Twisted sums of Banach spaces

generated by complex interpolation

Manuel Gonzalez

Departamento de Matematicas
Universidad de Cantabria
Santander, Spain

First Brazilian Workshop in Geometry of Banach Spaces
Maresias, Sao Paulo, 25-29 August 2014

Joint work with Jesus M. F. Castillo and Valentin Ferenczi.

Manuel Gonzalez (Santander) Twisted sums August, 2014 1/14



Exact sequences of Banach spaces

Let Y and Z be Banach spaces. An exact sequence is a sequence

0 vy Lo x 9,z 0,
J, g continuous operators, Ker j = {0}, Ran j = Ker g, and Ran g = Z.

@ j(Y) is a closed subspace of X and X/j(Y) = Z.
@ X is a F-space; sometimes not (equivalent to) a Banach space.

The exact sequence is trivial if Ranj is complemented: X = Y x Z.

A twisted sum of Y and Z is a non-trivial exact sequence.
(i.e., the space X in a twisted sum of Y and 2Z).

A twisted sum of Y and Z is called singular if q is strictly singular.
(g|m is an isomorphism for no inf. dim. subspace M of X).
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Construction of twisted sums

Let Y and Z be (infinite dimensional) Banach spaces.

A quasi-linear map from Zto Yisamap F: Z — Yy, Yp D Y, with
F(Au) = AF(u), Flu+v)—Fu)—F(v)eY VAeK,u,veZ,
and [|[F(u+v)— F(u) — F(v)|ly < M|lu+ v||z for some M > 0.

A quasi-linear map F : Z — Y induces an exact sequence
0>Yhyverzdzoo,

where Ya&rZ:={(y,z) e YoxZ:y—F(z)e Y} endowed
with the quasi-norm (. 2)[lF = lly — F(2)lly + I|2l|-

The embedding is j(y) = (¥, 0) while the quotient map is q(y, z) = z.

Each exact sequence can be obtained by means of a quasi-linear map.
F is called singular if g is strictly singular (i.e., Y @&¢ Z singular).
We can identify exact sequences and quasi-linear maps.
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An example: the Kalton-Peck map X(+)

K:x:(xn)e€2—>( xnlogl‘X"')es for x £0, and %(0) = 0.

IX]]

is a quasi-linear map from ¢, to ¢», with S the space of all sequences.

<o,

@ 7, is a singular twisted sum of ¢, with itself: g is strictly singular.

0 tpds Zo = by @y b %t — 0.

Zp = {((Yn) (Xn)) € 8 x b2 2 2071 xnl? + |¥n + Xnlog i

@ Z, contains no complemented copies of /5.
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Complex interpolation (two spaces)

(Xo, X1) compatible pair of complex Banach spaces.
S:={A e C:0< Re\ < 1} unit strip.

H(S): Bounded continuous functions g : S — Xy + X;
with g analyticon S, g(0 + it) € Xp and g(1 + it) € Xi;
endowed with the supremum norm || - | .
Fix0<f0<1. Forn=0,1,2,...,
(”) g e H(S) = g"(h) € Xo + Xq; defines a bounded operator.
We write  §p = 550) and 0y = 5§1).
Complex interpolation spaces: X, := {g(0) : g € H(S)} = 2O

ker dg *
Ixllo := inf{l|gllc : g € H(S),9(0) = x}
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Complex interpolation (family of spaces)

{Xi.n 1 /= 0,1;t € R} compatible family of complex Banach spaces
¥ (X; ) denote the algebraic sum of these spaces.

H(X;): Bounded continuous functions g : S — £(Xj;), analytic on S,
and satisfying g(it) € X(o,1) and g(it + 1) € Xq,p for t € R,
endowed with ||g[loc = sup{|lg(j + it)lljs :j=0,1;t € R}.

FixeS. Forn=0,1,2,...,
8 g e H(Xi) — 9M(6) € £(X;;) are bounded operators.

— HX.0)
— kerdy -

Complex interpolation spaces: Xy :={g(0) : g € H(Xj)}
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Complex interpolation and quasi-linear maps

We consider the quotient map & : g € H(S) — g(8) € Xp.

We fix a homogeneous bounded selection By : Xy — H(S) of dy.
It satisfies dg o By = I, .

Then Qp:=0dp0By:x e Xy — By(x)'(0) € Xo+ X; definesa
quasi-linear map from X, to Xy and

Xp @, Xp = {(g'(e), g(O)) g€ ”H(S)} = 7(S)/ (Kerdy N Kerd)).
QUESTIONS. Given the exact sequence
0— Xy % Xp @q, Xo B Xy — 0,

@ whenis Xy ©q, Xy a twisted sum?
@ when is gy strictly singular?
@ which spaces appear as {» ©q, ¢»> (twisted Hilbert spaces)?
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Singularity criterion for a pair with unconditional basis

For two functions f,g : N — R we write f ~ g
if 0 < liminff(n)/g(n) <limsupf(n)/g(n) < +oc.

Ax(n) :=sup{|lxs + ...+ x| : ||X] <1, n< X3 <...<Xp}.

Proposition

Let (Xo, X1) be a pair of spaces with a common 1-unconditional basis
and Ax, 7 Ax,, andlet0 <6 < 1.

Suppose A}(g“’Aﬁ(1 ~ Ax, ~ Ay for all subspaces Y C X,.

Then Qg is singular.

EXAMPLE: X; reflexive, asymptotically £p,, po # p1, with uncond. basis.
NOTE: (X, X*)1/2 = {2 when X is reflexive with uncond. basis.

In this way we get a family ¢ D U5 (i € R) of pairwise non-isomorphic
twisted Hilbert spaces.
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Singularity criterion for a pair of Kéthe function spaces

Mx(n) :=sup{||x1 + ...+ xnl : [|Xi]| <1, (x;) disjoint in X}.

Qg disjointly singular: the restriction of 2y to a subspace of Xj
generated by a disjoint sequence is never trivial.

Proposition

Let (Xo, X1) be an admissible pair of Kéthe function spaces with

My, # Mx,, and 0 < 6 < 1. Suppose My "My ~ My, ~ My for each
Y C Xy generated by a disjoint sequence, and Xy reflexive.

Then Qy is disjointly singular; hence non-trivial.

Let X be a reflexive, p-convex Kéthe function space withp > 1.
Assume My ~ My, for every disjoint sequence (x,) C X.

Then the Kalton-Peck map X (f) = flog % is disjointly singular on X.

Manuel Gonzalez (Santander) Twisted sums August, 2014 9/14



Singularity criterion for a family of spaces with a basis

Proposition (MON)

Let{Xn :j=0,1;t € R} be an admissible family of spaces with a
common 1-monotone basis.
Let1 < py # pi §+oo,2—):%+l;%,and0<9<1.

Assume the spaces X; satisfy an asymptotic upper ¢y, -estimate with
uniform constant, and for every block-subspace W of Xy, there exist a
constant C and for each n, a C-unconditional finite block-sequence
n<y <...<yninBy suchthat|y; +---+ yn|| > C'n'/P and
[v1,- - ,¥n] is C-complemented in Xy.

Then Qy is singular.
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Twisting Ferenczi’'s space F;

Foreach t € R, take X4 = {qwith 1 < g < oo, and
X0,r) @ GM-like space (varies with t) with 1-monotone basis.

Fix 8 € S. Then

Fy={x € X(Xjt): x =g(0) forsome g € H(X:)} = H(Xj )/ ker dy.

is a uniformly convex H.l. Banach space (Ferenczi 1997).

The spaces in the construction of Fy satisfy the conditions of
Proposition (MON). So Q4 gives a singular twisted sum

0 Fi Fo = Fr@q, Fi —2 Fy 0.

Since 3 1 is strictly singular, the space F» is H.l.
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lterated twisting of F;

Recall that 7> = {(9'(6),9(9)) : g € H(X:)}.
Given g € H(X;) and k € N, we denote g[k] := g~ (6)/(k — 1)!.
For n > 3 we define:

v = A{(gln,. .. 8121,811]) : g € H(X;)} = HOX0)/ Mz ker o,

Proposition
Letm,n e N withm > n.

o 7Tm7n:(Xm,...,Xn,...,X1) e.}—m—) (Xn,...,X‘]) 6]:,; ISSUf]eCtIVG.

Q inm(Xn,...,X1) € Fn— (Xn,...,X1,0,...,0) € Fry is an isomorphic
embedding with Ran(in m) = Ker(mm m—n).

© The operator wm n is strictly singular.
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lterated twisting of F7 (ll)

Corollary

For m,n € N with m > n, the sequence

I, T, —
0 Fn 2 Fmp 2% Fpep ——— 0

is exact and singular.
Hence all the spaces Fr, are H.I.

Let!,m,n € N with | > n. Then the diagonal push-out sequence

i

0 Fi

Fn@f/.i_m L>.F.m_i_n — 0,

where i(x) = (—mn X, i1j+mX) and w(y,z) = inm+nY + Tismm+n Z,

is a twisted sum (nontrivial exact sequence) which is not H.|.

V.
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Thank you
for your attention.
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