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ABSTRACT

‘We consider the question whether there exists a Banach space X of density
continuum such that every Banach space of density at most continuum
isomorphically embeds into X (called a universal Banach space of density
¢). It is well known that £o /co is such a space if we assume the continuum
hypothesis. Some additional set-theoretic assumption is indeed needed, as
we prove in the main result of this paper that it is consistent with the usual
axioms of set-theory that there is no universal Banach space of density c.
Thus, the problem of the existence of a universal Banach space of density
¢ is undecidable using the usual axioms of set-theory.

We also prove that it is consistent that there are universal Banach
spaces of density ¢, but £oo/co is not among them. This relies on the
proof of the consistency of the nonexistence of an isomorphic embedding
of C([0,¢]) into Lo /co.

1. Introduction

This paper concerns the impact of infinitary combinatorics on basic isomorphic
properties of nonseparable Banach spaces. Quite often these properties cannot
be decided based on the usual axioms of set theory. Well known examples of
such phenomena include Haydon’s, Levy’s and Odell’s results on quotients of
Grothendieck spaces [8], Todorcevic’s results on uncountable biorthogonal sys-
tems ([21]), Avilés’s work on the Radon-Nikodym property ([1]), the second
author’s work on support sets ([10]) or Lopez-Abad’s and Todorcevic’s con-
structions of generic Banach spaces ([15]).

Let C be a class of Banach spaces. We will use the following standard notions
of universal Banach spaces for C: X is universal (resp. isometrically universal)
for C if X € C and for any Y € C there is an isomorphic (resp. isometric)
embedding T : Y — X. If k is a cardinal, then universal (resp. isometrically
universal) of density x will mean universal (resp. isometrically universal) for the
class of Banach spaces of density at most .

Similarly, one can define a universal Boolean algebra for a class of Boolean
algebras where the embedding is a monomorphism (injective homomorphism)
of Boolean algebras. For topological compact Hausdorff spaces it is natural in
this context to use the dual notion: K is universal for a class 7 of compact
Hausdorff spaces if K € T and for any L € T there is a continuous surjection
T: K — L.
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Probably the most known and useful result about the existence of universal
Banach spaces is the classical Banach-Mazur theorem (Theorem 8.7.2 of [18])
which says that C([0,1]) is an isometrically universal space for the class of all
separable Banach spaces. On the other hand, Szlenk’s theorem proved in [20]
says that there are no universal spaces for the class of separable reflexive Banach
spaces.

It is well-known that topological and Boolean algebraic objects translate into
Banach-theoretic ones but, in general, not vice-versa (see Chapters 7, 8 and 16
of [18]); in particular we have the following:

Fact 1.1: If there is a universal Boolean algebra of cardinality x or a universal
totally disconnected compact space K of weight x or a universal continuum of
weight k, then there is an isometrically universal Banach space of density k.
On the other hand, if there is an (isomorphically) universal Banach space of
density x, then there is one of the form C(K) for K totally disconnected and
there is one of the form C(K) for K connected.

Proof. By the Stone duality, the existence of a universal Boolean algebra of
cardinality  is equivalent to the existence of a universal totally disconnected
compact space of weight . Also, any compact Hausdorff topological space has a
totally disconnected preimage of the same weight (Proposition 8.3.5 of [18]) and
so, a universal totally disconnected compact space of weight « is also universal
among all compact spaces of weight «.

Recall that any Banach space X is isometric to a subspace of C(Bx~) (Propo-
sition 6.1.9 of [18]), where Bx~« is the dual unit ball of X considered with the
weak™ topology, which is connected and has weight equal to the density of X.

To prove the first assertion, suppose there is a universal compact space K
(either totally disconnected or connected) of weight x. Given any Banach space
of density x we get, in both cases, a continuous surjection ¢ : K — Bx=. The
fact that ¢ induces an isometric embedding of C(Bx«) into C(K) (Theorem
4.2.2 of [18]) and that X can be isometrically embedded in C(Bx«) implies
that C'(K) is an isometrically universal Banach space of density .

Let us now prove the second assertion. If there is a universal Banach space
X of density k, as X can be isometrically embedded in C(Bx-), any Banach
space of density x can be embedded as well, so that C(Bx~) is a universal
Banach space of density x (and Bx- is connected). But Bx« has a continuous
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preimage K which is totally disconnected and of the same weight, so that C'(K)
is a universal Banach space of density « as well.

In this paper we consider the question of the existence of a universal Banach
space of density continuum, denoted c.

As Parovi¢enko proved in [16] that under CH, o(N)/Fin is a universal Boolean
algebra of cardinality ¢, the same hypothesis implies the existence of an isomet-
rically universal Banach space of density ¢, namely C'(K) where K is the Stone
space of p(N)/Fin (homeomorphic to SN\ N). Moreover, C(K) is isometric to
ls/co (see, for example, 2.11 of [13]). Conversely, using quite general model-
theoretic methods, Shelah and Usvyatsov showed in [19] among others that it
is consistent that there is no isometrically universal Banach space of density c.
We can summarize these results as:

THEOREM 1.2 ([16], [19]): Assuming CH, {/cy is an isometrically universal
Banach space of density ¢. On the other hand, it is consistent that there is no
isometrically universal Banach space of density c.

The main result of our paper, proved in Section 2, shows that for the existence
of a universal Banach space of density ¢ (where not only isometric isomorphisms
are allowed as embeddings, but we allow all isomorphisms) some extra set-
theoretic assumption is also necessary:

THEOREM 1.3: It is consistent that there is no universal Banach space of density
c.

Our proof is quite inspired by the proof in [3] that it is consistent that there
is no universal totally disconnected compact space (nor continuum) of density
¢. However, the proof of [3] is allowed to rely on the fact that their embeddings
(homeomorphisms) preserve set-theoretic operations as well as the inclusion,
which is not true in general for linear operators, i.e., A C B does not imply
that T'(xa) < T(xB), etc. Actually, by the Kaplansky theorem if there is an
order isomorphism between Banach spaces C'(K) and C'(K”) then K and K’ are
homeomorphic, and so there exists an isometry of the Banach spaces (Theorem
7.8.1 of [18]). Hence preserving the order lies at the heart of the difference
between universal and isometrically universal Banach spaces.

To overcome these difficulties we use a strong almost disjoint family of subsets
of wy (first constructed in [2]), i.e., a family (X¢ : £ < ws) of subsets of wy such
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that X¢ N X, is finite for distinct &,n < wy. Already the existence of such
a family cannot be proved without extra set-theoretic assumptions. Similar
uses of almost disjoint families of N instead of w; were apparently initiated by
Whitley in his proof of the fact that ¢y is not complemented in £, ([22]).

In Section 3 we prove that even if there are universal Banach spaces of density
continuum, £, /¢y does not have to be one of them.

THEOREM 1.4: It is consistent that there are universal Banach spaces of density
¢, but £s/co is not among them.

The model where this takes place is the standard Cohen model. This time
we follow the main idea of the proof by Kunen in [11] of the fact that in this
model the algebra p(N)/Fin does not contain well-ordered chains of length c.
The main trick is to use the richness of the group of automorphisms of Cohen’s
forcing which are induced by permutations of ws. This allows us to prove that
l/co does not contain an isomorphic copy of C(K), where K is the Stone
space of a well-ordered chain of length ¢ (such a K is simply homeomorphic to
[0, ¢] = [0,ws] with the order topology). However, not all permutations which
can be used in Kunen’s proof would work in our argument.

The terminology concerning forcing is based on [12] and the one concerning
C(K) spaces is based on [18]. The results of this paper answer questions 5 and
6 from [9].

2. Nonexistence of a universal space of density ¢

The model in which there will be no universal Banach spaces of density c¢ is the
model obtained by a product of two forcings, P; and Ps. P; is the c.c.c. forcing
of Section 6 of [2] which adds a strong almost disjoint family (X¢ : £ < wa) of
uncountable subsets of w;, that is, X¢ N X, is finite whenever £ # 7 and P
is the standard o-closed and ws-c.c. forcing for adding ws subsets of w; with
countable conditions (Fn(ws X wy,2,w;) of Definition 6.1 of [12]). The ground
model V' is a model of GCH.

Definition 2.1 ([2] Section 6): Fix a family (Y¢)e<w, of uncountable subsets of
w1 such that Y¢ MY, is countable for different §,7 € wy and let Py be the partial
order of functions f whose domain domf is a finite subset of wo, f(&) € [Ye]<¥
for every £ € domf and, given f,g € Py, put f < g if
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e domg C domf;
® g(§) C f(&) for every £ € domg;
e f(&)N f(n) =g(§) Ng(n) for different &, 7 € domyg.

Let us recall some properties of P; which we will need.

LEMMA 2.2: The following assertions hold:

(a) Py is c.c.c. of cardinality wo.

(b) Py has precaliber wq, that is, every set of cardinality wo has a centered
subset of cardinality ws.

(c) Py forces that there is a strong almost disjoint family (X¢ : £ < wa) of
uncountable subsets of wy (this is denoted A(N1,Na, N1, Rg) in [2]).

(d) If the ground model is a model of GCH, then Py forces ¢ = wo and that
GCH holds at other cardinals.

Proof. For (a) and (c) see Section 6 of [2]. To prove (b), fix (fa)acw, C Pi.
By the A-system lemma, there is a subset S C wq of cardinality ws such that
(domfy)acs is a A-system of root A. Since for each £ € A there are at most
wy possibilities for fo () (because fo(§) € [Ye]<* and |Ye¢| = wq), by thinning
out the family a finite number (|A|) of times, we can assume without loss
of generality that fu|a = fsla for every o, € S, which makes (fa)acs a
centered family. For ¢ < ws and GCH at other cardinals in (d), use the standard
argument with nice-names (Lemma VII 5.13 of [12]). To obtain that ¢ > ws in
VF1 use Theorem 3.4 (a) of [2], where it is proved that under CH there is no
strong almost disjoint family of size ws.

Definition 2.3: Let Py be the forcing formed by partial functions f whose domain
domf is a countable subset of w3 X w; and whose range is included in 2 = {0, 1},
ordered by extension of functions. Given a subset A C ws, we denote by P3(A)
the forcing formed by the elements of P, whose domain is included in A X wy.

We summarize in the next lemma the properties of Po which we will use.

LEMMA 2.4: Assume GCH. The following assertions hold:

(a) Py is isomorphic to Pa(A) X Pa(ws \ A), for any A C ws.
(b) Py is o-closed and wa-c.c.

Proof. See Section VII 6 of [12].
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And finally, we conclude some properties of the product P; x Ps.

LEMMA 2.5: Assume GCH. The following assertions hold:

(i) Py forces that P, is c.c.c.
) Py x Py is wao-c.c.
(iii) Py x Py preserves cardinals and in VF1*F2 we have that ¢ = ws.

) Let k = w1 or k = we and let A C ws. If X is in the model VEB1xP2(4)
and (Ye : € < k) € VE1XP2 jg a sequence of subsets of X all of cardinality
< K, then there is in V a subset A’ of w3 of cardinality < k such that
(Y'g < ﬁ) e VP1xP2(AUA")

(v) Suppose A C w3 and 3 € w3\ A. If X € VPt is an uncountable subset of wy,
then XNG g ¢ VF><F2(4) where Gy = GNPy ({B}) and G is Py x Py-generic
over V.

Proof. In this proof we will be often using the product lemma (Theorem VIII
1.4. of [12]). It implies that P; x Py can be viewed as the forcing iterations
Py % Py or Py x ;.

Note that in V2 we have that P, = P, and so Lemma 2.2 (a) implies (i).
For (ii) note that any product of an ws-c.c. forcing and a forcing which has
precaliber wo is wa-c.c., so Lemma 2.2 (b) and Lemma 2.4 (b) imply (ii).

For (iii) note that w; is preserved by Ps * 1, since it is preserved by Py by
Lemma 2.4 (b) and later by P; by (i). Other cardinals are preserved by (ii). In
VP we have ¢ = wp by Lemma 2.2 (d). It is also true in VF1*P2 gince in V1
the forcing Py is w;-Baire and hence it does not add reals.

(iv) is a consequence of the standard factorization, as for example in Lemma
VIII 2.2. of [12], which can be applied by (ii) and Lemma 2.4 (a).

For (v) consider in VF1xP2(4)

Dy = {p € P2({#}) : p'({1}) N X Ndom(p) # ¥ N X Ndom(p)}

where Y is any subset of w; in VF1¥F2(4) Since for any ¢ € Po({8}) one can
find a finite extension p satisfying p~!({1}) N X Ndom(p) # Y N X Ndom(p)},
we may conclude that p € Po({8}), and hence Dy is a dense subset of Po({3})
which belongs to VF1*F2(4) Now, by the product lemma, G as in (v) is a
Py ({3})-generic over VF1*F2(4) and so we may conclude (v).

To prove the main result of this paper, we need a combinatorial lemma con-
cerning measures over a Boolean subalgebra of p(w1).
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LEMMA 2.6: Let B be a Boolean subalgebra of o(wy) which contains all finite
sets of wi, L its Stone space and let (X, ) ew, C B be a strong almost disjoint
family. Given a family (p¢)ecw, in C(L)*, there is vg € wo such that

Vv € (Yo,w2) VEEwr VX CX, if X €B, then pe([X]) = > pe([{M}),
AeX

where [X| denotes the clopen subset of L corresponding to X by the Stone

duality.

Proof. Let us first prove the following:

CrAIM: There is v € wq such that

Vel ) VECw VX C X, X e B, then pe(1X) = e U [OW]).
rex

Proof of the Claim. Suppose by contradiction that the claim does not hold.

Then, there is A C wq of cardinality wy such that for every v € A there are

&y € wy and Y, C X, such that

e, (D) # e, (U 101).
AEY,
Since there are at most w; possibilities for &,, we may assume without loss of
generality that &, = £ for a fixed { € wy. Also, we can assume without loss of
generality that there is a natural number m such that for all v € A,

U 1) > .

A€Y,

;D) e

Let n be a natural number greater than m-||pe|| and let 1, . .., vy, be different
ordinals in A such that

%@W%QQHW>

are either all positive or all negative.
Since (X )yew, 18 a strong almost disjoint family in B, it follows that (Y5),ca
is also a strong almost disjoint family in B and so, putting

E, =)\ |J [

A€Y,
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we have that (E,),ca is a pairwise disjoint family of Borel subsets of L. Then,

(0|5

i=1

)= ue( U E)|zne > el

A€Y,

a contradiction, which concludes the proof of the claim.

Let us now prove the lemma. Suppose by contradiction that the lemma does
not hold. Then, there is A C (7', ws) of cardinality ws such that for every v € A
there are &, € w; and Y, C X, such that

pe, (V3]) # Y pe, (M)
AEY,
By the previous claim, we conclude that
e, (U 10 # 3 e, (1OMD
AEY, AEY,

Since there are at most w; possibilities for &,, we may assume without loss of
generality that &, = £ for a fixed { € w;. Also, we can assume without loss of
generality that there is a natural number m such that for all v € A,

i (g o) - >l | >,

Fix ye A Let Z, ={A €Y, : ue([{A}]) #0} and W, =Y, \ Z,. Now Z, is
a countable set and, since u¢ is o-additive,

( U {A}) S el
AEZ, AEZ,
Then, putting
o= e U 1001) = 3 wellOD:
)\GY )\EY

using the fact that ([{A}])rew, is a pairwise disjoint family and that ue ([{A}]) =
0 for any A € W,, we get that

o =me( U V) +re( U [AN) = 3wl = Y me({AN)

NEZ, AEW, NEZ, AEW,

—ne( U M) = 32 w0 +me( U 1) = me( U HA).

NEZ, NEZ, AEW,, AEW,,
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Let n be a natural number greater than m-||p¢|| and let 1, . .., 7y, be different
ordinals in A such that (6,,)1<j<n are either all positive or all negative. Since
W, CY, C X, and (X5)yew, is strong almost disjoint, then for each 1 < j < n,
let Fj be a finite subset of W.,, such that (W,, \ F})1<;<n are pairwise disjoint.
Note that by the additivity of ue,

(U ) =me( U HON)=D me@) = ne( U A1) =65,

AEW, \F; AEW, AEF; AEW,

since pe([{A}]) = 0 for every A € W,,. Then,

(U U {A})‘—‘Zus( {A})HZ%

Jj=12Xe W’Y]\ J A€ W’y]\F

2n > el

which is a contradiction and completes the proof of the lemma.

For the sake of the proof of the main result, let us adopt the following notation:
if A is a Boolean algebra, then Cp(.A) is the set of all formal linear combinations
of elements of A with rational coefficients. If A C B are Boolean algebras, then
Cp(A) can be identified with a (nonclosed) linear subspace of C'(K), where K
is the Stone space of B. If A = B, then the subspace is norm-dense by the
Stone-Weierstrass theorem. The closure Cg(A) will mean the norm closure.
We can talk about linear bounded functionals v defined on the spaces Cgp(.A),
which correspond to finitely additive bounded measures on A (see Section 18.7
of [18]). If A = B, they have unique extensions to continuous linear functionals
on C(K), where K is the Stone space of A, which can be interpreted as Radon
measures on K. It turns out that families of finitely additive measures viewed
as functionals on Cg(A) can code all the information about operators between
Banach spaces C'(K). This is useful in the forcing context, since if Ay C p(ws)
is in an intermediate model, then such a measure could be interpreted as a
subset of p(w2) X p(w) which belongs to the intermediate model, so that the
factorization of Lemma 2.5 (iv) can be applied, while the corresponding Radon
measure is at least as big as the Stone space of the Boolean algebra. On the other
hand, representing operators T into a C'(K) space as functions sending x € K
to T*(0,) in the dual space is quite classical (see Theorem VI 7.1. of [4]). Here
T* : C*(K) — C*(K) is the adjoint operator of T given by T*(u)(f) = n(T(f)),
where by the Riesz representation theorem the elements of C*(K) are identified
with the Radon measures on K.
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Proof of Theorem 1.3. Let V be a model of GCH. By Lemma 2.5, we have that
P, x P, preserves cardinals and in the extension VF1*P2 we have ¢ = ws.

By Fact 1.1, it is enough to prove that there is no universal Banach space
of density ¢ which is of the form C(K) where K is totally disconnected, i.e.,
where K is the Stone space of a Boolean algebra. In the extension VF1*P2 take
any Boolean algebra A of cardinality we = ¢. We will prove that C'(K) is not a
universal Banach space of density ¢, where K is the Stone space of A.

Since A has cardinality ws, we may assume that A is a subalgebra of p(ws)
and so Lemma 2.5 (iv) applies to the sequence of its elements, and hence there
is o < ws such that A € VP1xPa(e)

Let B be the Boolean subalgebra of p(wq) of all subsets of w; which are in
VYPixPa(atw2) and let L be its Stone space in VF1xF2,

We will prove that in VF1*F2 the space C(L) cannot be isomorphically em-
bedded in C(K), which will give that C(K) is not a universal Banach space
of density ¢, concluding the proof. Suppose it can be isomorphically embedded
and let us derive a contradiction.

Work in VF1xPF2,

Let T:C(L)— C(K) be an isomorphic embedding and T-1:T[C(L)] —C(L)
its inverse. Let By C B C p(w1) be the Boolean algebra of all finite and cofinite
subsets of wj.

CrAmM 1: There is a Boolean algebra Ay C A and a bounded sequence of

finitely additive bounded measures (vg : & € w1) on Ay such that:

(1) [Ao| <wr.

(2) If £ € wi and p; € C(K)* is such that pe(X(a)) = ve(a) for each a € Ao,
then for each A € w1 we have pe(T(x[(r}))) = dc({A})-

Proof of Claim 1. For each f € C(K) there is a countable subalgebra Ay C A
such that f € Cg(Ay), because we can approximate f by finite linear combi-
nations with rational coefficients of characteristic functions of clopen sets. So,
take any Ag such that AT(X[{A}]) C Ay for every \ € ws.

Let ¢¢ = (T~1)*(d¢) be a bounded linear functional on T'[C/(L)] which corre-
sponds to ¢ on C(L). In particular, we have that

G (T(x1ray)) = 0 ({A}).

Of course, ||¢¢|] < |[(T71)*]], so the sequence of ¢¢’s is bounded. By the
Hahn-Banach theorem, for any £ € wi, ¢¢ has a norm-preserving extension ¢
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which is defined on C(K). Finally, for £ € wy, let ve be the finitely additive
bounded measure (see Section 18.7 of [18]) on Ay defined by

ve(a) = e (X(a))-

Now suppose that p, € C(K)* is such that pg(x[q)) = ve(a) for each a € Ay.
Then, pg(X[a)) = Ye(X[a)) for each a € Ap, and so, by the linearity, the Stone-
Weierstrass theorem and the continuity, we may conclude that p¢|Cp(Ag) =
Ye|Cq(Ap). But by the choice of Ay, we have that T'(x1x}]) € Cg(Aop) for each
A € wi and so

pe(T(xrian) = Ye(T(xrap)) = de(T(xigay)) = de({A}),

which concludes the proof of Claim 1.

By Lemma 2.5 (iv), we can find B C w3\ « of cardinality wy such that B € V
and the sequence (g : € < wp) and Boolean algebra Ay are in VF1xFa(aUB),

aUB)
3

Now working in VF1xPa( apply Tarski’s theorem (Proposition 17.2.9 of

[18]) to extend v¢’s to norm-preserving finitely additive bounded measures p¢

on A.

CLAIM 2: For every g € Cg(A), the sequence ([ gdpe : & < wi) belongs to
VIP1><IP2(O¢UB).

Proof of Claim 2. Both the algebra A and the sequence (p¢ : £ < wq) belong to
VF1xP2(aUB)  Hence Cg(.A) is in this model and the evaluation of the integrals
follows their linearity and depends only on the values of the measures on A.
This completes the proof of Claim 2.

Now work again in VF1*P2. Consider the strong almost disjoint family
(Xy : 7 < wg) added by P; (by Lemma 2.2) and the adjoint operator
T : C(K)* — C(L)*. For £ € wi, let p; be the unique functional on C(K)
extending pe (see Section 18.7 of [18]), so for each a € Ay we have

Pe(X(a)) = pela) = ve(a).

By Claim 1, we have that p.(T'(x[{x}))) = d¢({\}) for each &, \ € wy.
Now, let ue be the Radon measure on L corresponding to the functional
T*(pe) on C(L). In particular, for each &, A € w1 we have

(2.1) pe(EAH) = pe(T(xiran)) = de({A})-
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By Lemma 2.6, there is v € wy such that for each & € wy, we have

ne(1X]) =Y ne([{A})

reXx

for every X C X, X € B. Then, if § < a+ws is such that sup(a+w2)NB <
(which certainly exists because B has cardinality wi) and G is the projection
of the P; x Po-generic G over V' on the §-th coordinate in Py, we have that

(22) pe((X,NGal) = D pe([{A)
)\EX’yﬂGﬁ
Taking f = T(x[x,na,)) and combining equalities (2.1) and (2.2), it follows
that

1 if &€ X, NGy,
pe(f) =pe((Xy NGel) = > 6e({A}) = , i
AEX,NGp 0 if&Z X, NGs.
Now, take g € Cg(A) such that ||g — f|| < 1/3|[(T*)71|].
Using the fact that

lpell = lleell = 1T~ @Il < T M- el < T =],

we get that |p:(g — f)| < 1/3, hence

>2/3 if{e X, NGg,
/gdpg =/gdpg ,
<1/3 if&¢ X, NGg.

Since the formulas [ gpe > 2/3 and [ gpe < 1/3 are absolute, by Claim 2 we
conclude that X, N G belongs to VF1*P2(aUB) " which contradicts Lemma 2.5
(v) and concludes the proof.

3. lx/co may fail to be among existing universal Banach spaces

Our main purpose in this section is to prove that the Banach space £ /co
may fail to be a universal space of density ¢ and at the same time there may
exist universal Banach spaces of density ¢. Actually, we prove that this situation
takes place in the model obtained by adding ws Cohen reals to a model of GCH.
Moreover, the reason why ¢ /co is not universal can be seen quite explicitly,
namely in that model it contains no isomorphic copy of C([0, c]).
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Definition 3.1: Let P be the forcing formed by partial functions f whose domains
domj are finite subsets of wy x w and whose ranges are included in 2 = {0,1},
ordered by extension of functions.

THEOREM 3.2: Assume GCH ; P forces that there is a universal Banach space
of density c.

Proof. This is just the conjunction of the results of [3] and [7]. As noted in
[3] at the beginning of Section 6, in [7] it is proved that the existence of a c-
saturated ultrafilter on N is equivalent to the conjunction of Martin’s Axiom for
countable partial orders and 2<¢ = ¢. The former holds in any model obtained
by adding at least ¢ Cohen reals and the latter holds in any model obtained by
a c.c.c. forcing of size wo which adds ws reals over a model of CH+2“" = ws.
Hence, if we assume GCH, P forces that there is a c-saturated ultrafilter on
N. Now we use the observation included at the end of Section 5 of [3] that
the existence of a c¢-saturated ultrafilter on N implies that there is a universal
continuum of weight ¢ and apply Fact 1.1.

Now we proceed to the proof of the fact that P forces that ¢ /co contains no
isomorphic copy of C([0,ws]). This is motivated by a result and the proof of
Kunen in [11] saying that P forces that o(N)/Fin has no well-ordered chains of
length c.

Definition 3.3: A nice-name for an element of /. is a name of the form

f = U {([[n, m], (jn,m(p)]ap> ‘b€ An,m}a

n,meNxXN

where [[72, 7], ¢] stands for the canonical name for an ordered pair whose first
element is the ordered pair (f,7m) and whose second element is ¢; A, »,’s are
maximal antichains in P; and gy m @ Ap,m — Q are functions.
Given a nice-name f for an element of ¢, as above, we define the support of
f by
supp(f) = _J{dom(p) : p € Ay}

Thus, formally the value of a nice-name for an element of ¢, is a function
f:NxN — Q. This can be treated as a code for an element of £, for example
if we associate with such an f the element of £, (formally a subset of RY) equal

to limy, o0 f(n,m) at n.
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THEOREM 3.4: Assume CH; P forces that there is no isomorphism of C([0, w2])
into £/ co.

Proof. Assume CH and suppose that there was in VP an isomorphism of
C([0,ws]) into fs/co: let T be a name for it. Fix k € N and ¢ € Q such
that PI- |7 < Gand Pl G- |77 < k — 1.

For each a < wo, let fa be a nice-name for an element of /. such that
P Ik [fale, = T(X[O,a]), where [fs]e, denotes the equivalence class of f, in
l/co. Let A, = supp(fa) C ws.

By CH and the A-system lemma, there is X C ws of cardinality ws such that
(An)aex form a A-system and « € A,.

Then, by thinning out using standard counting arguments, we may assume
w.l.o.g. that whenever a < 8 and «, 8 € X, there is an order-preserving function
Oa,3 : Aa — Ag such that o, g(a) = §, which is constant on A, N Ag and such
that it lifts up to an isomorphism 7y g : P(Aq U Ag) — P(As U Ag) such

*

that ﬂ'iﬁ = Idpa,ua,) and ﬂ;ﬁ(fa) = fg, where 7* is the lifting of 7 to

the P-names as in Definition VII 7.12. of [12]. As any finite permutation is a
composition of cycles, for any finite F¥ C X and any permutation o : F — F
there is a permutation m, : wy — wsy such that

(3'1) ﬁ;(foz) = fa(a)-
Now, let o be a permutation of ws with the following property: there are
a1 < - < g < wo all in X such that

(3.2) o(agi—1) =a; and o(az) = agk_(i—1), foralll<i<k.

By Lemma VII 7.13 (¢) of [12] and (3.1), for any formula ¢ and any permutation
o of X we have

(3.3) PIF(fars--os faz) M PIEO(fotar)s s fotanm))-

Notice that ((aai—1,a2])1<i<k are pairwise disjoint clopen intervals, and so
it follows that

:1,

k
= H Z X(azi—1,002]
=1

k
= H Z X(al,a%]
i=1

k
H Z X[0,a2;] — X[0,c02—1]
=1

which implies that

k
PIF H ZX[Oaa%] ~ X[0,azi1]|| = L
i=1
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and consequently

P HZfam 0 = azi_sleo

(ZX[Oam X[0, 025 — 1])” <gq.

Then, by (3.3),

(3.4) P H Z Fotanleo = Uotann)leo

But (3.2) yields that ax € (i, agp—(i—1)] for every 1 <i < k, so that

k k
HZX[OJ(O%)] — X[0,0(az2i-1)] ‘ = HZX[Ovo‘Wc—(i—l)] — X[0,01]
i=1 i=1

k
= H§ :X(ahO‘Zk—(ifl)]
=1

\Zk—l,

and then, P also forces that

k
k—-1< HZX[O,J(%)} = X[0,0(a2i-1)]

= 7 (St ot k)|

< |7 HZ Fotasolen = otan e

)

which implies that

k—1
-1y 7

P I H Z Foton))eo = otam)leo

contradicting equation (3.4) and concluding the proof.

It is natural to ask if we can directly conclude the nonexistence of an em-
bedding of C([0,¢]) into ¢s/co from the fact that p(N)/Fin does not have
well-ordered chains of length ¢ in this model. This could be done, for example,
if we could prove that Clop(K) has a well-ordered chain of length x whenever
C(]0, k]) embeds isomorphically into C(K), for K totally disconnected.

However, this is not the case even if the embedding is isometric. It is clear that
C(]0, k]) isometrically embeds into C'(K'), where K is the dual ball of C([0, x])
with the weak* topology. Using Kaplansky’s theorem (Theorem 4.49 of [6])
saying that any Banach space has countable tightness in the weak topology
and comparing the weak and the weak® topology in K, we can prove that in
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K there are no sequences (Ug)e<w, of weak™open sets such that U C U, for
& < m < wi. Moreover, if L is the standard totally disconnected preimage of
K, we can prove (using quite tedious and technical arguments which we do not
include here) that L has no uncountable well-ordered chains of clopen sets, but
as L is a continuous preimage of K we have an isometric copy of C([0, ]) inside
C(L).

Note, for example, that the situation with antichains instead of well-ordered
chains is quite different. For a totally disconnected K, C'(K) contains a copy
of C(L) where L is the Stone space of the Boolean algebra generated by an
uncountable pairwise disjoint family of elements (i.e., C(L) is isomorphic to
¢o(w1)) if and only if the Boolean algebra Clop(K) contains a pairwise disjoint
family of cardinality wy ([17], Theorem 12.30 (ii) of [6]).

However, we still do not know if in the concrete case of K = SN\ N it is
possible not to have well-ordered chains of length wy of clopen sets and at the
same time have an isomorphic (isometric) copy of C([0,wz]) inside C'(SN\N) =

loo/CO-
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