an information
set of P(C) and then take the inverse image of those
positions by ¢, obtaining a new information set for C.

It is not hard to see that different isomorphisms may
produce different sets of check positions for C. Indeed, if
v, ¢ Cy — Cp, x C,, are different group isomorphisms
then being D(3(C)) and D(¢’(C)) different or not, the sets
of check positions coincide; that is T'(7 (C)) = (¢’ (C)).
This is because group isomorphisms preserve the structure
of cyclotomic cosets (and so the values m(—)). Thus, as
@ # ¢, their inverses may produce different information
sets for C.

Let us give briefly an example. Let C be the binary cyclic
code of length 15 with root set Z(C) = {a® | e =
0,1,2,3,4,6,8,9,12} where « is a primitive 15-th root
of unity. Using the Chinese Remainder Theorem we define



the group isomorphism ¢ : Cy5 — C3 x Cs given by
p(t) = (t1,t2), where t; =t mod 3 and t =t mod 5
are suitable representatives.

Then, considering «; and ap primitive third and fifth roots
of unity, respectively, such that & = a; a9, we obtain

Z(p(C) = {(1,1),(La2),(1,03),(1,03),(1,03),
(al,ag),(af,ag),(al,aé),(a%,ag)}

and

D(@(C)) = {(070)7(();1)7(072)7(073)7(034)7(1a1)»

(2,2),(1,4),(2,3)}.

Using our construction we get the set of check positions
for ¢(C),

F(@(C» = {<O’ 0)’ (07 1)’ (0’ 2)7 (O’ 3)5 (074)v (L 0)7

(2,0),(1,1),(2,1)}.
Going back we obtain the set of check positions for C,
o 1 (I(®(C))) = {0,1,3,5,6,9,10,11,12}

a non obvious one. The reader may check that the isomor-
phism ¢’ (t) = (3—ty,t2), with ¢1,t5 as above, determines
another different set of check positions for C.

It is easy to see that this can be generalized to the case
l=ry---r, with pairwise coprime r;’s.

IV. EXAMPLES

Before proving the fact that T'(C) is a set of check positions
of C, we present some examples to illustrate our construction.
Let C be an abelian code with defining set D(C). To construct
a set of check positions we first need a set of restricted
representatives of the g-orbits of D(C); that is, D (C). We
propose the following inductive algorithm using the default
ordering X; < --- < X,,.

« Take a complete set of representatives of the g-cyclotomic
cosets modulo r; of the elements of D1(C). This set will
be D1(C), and for the sake of simplicity we use the same
symbol.

« Suppose that we have defined D; 1(C). Given e €
D;_1(C) we define D;(e) as the set of the elements
(e,a;) where a; runs through a complete set of repre-
sentatives of the ¢:(®)-cyclotomic cosets modulo 7; of
the elements of D;(e) = {a € Z,, | (e,a) € D;(C)}.
One should have in mind that if e,e/ € D;_1(C) and
~i(€) = ~i(e') then we must take the same representatives
for each ¢"i(¢)-cyclotomic coset in D;(e) N D;(€'). Set

eeD;_1(C)

« Finally, we define D(C) = D,(C).

Clearly, any set of restricted representatives, D (C'), comes
from elections in the given way.

Example 3. Let ¢ =2, n =2, r; = 3, ro = 7, and consider
the abelian code C; with defining set
D(Cl) = {(131)7(2a2)7(174)a(271)7(1a2)7(274)3
(0,3),(0,5),(0,6),(1,3),(2,6), (1,5),
(2,3),(1,6),(2,5)}.

Take D1(C) = {0,1} a complete set of representatives
of the 2-cyclotomic cosets modulo 3 of the elements of
D1(C). Then we may take D3 (0) = {(0,3)} and D5 (1) =
{(1,1),(1,3)}. By definition, D(Cy) = {(0,3), (1,1), (1,3)}.
A direct computation yields m (0) =1, m (0,3) =m (1,1) =
m(1,3) = 3, and m (1) = 2. Hence M (0) = 3 and
M (1) = 6. Then, we obtain the (unique) sequence

fll=6> fl21=3> 0= f[3

and
gl =2 < g2] = 3.

Finally, according to (3) the set of check positions for C; is

F(Cl) = {(0, 0)7 (17 0), (27 0)7 (07 1)7 (07 2)a (07 3)7
(0,4),(0,5),(1,1),(2,1),(1,2),(2,2),
(1,3),(1,4),(1,5)}

=7 7"

frn i

fi2 :

g(1) =3=g(2)X‘
Fig. 1. T'(C1)

Example 4. Set ¢ = 2,n = 3,7 = ry = r3 = 3. Let Cy be
the abelian code with defining set

D(CQ) = {(07070)a(1717O)a(25270)7(05171)7(03272)7

(2,2,1),(1,1,2)}.

Take D1(C) = {0,1} as a complete set of representatives
of the 2-cyclotomic cosets modulo 3 of the elements of
Dl(c) Choose 22 (O) = {(070)a (071)}’ D2 (1) = {(17 1)}
By definition, D>(C) = {(0,0),(0,1),(1,1)}. Now, we
set D3(0,0) = {(0,0,0)}, D3(0,1) = {(0,1,1)}, and
Ds (la 1) = {(17 170)v (17 1, 2)} Then

D(C2) = {(0,0,0),(0,1,1),(1,1,0), (1,1,2)}.

A direct computation shows that m (0) = m(0,0) =
m(1,1) = m(0,0,0) = m(0,1,1) = m(1,1,0) =
m(1,1,2) = 1, and m (1) = m(0,1) = 2. Therefore

M (0,0) = M (0,1) = 1,M (1,1) = 2 which, in turn, give
us the first sequence

fll=2> fl21=1> 0= f[3l.



For uz = 1 we have the values p1 (0) = 0, 1 (1) = 1. This
yields a sequence

fi,11=1>0= f[1,2].
For ug = 2 the values are pz (0) = 3, uo (1) = 1. Then,
f12,11=3> f12,21=1> 0 = f[2,3].
and finally
gl1,11 =2 and g[2,11 =1 < g[2,2] = 3.

Following (2), the set of check positions for C is

') = 4{(0,0,0),(1,0,0),(2,0,0),(0,1,0),
(0,2,0),(0,0,1),(1,0,1)}.
X2
r,=3=f 271]7 77777
|
|
|
/// :
4 |
e fl[1,114f [2,2] !
S
|
! | =3 X
| | g1, el /an.2)
I 2l - o ]__J
| 4
LEI1] 7
|
1"3;3 77777777777
X3
Fig. 2. T(C2)

Next example shows that different linear orderings in the
indeterminates may yield different sets of check positions for
an abelian code.

Example 5. Let g =2, n =2, r; =3 and 75 = 5. Let C3 be
the abelian goup code with defining set
D (63) = {(O’ 0)7 (17 0)’ (27 O)v (15 2)7 (27 4)a (17 3)7 (2, 1)} .
First we choose the (default) order X; < X5. We take

E(CS) = {(070)7 (L 0)7 (]-7 2)} .

Then m(0) = 1, m(1) = 2, m(0,0) = 1, m(1,0) =
m(1,2) = 2. Using this, we have M (0) = 1, M (1) = 3. So
we obtain the sequence

fli1=3> fl21=1> f131=0
and

gl =2 < gr)=3.

Therefore, the set of check positions for C3 with respect to
this order is

I'Cs; X1 < X2) = {(0,0),(1,0),(2,0),(0,1),(0,2),

(1,1),(1,2)}.

Now we choose the other order, Xo < X;. We take

5(Ci‘)) = {(070)7 (1’ 0)7 (27 1)} :

Then m(0) = 1, m(1) = 4, m(0,0) = 1, m(1 0)
m(2,1) = 1. Using this, we have M(0) = 3, M (1) =
we obtain the sequence

flll=3> fz1=1> f131=0

So

and
gl =1< g2 =5.

Therefore, the set of check positions for Cs with respect to
the order X < X; is

F((/,3;)(2<)(1) = {(070)’(170)7(2v0)’(071)’(0’2)7

(0,3),(0,4)}.

Our last example shows that the restriction on the election
of representatives is not superfluous, and allows us to avoid
redundance on the sums.

Example 6. Set ¢ =2,n =3,ry =19 =r3 = 3. Let C4 be
the abelian code with defining set

D(¢4) ={(0,0,0),(0,1,1),(0,2,2),(0,2,1),(0,1,2)}.

)

One may choose D(C4) = {(0,0,0),(0,1,1),(0,1,2)} or,
alternatively, D(C4) = {(0,0,0),(0,2,1),(0,2,2)}; but we
must not select as D(Cy) the set {(0,0,0),(0,1,1),(0,2,1)}.
If we do this last election, we will obtain y1(0) = m(0,0) +
m(0,1)+m(0,2) = 5, which makes no sense, because r; = 3,
for i = 1,2, 3. Note that the election of (0,1) and (0,2) as an
D5(C) does not respect the rules of restricted representatives.

V. MAIN THEOREM

In this section we will prove that I'(C) is a set of check
positions. Firstly, we need to introduce the notion of check
tensor associated with an abelian code C. This definition is an
extension to n indeterminates of that given by Imai in [7].

Let C < A(r1,...,7,) be an abelian code with defining set
D(C). Suppose we have ordered X; < ... < X,, obtaining
D(C) and T'(C) as it was done in Section III.

Let Fy denote the field of ¢’ elements with ¢’ a power of
g (recall from the Preliminaries that F = IF,). For every j =
(Jis---sJn) € Lyp, X --+ X Ly, , and every e = (€1,...,€,) €
D(C) we define hi as the expression of 7' -+ aéJn in a
fixed basis of the F,-vector space s, where ¢’ = ¢"+1(€) and
«; is an r;-th primitive root of unity, for every ¢ = 1,...,n.
Now, we fix an arbitrary order in D(C) and following it, for
each j € Z,, x --- x Z,,, we concatenate the vectors hi to
get a new vector hj = (hJ?)eeB(C)'

Observe that, the equality

Z TYn+1 (6) =

ecD(C)

Y Q@) =1z(©)

e€cD(C)

implies that the length of h; considered as a vector with entries
in F, is |Z(C)|. This means that the F,-subspace spanned
by the hy’s verifies (hj | j € Zy, X --- X Zy,) C Fozol.
In fact, as a consequence of Corollary 10, we will see that
equality holds.



Definition 7. Let C < A(ry,...,r,) be an abelian code. A
check tensor for C is a set of the form

{hj | j€Lp, x--- XLy},

where hj = (hjE)eeE(C) € F iz and, in turn, D(C) is a set
of restricted representatives of the q-orbits of D(C).

Note that by definition, P(X1, ..., X,) = S Aj, ;. X3t
---- Xjr € Cif and only if 7, Ajh; = 0, where 0 denotes the
zero vector with length | Z(C)|.

Lemma 8. A set H C Z,, X - --Z,, is a set of check positions
for C if and only if the set {h;}jen is a basis of the subspace
generated by the check tensor.

Proof: First note that H is a set of check positions if and
only if any codeword is uniquely determined by its entries
in the information set H¢, the complementary set of H in
Ly, X - X L.,

Assume that H is a set of check positions. Suppose that
there exist coefficients {\; }jer C Fy satisfying > 554, Ajhy =
0. Define ¢ = (¢;) such that ¢; = 0if j ¢ H and ¢; = A; if
j € H. If one of the coefficients of the linear combination is
not zero, one has that ¢ and the zero codeword are different
elements of C and they agree in the positions corresponding
to H¢, which is impossible. This proves linear independence.
Now, pick jo ¢ H. Then, there exists {\;};ex C Fy such that
the vector ¢ = (¢;), defined by

0 if jen\{iol
g={ 1 if j=jo,
N i jeH

is a codeword of C. So, hj, + > ;4 Ajhj = 0.
Conversely, suppose that {h;}jcs is linearly independent

and for every i € Z,, X --- X Z,_, h; can be written as an
[F,-linear combination of the elements of {h;};c.
Take any codeword ¢ = (¢j)jez,, x--xz,, of C. By hy-

pothesis, the vector ZjGHC c;h; has a unique expression
D jene Ghi = Dsen Ails for some Aj € Fy. As ¢ € C then
Aj = —c¢;, for all j € ‘H, which means that the codeword is
totally determined by those {c;}; ;.- |
Now we state our main theorem.

Theorem 9. Let C < A(ry,...,ry) be an abelian code with
defining set D(C). Then T'(C) is a set of check positions for
C.

Proof: By Lemma 8 it is enough to prove that the set
{hj}ser(e) is a basis of the F-vector space generated by the
check tensor; furthermore, we are going to show that it is a
basis of the whole space Fq|z(cﬂ.

First, we will prove that [I'(C)| = |Z(C)|. For any
fixed (wp,...,u2), with 1 < w, < s, and 1 < u <
S$(Uny .o oyui1), With 2 < [ < n, let us define for ¢ =

2,...,n—1
(U yeeesWig1)
Uz(una 'auz+1) = Z (f[un7~"7u’i+l7ui]_
u;=1
S(Unyeens us)
f[un7---,ui+17ui+1])"' Z (f[u7la"'7u37u2]_

u2:1

S, .. us,uz +11) - Glun, ..., uzl.
Then, it is clear that
Sn
@) = 3 (Flund = flun +11) 01 (1)
Up=1
and
S(Un sy Uit2)
Oit1(Uny ooy Uig2) = Z (flun, -y uirz, uipal— (4
ui+1:1
flun, .y uwiga,uigr +11) - 05 (Un, - oo, Uig1).
We claim that for i = 2,...,n — 1 one has
gi(unv s 7ui+1) = Z Hgy s ugn (6) : ’yl(e) (%)

ecD;_1(C)

We proceed by induction. Taking ¢ = 2 as induction base,

s(Un,...,u3)
UQ(U’”,-.-,U?,): Z (f[un)"~1u37u2]_
uzzl
Jluns . uz,uz +11) - Glun, ..., uzl.

For every e € D1(C), set p(e) = fiu, ...us(e). Having in
mind that

Glun, ... uz] = Z m(e),
<€D (0)
w(e)>Flum,. .. us)
we factor out m(e) obtaining
o2(Un,...,uz) = >, m(e)

e€D1(C)
Z (f[un,...,ug,uz]—f[un,..
flun,...;us uz]<p(e)
=Y me) w0 = L 7€) tuna(e).
e€D1(C) e€D1(C)

- uz, uz + 1)

So the induction base is stablished. Now, we assume that
the claim has been proved for ¢ < n — 1 and we are going to
deal with the case 7 + 1. By (4) and by assumption

S(um~~~,ui+2)
S Uig2) = (flun, ..
ui+1:1

st 1) D fug,ui (€) - Yi(€)
e€D;_1(C)

Ui+1(um- . U]

f[u’nv"

S(Uny..sUig2)

= Z (f[un,..

uip1=1

> ile) ( > m(&d)) :
SEDifl(C) /"Lun,.-.,ui+2(e7a)2f[u”)”'7ui+l]

Note that given e = (e1,...,e;) € D;(C), with
Pogs.ouipo (€) = f[un,.‘.,ﬂﬁ,l] for some 1 < | < n,
one has that m,_1(e) € D;_1(C). Moreover, e; satisfies

Sy U] _f[unw-~,ui+1+1])'



that ,uum_“’uiﬂ(el,...,ei_l,ei) > f[uﬂ...,ui+2,ui+1] for
all u;41 > [I. Conversely, for ¢ € D; 1(C) and a €
R(e), there must exist w;;1 such that g, .. ...(e,a) >
Slun, ... uito,uip1]. Then, setting pu(e) = fiu, ... .u.i0(€), We
have

Z Yit1(e):
e€D;(C)

> (flun, ..y uip1l — flun, ..

flun,..uir1]<p(e)

= > viti(e) - ple).

e€D;(C)

Ui+1(un, e ,ui+2) =

U1 + 1])

So (5) is proved. Now, using (5) with ¢ = n — 1, and the
definitions of f,,, (¢) and M(e), we deduce

@) = 5 (flunl = flun +11)
Up=1
72 F)/n—l(e) * M, (6)
eEDT,,_fz(C)
= 2 (flund = flun+11) - X Yaoa(e)
un=1 €D, _»(C)

. m(e,a)
M(e,a)> flunl

= > ale) > (flunl = flun +11)
e€D,_1(C) flun]<M(e)

= Yo mle) - M(e)= 3 Ynyile)
e€D,,_1(C) eeD(C)

This equality, together with the definition of ~,,1(e) yields

P@I= Y vmnl)= Y [Qer....en) =|Z(C)],

e€D(C) eeD(C)

and we are done.

Now, we have to see that {h;};cr(c) is linearly independent.
So, consider a family {Aj};c ) of coefficients in F, in which
there is at least one \; # 0, for some j € I'(C). We shall show
that 3 ;) Ajhy # 0, and this will finish the proof.

Let us define the set

T = {(up,...,u2) | 1<u, <s,, and
lgul Ss(un;-"aul-‘rl)a f0r2§l§n71}
ordered in the usual lexicographical order: (up,...,u2) <
(Upy - ooy uy) if uy <upyorifuy =l forj=mn,... i+1>2
and u; < wul. Recall that an element j = (j1,...,4n) €

Zyp, X -+ X Ly, belongs to I'(C) if and only if there exists
a unique (Up,...,u2) € Y, which we call u;, such that

Sln, ..;u +11 < j; < flun,...,w] for [ = 2,...,n, and
1< j1 < glun, ... u2l.
~ We have to prove that there is an element (ey,...,e,) €
D(C) such that
Z Aj - St glndn £ ),
(jl,...,jn)EF(C)
To do this, we begin by fixing o; =

min{a; € T | A\; # 0}; where i = (i1,...,i,) € I'(C). Set
By = (Un, ... ,@. We shall construct recursively an element
(€1,...,e,) € D(C) such that for each [ = 1,...,n,

>

J=(1se 0158141504500 ) EL(C)

)\j . ailjl . aleljz 75 0 (6)

and while [ < n,

(7
®)
We begin with [ = 1. By the definition of v; and since

i € T'(C) we have that 1 < 41 < g[vn,...,v2]. Consider the
polynomial

P oovris (€15 ov€0) = flon,..,uqa] if 1<n =2,
M(e1,...,en—1) > flon]l if l=n—1.

P(Xy) =
j=(j1,i2,...,in)EF(C)

X

By definition of I'(C), we have 4 = o, for j

(J1,%2,...,in) € T(C) and then j; must verify 1 <
71 <  glvn,...,v2]l. Conversely, for any 1 < 71 <
glvn,...,v2] one has (j1,42,...,4,) € I'(C). So §(P(Xy)) =
Hi1 | 1<j1 < glon,...,v1}| < glvn,...,v2], where & denote
the polynomial degree.

Now, since

glon,...,v2] = ‘U{C(q,ﬁ)(a) | a€D1(C) and

Hu, ,...,v3 (a) Z f[vn: ce ,U2]}|

and P(X;) € F,[X1] then there exists e; € D;(C) satisfying
(7) for I =1, and also P(af') # 0. This proves the induction
step [ = 1.
Suppose we have constructed e = (ey,...,¢;) € D;(C)
satisfying (6) and (7). We want to get the step [ + 1.
Consider the polynomial

Pe(Xl+1) =
e elj Ji41
Ay oyttt X
J=(1seodi41,81425-580 ) ET(C)
Then, for any j = (j1,...,Ji+1,%42,---,in) € T(C), we

have that @5 = (up,...,us2) verifies u, = vp,..., U2 =
v14+2. By definition of ; we have that \; # 0 implies u; > vs;
which, in turn, implies flvn,...,v411] > flvn,...,u;41]. Thus,
flon, oo ugr +10 < g < flon,-uga] < flon, vl
Then 0 (P.(X;+1)) < flvn,...,vs1] and, by induction hy-
pothesis, we have flvn,...,v41] < fho,,... 040 (€).
Analogously to the case [ = 1 we have that, since

s (©) = [U{Clno ) (@) | (e,0) €
Dl+1(c) and an,.“,vprg (67 CL) 2 f['Uﬂu ceey 'Ul+2]} |
and P.(X;11) € IqulH(c) [Xi41], then there exists e;11 €
Zy,., satisfying (6) and (7). Now we may get the step [ = n—1
in a complete analogous way obtaining (8), instead of (7).
7Finally, suppose we have an element e = (eq,...,e,_1) €
D,,—_1(C), satisfying (6), (7) and (8). Consider the polynomial

P.(X,) = > Aj oSt gnm It X
J=(41,--,3n)€T(C)

As in the previous steps, if A; # 0 then u; > uy;
hence w, > v,. This means that flu,] < f[v,], and since
fluns1l < Jn < flunl < flonl, we have § (P.(X,)) <
floa) < M(e) = 3 e p(e) (e, a). Thus, there is an e,, € Z,
such that (eq,...,e,) € D(C) and P.(agr) # 0; that is

Z Ay - @St gfndn £ ()

J=(J1,..,Jn)€T(C)



as desired. ]
The following corollary is well-known (see for instance [6]).

Corollary 10. Let C be an abelian code with defining set
D(C). Suppose C has dimension k and length . Then k =
I—]Z(C).

VI. APPLICATIONS TO PERMUTATION DECODING

In this section we present some ideas on how one may de-
sign abelian codes with good information sets in order to make
a permutation decoding attempt. By using those information
sets obtained in Section III, we present two examples. The
first example has two parts. In the first one, we give a list
of 2-error correcting cyclic codes of length 45 that achieve
the upper bound on the ranks that appears in [13]. Next, we
construct two 2-error correcting abelian non cyclic codes of
length 45 with better rates than those given for cyclic ones.
The other example is a list of 3-error correcting cyclic codes
of length 65 that improve the upper bound on the ranks that
appears in [14].

Before we present our examples let us give a brief intro-
duction to the permutation decoding algorithm. Permutation
decoding was introduced by F. J. MacWilliams in [9] and it
is fully described in [5] and [10]. Fixed an information set
for a given linear code C, this technique uses a special set of
permutation automorphisms of the code called PD-set.

We denote the permutation group on Z,, X --- X Z,,
by Sy, x..xr, and we consider its extension to automor-
phisms of A(r1,...,r) via T (zj anJ') = Y XY,
Under this point of view the permutation automorphism
group of an abelian code C < A(ry,...,7y,) is PAut(C) =
{1 € Spyxxr, | T(C)=C}.

Definition 11. Let C be a t-error-correcting [l, k] code. Let T
be an information set for C. For s < t a s-PD-set for C and T
is a subset P C PAut(C) such that every set of s coordinate
positions is moved out of L by at least one element of P (see

[8], [9]).

The idea of permutation decoding is to apply the elements
of the PD-set to the received vector until the errors are moved
out of the fixed information set. The following theorem shows
how to check that the information symbols of a codeword with
weight less or equal than ¢ are correct. We denote the weight
of a vector v € F! with wt(v).

Theorem 12 ([5], Theorem 8.1). Let C be a t-error-correcting
[I,k] code with parity check matrix H in standard form.
Let 1 = ¢ + e be a vector, where ¢ € C and wt(e) < t.
Then the information symbols in r are correct if and only if
wt (Hr') < t.

Then, once we have found a PD-set P C PAut(C) for
the given code C and information set Z, the algorithm of
permutation decoding is as follows: take a check-matrix H
for C in standard form. Suppose that we receive a vector
r = c+ e with wi(e) < t. Then we calculate the syndromes
H (7(r))", with 7 € P, until we obtain a vector H (7o(r))"
with weight less than or equal to ¢. By the previous theorem,

the information symbols of the permuted vector 7(r) are
correct, so by using the parity check equations we obtain the
redundancy symbols and then we can construct a codeword
c’. Finally, we decode to 7 1(¢/) = c.

In general to find ¢-PD-sets for a given t-error correcting
code is not at all an easy problem. It depends on the chosen
information set and they need not even to exist. Moreover, it
is clear that the algorithm is more efficient the smaller the size
of the PD-set.

Let T be the transformation from A(rq,...,r,) into itself,
given by T,(P(X4,...,X,)) = Xs- P(X1,...,X,), for s =
1,...,n. Then it is clear that Ts can be seen as a permutation
in Spyxooxr,, via Ts (i1, ... ,0n) = (i1,...,0s+1,...,0,)
and as such, ({T}"_,) may be viewed as a subgroup of
PAut(C) for every abelian code C < A(ry,...,7,). On the
other hand, we consider the Frobenius automorphism of ' =
F, acting on A(rq,...,r,) via o (ZJ anj> =2 a; X 73
(recall that ged(r;,q) = 1, for all ¢ = 1,...,n). As well as
those T’s, the Frobenius automorphism belongs to PAut(C),
for every abelian code C < A(ry,...,7r,). We shall look for
PD-sets contained in the subgroup A = ({T}._, U{c}).

It is well-known that for every cyclic code of dimension k,
any k consecutive positions form an information set (see [10]).
In [13], [14] Shiva, Fung and Tan gave upper bounds on the
rank of cyclic codes of certain lengths, that are permutation
decodable with respect to the information set mentioned above
and with PD-sets contained in A. For our purposes, we shall
interpret cyclic codes as abelian codes (in several variables),
as it was done in Remarks 2(c). Then we design abelian codes
such that A contains a PD-set with respect to the information
set defined in (2) and their rates achieve and even improve
those given by Shiva, Fung and Tan.

We only consider abelian codes in two variables; however
the procedure may be extended to more variables. So, in the
sequel, C < A(ry,r2) will be an abelian code with set of
check positions T'(C) given by (3), and Q(eq, e2) will denote
the g-orbit of (e, es) € Zy, X Z,, as in (1).

We begin by dealing with 2-PD-sets. In this case, if I'(C)
intersects all g-orbits in Z,, X Z,,, we may move the support of
an 2-error vector into I'(C) by using the subgroup A. Indeed,
take e € A(r1,72) an error vector with supp(e) = {p1,p2} C
Zp, X Ly, and set p; = (p;,p5) for j = 1,2. Then use (T3, To)
to transform p; — (0,0) and ps — p, for some p € Z,., X Z,,.
Finally, as there exists an integer i such that ¢*-p € T'(C), then
a%(0,0) = (0,0) and o*(p) belong to I'(C). Summarizing

Lemma 13. Let C < A(rq,12) be an abelian t-error correct-
ing code with set of check positions T'(C). If t > 2 and T'(C)
intersects all q-orbits in Z,, X Zy,, then A is a 2-PD-set with
respect to T'(C)°.

Example 14. We shall design binary 2-error correcting codes
with the highest dimension in length 45, such that A contains
a 2-PD-set with respect to our information set.

Firts of all, let us note that it is possible to check, by using
the GAP program, that any abelian code (cyclic or not), C, of
length 45 with dim(C) > 33 has minimum distance d(C) < 4.

We begin with cyclic codes. Consider all 2-orbits in Zj5 X Zg.



They are

Q(0,0), Q(0,1), @(0,3), Q(1,0), Q(1,1), Q(1,2),
Q(1,3), Q(1,6).

We consider the 29-dimensional codes Ci,...,Cs with
defining sets
D(G) = Q(1,2)UQ(1,6)
D(C) = Q(L,1)UQ(1,6)
D(Cs) = Q(1,2)UQ(1,3)
D(C) = Q(L1HUQ(,3)
D(C) = Q(1,0)uQ(1,2)
D (Ce) Q(L,0)uQ(,1).
A direct computation shows that d (C;) = 5fori =1,...,6
Since
D) > {(0,0)(0,1),(0,3),(1,0), (1, 1), (1,2),
(1,3),(2,3)}
fori=1,...,6 then by Lemma 13 we have that A is a 2-PD-

set for C; with respect to T'(C;)¢ fori=1,...,6.

An easy inspection of the 2-orbits shows that Cy,...,Cg
are the highest dimensional 2-permutation decodable codes.
So, by using as information set I'(C)¢, we have achieved the
upper bound for length 45 given in [13] with respect to the
usual information set.

Now we shall construct two binary 2-error correcting non
cyclic codes of length 45. The first one C7, having dimension
dim(C7) = 31 will be permutation decodable with PD-set
({Ty, To}) with respect to the information set I'(C7)¢. The
second one, Cg, having dimension dim(Cg) = 32 will be
permutation decodable with PD-set A with respect to the
information set T'(Cg)°.

In this case, we consider all 2-orbits in Z3 X Z15. They are

Q(0,0), Q(0,1), Q(0,3), Q(0,5), Q(0,7),
Q(1,0), Q(1,1), Q(1,2), Q(1,3), Q(1,5),
Q(1,6), Q(1,7), @(1,10), Q(1,11).

One may check that the code C; having defining set

D(C'?) = Q(073)UQ(0’7)UQ(1’0)UQ(lall)

has dimension dim(C;) = 31 and minimum distance d(Cr) =
6, so that, it is a 2-error correcting abelian code. The param-
eters for I'(C;) are fl11=8> fl21=3,gll1=1<g[21 =3
and they yield

I'(C7) = {(0,0),(0,1),(0,2),(0,3),(0,4),(0,5),
(0,6),(0,7),(1,0),(2,0)}.

We claim that (77, T3) is a 2-PD-set with respect to I'(C;)°.
Take e € A(3,15) an error vector with supp(e) = {p1,p2} C
Z3 x 5 and set p; = (p;,p7) for j = 1,2. Clearly, we may
use (T7,T5) to transform p; +— (21,0) and ps — (z2,y2),
where 1,29 € Zs and 0 < yp < 7. Then, use (73) to
transform (22, y2) — (0,y2), and we are done.

Note that the same argument may be applied to, for exam-
ple, the code

D(C) = Q(0,3)uQ(0,7) UQ(L,0)

that has dimension dim(C) = 35; however, as we have
mentioned, its minimum distance cannot be greater than 4.

Now we find an upper bound for dimensions when a PD-set
includes the Frobenius automorphism. Consider the code Cg
with defining set

D(Cs) = Q(0,0) UQ(1,3)UQ(L,T)UQ(L,11).

One may check that d(Cs) = 6 and dim(Cs) = 32, so it
is a 2-error correcting abelian code. In this case, Lemma 13
does not may be applied; however, we shall see that A is a
PD-set, Take e € A(3,15) an error vector with supp(e) =
{p1,p2} C Z3 X Z15 and set p; = (p},p?) for j = 1,2. By
analyzing the distribution of the 2-orbits in the plane Zs X Z15
we see that, first, one may use A to transform p; — (0,0) and
p2 — (x,y), with 12 < y < 14. Then (T3, T5) finishes the
task.

Now we deal with 3-PD-sets.

Lemma 15. Let C < A(ry,72) be an abelian t-error cor-
recting code with set of check positions T'(C) given by (3). If
t > 3, fl1l = ra, glsn] = 11 and T(C) intersects all g-orbits
in Zp, X Ly, then A is a 3-PD-set with respect to T'(C)°.

Proof: Take e € A(rq,r2) an error vector with supp(e) =
{p1,p2,p3} € Zy, X Ly, and set p; = (pj, p3) for j =1,2,3.
Then use (T7,75) to transform p; +— (a1,0),p2 — (0, a2)
and p3 — p, for some a1 € Z,,,a2 € Zy, and p € Zy, X Zy,.
Now, by hypothesis we have that there exists an integer ¢ such
that ¢* - p € T'(C), then o%(ay,0) = (*,0), 0%(0,az2) = (0, %)
and o*(p) belong to I'(C). [
Example 16. We shall design binary 3-error-correcting cyclic
codes with the highest dimension in length 65 such that A

contains a 3-PD-set with respect to our information set. In
this case, the 2-orbits in Zs X Zq3 are

Q(0,0), Q(0,1), Q(1,0), Q(1,1), Q(1,2), Q(1,4), Q(1,7).

We consider the 40-dimensional codes Ci,...,Cq4 with
defining sets
D<C2> = Q(0,0)UQ(O,l)UQ(1,2)
D(Cs) = Q(0,00UQ(0,1)UQ(1,4)
A direct computation shows that d (C;) = 8fori =1,...,4

Since

{(0,0),(0,1),(1,0),(1,1),(1,2),(3,2), (2, 1)} C T(Cy)

fori =1,...,4 then by Lemma 15 we have that A is a 3-PD-
set for C; with respect to I'(C;)° fori =1,...,4.

An easy inspection of the 2-orbits shows that Cy,...,Cy4
are the highest dimensional 3-permutation decodable codes.
So, by using as information set I'(C)¢, we have improved the
upper bound for length 65 (which is dimension 38) given in
[14, Table X] with respect to the usual information set.
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