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Theorem (Kalton, 2009)

Let X be a real Banach space such that X ®c X is primary, then X has
at most one complex structure.

Example: The classical spaces ¢, (1 < p < o), ¢, C[0,1] and L,

(1 < p < 00) has unique complex structure.

All complex structures on {5 are C-isomorphic to £52, where

us (1, T, 3,24, ...) = (—T2, X1, —T4, T3, ..)

Definition

For a complex Banach space Z, its complex conjugate Z, is defined to be
the space Z equipped with the law of multiplication by scalars: \z := \z,
for every A€ C and z € Z.

e Z and Z are isometric as real spaces.
o XTI =Xx-1
e S. Szarek (86), Bourgain (86), Kalton (95) There exist spaces not

isomorphic to their complex conjugate.
These spaces admit at least two complex structures.
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subspace is never trivial. In this case 2 is said to be singular.
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e Every infinite-dimensional complemented subspace of Z5 contains a
complemented subspace isomorphic to Zs.

e 75 is isomorphic to its square.

Question
Zo is isomorphic to its hyperplanes?
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Complex structures on Zs

Proposition

The following complex spaces are isomorphic.
§122), where (uz, uz) (2, y) = (uzw, uzy).
o Zy®c Zo.

° ZQ(C) = ZQ(C) @Qg 62(((:)

Corollary
For any complex structure w on Zs
e The space Z¥ is isomorphic to a complemented subspace of Z5(C).

e The space ZY' is Z5(C)-complementably saturated and
£5(C)-saturated.

o [f ZY is isomorphic to its square then it is isomorphic to Z5(C).

Question
Does Z5 admit unique complex structure?
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Theorem
No complex structure on {5 can be extended to a complex structure on
the hyperplane {2 ©q,; H.

Theorem
There exists a complex structure U on {5 that can not be extended to
any operator on Zs.

An essential element to prove this is the following result:

Theorem (V. Ferenczi, E. Galego, 2007)

Let T, u be complex structures on, respectively, an infinite dimensional
Banach space X and some hyperplane H of X. Then the operator
T|g — u is not strictly singular.
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00— X —XPY —Y ——0
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N
00— X— XY —Y ——0

Proposition. The pair (o, ) is compatible with Q iff a2 — Qf is trivial.

Example. The pair (us2,us2) is compatible with 5.
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Proposition
For every operator T : {5 — {5, and for every block subspace W of {5,
the commutator QT — T)5 is trivial on some block subspace of W.

Proposition

Let (T,U) be a pair of compatible operators on Zs. Then T — U is
compact.

Sketch of the proof: Let u be a complex structure on ¢5. Suppose that
can be extended to U on {3 ®q,; H

00—ty ——>Vls®q, H—> H—>0

u U v
o,
00—ty ——>Vls®q, H—> H—>0

Extending v to a complex structure V' on /3, we have that (u,V) is
compatible with Q5. Then u — V' is compact.

On the other side, it follows from Ferenczi-Galego theorem that u|p — v
is not strictly singular. So we get a contradiction.
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