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Plane curves

Let K be a field with algebraic closure K.
Let P?(K) be the projective plane over K:

]PZ(K) = {[a tb: ] (11 b C) € K3\{(0 0 0)}}/ ([a:b:c]~[a:b" '] = (a,b,¢0) =A@, V', ")

forsome X\ # 0

Let f(x,y) € K[x,y].

The affine curve associated to f is the set of points

{(a,b) € K*: f(a,b) = 0}



Plane curves

Projective curve

Let F(X,Y,Z) € K[X, Y, Z] be a homogeneous polynomial.
The projective curve associated to F is the set of points

Xr={(@:b:c)eP*(K):Fla:b:c) =0}



Homogenization and dehomogenization

Affine to projective

The homogenization of f € K[x,y] is
XY
* deg(f)
fxY.2) = 250% (3.7).

The points (a,b) € K? of the affine curve defined by f(x, y) correspond
to the points (a : b : 1) € P*(K) of Aj..



Homogenization and dehomogenization

Projective to affine

A projective curve defined by a homogeneous polynomial F(X, Y, Z)
defines three affine curves with dehomogenized polynomials

F(x,y,1), F(1,u,v), F(w,1,z).
The points (X : Y : Z) with Z # 0 (resp. X # 0, Y # 0) of Ar correspond

to the points of the affine curve defined by F(x,y, 1) (resp. F(1,u,0),
F(w,1,z)). The points with Z = 0 are said to be at infinity.
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Let g be a prime power.

The Hermitian curve H, over F . is defined by

X1 = yf + yand X7 — YIZ — YZ1 = 0.
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Hermitian example &' = vz + vz’

Let g be a prime power.

The Hermitian curve H, over F . is defined by

1 =41+ yand X9 — Y1Z — YZ1 = 0.

Exercise

Letq=2,Fp. =Zy/(x* + x + 1), a the class of x. Then,
Fy={0,1,0,0”> =1+ a}.

Does H, have points at infinity? Find all the points of #>.
The unique point at infinity is Poo = (0 : 1 : 0). For the remaining points, notice that

ot =0 19tl =1 aftl =1 (a?)1tl =1
+0=0 194+1=0 oal4+a=1 (a2)T+a2=1

Then the points are:
Pp=(0:0:1) = (0,0),Pp = (0:1:1) = (0,1),P3=(1:a:1)=(1,a),P=1:a2:1) = (1,a?),
Ps=(a:a:l)=(a,a),Ps=(a:a?:1)=(a,a?),P;=(a?:a:1) = (a?,a),Pg=(a?:a%:1) =

(a2, a?)
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union of at least two curves.
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Irreducibility

If F can factor in a field extension of K then the curve is a proper
union of at least two curves.

Hence, we impose F to be irreducible in any field extension of K.

In this case we say that F is absolutely irreducible.
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Function field
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Hence, we require the numerator and the denominator to have one
representative each, which is a homogeneous polynomial and both
having the same degree.
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Function field

GX,Y,Z)-H(X,Y,Z) =mF(X,Y,Z) = G(a,b,c) = H(a,b,c) forall (a:b:c) € X.

So, we consider
K(X,Y,Z)/(F) ={G(X,Y,Z) € K(X,Y,Z)}/ (GH G —H=mF)

Since F is irreducible, K(X, Y, Z)/(F) is an integral domain and we can
construct its field of fractions Qf.

For evaluating one such fraction at a projective point we want the
result not to depend on the representative of the projective point.
Hence, we require the numerator and the denominator to have one
representative each, which is a homogeneous polynomial and both
having the same degree.

The function field of A%, denoted K(A%), is the set of elements of Qr
admitting one such representation.

Its elements are the rational functions of Xr.



Regular functions

We say that a rational function f € K(AF) is regular in a point P if
there exists a representation of it as a fraction ng v ? with H(P) # 0.
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The ring of all rational functions regular in P is denoted Op.



Regular functions

We say that a rational function f € K(AF) is regular in a point P if

there exists a representation of it as a fraction ng v ? with H(P) # 0.

In this case we define
G(P)

FP) = Hipy

The ring of all rational functions regular in P is denoted Op.

Again it is an integral domain and this time its field of fractions is
K(XF).
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simple point.



Singularities

Let P € Ar be a point. If all the partial derivatives Fx, Fy, Fz vanish at
P then P is said to be a singular point. Otherwise it is said to be a
simple point.

Curves without singular points are called non-singular, regular or
smooth curves.



Singularities

Let P € Ar be a point. If all the partial derivatives Fx, Fy, Fz vanish at
P then P is said to be a singular point. Otherwise it is said to be a
simple point.

Curves without singular points are called non-singular, regular or
smooth curves.

The tangent line at a singular point P of A is defined by the equation

Fx(P)X + Fy(P)Y + Pz(P)Z =0.



Singularities

Let P € Ar be a point. If all the partial derivatives Fx, Fy, Fz vanish at
P then P is said to be a singular point. Otherwise it is said to be a
simple point.

Curves without singular points are called non-singular, regular or
smooth curves.

The tangent line at a singular point P of A is defined by the equation

Fx(P)X + Fy(P)Y + Pz(P)Z =0.

From now on we will assume that F is absolutely irreducible and that
Xr is smooth.
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Let g be a prime power.

The Hermitian curve #, over F . is defined by

X1 = yf + yand X7 — YIZ — YZ1 = 0.
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Let g be a prime power.

The Hermitian curve #, over F . is defined by

X1t = y1 +yand X7+ — YIZ — YZ7 = 0.

Exercise

m Find the partial derivatives of #,
m Are there singular points?
m What is the tangent line at P,?



Hermitian example &' = vz + vz’

Let g be a prime power.

The Hermitian curve #, over F . is defined by

1 =41 +yand X9 — Y1Z — YZ1 = 0.

Exercise

m Find the partial derivatives of H; Fx = X7, Fy = —Z1,Fz = —Y1
m Are there singular points? No

m What is the tangent line at P,?
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Genus

The genus of a smooth plane curve Xr may be defined as

(deg(F) — 1)(deg(F) — 2)
5 :

For general curves the genus is defined using differentials on a curve.

Exercise

9(q=1)
2

What is in general the genus of H,?
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Valuation at a point

Consider a point P in the projective curve Xr. There exists t € Op such that
for any non-zero f € K(Xr) there exists a unique integer vp(f) with

f= oy

for some u € Op with u(P) # 0.
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Valuation at a point

Consider a point P in the projective curve Xr. There exists t € Op such that
for any non-zero f € K(Xr) there exists a unique integer vp(f) with

f= oy

for some u € Op with u(P) # 0.

The value vp(f) depends only on A, P.

If G(X,Y,Z) and H(X, Y, Z) are two homogeneous polynomials of
degree 1 such that G(P) = 0, H(P) # 0, and G is not a constant
multiple of Fx(P)X + Fy(P)Y + Fz(P)Z, then we can take f to be the

class in Op of ggg%
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a pole of multiplicity —m if vp(f) = m < 0.



Valuation at a point

An element such as t is called a local parameter.
The value vp(f) is called the valuation of f at P.

The point P is said to be a zero of multiplicity m if vp(f) = m > 0 and
a pole of multiplicity —m if vp(f) = m < 0.

The valuation satisfies that vp(f) > 0 if and only if f € Op and that in
this case vp(f) > 0 if and only if f(P) = 0.



Valuation at a point

Lemma

vp(f) = oo if and only if f = 0

vp(Nf) = vp(f) for all non-zero A € K

vp(fg) = vr(f) + vr(8)

vp(f +¢) = min{vp(f), vp(g)} and equality holds if vp(f) # vp(g)

Ifvp(f) = vp(g) > O then there exists A € K such that
op(f — Ag) > wp(f).

[ |
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Let L(mP) be the set of rational functions having only poles at P and
with pole order at most m.
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Valuation at a point

Let L(mP) be the set of rational functions having only poles at P and
with pole order at most m.

Let A = (J, > L(mP), that is, A is the ring of rational functions having
poles only at P.

L(mP) is a K-vector space and so we can define /(mP) = dimg(L(mP)).

One can prove that [(mP) is either I((m — 1)P) or I((m — 1)P) + 1 and

ImP) =1((m —1)P) 4+ 1 <= 3f € Awithovp(f) = —m

Define A = {—vp(f) : f € A\ {0}}.
Obviously, A C Np.



Weierstrass semigroup

Lemma

The set A C Ny satisfies

0eA
m+m' € A whenever m,m’ € A
No \ A has a finite number of elements

Proof:

Constant functions f = a have no poles and satisfy vp(a) = 0 for
all P € Xr. Hence, 0 € A.

O



Weierstrass semigroup

Lemma

The set A C Ny satisfies

0eA
m+m' € A whenever m,m’ € A
No \ A has a finite number of elements

Proof:

If m,m’ € A then there exist f,g € A with vp(f) = —m,
up(g) = —m'.
up(fg) = —(m+m) = m+m €A



Weierstrass semigroup

Lemma

The set A C Ny satisfies

0eA
m+m' € A whenever m,m’ € A
No \ A has a finite number of elements

Proof:

The well-known Riemann-Roch theorem implies that
ImP)=m+1-g

ifm>2¢g—1.

On one hand this means that m € A for all m > 2g, and on the
other hand, this means that [(mP) = I((m — 1)P) only for g values
of m.

— #(No\ A) =



Weierstrass semigroup

Lemma

The set A C Ny satisfies

0eA
m+m' € A whenever m,m’ € A
No \ A has a finite number of elements

The three properties of a subset of Ny in the lemma constitute the
definition of a numerical semigroup.



Weierstrass semigroup

Lemma

The set A C Ny satisfies

0eA
m+m' € A whenever m,m’ € A
No \ A has a finite number of elements

The three properties of a subset of Ny in the lemma constitute the
definition of a numerical semigroup.

The particular numerical semigroup of the lemma is called the
Weierstrass semigroup at P and the elements in Ny \ A are called the
Weierstrass gaps.
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Numerical semigroups

Example: What amounts can be withdrawn?

0€, 20€, 40€, 50€, 60€, 70€, 80€, 90€, 100€, ...

m 0 in the set
m s, s’ in the set = s + ¢’ in the set

If we just consider multiples of 10 then

m only 10€, 30€ are not in the set (#(Np \ (5/10)) < o0)



Q>
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Let g be a prime power.

The Hermitian curve H, over F,. is defined by
xItl =yl +yand X7t — YIZ — YZ7 = 0.

Fx = X9, Fy = —Z9, F; = —Y7 = no singular points.
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Hermitian example &' = vz + vz’

Let g be a prime power.

The Hermitian curve H, over F,. is defined by
xItl =yl +yand X7t — YIZ — YZ7 = 0.

Fx = X9, Fy = —Z9, F; = —Y7 = no singular points.

Py = (0:1:0) is the unique point of #, at infinity (with Z = 0).

t= Y is a local parameter at P, since Fx(Peo)X + Fy(Poo)Y + Fz(Pos)Z = —Z.
)Z(, 12/ are regular everywhere except at P, (:> 7 Z € Umz0L(mPy)).
To find their valuation...

= () + = on () + P =a+ 1= o) =q+1=
op..(7) = —(q+1).

H™M =)'+ L= @+ Do) = —qq+1) =0 (5) = .
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Exercise

Can you prove that? e numberof gapsis (7 — 1) + (1 —2) + - - - +1 = L=1)



Hermitian example &' = vz + vz’

=q,9+1eA

= A contains what we will call later the semigroup generated by
9,9+ 1.

The complement in Ny of the semigroup generated by 4,9 + 1 has
14D — ¢ elements.

Exercise

Can you prove that? e numberof gapsis (7 — 1) + (1 —2) + - - - +1 = L=1)

Since we know that the complement of A in Ny also has g elements,
this means that both semigroups are the same.
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Klein example X’y +Y°Z+2°x = 0)

The Klein quartic over F, is defined by
Y+ +x=0and XY + Y3 Z+ 73X =0

Fx =3X?Y + 73, Fy =3Y?Z + X3, F, =3Z°X + Y3

If the characteristic of Fpis 3 then Fx = Fy = Fz = 0 implies
X3 =Y*=27=0= X =Y =Z=0= K has no singularities.



Klein example X’y +Y°Z+2°x = 0)

The Klein quartic over [, is defined by
Y+ +x=0and XY + Y3 Z+ 73X =0

Fx = 3X2Y + 73, Fy = 3Y2Z + X3, F;, = 372X + Y.
If the characteristic of Fpis 3 then Fx = Fy = Fz = 0 implies
X3 =Y*=27=0= X =Y =Z=0= K has no singularities.

If the characteristic of Fpis differentthan 3then Fx =Fy =F; =0
implies X3Y = —3Y3Z and Z3X = —3X%Y = 9Y3Z.



Klein example X’y +Y°Z+2°x = 0)

The Klein quartic over [, is defined by
Y+ +x=0and XY + Y3 Z+ 73X =0

Fx = 3X2Y + 73, Fy = 3Y2Z + X3, F;, = 372X + Y.
If the characteristic of Fpis 3 then Fx = Fy = Fz = 0 implies
X3 =Y*=27=0= X =Y =Z=0= K has no singularities.

If the characteristic of Fpis differentthan 3then Fx =Fy =F; =0
implies X3Y = —3Y3Z and Z3X = —3X%Y = 9Y3Z.

From the equation of the curve —3Y°Z + Y3Z + 9Y3Z = 7Y?Z = 0.



Klein example X’y +Y°Z+2°x = 0)

The Klein quartic over [, is defined by
Y+ +x=0and XY + Y3 Z+ 73X =0

Fx = 3X2Y + 73, Fy = 3Y2Z + X3, F;, = 372X + Y.

If the characteristic of Fpis 3 then Fx = Fy = Fz = 0 implies

X3 =Y*=27=0= X =Y =Z=0= K has no singularities.

If the characteristic of Fpis differentthan 3then Fx =Fy =F; =0
implies X3Y = —3Y3Z and Z3X = —3X%Y = 9Y3Z.

From the equation of the curve —3Y°Z + Y3Z + 9Y3Z = 7Y?Z = 0.
If gcd(q,7) = 1 then either

X=0 ifFy=0
Z=0 ifFx=0

X=0 ifFy=0

Yzo:‘{ Y=0 ifF;=0

or Z:0:>{

so, there are no singular points.
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Klein example X’y +Y°Z+2°x = 0)

Pp=(0:0:1) e K.

t = £ is a local parameter at Py since
Fx(P())X + Fy(P())Y + Fz(Po)Z =X.
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Klein example X’y +Y°Z+2°x = 0)

Pp=(0:0:1) e K.

t = £ is a local parameter at Py since
Fx(P())X + Fy(P())Y + Fz(Po)Z =X.

x\3Y (Y3 x 30p,(
(2) z+(2) +2=0= or { 3up(

NN

301’0(&)""1 = 3
Upo(%):1:> or { 3vp0(§)+1 = op,(
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Klein example X’y +Y°Z+2°x = 0)

Now we want to see under which conditions

Yl

fi= X € UpzoL(mPy).
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Now we want to see under which conditions

Yl

fij XH'/ S Um>0£(mP0).

We have
up,(fij) = —2i —3j
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Now we want to see under which conditions

Yl

ﬁj XH'/ S Um>0£(mP0).

We have
UPo(fif) = —2i— 3j

The poles of f; have X = 0 = only may be at Pp = (0:0: 1),
P1=(0:1:0).



Klein example X’y +Y°Z+2°x = 0)

Now we want to see under which conditions

Yl

ﬁj XH'/ S Um>0£(mP0)

We have

UPo(fif) =—2i—-3j
The poles of f; have X = 0 = only may be at Pp = (0:0: 1),
P1=(0:1:0).

UPI(

Symmetries of K =
op, (

>IN<=

3 i 2_1}=>Upl(fij)=—i+2j.



Klein example X’y +Y°Z+2°x = 0)

Now we want to see under which conditions

Yl

ﬁj X € UpzoL(mPy).

We have
UPo(fij) = —2i— 3j
The poles of f; have X = 0 = only may be at Pp = (0:0: 1),
P1=(0:1:0).
. Up (l) = -1 } . .

S triesof K= "% = op,(fy) = —i+2j.

ymmetries o on(2) = 2 op, (f) 1+2
= fij € Umz0L(mPy) if and only if —i 4 2j > 0



Klein example X’y +Y°Z+2°x = 0)

Now we want to see under which conditions

YiZi
ﬁj XH'/ S Um>0£(mP0)
We have

UPo(fif) =—2i— 3j

The poles of f; have X = 0 = only may be at Pp = (0:0: 1),
P1=(0:1:0).
. Up (l) = -1 } . .
S t f= "% = ) = —i+ 2],
ymmetries o o5 ( % ) = 2 op, (fi}) 1+ 2
= fij € Umz0L(mPy) if and only if —i 4 2j > 0
Then A contains {2i + 3j: i,j > 0,2 > i} = {0,3,5,6,7,8,...}.



Klein example X’y +Y°Z+2°x = 0)

Now we want to see under which conditions

Yl

ﬁj XH'/ S Um>0£(mP0)

We have
UPo(fif) =—2i—-3j
The poles of f; have X = 0 = only may be at Pp = (0:0: 1),
P1=(0:1:0).
. Up (l) = -1 } . .

S t f K= X = op,(fi) = -1+ 2j.

ymmetries o o (2) = 2 Py (fif) ]
= fij € Umz0L(mPy) if and only if —i 4 2j > 0
Then A contains {2i + 3j: i,j > 0,2 > i} = {0,3,5,6,7,8,...}.
This has 3 gaps which is exactly the genus of K. So,

A =1{0,3,5,6,7,8,9,10,...}.



Klein example X’y +Y°Z+2°x = 0)

It is left as an exercise to prove that all this can be generalized to the
curve /C,, with defining polynomial

F = X"Y 4 Y"Z + Z"X,
provided that ged(1,m? — m + 1) = 1. In this case

op,(fif) = —(m — 1)i —mj
and
fii € Un=0L(mPo) if and only if —i+ (m—1)j >
Since (m — 1)i+ mj = (m — 1)i’ + mj’ for some (7',j") # (i,) if and only
ifi >morj>m—1we deduce that
{=vry(fi) : fii € Umz0L(mPo)} =

{(m—-"1)i+mj: (i,j) #(1,0),(2,0),...,(m—1,0)}.

This set has exactly 2= gaps which is the genus of K. So it is

exactly the Welerstrass semigroup at Py.
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Bounding the number of points of a curve

m Depending on the genus of the curve:

m Serre-Hasse-Weil bound
Let X be a curve of genus g over F,. Then the number of points
with coordinates in [F, satisfies

#Ny(¢) <q+1+g[2/q



Bounding the number of points of a curve

m Depending on Weierstrass semigroups:
Geil-Matsumoto:
Ny(A) < GMy(A) = #(A\ U, generatorofA(q)\i +A)+1
m Pros and cons:

B + Best known bound related to Weierstrass semigroups (for some
values it is better than Serre-Hasse-Weil bound).
m - not simple.



Example withg =3 and A = (5,7)

GMq (A) = #(A \ U)\, generator of A(q)‘i =+ A)) +1

m A:
m012345678910111213141516171819 2021 222324 2526 ...
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Example withg =3 and A = (5,7)

GMq (A) = #(A \ U)\, generator of A(q)‘i =+ A)) +1

m A
m01234567891011121314151617 18192021 2223242526 ...
m g5+ A:
m 1516171819 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38
394041 ...

m g7 + A
m 21 222324252627 282930313233 34353637 383940414243 44
4546 47 ...
B A\{(g5+AN)U (g7 +A)}:
m0123456789101112131415161718192021 2223242526 ...



Example withg =3 and A = (5,7)

GMq (A) = #(A \ U)\, generator of A(q)‘i =+ A)) +1

m A
m01234567891011121314151617 18192021 2223242526 ...
m g5+ A:
m 1516171819 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38
394041 ...

m g7 + A
m 21 222324252627 282930313233 34353637 383940414243 44
4546 47 ...

m A\ {(5+A) U (g7 +A)}:
m01234567891011121314151617 18192021 2223242526 ...
m GM, (A) = #{0,5,7,10,12,14,17,19,24} + 1 = 10



Bounding the number of points of a curve

m Depending on Weierstrass semigroups:

Lewittes:
Ng(A) < Lg(A) =qh +1

m Pros and cons:

m - Weaker than Geil-Matsumoto.
| +simpler.



Example withg =3 and A = (5,7)

A lot more faster!!



Results obtained using numerical semigroup
techniques (in Albert Vico’s PhD thesis)

m A closed formula for the Geil-Matsumoto bound for Weierstrass
semigroups generated by two integers (i.e. hyperelliptic,
Hermitian, Geil’s norm-trace, etc.).

m An analysis of the semigroups for which the Geil-Matsumoto
bound equals the Lewittes” bound.

m A result that (in some cases) simplifies the computation of the
Geil-Matsumoto bound.



15" Result: A closed formula for GM bound for
semigroups with two generators

Lemma

The Geil-Matsumoto bound for the semigroup generated by a and b with

a<bis: »
GM,({a,b)) =1+ ;)min <q, {q ; n"‘ -b) _

1+ga if g < |2]b
1+ (gmoda)g + (a — (gmoda) [2]b if [1]b < q < [1]t
1+ ab[1] — (a — (gmod a))b ifqg> 1



2" Result: coincidences of GM(A) = L(A)

m We proved that:
GM,({a,b)) = Ly({a, b)) if and only if g < |1]b.

m Otherwise the Geil-Matsumoto bound always gives an
improvement with respect to the Lewittes’s bound.

m We would wish to generalize this to semigroups with any
number of generators.



2" Result: coincidences of GM(A) = L(A)

Lemma
It holds
GMq(<>\1, A2y >\n>) = Lq(<)\1, A2y ey )\n>) = q)q +1

ifand only if q(N\i — M) € A forall i with2 <i < n

Lemma
Ifg < bilJ A then

GMq(<)\1,>\2, 6o '7>\n>) = Lq(<>\1,)\2, 6o .,)\n>) = I])\1 +1



3" Result: Simplifying computation of GM bound

Lemma

Let A = (A, Ao, ..., \y) and let I be and index set included in {1, ... ,n},
the next statements are equivalent:

ANUL, (gAi + A) = A\ Uier(ghi + A)

Foralli & I there exists 1 < j < n,j € I such that q(\; — )j) € A.




3" Result: Simplifying computation of GM bound

Lemma

Let A= (A\i,...; ) with A\ < Xy < ... < Aand \ < 4.

q

Let \j be the maximum generator strictly smaller than L ! J then
Tl

A\UL; (g2 +8) = A\ UL (9 + A).
Let \j be the maximum generator strictly smaller than 2\ — 1 then
ANUL (9 + A) = A\ U, (gh + A).
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