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Lebesgue, 1904

The Lebesgue measure p is the unique complete translation
invariant measure on the Lebesgue measurable subsets of R.

Question, Lebesgue, 1904

What if countable additivity is replaced by finite additivity? That
is, is Lebesgue measure the unique function p on the Lebesgue
measurable subsets of R such that:

© u is non-negative
@ u is complete

© p is translation invariant

@ i is finitely additive
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History

Banach, 1923

No:

There is a non-negative, complete, translation-invariant, finitely
but not countably additive measure 1 on R defined on all subsets
of R (not just the Lebesgue measurable ones). Moreover

u(R) = 1, contrasting with the fact that the Lebesgue measur of
R is co. In modern language, p is an invariant mean on R and R is
amenable as a discrete group.
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History: The Banach-Tarski Paradox

In the 1920s and 30s, the question of the existence of an invariant
mean for a group G acting on a set X was investigated by Banach
and Tarski. In 1938 Tarski showed that such a mean exists if and
only if X does not admit a " G-paradoxical decomposition”.
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History: The Banach-Tarski Paradox

Definition

Let G be a group acting on a set X. Subsets A, B C X are said to
be G-equidecomposable if A and B can each be partitioned into
the same finite number of respectively G-congruent pieces.
Formally, A = UA and B = UB where for 1 <i < j <n,

i=1
AiNA;=B; ﬂB = (; and there are g1, ..., g, € G such that for

each 1 </ < n, g,(A,) = B;

If A and B are G-equidecomposable write A ~ B. \
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History: The Banach-Tarski Paradox

Definition

Let G be a group acting on a set X. The set X is
G-equidecomposable if There are two proper disjoint subsets A and
B of X such that X =AUB, A~ X and B ~ X.

Roughly speaking, the set X can be cut up into finitely many
pieces from which two copies of X can be put together using
elements of G.

If X = G we say that the group G is paradoxical.
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History: The Banach-Tarski Paradox

Tarski, 1938

Suppose a group G acts on a set X. Then there is a finitely
additive, G-invariant measure p on X such that u(X) =1 and p is
defined on all subsets of X if and only if X is not G-paradoxical.
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History: The Banach-Tarski Paradox

O A free group of rank 2 is paradoxical.

@ For all n > 3, the groups O(n,R) and SO(n,R) are
paradoxical. (Hausdorff, 1914)

© The sphere §" is SO(n + 1, R)-paradoxical for every n > 2
(Banach-Tarski Paradox).
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History: Amenability

In 1929 Von Neumann introduced and studied the class of groups
having an invariant mean, a finitely additive measure on the group.
He used this class to explain why the Banach-Tarski Paradox
occurs only for dimension greater than or equal to tree. He showed
that the deep reason for this difference lies in the group of
isometries of R" (viewed as a discrete group) which is amenable
for n < 2 and which is not so for n > 3.
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History: Amenability

The term amenable for groups which admit an invariant mean was
introduced by Day in 1950.

German: mittelbar

French: moyennable

English: amenable

Portuguese: mediavel? or amenavel?
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History: Amenability

There are many equivalent formulations of amenability, involving,
for example:

@ fixed point properties

@ representation theory

© random walks

@ operator algebras

N.P. Brown and N. Ozawa., 2008

Amenability of a group admits the largest known number of
equivalent definitions: 10107
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History: Amenability

There are many equivalent formulations of amenability, involving,
for example:

@ fixed point properties

@ representation theory

© random walks

@ operator algebras

N.P. Brown and N. Ozawa., 2008

Amenability of a group admits the largest known number of
equivalent definitions: 10107
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History: Amenability

Many authors use the phrase amenable group to mean a group
which is amenable in its discrete topology. The danger of this is
that many theorems concerning amenable discrete groups do not
generalize in the ways one might expect.
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Mean

@ G is a discrete group
@ L*°(G)=Bounded functions f : G — C.

© The group G acts on L>°(G) on the left: for all g € G and
f € L°(G), g.f = &f where &f(x) = f(g~1x) for all x € G.
This is called the left-regular representation.

© An invariant mean is a linear functional m: L*(G) — R

such that:
@ m(f)>0iff>0
@ m(xg) =1

© m(8f)=f forall g € G and f € L(G).
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Mean

@ M denote the set of mean on G
@ N the set of finitely additive measure on all subsets of G

© The map M > m+— pm € N where pim(A) = m(xa) for all
A C G is a bijection.
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Mean

In general:
@ If G is a topological group
@ RUCB(G)=Right Uniformly Continuous Bounded functions
f:G— C.
© RUCB(G) is invariant by the left-regular representation.
Q An invariant mean is a linear functional m: RUCB(G) — R

such that:
@ m(f)>0iff>0
@ m(xg) =1

© m(8f)=f forall g € G and f € RUCB(G).

Amenability
A topological group G is amenable if there exist an invariant
invariant mean on RUCB(G).
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Amenability

For a topological group G, the following are equivalents:
Q@ G is amenable.
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Amenability

For a topological group G, the following are equivalents:
Q@ G is amenable.

@ if G acts continuously by affine transformations on a convex
compact subspace C of a locally convex space, it has a fixed
point x € C;
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Amenability

For a topological group G, the following are equivalents:

@ G is amenable.

@ if G acts continuously by affine transformations on a convex
compact subspace C of a locally convex space, it has a fixed
point x € C;

© If G acts continuously on a compact space X, there is an
invariant probability measure o on X, i.e. u(A) = u(gA) for
all Borel AC X, and all g € G;
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Amenability

For a topological group G, the following are equivalents:
@ G is amenable.

@ if G acts continuously by affine transformations on a convex
compact subspace C of a locally convex space, it has a fixed
point x € C;

© If G acts continuously on a compact space X, there is an
invariant probability measure o on X, i.e. u(A) = u(gA) for
all Borel AC X, and all g € G;

@ There is an invariant probability measure on the greatest

ambit 5(G).

Brice Rodrigue Mbombo Amenability test spaces for Polish groups



Some amenable polish groups

e Finite groups are amenable.
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Some amenable polish groups

e Finite groups are amenable.

@ Abelian topological groups are amenable.(Markov-Kakutani)
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Some amenable polish groups

e Finite groups are amenable.

@ Abelian topological groups are amenable.(Markov-Kakutani)
e Compact groups are amenable (Haar measure)
@ The orthogonal group

O(n,R) :={A € M,(R)| < Ax, Ay >=< x,y >, for allx,y € R"}
@ The special orthogonal group

SO(n,R) = {A € O(n,R)|det(A) = 1}
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Some amenable polish groups

Finite groups are amenable.

Abelian topological groups are amenable.(Markov-Kakutani)

Compact groups are amenable (Haar measure)
@ The orthogonal group

O(n,R) :={A € M,(R)| < Ax, Ay >=< x,y >, for allx,y € R"}
@ The special orthogonal group

SO(n,R) = {A € O(n,R)|det(A) = 1}

The infinite symetric group S, i.e the group of all
self-bijections of N equipped with the topology of simple

convergence. (Soo = | Sn)
neN
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Some non-amenable groups

Brice Rodrigue Mbombo Amenability test spaces for Polish groups



Some non-amenable groups

@ The free group F, of two generators with discete topology.
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Some non-amenable groups

@ The free group F, of two generators with discete topology.

@ For all n > 3, the groups O(n,R) and SO(n,R) are
paradoxical. (Hausdorff, 1914). So non-amenable for discrete
topology

@ For all n < 2, the groups O(n,R) and SO(n,R) are amenable
for discrete topology

@ The group Aut (X, ) of all measure-preserving
automorphisms of a standard Borel measure space (X, u),
equipped with the uniform topology
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Some non-amenable groups

@ The free group F, of two generators with discete topology.

@ For all n > 3, the groups O(n,R) and SO(n,R) are
paradoxical. (Hausdorff, 1914). So non-amenable for discrete
topology

@ For all n < 2, the groups O(n,R) and SO(n,R) are amenable
for discrete topology

@ The group Aut (X, ) of all measure-preserving
automorphisms of a standard Borel measure space (X, u),
equipped with the uniform topology
(d(1,0) = p{x € X : 7(x) # o(x)}) is non-amenable.
(Giordano and Pestov 2002)

@ Unlike in Locally compact case, amenability is not inherited by
closed subgroups:
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Some non-amenable groups

@ The free group F, of two generators with discete topology.

@ For all n > 3, the groups O(n,R) and SO(n,R) are
paradoxical. (Hausdorff, 1914). So non-amenable for discrete
topology

@ For all n < 2, the groups O(n,R) and SO(n,R) are amenable
for discrete topology

@ The group Aut (X, ) of all measure-preserving
automorphisms of a standard Borel measure space (X, u),
equipped with the uniform topology
(d(7,0) = p{x € X : 7(x) # o(x)}) is non-amenable.
(Giordano and Pestov 2002)

@ Unlike in Locally compact case, amenability is not inherited by
closed subgroups:
example: S, contains F» as a closed discrete subgroup.
(Pestov 98)
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Some non-amenable groups

@ The free group F, of two generators with discete topology.
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topology

@ For all n < 2, the groups O(n,R) and SO(n,R) are amenable
for discrete topology

@ The group Aut (X, ) of all measure-preserving
automorphisms of a standard Borel measure space (X, u),
equipped with the uniform topology
(d(7,0) = p{x € X : 7(x) # o(x)}) is non-amenable.
(Giordano and Pestov 2002)
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closed subgroups:
example: S, contains F» as a closed discrete subgroup.
(Pestov 98)

Brice Rodrigue Mbombo Amenability test spaces for Polish groups



Some properties

© Let G and H be topological groups such that there is a
continuous surjective homomorphism from G onto H. If G is
amenable, so is H.

@ Let G be a topological group and suppose that there is a
dense subset A of G such that every finite subset of A is
included in an amenable subgroup of G. Then G is amenable.

© Let G be a topological group and H a normal subgroup of G.
If H and G/H are both amenable, so is G.

@ Let G be a topological group with two amenable subgroups
Hop and H; such that Hp is normal and HyH; = G. Then G is
amenable.

© The product of any family of amenable topological groups is
amenable.
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Some properties

Let G =0(2,R). Then G has a closed normal subgroup

N = SO(2,R) = T. Since N is abelian, N is amenable. Now N
has index 2 in G since for any A € G either A€ N or A= PB
where Ble I\é and

p= ( - )

So G/N is the finite cyclic group C,. Since G, is finite, G, is
amenable. Therefore G = O(2,R) is amenable as a discrete group.
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The concept of test space

Reminder:
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The concept of test space

Reminder:

Definition

G is amenable <= every continuous action of G on every
compact space admits an invariant Borel probability measure.
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Bogatyi and Fedorchuk,

Bogatyi and Ferdorchuk, 2007

For a countable discrete group G, TFAE:
@ G is amenable

@ Every action of G by homeomorphisms on the Cantor space
Q = [0,1]® admits an invariant probability measure.
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Bogatyi and Fedorchuk,

Bogatyi and Ferdorchuk, 2007

For a countable discrete group G, TFAE:
@ G is amenable

@ Every action of G by homeomorphisms on the Cantor space
Q = [0,1]® admits an invariant probability measure.

Q = [0, 1]™0 serves as a test space for amenability of discrete
countable groups.
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Bogatyi and Fedorchuk,

Bogatyi and Ferdorchuk, 2007

For a countable discrete group G, TFAE:
@ G is amenable

@ Every action of G by homeomorphisms on the Cantor space
Q = [0,1]® admits an invariant probability measure.

Q = [0, 1]™0 serves as a test space for amenability of discrete
countable groups.
This Answering a question by Giordano and de la Harpe.
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Can we replace " countable discrete” with " Polish”?
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Can we replace " countable discrete” with " Polish”?
Yes
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Can we replace " countable discrete” with " Polish”?
Yes

{countable discrete groups} C {polish groups}
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Main result 1

The Hilbert cube @ = [0,1]™ is a test space for amenability of
polish groups.
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Key Lemma 1

If G is polish group,
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Key Lemma 1

If G is polish group, then there is an inverse system of compact
metrizable G-spaces (Xn, mas, 1) such that S(G) = M Xa
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Key Lemma 1

If G is polish group, then there is an inverse system of compact
metrizable G-spaces (Xn, mas, 1) such that S(G) = M Xo Where

S(G) is the Samuel compactification of G or equivantly the
Gelfand space of the C*-algebra RUCB(G).
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Keller's Theorem

Each infinite-dimensional convex compact set lying in a metrizable
locally convex space is homeomorphic to the Hilbert cube.
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Proof of Main result 1
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Proof of Main result 1

— trivial.
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Proof of Main result 1

— trivial.

<= By Key lemma 2, there is an inverse system of compact
metrizable G-spaces (Xq, mqg3, /) such that S(G) = Ii<_mXa.
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Proof of Main result 1

— trivial.

<= By Key lemma 2, there is an inverse system of compact
metrizable G-spaces (Xq, mqg3, /) such that S(G) = Ii<_mXa.
Then P(X,) = Q by Keller's theorem
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Proof of Main result 1

— trivial.

<= By Key lemma 2, there is an inverse system of compact
metrizable G-spaces (Xq, mqg3, /) such that S(G) = Ii<_mXa.
Then P(X,) = Q by Keller's theorem
Therefore, P(X,) has an invariant probability measure p,,
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Proof of Main result 1

— trivial.

<= By Key lemma 2, there is an inverse system of compact
metrizable G-spaces (Xq, mqg3, /) such that S(G) = Ii<_mXa.
Then P(X,) = Q by Keller's theorem
Therefore, P(X,) has an invariant probability measure p,,
The barycenter of p,, is a fixed point in P(X,)
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Proof of Main result 1

— trivial.

<= By Key lemma 2, there is an inverse system of compact
metrizable G-spaces (Xq, mqg3, /) such that S(G) = Ii<_mXa.
Then P(X,) = Q by Keller's theorem
Therefore, P(X,) has an invariant probability measure p,,
The barycenter of p,, is a fixed point in P(X,)
i.e an invariant measure on X,,.
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Proof of Main result 1

— trivial.

<= By Key lemma 2, there is an inverse system of compact
metrizable G-spaces (Xq, mqg3, /) such that S(G) = Ii<_mXa.
Then P(X,) = Q by Keller's theorem
Therefore, P(X,) has an invariant probability measure p,,
The barycenter of p,, is a fixed point in P(X,)
i.e an invariant measure on X,,.
Therefore, there is an invariant probabilty measure on S(G)

Ol

V.
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Giordanon-de la Harpe

Giordano and de la Harpe, 1997

The Cantor space D0 is a test space for amenability of discrete
countable groups.

This answering a question by Grigorchuk.
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Can we replace "countable discrete” with " Polish”?
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Can we replace "countable discrete” with " Polish”?
It is not clear for all polish groups
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Can we replace "countable discrete” with " Polish”?
It is not clear for all polish groups
But Yes for Polish SOS groups
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Definition

A topological group G is call SOS if it has a basis at identity
consisting of open subgroups.
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For any Polish group G, the following are equivalent:

@ G is isomorphic to a closed subgroup of S, the permutation
group of N with the pointwise convergence topology

@ G is non-archimedean, i.e., admits a countable basis at
identity consisting of open subgroups

© G = Aut(A), for a countable structure A
© G = Aut(F), for a Fraissé structure F

Brice Rodrigue Mbombo Amenability test spaces for Polish groups



Some SOS polish groups

o The group Homeo(D™) of all self homeomorphism of the
Cantor space D0 equiped with the topology of uniform
convergence or equivantly the compact-open topology is a
polish SOS group
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Some SOS polish groups

o The group Homeo(D™) of all self homeomorphism of the
Cantor space D0 equiped with the topology of uniform
convergence or equivantly the compact-open topology is a
polish SOS group

@ The infinite symetric group S, i.e the group of all
self-bijections of N equipped with the topology of simple
convergence.

Note: This two examples are universals in the class of SOS polish
groups.
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Countable discrete vs polish SOS

{countable discrete groups} C {polish SOS groups}
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Countable discrete vs polish SOS

{countable discrete groups} C {polish SOS groups}
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Main result 2

For Polish SOS group, TFAE
@ G is amenable

e Every action of G by homeomorphisms on the Cantor space
DX admits an invariant probability measure.
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Key Lemma

Lemma

If G is a polish SOS group, then there is an inverse system of
G-spaces (Xu, Tag, I) such that X, = D™ for all o € I and

5(6) = lim X,
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Key Lemma

Lemma

If G is a polish SOS group, then there is an inverse system of
G-spaces (Xu, Tag, I) such that X, = D™ for all o € I and
S(G) =lim X,.

%

Where S(G) is the Samuel compactification of G or equivantly the
Gelfand space of the C*-algebra RUCB(G).

v
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Proof of Main result 2
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Proof of Main result 2

— trivial.
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Proof of Main result 2

— trivial.

<= Since G is polish SOS,
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Proof of Main result 2

— trivial.

<= Since G is polish SOS,
there is an inverse system of G-spaces (Xu, a3, /) such that

X, =2 D™ for all a € I and S(G) = lim Xo.
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Proof of Main result 2

— trivial.
<= Since G is polish SOS,
there is an inverse system of G-spaces (Xu, a3, /) such that
X, =2 D™ for all a € I and S(G) = lim X,.
H

By hypothesis, there is on every G-space X, an invariant
probability measure fiq.
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Proof of Main result 2

— trivial.

<= Since G is polish SOS,
there is an inverse system of G-spaces (Xu, a3, /) such that
X, =2 D™ for all a € I and S(G) = lim Xo.
By hypothesis, there is on every G-space X, an invariant
probability measure fiq.
Therefore, there is an invariant probabilty measure on S(G).

O

v
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extreme amenability

Definition

A topological group G is extremely amenable if every continuous
action of G on a compact space has a fixed point.
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extreme amenability

A topological group G is extremely amenable if every continuous
action of G on a compact space has a fixed point.

V.

Example
o The unitary group U(¢?), equipped with strong operator
topology(Gromov)
o Aut(Q, <) the group of all order-preserving bijections of the

rationals, with the topology of simple convergence(Pestov).
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extreme amenability

A topological group G is extremely amenable if every continuous
action of G on a compact space has a fixed point.

o The unitary group U(¢?), equipped with strong operator
topology(Gromov)

o Aut(Q, <) the group of all order-preserving bijections of the

rationals, with the topology of simple convergence(Pestov).

@ Iso(U) where U is the universal Urysohn space.

Every locally compact group acts freely on a suitable compact
space. Therefore, no discrete (or locally compact) group is extreme
amenable.
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Open question

Does there exist a metrizable compact test space for extreme
amenability of Polish groups?
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Main result 3

For Polish SOS group, TFAE

Brice Rodrigue Mbombo Amenability test spaces for Polish groups



Main result 3

For Polish SOS group, TFAE

o G is extreme amenable
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Main result 3

For Polish SOS group, TFAE

o G is extreme amenable

e Every action of G by homeomorphisms on the Cantor space
D™ admits an invariant probability measure.

Examples of extremely amenable Polish SOS groups are numerous:
automorphism groups of certain Fraissé structures
(Kechris-Pestov-Todorcevic), e.g. Aut(Q, <) (VP)
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Topological amenability

Definition

Let G be a countable discrete group and let X be a compact
Hausdorff space on which G acts by homeomorphism. The action
is said to be amenable if there exists a sequence of
weak*-continuous maps b" : X — prob(G) such that for every

: n_ pn _
g €< G, nll—r>noo ig)p(Hng ngHl 0
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Topological amenability

Definition

Let G be a countable discrete group and let X be a compact
Hausdorff space on which G acts by homeomorphism. The action
is said to be amenable if there exists a sequence of
weak*-continuous maps b" : X — prob(G) such that for every

: n_ pn _
g €< G, nll—r>noo ig)p(Hng ngHl 0

Definition
A countable group G is called topological amenable if there exist a
compact space X such that
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Topological amenability

Definition

Let G be a countable discrete group and let X be a compact
Hausdorff space on which G acts by homeomorphism. The action
is said to be amenable if there exists a sequence of
weak*-continuous maps b" : X — prob(G) such that for every

: n_ pn _
g €< G, nll—r>noo ig)p(Hng ngHl 0

Definition
A countable group G is called topological amenable if there exist a
compact space X such that

@ G acts on X by homeomorphism
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Topological amenability

Definition

Let G be a countable discrete group and let X be a compact
Hausdorff space on which G acts by homeomorphism. The action
is said to be amenable if there exists a sequence of
weak*-continuous maps b" : X — prob(G) such that for every

: n_ pn _
g €< G, nll—r>noo ig)p(Hng ngHl 0

Definition
A countable group G is called topological amenable if there exist a
compact space X such that

@ G acts on X by homeomorphism
@ The action of G on X is amenable
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Topological amenability
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Topological amenability

Topologically amenable groups are also known as amenable at
infinity or as Higson-Roe groups.
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Topological amenability

Topologically amenable groups are also known as amenable at
infinity or as Higson-Roe groups.

Here is the main relation between the topological amenability and
the classical notion of amenability
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Topological amenability

Topologically amenable groups are also known as amenable at
infinity or as Higson-Roe groups.

Here is the main relation between the topological amenability and
the classical notion of amenability

For a countable group G the following are equivalent:
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Topological amenability

Topologically amenable groups are also known as amenable at
infinity or as Higson-Roe groups.

Here is the main relation between the topological amenability and
the classical notion of amenability

For a countable group G the following are equivalent:

@ G is amenable.
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Topological amenability

Topologically amenable groups are also known as amenable at
infinity or as Higson-Roe groups.

Here is the main relation between the topological amenability and
the classical notion of amenability

For a countable group G the following are equivalent:

@ G is amenable.

@ The trivial action on {x} is amenable.
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Topological amenability
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Topological amenability

This is essentially the Reiter's condition for amenability
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Topological amenability

This is essentially the Reiter's condition for amenability

Reiter’'s condition

Let p be any real number such that 1 < p < co. For a locally
compact group G the following are equivalent:
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Topological amenability

This is essentially the Reiter's condition for amenability

Reiter’s condition
Let p be any real number such that 1 < p < co. For a locally
compact group G the following are equivalent:

@ G is amenable.
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Topological amenability
This is essentially the Reiter's condition for amenability

Reiter’'s condition

Let p be any real number such that 1 < p < co. For a locally
compact group G the following are equivalent:
@ G is amenable.
@ for any compact space C C G and € > 0, There is
fe{gelP(G): g>0, |f||l, =1} such that: |[f —f] <e
forall g € C.
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Amenability Vs Topological amenability
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Amenability Vs Topological amenability

Every amenable groups is amenable at infinity.
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Amenability Vs Topological amenability

Every amenable groups is amenable at infinity.
But the converse is not true.
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Amenability Vs Topological amenability

Every amenable groups is amenable at infinity.
But the converse is not true.
In fact
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Amenability Vs Topological amenability

Every amenable groups is amenable at infinity.
But the converse is not true.

In fact
The free group of two generators F, is topologically amenable

without being amenable.

Brice Rodrigue Mbombo Amenability test spaces for Polish groups



Topological amenability and action on the Stone-Cech

compactification
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Topological amenability and action on the Stone-Cech
compactification

If G acts amenably on a compacts space Y, and if f : Y — X is
any equivariant map, then the action of G on X is amenable.
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Topological amenability and action on the Stone-Cech
compactification

Lemma

If G acts amenably on a compacts space Y, and if f : Y — X is
any equivariant map, then the action of G on X is amenable.

Corollary

If G have an amenable action on a compact space, then G have an
amenable action on it Stone-Cech compactification G
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Topological amenability and action on the Stone-Cech

compactification

Lemma

If G acts amenably on a compacts space Y, and if f : Y — X is
any equivariant map, then the action of G on X is amenable.

Corollary

If G have an amenable action on a compact space, then G have an
amenable action on it Stone-Cech compactification G

Let g € G, denote by Lz : G 5 h+—— gh € G the left-translation
by g.
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Topological amenability and action on the Stone-Cech

compactification

Lemma

If G acts amenably on a compacts space Y, and if f : Y — X is
any equivariant map, then the action of G on X is amenable.

Corollary

If G have an amenable action on a compact space, then G have an
amenable action on it Stone-Cech compactification G

Let g € G, denote by Lz : G 5 h+—— gh € G the left-translation
by g. By the universal property of the Stone-Cech compactification
Lg extend uniquely to Ly : G — BG such that the following
diagram: []
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Topological amenability and action on the Stone-Cech

compactification
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Topological amenability and action on the Stone-Cech

compactification

G —— G

is commutative.
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Topological amenability and action on the Stone-Cech

compactification

is commutative. B
The map G > g+—— Lg; 3 3G is an action by homeomorphism of
G on 3G.
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Topological amenability and action on the Stone-Cech

compactification

is commutative. B

The map G > g+—— Lg; 3 3G is an action by homeomorphism of
G on 3G.

Let now X be a compact G-space such that the action of G on X
is amenable.
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Topological amenability and action on the Stone-Cech

compactification

is commutative. B
The map G > g+—— Lg; 3 3G is an action by homeomorphism of

G on 3G.

Let now X be a compact G-space such that the action of G on X
is amenable.

This action 7: G x X — X permit to define an equivariant map
T7:66 — X.
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Topological amenability and action on the Stone-Cech

compactification

Lg
G ——pG
is commutative. B
The map G > g+—— Lg; 3 3G is an action by homeomorphism of

G on 3G.

Let now X be a compact G-space such that the action of G on X
is amenable.

This action 7: G x X — X permit to define an equivariant map
T7:66 — X.

The action of G on 3G is therefore amenable by lemma.17
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Topological amenability and action on the Stone-Cech
compactification

A countable group G admits an amenable action on some compact
metrizable space if an only if its action on the Stone-Cech
compactification 3G is amenable.
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Topological amenability and action on the Stone-Cech
compactification
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Topological amenability and action on the Stone-Cech

compactification

@ — by corollary 18
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Topological amenability and action on the Stone-Cech

compactification

@ — by corollary 18

@ < Suppose that G admits an amenable action on its
Stone-Cech compactification 5G.
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Topological amenability and action on the Stone-Cech

compactification

@ — by corollary 18

@ < Suppose that G admits an amenable action on its
Stone-Cech compactification 3G.
For all g € G, denote g : 8 > x — gx € SG the action of G
on AG.
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Topological amenability and action on the Stone-Cech

compactification

@ — by corollary 18

@ < Suppose that G admits an amenable action on its
Stone-Cech compactification 3G.
For all g € G, denote g : 8 > x — gx € SG the action of G
on AG.
Now, define an equivalence relation R on 5G as follows:
(x,y) € R <= bg, = by, forallneNand g € G.
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Topological amenability and action on the Stone-Cech

compactification

@ — by corollary 18

@ < Suppose that G admits an amenable action on its
Stone-Cech compactification 3G.
For all g € G, denote g : 8 > x — gx € SG the action of G
on AG.
Now, define an equivalence relation R on 5G as follows:
(x,y) € R <= bg, = by, forallneNand g € G.
G act naturally on the quotient space G /R by the quotient
action.
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Topological amenability and action on the Stone-Cech

compactification

@ — by corollary 18

@ < Suppose that G admits an amenable action on its
Stone-Cech compactification 3G.
For all g € G, denote g : 8 > x — gx € SG the action of G
on AG.
Now, define an equivalence relation R on 5G as follows:
(x,y) € R <= bg, = by, forallneNand g € G.
G act naturally on the quotient space G /R by the quotient
action.
The quotient space G /R is metrizable and compact.
Besides, the canonical action of G on 3G/R is amenable.

Ol
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Topological amenability and action on the Cantor set

Let G be countable discret group. The following facts are
equivalents:
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Topological amenability and action on the Cantor set

Let G be countable discret group. The following facts are
equivalents:

@ G is topologically amenable
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Topological amenability and action on the Cantor set

Let G be countable discret group. The following facts are
equivalents:

@ G is topologically amenable

@ G admits an amenable action on the Cantor set Do,
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Main result 5

Let G be countable discret group. The following facts are
equivalents:
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Main result 5

Let G be countable discret group. The following facts are
equivalents:

e G is topologically amenable
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Main result 5

Let G be countable discret group. The following facts are
equivalents:

e G is topologically amenable

@ G admits an amenable action on the Hilbert cube I™°.
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Mbombo Amenability test spaces for Polish




The necessity is clear.

v
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The necessity is clear.
Now
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Proof.

The necessity is clear.

Now

If G is a countable discrete topologically amenable group,
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Proof.

The necessity is clear.

Now

If G is a countable discrete topologically amenable group,

by The theorem of Pestov and Youssef, G admit an amenable
action on the Cantor set Do,
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Proof.

The necessity is clear.

Now

If G is a countable discrete topologically amenable group,

by The theorem of Pestov and Youssef, G admit an amenable
action on the Cantor set Do,

therefore, there is a weak*-continuous maps b" : DY — P(G)
such that:
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Proof.

The necessity is clear.
Now
If G is a countable discrete topologically amenable group,
by The theorem of Pestov and Youssef, G admit an amenable
action on the Cantor set Do,
therefore, there is a weak*-continuous maps b" : DY — P(G)
such that:

im sup [lgef — cpells = 0

x€DRo
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Proof.

The necessity is clear.
Now
If G is a countable discrete topologically amenable group,
by The theorem of Pestov and Youssef, G admit an amenable
action on the Cantor set Do,
therefore, there is a weak*-continuous maps b" : DY — P(G)
such that:

lim sup [lgc] — cgll1 =0

x€DRo

For all n, There is an affine extention ¢” : P(DX°) — P(G) of b".
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Proof.

The necessity is clear.
Now
If G is a countable discrete topologically amenable group,
by The theorem of Pestov and Youssef, G admit an amenable
action on the Cantor set Do,
therefore, there is a weak*-continuous maps b" : DY — P(G)
such that:

lim sup [lgc] — cgll1 =0

x€DRo

For all n, There is an affine extention ¢” : P(DX°) — P(G) of b".
The maps ¢” are weak*-continuous and verified
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Proof.

The necessity is clear.
Now
If G is a countable discrete topologically amenable group,
by The theorem of Pestov and Youssef, G admit an amenable
action on the Cantor set Do,
therefore, there is a weak*-continuous maps b" : DY — P(G)
such that:

lim sup [lgc] — cgll1 =0

x€DRo

For all n, There is an affine extention ¢” : P(DX°) — P(G) of b".
The maps ¢” are weak*-continuous and verified

lim  sup |gc] —c2,lli=0.
n_mOuE’P(DNO) H gH
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Proof.

The necessity is clear.
Now
If G is a countable discrete topologically amenable group,
by The theorem of Pestov and Youssef, G admit an amenable
action on the Cantor set Do,
therefore, there is a weak*-continuous maps b" : DY — P(G)
such that:

lim sup [lgc] — cgll1 =0

x€DRo

For all n, There is an affine extention ¢” : P(DX°) — P(G) of b".
The maps ¢” are weak*-continuous and verified

A n n —
P a8~ el =0
We conclude that the action of G on P(D™) is amenable.
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Proof.

The necessity is clear.
Now
If G is a countable discrete topologically amenable group,
by The theorem of Pestov and Youssef, G admit an amenable
action on the Cantor set Do,
therefore, there is a weak*-continuous maps b" : DY — P(G)
such that:

lim sup [lgeg —cglli =0

x€DRo

For all n, There is an affine extention ¢” : P(DX°) — P(G) of b".
The maps ¢” are weak*-continuous and verified

A n n —
P a8~ el =0
We conclude that the action of G on P(D™) is amenable.
By Keller's theorem, P(D*?) is homeomorhic to /™.
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Proof.

The necessity is clear.
Now
If G is a countable discrete topologically amenable group,
by The theorem of Pestov and Youssef, G admit an amenable
action on the Cantor set Do,
therefore, there is a weak*-continuous maps b" : DY — P(G)
such that:

lim sup [lgeg —cglli =0

x€DRo

For all n, There is an affine extention ¢” : P(DX°) — P(G) of b".
The maps ¢” are weak*-continuous and verified

A n n —
P a8~ el =0
We conclude that the action of G on P(D™) is amenable.
By Keller's theorem, P(D*?) is homeomorhic to /™.
Therefore the action of G on /™ is amenable.

L]
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