Answers to Selected
Odd-Numbered Exercises

Answers are easy. It’s asking
the right questions [that’s] hard.
—Doctor Who
“The Face of Evil,
By Chris Boucher
BBC, 1977

Chapter 1 (d) z

Exercises 1.1

3. (a), (b) , 34
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mis 1].
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11.
13.
17.

19.
25.

31.

33.

35.
37.
39.

41.

47.

51.

53.

Ve, [1/V6,1/V3,1/V2,0]
V17 15. V6

(a) u- vis a scalar, not a vector.

(c) v-wisa scalar and u is a vector.

Acute 21. Acute 23. Acute
60° 27. ~88.10° 29. =14.34°
—4 1
—_— —
Since AB - AC = 1]- 1| =0,£LBACisa
right angle. -1 -3

If we take the cube to be a unit cube (as in Figure 1.34),
the four diagonals are given by the vectors

1 1 -1 1
d1: 1 ,d2: 1 ,d3: 1 ,d4: _1
1 -1 1 1

Sinced;-d; # 0 foralli # j (six possibilities), no two
diagonals are perpendicular.

D=(-211)

5 mi/h at an angle of = 53.13° to the bank

60°
3
2
_é b —0.301
{ Z} 43.| 3 45.| 0.033
° : —0.252
2
A= V45/2 49.k=-2,3

vis of theform k[ b} where k is a scalar.
—a

The Cauchy-Schwarz Inequality would be violated.

Exercises 1.3

1.

5.

70

(a) BH"} =0 (b)3x+2y=0

y
%, 1 —1
L M_MH{ 3}
b) x=1—-1¢
= 3t
E3 1 x= t
@ |y|=t-1]®)r="-t
| z | 4 z = 4t
31 [«x
(@ |2 y|=2®)3x+2y+tz=2
L 1] z

15.

17.

19.

21.

23.

25.

27.
33.
43.
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x 2 -3
@ [y|=s/1]+¢t 2
z 2 1
(b) x =2s — 3t
y= s+ 2t
z=2s+ t
b= L+
= +t
y -2 2
X 1 3 -1
y|=|1|+s| -1 +¢t O
z 1 1 =2
X 0 1
e fl=[ ] ]
y -1 3
y=—1+3t
Direction vectors for the two lines are given by

1 1
d, = { } and d, = [ } The lines are perpendicular
m, ms

ifand only if d, and d, are orthogonal. Butd, -d, =0
if and only if 1 + m;m, = 0 or, equivalently,

mym, = —1.

(b) Parallel

(d) Perpendicular

(a) Perpendicular
(c) Perpendicular

X —1 —1
y| = 0|+t 3
Z 3 =i

(@ x=0x=1y=0,y=12z=0,z=1
b)) x—y=0 ()x+y—2z=0
3V2/2 29.2V3/3 31. &1
G 35.18V13/13  37.3
~78.9° 45. ~80.4°

Exercises 1.4

1.

3.
5.
7

9.
11.
13.

13 N at approx N 67.38 E

$V/3Natan angle of 30° to f;
4 N at an angle of 60° to f,

5 N at an angle of 60° to the given force, 5V3N
perpendicular to the 5 N force

750V/2 N
980 N

=~ 117.6 N in the 15 cm wire, = 88.2 N in the 20 cm
wire
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Review Questions 31. y+z=1 33.[1,1]
L.(a) T (c) F (e) T (g) F (i) T X —y =1

-2/V5 2x—y+tz=1
3.x = { e } 5. 120° 7. | 1/V5 35. [4, —1] 37. No solution

11
0 39.(a) 2x + y =3 (b) x=2—13s
9.2x+3y—z=7 1L V6/2 4+ 2y =6 y=>s
13. The Cauchy-Schwarz Inequality would be violated. 1 1 : .
41. L S = —, The solutionisx = 3,y = —3.

15. 2V/6/3 17.x=2  19.3 S € SOIHONIS ¥ = 5.1 = 72

43. Let u = tan x, v = sin y, w = cos z. One solution is
Chapter 2 x =ml4,y = —wl6,z = w/3. (There are infinitely

many solutions.)
Exercises 2.1

1. Linear 3. Not linear because of the x ! term Exercises 2.2
5. Notlinear  7.2x+4y=7 1. No 3. Reduced row echelon form
9. x+y=4(xy#0) 5. No 7. No
Ny 4— 25— 3t T 10
11'{L” 13, . 9.( |0 1 1 11.0) |0 1
! Lo 0 1 00
15. Unique solution, x = 3,y = —3 )
1 0 -1
y
A 13.(b) [0 1 -1
\‘4 L0 0 0
7N 15. Perform elementary row operations in the order
NN, L R, + 29R,, 8R, R, — 3R, R, <> R, R, — R, R, + 2R,,
2NN 4 . and, finally, R, + 2R,.
-2+ 3. -3) 17. One possibility is to perform elementary row
41 ’ operations on A in the order R, — 3R, 3R,, R, + 2R,,
R, + 3R, R, <R,
17. No solution 19. Hint: Pick a random 2 X 2 matrix and try this—
carefully!
. 21. This is really two elementary row operations

combined: 3R, and R, — 2R,.

2 —/ 23. Exercise 1: 3; Exercise 3: 2; Exercise 5: 2; Exercise 7: 3
1 ) T
74»)6 2
-3 1 2 25. (5 27.t 1 29. |:_1}
iy L1 -1
T 24 6 0 12
o -10 -2 6 -6
19. (7, 3] 21. [55 —3] 31. 0|+r| 1[+s|0]+t] 0
23.[5 —2,1,1] 25. (2, —7, —32] 0 0 1 0
1 5|-1 0 0 0 1
. |8 7O 20.| -1 1 ) ]
12 113 ’ = 33. No solution
2 4] 4

35. Unique solution



37.

39.

41.

43.

45.

49.

51.

9.

Infinitely many solutions

d
is 2. (There are two cases: a = 0 and a # 0.) Use
the Rank Theorem to deduce that the given system
must have a unique solution.

(@) Nosolutionifk = —1

(b) A unique solution if k # *1

(c) Infinitely many solutions if k = 1
(@) Nosolutionifk =1

(b) A unique solution if k # —2,1

(c) Infinitely many solutions if k = —2

Hint: Show that if ad — bc # 0, the rank of {a b}
c

x 0 9
y|=1]—-1|+1¢t —10
z 1 =7
No intersection
X1
The required vectors x = | x, | are the solutions of
X3
the homogeneous system with augmented matrix
u, u, us|0
|:V1 Vo Vs 0}

By Theorem 3, there are infinitely many solutions. If
u, # 0and u;v, — u,v, # 0, the solutions are given by

UyV3 — U3V,
E usv; — uyvs
Uy, — Uy

But a direct check shows that these are still solutions
evenif u; = 0 and/or u;v, — u,v, = 0.

1
0 3
53. 55. 10 57.
2 3
0
Exercises 2.3
1. Yes 3. No 5. Yes 7. Yes

1
We need to show that the vector equation x{ J +
1 a .
N1 1T e has a solution for all values of a and b.
This vector equation is equivalent to the linear system
a

b}' Row

1
whose augmented matrix is {

-1
1 1 a

reduction yields
netionyt {o -2 ‘ b—a
see that there is a (unique) solution.

}, from which we can

11.

13.

15.

17.

19.
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[Further row operations yield x = (a + b)/2,
1 1
y = (a — b)/2.] Hence, R* = span({l}, [_J).
1
We need to show that the vector equation x| 0 | +
1
1 0 a
y| 1|+ z|1|=]0b |hasasolution for all values
0 1 c

of a, b, and c. This vector equation is equivalent to
the linear system whose augmented matrix is

1 1 0Ofa

0 1 1|b|. Row reduction yields
L1 0 1]c
(1 1 0 a

01 1 b , from which we can see
L0 0 2|b+c—a

that there is a (unique) solution. [Further row
operations yield x = (@ — b + ¢)/2,
y=(@+b—-2¢c)/2,z=(—a+ b+ )/2]

1 1 0
Hence, R* = span| [0 |, | 1 [,| 1
1 0 1

(@) The line through the origin with direction

—1
vector
[ 2}

(b) The line with general equation 2x + y = 0

(@) The plane through the origin with direction
1 3
vectors | 2 |, | 2
0 =1

(b) The plane with general equation 2x — y + 4z =0
Substitution yields the linear system
a +3=0
—a+b—3=0
=3
whose solutionist| 0
1

infinitely many solutions, the simplest perhaps being
a=-3b=0,c=1.

. It follows that there are

u=u+0u-+v)+0u+tv+w)
v=(—Du+@m+v)+0u+v+w)
w=0u+(—Du+v)+@m+tvtw)
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21. (c) We must show that span(e,, e,, e;) = span(e;, e, +
e,, e, + e, + e;). We know that span(e,, e, + e,,
e, + e, +e,) CR’>=span(e,e,e,). From
Exercise 19, e, e,, and e, all belong to
span(e;, e, + e,, e, + e, + e,). Therefore, by
Exercise 21(b), span(e,, e,, e;) = span(e,, e, +
e,e te te).

23. Linearly independent

0 2 2
25. Linearly dependent, —| 1 | + | 1 | = | O
2 3 1

27. Linearly dependent, since the set contains the zero vector
29. Linearly independent

3 -1 -1 1
= 3 =il 1
31. Linearly dependent, + + =
1 1 1 3
-1 -1 3 1
43. (a) Yes (b) No

Exercises 2.4
1. x, = 160, x, = 120, x; = 160
3. two small, three medium, four large
5. 65 bags of house blend, 30 bags of special blend,
45 bags of gourmet blend
7. 4FeS, + 110, —> 2Fe,0, + 850,
9.2C,H,, + 130, —> 8CO, + 10H,0
11. 2C,H,,0OH + 150, —> 12H,0 + 10CO,
13. Na,CO; + 4C + N, —> 2NaCN + 3CO
15.(a) fy = 30—t (b)f, =15 f5 =15
f=—10 + ¢t
f3= t
) 0=f,=20
0=f,=20
10 < f, = 30
(d) Negative flow would mean that water was flowing
backward, against the direction of the arrow.

17. (@) f, = —200 + s+t (b) 200 = f, = 300
fi= 300—s—1t

= S
fa= 150 —t
fs= t

(c) Iff; =s=0,then f; = t = 200 (from the f; equa-
tion), but f; = ¢t = 150 (from the f, equation). This is
a contradiction.

(d) 50 = £, =300

19.1, = 3 amps, I, = 5 amps, [; = 2 amps
21. (@) I =10 amps, I, = I, = 6 amps, [, = I, = 4 amps,
I, = 2 amps
(b) Ry = T ohms
(c) Yes; change it to 4 ohms.
23. Farming : Manufacturing = 2:3

25. The painter charges $39/hr, the plumber $42/hr, the
electrician $54/hr.

27. (a) Coal should produce $100 million and steel $160
million.

(b) Coal should reduce production by = $4.2 million and
steel should increase production by = $5.7 million.

29. (a) Yes; push switches 1, 2, and 3 or switches 3, 4, and 5.
(b) No
31. The states that can be obtained are represented by
those vectors
X1
X2
X3
X4
X5
in Z5 for which x, + x, + x, + x; = 0.
(There are 16 such possibilities.)

33.1f0 = off, 1 = light blue, and 2 = dark blue, then the
linear system that arises has augmented matrix

1100 0]z
1110 0|1
0111 0|p
001 1 1|1
0001 1|p

which reduces over Z, to

1 0 0 0 1|1
01 0 0 2|1
001 0 0|2
0 0 0 1 12
0000 0|0]
This yields the solutions
X 1 2
X 1 1
x| =12|+¢t|0
X4 2 2
Xs 0 1



where ¢ is in Z,. Hence, there are exactly three solutions:

N DN = =
—_—— NN O
S NN O N

0 2

where each entry indicates the number of times the
corresponding switch should be pushed.
35. (a) Push squares 3 and 7.
(b) The 9 X 9 coefficient matrix A is row equivalent to
Z,, so for any b in Z5, Ax = b has a unique
solution.

Exercises 2.5

1. n 0 1 2 3 4 5

x, 0 0.8571 09714 0.9959 09991 0.9998
x, 0 0.8000 09714 0.9943 0.9992 0.9998

Exact solution: x; = 1, x, = 1

Answers to Selected Odd-Numbered Exercises ANS7

37. Graceis 15, and Hans is 5.

39. 1200 and 600 square yards

41.(@) a=4—d,b=5—d,c= —2 + d, dis arbitrary
(b) No solution

43. (a) No solution
(b) [a,b,¢,d, e f]

3.n 0 1 2 5 4 5 6

x, 0 0.2222 0.2539 0.2610 0.2620 0.2622 0.2623
x, 0 0.2857 0.3492 0.3582 0.3603 0.3606 0.3606

Exact solution (to four decimal places): x, = 0.2623,
x, = 0.3606

5. n 0 1 2 3 4 5 6 7 8
x 0 03333 0.2500 03055 0.2916 0.3009 0.2986  0.3001  0.2997
x, 0 02500 00834 0.1250 0.0972 0.1042 0.0996 0.1008 0.1000
x, 0 03333 0.2500 03055 0.2916 0.3009 02986 0.3001  0.2997
Exact solution: x; = 0.3, x, = 0.1, x; = 0.3

7. n 0 1 2 3 4 9. n 0 1 2 3 4
X, 0 0.8571 0.9959 0.9998 1.0000 X, 0 0.2222 0.2610 0.2622 0.2623
x, 0 09714  0.9992 1.0000 1.0000 x, 0 03492 03603 03606  0.3606

Afterthree iterations, the Gauss-Seidel method is
within 0.001 of the exact solution. Jacobi’s method
took four iterations to reach the same accuracy.

After three iterations, the Gauss-Seidel method is
within 0.001 of the exact solution. Jacobi’s method
took four iterations to reach the same accuracy.
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11. n 0 1 2 3 4 5 6 13. ’:3
X, 0 0.3333 0.2777 0.2962 0.2993 0.2998 0.3000 11
x, 0 0.1667  0.1112 0.1020 0.1004 0.1000 0.1000 T
x; 0 0.2777  0.2962 0.2993 0.2998 0.3000 0.3000
05T
After four iterations, the Gauss-Seidel method is within
0.001 of the exact solution. Jacobi’s method took seven
iterations to reach the same accuracy.
15. n 0 1 2 3 4
X, 0 3 -5 19 -53
x, 0 -4 8 -28 80
If the equations are interchanged and the Gauss-Seidel
method is applied to the equivalent system
3x +2x, =1
xl - 2x2 = 3
we obtain
n 0 1 2 3 4 5 6 7 8
X 0 0.3333 1.2222 0.9260 1.0247 0.9918 1.0027 0.9991 1.0003
X, 0 —1.3333 —0.8889 —1.0370 —0.9876 —1.0041 —0.9986 —1.0004 —0.9998
After seven iterations, the process has converged to
within 0.001 of the exact solution x, = 1, x, = —1.
17. X2 19. n 0 1 2 3 4 5 6
A
101 x 0 —1.6 14.97 8.550 10.740 9.839 10.120
I x, 0 25.9 11.408 14.051 11.615 11.718 11.249
T3 =1=0= H *20 g0 x; 0 —1035 —9311 —11.200 —11.322 —11.721 —11.816
-10F
201 n 7 8 2 10 11 12
N UF S %, 9989 10022 10002 10005 10001  10.001
X, 11.187 11.082 11.052 11.026 11.015 11.008
x, —11.912 —11.948 —11973 —11.985 —11.992 —11.996

After 12 iterations, the Gauss-Seidel method has converged to
within 0.01 of the exact solution x; = 10, x, = 11, x; = —12.
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21. n 13 14 15 16
b 10.0004 10.0003 10.0001 10.0001
X, 11.0043 11.0023 11.0014 11.0007
x, —11.9976  —11.9986 —11.9993 —11.9996
23. The Gauss-Seidel method produces
n 0 1 2 5 4 5 6 7 8 9
2% 0 0 12.5 21.875 24.219 24.805 24.951 24.988 24.997 24.999
X, 0 0 18.75 21.438 24.609 24.902 24.976 24,994 24.998 24.999
X, 0 50 68.75 73.438 74.609 74.902 74.976 74.994 74.998 74.999
b 0 62.5 71.875 74.219 74.805 74.951 74.988 74.997 74.999 75.000
The exact solution is x; = 25, x, = 25, x, = 75, x, = 75.
25. The Gauss-Seidel method produces the following iterates:
n 0 1 2% 3 4 5
t 0 20 21.25 22.8125 23.3301 23.6596 23.7732
t, 0 5 11.25 13.3203 14.6386 15.0926 15.2732
t, 0 21.25 24.6094 26.9873 27.7303 27.9626 28.0352
1 0 2.5 5.8594 8.2373 8.9804 9.2126 9.2852
to 0 7.1875 14.6289 16.2829 16.7578 16.9036 16.9491
te 0 23.0469 249072 25.3207 25.4394 25.4759 25.4873
n 7 8 9 10 11
5 23.8093 23.8206 23.8242 23.8252 23.8256 23.8257
t, 15.2824 15.2966 15.3010 15.3024 15.3029 15.3029
t, 28.0579 28.0650 28.0671 28.0678 28.0681 28.0681
9 9.3079 9.3150 9.3172 9.3178 9.3181 9.3181
t 16.9633 16.9677 16.9690 16.9695 16.9696 16.9696
L 25.4908 25.4919 25.4922 25.4924 25.4924 25.4924
27.(@) n 0 1 2 3 4 5 6 X2
X, 0 0 i i i 5 & 1.2
2R EE R
0.4
e > )
02 N\
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(b) 2x; + x, =1
x +2x, =1
(¢c) n 0 1 2 3 4 5 6 7
x 0 0 0.25 0.3125  0.3281 0.3320  0.3330  0.3332
X, 1 0.5 0.375 0.3438 0.3360 0.3340 0.3335 0.3334
[Columns 1, 2, and 3 of this table are the o
odd-numbered columns 1, 3, and 5 from the table 1. [1 =2 3} X, | = [0}
in part (a).] The iterates are converging to 2 1 -5 4
x, = x, = 0.3333. }
) x, =x, =1 23. AB = [2a; + a, —a; 3a, —a, + 6a; a, + 4a,]
) (where a, is the ith column of A)
Review Questions 2 30 0 0 0 2 —12 -8
L@F ©OF @T (T GF 25.|-6 -9 o0|+]1 -1 1|+]|-1 6 4
0 4 60 0 0 0 1 -6 —4
6
3. 2 5. u 7.k =-1 9.(0,31) 2A, + 3A,
—1 27.BA=| A, — A, + A, | (whereA,is the ith row
11.x =2y +z=0 13. (@) Yes 15. 1or2 —A; + 6A, + 4A,
17.Ifc,(u + v) + c,(u — v) = 0,then (¢; + ¢,)u + of A)
(c; — ¢p)v = 0. Linear independence of u and v 29. If b, is the ith column of B, then Ab; is the ith column

impliesc; + ¢, = 0and ¢; — ¢, = 0. Solving this
system, we getc¢;, = ¢, = 0. Henceu + vandu — v
are linearly independent.

19. Their ranks must be equal.

Chapter 3

Exercises 3.1

3 -6 _
1. 3. Not possible
-5 7
12 -6 3 (3 3
5. 7.
—4 12 14 119 27
[—4 =2
9.[10] 11. }
| 8 4
0 00
27 0
13.{0 0 0 15.
| —49 125
0 00
o o
17.
00
1.50 1.00 2.00 650.00 462.50
19.B = ,BA =
1.75 1.50 1.00 675.00 406.25

Column i corresponds to warehouse i, row 1 contains
the costs of shipping by truck, and row 2 contains the
costs of shipping by train.

of AB. If the columns of B are linearly dependent,
then there are scalars ¢, . . ., ¢, (not all zero) such
that ¢,b, + -+ + ¢,b, = 0. But then ¢,(Ab,) + -+~ +
¢,(Ab,) = A(¢,b, + -+ ¢,b,) = A0 = 0, so the
columns of AB are linearly dependent.

1 212 0
3 210
3 4|5 3
31.| -1 110 33.
1 0|1 2
0 0]5
0 1]/0 -1
[—1 1] -1 0
35. (a) A2 = LA = }
|—1 0] 0 -1
A4:'o —1"A5: 1 —1’Aé= 1 0,
1 —1] 1 0 0 1
0 1]
=
-1 1]
-1 0
bAzo(n:{ }
(b) —
1
37.A"={ ”}
0 1
1 -1 1 -1 00 0 0
-1 1 -1 1 11 1 1
39. (a
()1—11—1 (C)24816
-1 1 -1 1 3 9 27 81



Exercises 3.2

1.
5.

9.

S

B=2A,+A, 7. Not possible

(o} 2¢; + ¢
span(A;, A;) = ¢ | =
aqt2, ¢+tc

(|

11. span(A,, A,, A;) =
(o= +e 20+ —a+a])|
{_ 0 aq to 0 }} B
[(—3b+4c+5e b ¢
(SRR
13. Linearly independent  15. Linearly independent
23.a=d,c=0 25.3b = 2c,a=d — ¢
27.a=d,b=¢c=0
29. Let A = [a ] and B = [b;] be upper triangular #n X n
matrices and let i > j. Then, by the definition of an
upper triangular matrix,
ap = ap = a;;-,=0 and
by=bii ;=" =bg=0
Now let C = AB. Then
Gij = ailblj + ai2b2j +- 'ai,i—lbi—l,j + agb;
ta,i1biy; + ot g .
= 0by +0-by+---0by; + a0
+a;,,:°0+-+a,-0=0
from which it follows that C is upper triangular.
35. (a) A, Bsymmetric = (A + B)" = AT + B =
A + B = A + Bissymmetric
37. Matrices (b) and (c) are skew-symmetric.
41. Either A or B (or both) must be the zero matrix.
1 2 3 1 3 5 0 -1 =2
43. ) |4 5 6|=|3 5 7|+|1 0 -1
7 8 9 5 7 9 2 1 0
47. Hint: Use the trace.
Exercises 3.3
1. 2 _7} 3. Not invertible
-1 4
5. Not invertible 7. [_I'E _2'8}
0.3 1
: a/(a*> + b% b/(a*+ bz)} " {—5}
“L-b/(a® + b%) a/(a® + b?) ’ 9

29.

33.

39.

43.

45.
47.

49.

53.

55.

57.

59.

61.
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e[ e[

(c) The method in part (b) uses fewer multiplications.

.(b) (AB)"' = A"'B 'ifand onlyif AB = BA
.X =AYBA)B!
.X=(AB) 'BA+ A
[0 0 1] 1 00
E={0 1 0 27ZE=| 0 1 0
L1 0 0] -1 0
1 0 0] X
3 0
E=[0 1 2 31{ }
0 1
L0 0 1]
1 00 1 0 0
0 1
L 0} 3510 1 2 37.10 1/c 0
0 0 1 0 0 1

A=l b lo Al

(@) IfAis 1nvert1ble, then BA = CA= (BA)A™! =
(CA)A"'= BAA™ ) =C(AA ) =BI=CI =
B=_C.

Hint: Rewrite A> — 2A + I = Oas A2l — A) = L.

If AB is invertible, then there exists a matrix X such

that (AB)X = I. But then A(BX) = I too, so A is

invertible (with inverse BX ).

i 1/(@+1) —a/@@+
LG J >t L/(az +1) 1@+ 1
Not invertible
1/a 0 0 |
—1/a* 1/a 0 |,a#0
L 1/a® —1/a® 1/a]
[—11 -2 5 —47
4 1 =2
5 1 -2
L 9 2 —4 ]
M1 0 0 0 T
0 1 0 0 d£0
0 0 1 0
| —a/d -b/d —c¢/d 1/d]

Not invertible 63.

S Ul
AN W
(52 B \S TN
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11.

13.

15.

19.

21.

23.

25.

27.

O W = O

5/12 1/12

T

r

1

O O = O O H O O O = O = O O

1 r

—_ O O O =2 O O © = O O O O =

|
—

L 1 o oo~ o o~ O O O — O — O

I
)

Answers to Selected Odd-Numbered Exercises

0 -1 0 1
0 01‘—10
0 71'01 0
1 1 -1 0
-7
_3—/2 5.
2
2 3
-3 -6
0 3
01r1 2 3 -1
0llo 2 -3 2
oo o 3 1
1jlo0 0 0 1
0 1 -2
3 3 1
0 0 5
G_[7 ©
_{OJ’
1/6}
1 0
0 0
0 1
0 0 0 17f0 0 1 0
01 0 0fl]0 1 0 0
0 01 0f|1 0 0 0
1 00 0JLO 0 0 1
0 ol[-1 2 1
10]01 4
5 1 0 0 —16
1 0 0 0[-1 1 1
0 1 0 0 0 -1 1
0 0 1 0ff 0o o0 1
0 -1 0 1 0

Exercises 3.5

. Subspace 3. Subspace

. Subspace 7. Not a subspace

.bisin col(A), w is not in row(A).

. No

{1 0 —1],[0 1 2]}isabasis for row(A);

1

1 0
{ L}, [ } } is a basis for col(A); —2 |} is a basis
1

for null(A).
A1 01 0),[0 1 —1 0],[0 0 0 1]}isabasis
1 1 1
forrow(A); (|0 [, |11, 1 is a basis for col(A);
0 1 -1
-1 )
1 . .
: is a basis for null(A).
0])

A1 0 —1],[1 1 1]}isabasis for row(A);

{ {l}, {O } is a basis for col(A)
0 1

Al 1 0 15,[0 1 -1 1],[0 1 -1 -1]}
1 0 0

is a basis for row(A); { [ 0 |,| 1 |, | O |} is a basis for

col(A) 0 0 1

.Both{[1 0 —1],[0 1 2]}and{[1 0 -1],

[1 1 1]} arelinearly independent spanning sets for

row(A) = {[a b ““+2b]}'BOth{E}{ﬂ}

1| (0
and { {0}, L} } are linearly independent spanning

sets for col(A) = R
11 -1
-1/, o
0 1
{1 0 o0],[0 1 0],[0 0 1]}

A2 -3 15,[1 -1 0],[4 —4 1]}
.rank(A) = 2, nullity(4) = 1

.rank(A) = 3, nullity(4) = 1

. If A is 3X5, then rank(A) = 3, so there cannot be

more than three linearly independent columns.

. nullity(A) = 2,3,4,0r5



43.Ifa = —1, thenrank(A) = 1;ifa = 2, then
rank(A) = 2; fora # —1, 2, rank(4) = 3.

Yes 47. Yes 49. No

w is in span(B) if and only if the linear system with
augmented matrix [B | w] is consistent, which is true
in this case, since

45.
51.

1 1|1 1 0] 3
(Blw]j=|2 o|l6|— |0 1]|-2
0 —1|2 0 0 O
From this reduced row echelon form, it is also clear

that [w]s = {_ﬂ

rank(A) = 2, nullity(4) = 1

rank(A) = 3, nullity(4) =1

Let A, ..., A,, be the row vectors of A so that

row(A) = span(Ay, ..., A,). Ifxisin null(A), then,

since Ax = 0, we alsohave A;*x=0fori=1,...,m,

by the row-column definition of matrix multiplication.

If r is in row(A), then r is of the form

r=cA, + -+ ¢c,A,,. Therefore,

r-x= (A + - +c,A,) X
=cq(A;'x)t -+ ¢,(A,x) =0

59. (a) Ifa set of columns of AB islinearly independent,
then the corresponding columns of B are linearly
independent (by an argument similar to that needed
to prove Exercise 29 in Section 3.1). It follows that
the maximum number k of linearly independent
columns of AB [i.e., k = rank(AB)] is not more than
the maximum number r of linearly independent
columns of B [i.e., r = rank(B)]. In other words,
rank(AB) =< rank(B).

61. (a) From Exercise 59(a), rank(UA) = rank(A) and

rank(A) = rank((U 'U)A) = rank(U Y(UA)) <

rank(UA). Hence, rank(UA) = rank(A).

53.
55.
57

Exercises 3.6

0 8
1. T(u) = Ll],T(v) = [J
{1 1} {1 -1 1}
11. 13.
1 -1 2 1 =3
{—1 0} {2 0}
= 17. [D] —
0 1 03
19.
0 1

bined with a reflection in the y-axis if k < 0);

15. [F]

stretches or contracts in the x-direction (com-

b i

stretches or contracts in the y-direction (combined

21.

25.

31.

33.

35.

57

45.

Answers to Selected Odd-Numbered Exercises
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0 1
with a reflection in the x-axis if k < 0); [l 0} isa

1 k
reflection in the line y = x; {0 J is a shear in the

x-direction; [

0
J is a shear in the y-direction. For

k
example,
y
y A
A
ool @n 1 k} k1) (k+1,1)
0 1
k > 0)
00l @wo 1 00l @0 a
y
A
: 0, k) (1, k)
10
(1,
©.1 0 k}
—>
k > 0)
0,0) 1. 0) > 00 1, 0)
LN
-1/2 V3/2 - !
0 -1 -3 }
27.
{—1 0} { 5 3
[—8 5
o T] =
[SeT] P J
(5o T] = 0 6 —6J
1 -2 2
10 -1
[SeT]=|-1 1 0
Lo -1 1
[—\/5/2 1/2} . {—\/5/2 —-1/2
1/2 \V3/2 ' 1/2 —V3/2

In vector form, let the parallel lines be given by

x=p + tdand x' = p’ + td. Their images are
T(x)=T(p + td) = T(p) + tT(d) and T(x") =

T(p' + td) = T(p') + tT(d). Suppose T(d) # 0. If
T(p') — T(p) is parallel to T'(d), then the images rep-
resent the same line; otherwise the images represent
distinct parallel lines. On the other hand, if T(d) = 0,
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then the images represent two distinct points if
T(p') # T(p) and single point otherwise.

47. y
23 | @3

(=2,-3) (2,-3)

49. y

>
>

Exercises 3.7

0.4 0.38
l.x, = Xy = 3. 64%
0.6 0.62
150 155
5.x, = | 120 |, x, = | 120 7. 5%
120 115
0.662  0.250
9.(a) P= (b) 0.353
0.338 0.750

(c) 42.5% wet, 57.5% dry

11.

13.

15.

19.

23.

27.

31.

37.

39.

41.

43.

45. A =

0.08 0.09 0.11

0.07 0.11 0.05

0.85 0.80 0.84

(b) 0.08,0.1062, 0.1057, 0.1057, 0.1057
(c) 10.6% good, 5.5% fair, 83.9% poor

The entries of the vector jP are just the column sums
of the matrix P. So P is stochastic if and only if jP = j.

4 17. 9.375

(a) P =

21. No
o
No 25. Yes,x = | 27
L35 ]
29. Not productive
10
33. Yes, x =

Productive
8

ol i

45 120 375
Xl — B XZ = ) x3 =
6 27 72
500 720 1175

70 |,x, = | 350 |,x; = | 504
50 35 175

X

8 40
200} {160} {800} 640}
X = b X = b X’ = b = b
ST 3™ T {160 T (128 T 640

3200 2560 12800
X; = » Xg = » X9 = ’

50 40
(a) For L,, we havex, = [ }’Xz — { },

512 2560 2048
[10240}
X = .
10240
(b) The first population oscillates between two
states,while the second approaches a steady state.
The population oscillates through a cycle of three
states (for the relative population): If 0.1 < s = 1, the
actual population is growing; if s = 0.1, the actual
population goes through a cycle of length 3; and if
0 = s < 0.1, the actual population is declining (and
will eventually die out).

47, A =

—_ o = O
O = O
_— O = O
S = O =
— e = = O
S O = O
O = O =
—_— O = O
S = O O =



49.

53.

57.

61.
69.
71.

73.

vy 51. V]
V4 V3
- 01 010
01 10
1 0 010
A= 0000 A=|11 0 0 0
01 01 35
1 0 0 01
1 0 00
- 1 0 0 00
Vi V2 59. Vs
A A
V3 > V4
S
V2
2 63.3 65.0 67.3
(@) Vertex i is not adjacent to any other vertices.

If we use direct wins only, P, is in first place; P, P,,
and Py tie for second place; and P, and P tie for third
place. If we combine direct and indirect wins, the play-
ers rank as follows: P, in first place, followed by P, P,,
P, P, and P,.

(a)
Ann 00 1 0 1
001 10
R Bert A=10 0 0 0 1
Ehad 1 01 0 0
01 0 0 0
Dana Carla

(b) two steps; all of the off-diagonal entries of the
second row of A + A? are nonzero.

(d) If the graph has # vertices, check the (i, j) entry of
the powers Affork =1,... 1 — 1. Vertexiis

75.

77. Bipartite

Answers to Selected Odd-Numbered Exercises ANS15

connected to vertex j by a path of length k if and
only if (A%, # 0.
(AAT),)- counts the number of vertices adjacent to both
vertex i and vertex j.
79. Bipartite

Review Questions

1

3.

7.

11.

13.

15.

17.

(@) T (c) F () T (g T T

17 _1
83 83

5. [_L L}
83 166

Impossible
-9
2 4

1 3 4 10
+
39 10 25
—6

Because [ —A)YI+ A+ A =1—A’=1—0=1,
I-A)'=I+A+A%
A basis for row(4) is {[1, —2,0,—1,0], (0,0, 1, 2,

2 5
[0, 0, 0, 0, 1]}; a basis for col(A)is { | 1 |, '2 ,

4 3
(or the standard basis for R?); and a basis for null(A) is

An invertible matrix has a trivial (zero) null space. If A
is invertible, then so is A”, and so both A and A" have
trivial null spaces. If A is not invertible, then A and A"
need not have the same null space. For example, take

o o

A= .

0 0

Because A has # linearly independent columns,
rank(A) = n. Hence rank(A"A) = n by Theorem 3.28.
Because ATA is nXn, this implies that A”A is invert-

ible, by the Fundamental Theorem of Invertible
Matrices. AA” need not be invertible. For example,

1
take A = { }
0

{—1/5\/5 —3/5\/5}
2/5V2  6/5V2

Chapter 4

Exercises 4.1

1.

wef]-
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6
5 Av=| -3 | =3v,A =3
3
1
2 4
S
1 1
-1
[0] [1
13.A = 1LE = span( 1 );/\ =-1LE = span( 0
e
15.A =0, E, = span( ) >,/\ =1LE = span({o )
1 0]
17.A = 2,E, = span( 0 >,/\ =3,E; = span([1 )

1 0
19.v=[},)\=1;v={},)\=2

0 1
1/V2 —1/V2
S R,
1/V2 1/V2
23.A=2E, = span([ D/\ =3,E = span([ D
y
A
4T 2x
3
2+x d
1, y
} f f —> X
0 2 4
1
25.A = 2,E, = span([(J)
y
A
1__
1 X 2x
— } —» X
0 I 2

1
27.A =1+ i,E ;= span({ l);)\ =1—-4E_;=
i

()

1
29.A =1+ 4, E,,; = span({l});)\ =1—-—4E_;=

{[1])

31.A = 1,2 330 =4
Exercises 4.2
L 16 3.0 5 —18 7.6
9.—-12 11.a*% + ab* 13.4 15. abdg
17.0 25.2 27. —24 29.0
31.0 33. —24 35.8 37.—4
39. -8 45.k # 0,2  47. —6 49. —3
51.(—2)3"
53.

det(AB) = (det A)(det B) = (det B)(det A) = det(BA)

55.0,1 57.x =3,y =—3
1 1
59.x=—1,y=0,z=1 61.[f f}
1 2
e
63./0 1 -1
0 0 1

Exercises 4.3
1. > —7Ax+12 (b)Ar=3,4

JPNp ()

(d) The algebraic and geometric multiplicities are all 1.
3.(a A+ 20 +50—6

b) A =-2,1,3
1 1
(c) E.,=span| | =3 | ;E, = span| |0 | [;
0 0
[ 1
E;, = span 2
L 10
(d) The algebraic and geometric multiplicities are all 1.
5.(a) —A° + A7 (b)Ar=0,1
[ 2 1
(c) Ey=span| | —1 | |;E, = span| | 0
1 1

(d) A = 0 has algebraic multiplicity 2 and geometric
multiplicity 1; A = 1 has algebraic and geometric
multiplicity 1.

7.(@) —A° + 9A% — 27A + 27

(b) A =3



-1 0
(c) E; = span 01,1
1 0
(d) A = 3 has algebraic multiplicity 3 and geometric
multiplicity 2.
9. (@) A* — 6A° + 9A* + 4r — 12
(b)r=-1,2,3
1
(c) E_, = span ; E, = span _(1) ;
1 0
0
E; = span 0
2
1

(d) A = —1and A = 3 have algebraic and geometric
multiplicity 1; A = 2 has algebraic multiplicity 2
and geometric multiplicity 1.

11. (@) A* — 4A° + 202 + 41 — 3
b Ar=-11,3
0
(c) E_, = span 0 :
0
1
[—2 =2
E, = span 0 e 2 ;
1 0
L 3 3
[0
E; = span 0
2
L1

(d) A = —1and A = 3 have algebraic and geometric
multiplicity 1; A = 1 has algebraic and geometric

multiplicity 2.
2
277 +3-2"
15. 17.| 2-3% — 1)/3%
|:_2’9 + 3.210:| ( ) )/

2
23.(a) A = —2,E, = span({_J);/\ =5,E =

(1]

Answers to Selected Odd-Numbered Exercises ANS17

2
(b) (i) A = _%,Eﬂ/z = span([_J);/\ = é’El/S =

(b

2
(iii)) A = 0, E) = span({_ });)\ =7,

()

-3 4 -12
27.1 1 0 0, —A°—3A%2+ 4\ — 12
0 1 0
35.A%=4A — 5, A% = 11A — 20I
A* = 24A — 551
11

1 4 4
37Z..A7 = —A + LA 2= — A+ —]
5 5 25 25

Exercises 4.4

1. The characteristic polynomial of A is A* — 5\ + 1, but
that of Bis A*> — 2\ + 1.

3. The eigenvalues of A are A = 2 and A = 4, but those
of BareA = land A = 4.

5.0, = 4,E, = span({”);)\z =3,E; = span({ﬂ)
3
7.A, = 6,E; = span| | 2 sA = —2,E, =
3
0 -
span 1], 0
—1 -1
9. Not diagonalizable
(1 1 -1 2 00
11.P=|1 1 1,D=|0 —1 0
L1 -2 0 0 0 1
13. Not diagonalizable
1 0 0 -1 20 0 0
15.p = 01 0 O,D= 0 2 0 0
0 0 1 0 0 0 -2 0
00 0 1 00 0 -2
35839 —69630
) {— 11605 24234
3(=1)")/4

{(3k +3(-D9/4 (" -
GF— (-DH/4 G+ (-D)H/4
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1 1
21.{0 -1
0 0

23.

5 + 282 + (=3)9/10
@ = 2(=3)H/5
(=5 + 2" + (-

25.k =10

29. All real values of k

37.1f A ~ B, then there is an invertible matrix P such that
B = P 'AP. Therefore, we have
tr(B) = tr(P 'AP) = tr(P '(AP)) = tr((AP)P})

Answers to Selected Odd-Numbered Exercises

1 51. (b) dimE_, = 1, dimE, = 2,
0 dlmEz =3

-1

Exercises 4.5

@ = (=3)M/5

@+ 4(=3)Y/5

@ = (=3)"/5
27. k=0

1
1 (a) {25},6,000
(b) A, =6

@1 = 2(=3)8/5

(=5 + 2872 + (~3)k)/10}
5 + 282 + (—3)9/10

3)/10

1
3:(a) [0.618

(b) A, = (3 + V5)/2 =~ 2618

}, 2.618

- —0.333
= tr(APP™") = tr(Al) = tr(A) 5. (a) mg = 11.001,y5 = [ ]
using Exercise 45 in Section 3.2. L4
[7 -2 !
39.P = 10 —3 7. (a) mg = 10.000,ys = | 0
1
: —1 0
41.P=|-% -3 1
-3 =30
9. k 0 1 2 3 4 5
1 26 17.692 18.018 17.999 18.000}
% 1 8 5.923 6.004 6.000 6.000
1 1 1 L 1 } [1 }
Vi 1 0.308 0.335 0.333 0.333 0.333
m, 1 26 17.692 18.018 17.999 18.000
1
Therefore, A, = 18, v, = .
0.333
1. k 0 1 2 3 4 5 6
1 7 [7.571 7.755 7.808} 7.823} 7.827}
% 0 p) 12.857 3.132 3.212 3.234 3.240
1 1] (1 1 1 [1 } {1 }
Vi 0 0.286 | 10.377 0.404 0.411 0.413 0.414
m, 1 7 7.571 7.755 7.808 7.823 7.827
T
Therefore, A, = 7.827,v, = .
10.414 |




13.

17.

19.

21.
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k 0 1 2 3 4 5
1] 21 16.809 17.011 16.999 17.000
X 1 15 12.238 12.371 12.363 12.363
1. 13 10.714 10.824 10.818 10.818
1] 1 1 1 1 1
Vi 1 0.714 0.728 0.727 0.727 0.727
1] 0.619 0.637 0.636 0.636 0.636
m 1 21 16.809 17.011 16.999 17.000
1
Therefore, A, = 17, v, = | 0.727 |.
0.636
1
15.A, =5,v, =~ |0
0.333
k 0 1 2 3 4 5 6
1 7 7.571 7.755 7.808 7.823 7.827
a [0] M [2.857} {3.132} {3.212} {3.234} [3.240]
R(xp) 7 7.755 7.823 7.828 7.828 7.828 7.828
1 1 1 1 1 1 1
i [o} {0.286} {0.377} [0.404} {0‘411} [0.413} [0.414}
k 0 1 2 3 4 5
[1] 21 16.809 17.011 16.999 17.000 |
X, 1 15 12.238 12.371 12.363 12.363
1] 13 10.714 10.824 10.818 10.818 |
R(x)  16.333 16.998 17.000 17.000 17.000 17.000
(1] 1 1 1 1 1]
Vi 1 0.714 0.728 0.727 0.727 0.727
L 1 0.619 0.637 0.636 0.636 0.636 |
k 0 1 2 3 4 5 6 7 8
1 5 4.8 4.667 4.571 ] 4.500 4.444 4.400 4.364}
E 1] M {3.2] [2.667} {2.286 {2.000} {1.778} {1.600] {1.455
1 1 1 1 1 1 1 1 1
ik J [0.8} {0.667} {0,571} {0.500} {0.444} {0.400] [0.364] {0.333}
o 1 5 4.8 4.667 4.571 4.500 4.444 4.400 4.364

Since A, = A, = 4
the exact answer.

1
,V = [0}, my. is converging slowly to
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23. k 0 1 2 3 4 5 6 7 8
1 5 4.2 [4.0487]  [4.012] [4003] [4001] [4.000]  [4.000]
X 1 4 3.2 3.048 3.012 3.003 3.001 3.000 3.000
L1 1 0.2 1 0.048 L0.012 ] L 0.003 ] L 0.001 | L 0.000 ] L 0.000 |
1 1 1 (1 [r 71 [ (v 1 f[r 71 [t ]
Vi 1 0.8 0.762 0.753 0.751 0.750 0.750 0.750 0.750
1] 0.2 0.048 1 0.012 |  0.003 | L 0.001 L0 L0 ] L0
my, 1 5 4.2 4.048 4.012 4.003 4.001 4.000 4.000
1 0
In this case, A\, = A, = 4and E, = span| [0 [, |1
0 0
Clearly, m, is converging to 4 and y; is converging to a
vector in the eigenspace E;—namely, | 0 | + 0.75] 1
25. k 2 3 4 5
1 -1 1 -1 1
Xy
0 -1 0 -1 0
1 1} 1} 1
Vi 1 0 1 0
my -1 1 ~1 1
The exact eigenvalues are complex (i and —i), so the
power method cannot possibly converge to either the
dominant eigenvalue or the dominant eigenvector if we
start with a real initial iterate. Instead, the power method
oscillates between two sets of real vectors.
27. k 1 2 3 4 5
] 3 (25007 [2.250] [2125] [2.063]
X 4 4.000 4.000 4.000 4.000
i 3  2.500 | L2.250 ] L2.125 ] 1 2.063
0.750 [0.625] [0562] [0531] [0.516]
Vi 1 1 1 1 1
0.750 L 0.625 L 0.562 ] L0.531 ] L0.516
m, 4 4 4 4 4




The eigenvaluesare A} = —12,A, = 4, A; = 2, with cor-
responding eigenvectors
1 1 1
v, = 0,v,=121[,v3=10|.
-1 1 1

. 1 e el
Since X, = 3V, + 3Vs, the initial vector x, has a zero

component in the direction of the dominant eigenvector,

so the power method cannot converge to the dominant

eigenvalue/eigenvector. Instead, it converges to a second

eigenvalue/eigenvector pair, as the calculations show.

—4 12
29. Apply the power method to A — 181 = { ) _15}.

k 0 1 2 3

L
bk

—19 —19

Thus, —19is the dominant eigenvalue of A — 18I, and
A, = —19 + 18 = —1is the second eigenvalue of A.
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k 0 1 2 3
(1] 4 -18 —-18
X 1 -2 9 9
L1 —4 18 18
(1] 1 1 1
Vi 1 —-0.5 —-0.5 —-0.5
1] -1 -1 -1
my 1 4 —-18 -18
R(x;) -0.667 —18 -18 -18

In this case, there isno dominant eigenvalue. (We
could choose either 18 or —18 for m;, k = 2.) How-

-8 4 8 ever, the Rayleigh quotient method (Exercises 17-20)
31. Apply the power methodto A — 171= | 4 —2 —4]|. converges to —18. Thus, —18 is the dominant eigen-
8 —4 —8 valueof A — 17[,and A, = —18 + 17 = —1isthe
second eigenvalue of A.
33. k 0 1 2 3 4 5
H [ 0.5} [—0.833} [ 0.798] [ 0.800} [ 0.800]
X
k 1 —0.5 1.056 —0.997 —1.000 —1.000
1 1 —0.789 —0.801 —0.800 —0.800
Vi 1 -1 1 1 1 1
my, 1 0.5 1.056 —0.997 —1.000 —1.000

Thus, the eigenvalue of A that is smallest in magnitude is

1/(-1) = —1.
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35. k 0 1 2 3 4 5
1] [ —0.500] [ 0.500 ] [ 0.500 ] [ 0.500 ] [ 0.500]
X, 1 0.000 0.333 0.111 0.259 0.160
| —1 ] L 0.500 | L —0.500 | L —0.500 | L —0.500 | L —0.500 |
[ 1] [ —1.000 | [ —1.000 | [ —1.000 | [ —1.000 | [ —1.000 |
Vi 1 0.000 —0.667 -0.222 -0.518 —0.321
L —1] L 1.000 | L 1.000 | L 1.000 | L 1.000 | L 1.000 |
m, 1 —0.500 —0.500 —0.500 —0.500 —0.500

Clearly, m; converges to —0.5, so the smallest eigenvalue
of Ais1/(—0.5) = —2.

37. The calculations are the same as for Exercise 33.

39. We apply the inverse power methodto A — 51 =

-1 0 6 1
-1 =2 1 |. Takingx, = | 1 |, we have
6 0 -1 1
k 0 1 2 3
(17 [ 0.200] —0.080 [ 0.032]
X; 1 —0.500 —0.500 —0.500
1 0.200 —0.080 0.032 51. Hint: Show that 0 is not contained in any Gerschgorin
T - ' CTTT disk and then apply Theorem 4.16.
1 —0.400 0.160 —0.064 53. Exercise 52 implies that || is less than or equal to all
i 1 1 1 1 of the column sums of A for every eigenvalue A. But
1 ~0.400 0.160 | —0.064 for a stochastic matrix, all column sums are 1. Hence
m, 1 —0.500 —0.500 —0.500 Al=1.

Exercises 4.6
Clearly, m; converges to —0.5, so the eigenvalue of A

) 1. Not regular 3. Regular
closestto 5is5 + 1/(—0.5) =5 — 2 = 3. L
41.0.732 43. —0.619 5. Not regular 7.L = {i Z}
5 5
4750 0.304 0304 0304
1 9.L=|0354 0354 0354
21 0.342 0.342 0.342
¥ AN o
’ eHe 1| 13.2,] 4
I\ N i -
_2__ 1
1 15. The population is increasing, decreasing, and constant,
respectively.
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7. 65. (a) x(t) = —120e%/° + 520e'/1°, (1) = 240¢%/° +
by bysi bssis; ccc byoisisySi2 busisy S 260""/1°, Strain X dies out after approximately
1 0 0o - 0 0 2.93 days; strain Y continues to grow.
pyp= |2 1 0 0 0 ~ 67.a=10,b = 20;x(t) = 10e‘(cos t + sint) + 10, y(¢)
o : E : : = 10e‘(cos t — sin t) + 20. Species Y dies out when
0 0 0 - 0 0 t = 1.22.
ORS00 1 0 - 71. x(t) = Ce* + C,e
The characteristic polynomial of L is (A" — b)A" " — SENsRoIR
bys) A" — b35152f\”73 == bysisy s, (=) 77. (a) L 3}, {9 , {27} (c) Repeller
0.660 S -
~ ~ 1 1 1 1
19. A = 1.746,p =~ | 0.264 79. (a) , } [ , { } (c) Neither
L 0.076 RN USNG
R (1] [ 05] [ 175 3.125
0.535 81. (a) NI }, i }, [_1 75} (c) Saddle point
0.147 ST - '
1 0.6 [0.36| |0.216
0.094 83. (a) , }, { }, { ] (c) Attractor
21. A =~ 1.092,p =~ [0.078 1] 10.6][0.36] [0.216
0.064 85.r = V2,0 = 45°, spiral repeller
0.053 87.r = 2,0 = —60°, spiral repeller
10.029] -1 -1 02 -01]
3 89.P = : 0 ,C = 1 . , spiral attractor
25. (a) h ~ 0.082 29.3, { ;} G
1 5 (12 V3] L T2 =V3)2
o 91- P - > C - \/7 2
31.3, | 3 33. Reducibl ! 0 3/2 1/2
T ‘1* SR EQUCIDEE orbital center
4
35. Irreducible 43.1,2,4,8,16 . .
45.0,1,1,0, —1 47. x, = 4" — (—1)" Review Questions
49.y, = (n — 3)2" L@F (©F (@©F (@T @)F
1 _
515, = = [(1+ V3 = (1 = V)] 318
2V3 5. Since AT = — A, wehavedet A = det(A”) =
57.() d,=1,d,=2,d; =3,d, = 5,d; = 8 det(—A) = (—1)"det A = —det A by Theorem 4.7
®) d,=d,,+4d,, and the fact that # is odd. It follows that det A = 0.
g oo L[ VBT (1= VRN 5
(©) " A5 2 2 7.AX=|:10}=5X,A:5
59. The general solution is x(t) = —3C,e”" + C,e*,
A at () = —3Ce "+ G 9. (@ 4— 32—\
y(t) = 2Ce”" + C,e*’. The specific solution is
x(t) = —3e”" + 3e*, y(t) = 2¢7" + 3¢*". 1 2 1
61. The general solution is x,(t) = (1 + \/E)Cle\/z’ + (c) E, =span| | =1 | |[,E, =span|[ | =1 [,]|0
(1 — V2)Ce V2 x,(t) = CeV2' + Cre” V. The 0 0] [1
specific solution is x,(t) = (2 + V2)eVi/4 + 162
@ — \/E)E—\ﬁr/4’ x,(t) = \/Eeﬁf/4 _ \/fe*\/if/4_ 11. {158} 13. Not similar 15. Not similar
. e = —C. + —t —
63. The general solution is x (t) C,+ Cie ',y(2) 17.0,1, or —1

C, + Cye' — Cse ', z(t) = C, + C,e". The specific
solutionisx(t) =2 —e L y(f) = -2+ e + e
z(t) = =2 + €.

19. If Ax = Ax, then (A? — 5A + 2D)x =
A% — 5Ax + 2x = 3% — 5(3x) + 2x = —4x.
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Chapter 5 x 1
Exercises 5.1 W =(lyl:x—y+32=0),B"={|1],
1. Orthogonal 3. Not orthogonal 5. Orthogonal z 0
1 0 1
_ 2 _ 2
7. [wlg = [_J 9. [wls = 5| 11 Orthonormal 7.row(A): {[1 0 1],[0 1 —2]}, null(A): { | 2
3
1/3 2/V5 2/3V5 17 7-1
13.12/3 |, | —1/V5|,| 4/3V5 9. col(A). ¢ 5 , pull(ATY:
2/3 0 -5/3V5 0 ’
15. Orthonormal =1 [ -1
[1/V2 —1/\/5] 17 -57)
17. Orth I
e DV AV R VAV ) 0 1
[cos 6 sin 0 cos’ sin o3
19. Orthogonal, —cos 0 sin 0 0 1J1 01 . 3
| —sin0 —cosfsin® cosh 1 ) 0
21. Not orthogonal 11.{| —10 13. i
X X+ —4
27. cos(£(Qx, Qy)) = A S 3 0
lex|[Qyl (=]l _1
3 2
= cos(£(x,y)) by Theorem 5.6 15. {4 17. %
29. Rotation, § = 45° 31. Reflection, y = V3x : 3
33.(a) A(AT + BB = AA'"B + AB'B=1IB+ Al = , b z 1
HRiaeia 19.v={_§}+{3} 2Lv=|-2|+]| 0
(b) From part (a), —5 5 7 1
det(A + B) = det(A(AT + B))B) 25. No ’ ’
= det A det(A” + B)det B
= det A det((A + B)")det B .
= det A det(A + B)det B Exercises 5.3
Assume that det A + det B = 0 (so that det l.v,= 1},‘,2 :[_1/2}(11 2[1/\/5}(12: {_1/\5}
B = —det A) but that A + B is invertible. L1 1/2 1/V2 1/V2
Then det(A + B) # 0, so 12= Qet.A.detB = Mo 27 0 1/V3
det A(—det A) = —(det A)*. This is 1m.possﬂ)'1e, avi=|=-1v,=1v=|-1q=|-1/v3]
so we conclude that A + B cannot be invertible.
-1 1] 1 -1/V3
Exercises 5.2 [ 2/\/6 [0 ]
AE; X . [[-2 e =|1/V6|a=|-1/V2
1. W= = y.x+2y—0,B— 1 _1/\/6 _1/\/5_
M1 =17 r_2 38
x 1 2 5 9
3Wt=(|yl:ix=ty=tz=—t}, 5 1] 3 7.v= e+ | —%
z L01 L 2] | § &
1 o] [ 1] 3
B = 1 9.4 1[,| =L | 2
-1 Ll L o)L=




3 [-%)[-%
1m.S(1,| 2] o
sIL—lL &
[ 1/vV2 1/V3 1/Ve
13.Q = 0 1/V3 —2/\V2
L-1/vV2 1/V3  1/Ve
0 2/Ve  1/V31[V2 1/V2 1/V2
15.]1/V2 —-1/MV6  1/V3|l 0 3/Ve 1/Ve
1/vV2  1/Ve —1/V3]L o 0 2/V3
3.9 3
1Z2R=1[0 6 3
0 0 3
19. A = Al

2LA'=(QR)'=R'IQ!'=RIQT=

[1/V2 -1/Ve —1/2V3
0 2/V6 —1/2V/3 |-
) 0 3/2V3
0 1/V2  1/V2
2/NV6 —1/V6  1/Ve
L1/V3  1/V3 —1/V3

23.Let Rx = 0. Then Ax = QRx = Q0 = 0. Since Ax
represents a linear combination of the columns of A
(which are linearly independent), we must have x = 0.
Hence, R is invertible, by the Fundamental Theorem.

Exercises 5.4
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20 00

0200
D=

0000

0000

_ 1/vV2  1/V2])[a b )

11'QTAQ'L/\/E —1/\/5“19 a}

{1/\5 1/\/5}_a+b 0]_1)
1/vV2 —-1/V2) | 0 a-b]

=

3. (a) If A and B are orthogonally diagonalizable, then
each is symmetric, by the Spectral Theorem.
Therefore, A + B is symmetric, by Exercise 35 in
Section 3.2, and so is orthogonally diagonalizable,
by the Spectral Theorem.

15. If A and B are orthogonally diagonalizable, then
each is symmetric, by the Spectral Theorem. Since
AB = BA, AB is also symmetric, by Exercise 36 in
Section 3.2. Hence, AB is orthogonally diagonalizable,
by the Spectral Theorem.

C[yv2oNV2] o [50
Le= 11/V2 —1/\6}’1)_ {0 3}
C[2/ve  1/V3] o[22 0
>Q= 11/V3 —2/\/6}’1)_ {0 —1}
(1 0 0 | 5 0 0
5Q=|0 1/V2 —-1/V2|,D=|0 4 0
Lo 1/vV2  1/V2] 0 0 -2
[—1/vV2 0 1/V2] 2.0 0
7.Q = 0 1 0 |,D=]|0 1 0
L 1/V2 0 1/V2] 0 0
r/v2 o 1/V2 0
o0 — 1/vV2 0 -1/V2 0
Q=1 1/V2 0 1/V2 |
0 1/V2 0 -1/V2

5 5 3 _3
17.A:[g }+{ g g}
2 2 2 2
50 0 0 0 0 0 0 0
19.A=1]0 0 O|+|0 2 2|+]0 -1 1
00 0 0 2 2 0 1 -1
5 _2 _1
1 3 3 3 3
21.{ i f} 23. -2 3 1}
2 2 _1 1 8
3 3 3
Exercises 5.5
L 2x* + 6xy + 4y* 3. 123 5. =5
, 5 1 =2
1 3 3 -3
7. 9. |7, 1.l 1 -1 2
3 2 -3 -
-2 2 2
2/V5  1/V5
13.Q = / / },y2+6y22
11/V5  —2/V/5
[2/V5  2/3V5 —1/3
15Q=1| 0 5/3V5  2/3[,99% + 953 — 9y2
L1/V5 —4/3V5  2/3
[ 1/V3 1/vV2 1/Ve
17.Q=| -1/V3 0 2/V6 |,2(x')* +
| -1/V3 1/V2 -1/V6

O - @)
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19. Positive definite 21. Negative definite 43. Hyperbola, x' = x,y’ = y + L) 4—-()H =1
23. Positive definite 25. Indefinite v,y
h

27. For any vector x, we have x’Ax = x’B'Bx = Al
(Bx)"(Bx) = |Bx|* = 0. If x"Ax = 0, then |Bx|* = 0, 1
so Bx= 0. Since B is invertible, this implies that x = 0.
Therefore, x’Ax > 0 for all x # 0, and hence A = B'B ' é o
is positive definite. 1

29. (a) Every eigenvalue of cA is of the form cA for some =3 1
eigenvalue A of A. By Theorem 5.24, A > 0, so
A >0, si i itive. Hence, cA i iti : :
¢ since ¢ is positive. Hence, cA is positive 45. Parabola, x' = x — 2,y' = y + 2,x" = —L(y'?

definite, by Theorem 5.24.
(c) Letx # 0. Thenx’Ax > 0and x'Bx > 0, since A y y

A

and B are positive definite. But then x'(A + B)x = 5 j_

x’Ax + x'Bx > 0, so A + Bis positive definite. 1
31. The maximum value of f(x) is2whenx = * { 1/\/5}- I—é I I é e

’ T l-1/V2) T
_2 - x’

. . 1/V2 1

the minimum value of f(x) is 0 when x = = .
1/V2 —4
13 /_

33. The maximum value of f(x) is4 whenx =+ | 1/V3 |;

1\ 47. Ellipse, (x')?/4 + (y')*/12 = 1
the minimum value of f(x) is 1 when x = y
A
1/V2 -1/V2 4l y
+ 0 |or=| 1/V2|. T
-1/V2 0 1
—Hd— 1> x
35. Ellipse 37. Parabola 39. Hyperbola -4 T 4
41.Circle, ¥’ =x — 2,y =y —2,(x' )+ (y')* =4 T v

>
>
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51. Ellipse, (x”)?/50 + (y")?/10 = 1 7. Theorem 5.6(c) shows that if v;-v; = 0, then
53. Hyperbola, (x")? — (y")? = 1 Qv;"Qv; = 0. Theorem 5.6(b) shows that

, {Qv,, ..., Qv.} consists of unit vectors, because
55. Degenerate )(}two liztes) {v;,..., v} does. Hence, {Qv,, ..., Qv,} isan

orthonormal set.

AL e

> X 13.row(A): {[1 0 2 3 4],[0 1 0 2 1]}
1 -1
-1 2
col(A): ,
(4) p :
L 3 -5
[—27 [-3] [—4
=+ O _2 =
2T null(A): 1], 01, 0
T 0 1 0
T _é T T i —» X . 0 0
27 ([-57 [—1
-~ -3 2
null(A7): ,
ulla®: § | .
59. Degenerate (two lines) 0 1
. J L
: e
s NEE
1/ 5@ b ap
I =) Lo
/'_ - A e i 0 5
1 17 ! % %
_2 =4 . 0 > _1 > %
1 0 0] [-1
61. Hyperboloid of one sheet, (x')*> — (y')* + 3(z')* = 1 -3 50
3 1
63. Hyperbolic paraboloid, z = —(x")> + (y')? 9.1 3 =2 0
65. Hyperbolic paraboloid, x' = —V/3(y")? + V3(z')? 0 01
67. Ellipsoid, 3(x")? + (y")* + 2(z")* = 4
Chapter 6
Review Questions Exercises 6.1
L() T ) T (e) F (g) F () F 1. Vector space
3. Not a vector space; axiom 1 fails.
9/2 5. Not a vector space; axiom 8 fails.
3! 2/3 5. Verify that Q'Q = L. 7. Vector space 9. Vector space

—-11/6 11. Vector space 15. Complex vector space
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17. Not a complex vector space; axiom 6 fails.
19. Not a vector space; axioms 1, 4, and 6 fail.

21. Not a vector space; the operations of addition and

multiplication are not even the same.
25. Subspace 27. Not a subspace
29. Not a subspace 31. Subspace
33. Subspace 35. Subspace
37. Not a subspace 39. Subspace
41. Subspace 43. Not a subspace

45. Not a subspace

47. Take U to be the x-axis and W the y-axis, for example.

Then (IJ and {ﬂ arein U U W, but [” =

)+ e

51. No

53. Yes; s(x) = (3 + 2t)p(x) + (1 + t)q(x) + tr(x) for
any scalar t.

55. Yes; h(x) = f(x) + g(x)
57. No
59. No
61. Yes

Exercises 6.2

1. Linearly independent

-1 0 -1 1
3. Linearly dependent; [_1 } = 4{ } +

7 -2 2
{30} 0 2
-2
1 1 -3 1

5. Linearly independent

7. Linearly dependent; 3x + 2x* = 7x — 2(2x — x?)

9. Linearly independent
11. Linearly dependent; 1 = sin® x + cos® x
13. Linearly dependent; In(x?) = —21In2-1 + 2-1n(2x)
17. (a) Linearly independent

(b) Linearly dependent

19. Basis 21. Not a basis
23. Not a basis 25. Not a basis

-1
6

-1
27. [Alg = | _, 29. [pW)]s=| -1
3

4

35,dmV=28B={1—-x1—x?%

mamv=38-{[, g o} o 2}
mamv=26-{[ L[} ]

41. (n* — n)/2
43. (a) dim(UX V) =dim U + dim V
(b) Show that if {w,, . .
{(wp,w)), ..., (w, w,)}is abasis for A.
45.{1 + x,1 + x + x%, 1}

(L 8 9 Y

51.{1 — x,x — x°}

53. {sin® x, cos® x}

4

N

., W,} is a basis for W, then

59. (@) po(x) = 3x% — 2x + 3,py(x) = —x% + 4x — 3,

pz(x) = %xz - %x + 1
61.(c) (i) 3x* — 16x + 19
63 (Pn _ 1)(Pn _ p)(Pn _ pZ) .. (pn _ Pn—l)

Exercises 6.3

(i) x* —4x + 5

-1

—_— = O

1 —1 0
1 0 0
PB(_C{I 1 0
1 1 1
5. [p(x)]5 [ ﬂ,[P(X)]c:[ z}»PCFB:{ ]
Py {0 1}
1 1
1 1 1
7. [pX)]g=|—1][pxX)]c=|0|,Pecp=|1
1 1 1
1 0 0
Poce=|-1 1 0



4
0. (Als= | 2| TAle=| _j b Pecs=

— 9
2

50 -1 =3 1 2 1 1

0 0 1 0], | 2110

-1 1 1 1 010 0

: -1 -2 — -1 0 1 1

- _{1 1/2}1) _[1 1}
CeB™ | _1/2» B+C~—

(3 — 2\/5)/2] _ { 3.232}
(=3V3 +2)/2] | —1.598

) {2 + 2\/5} B [5.464}
2V3 — 2] |1.464

s.e= {5 )

17. -2 — 8(x — 1) — 5(x — 1)?
19. -1 + 3(x + 1) — 3(x + 1)°

13. (a) [

+ (x +1)°

Exercises 6.4
1. Linear transformation 3. Linear transformation
5. Linear transformation
7. Not a linear transformation
9. Linear transformation
11. Not a linear transformation
13. We have

S(p(x) + q(x)) = S((p + g)(x)) = x((p + 9)(x))

S((p +
x(p(x) + q(x)) = xp(x) + xq(x)
S(p(x)) + S(g(x))

(cp)(x)) = x((cp)(x))
cp(x)) = cxp(x) = c¢S(p(x))

Therefore, S is linear. Similarly,

(3] [

and S(cp(x))

:S(
:x(

b+d
=(a+c)+{(a+o)+ b+ d)x
@+ @+ bx)+ (c+ (c + dx)

(H)R (M)

{a-f—c
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ka
T{ } = (ka) + (ka + kb)x

a
and TQ{&J) e kb
= kia + (@ + b)x) = kT([ZD

Therefore, T is linear.

- o= (=)
15. T — l4x — 8x4, T =
b 4
() ()
+ x
4 2
17.T(4 — x + 3x%) = 4+ 3x + 5x% T(a + bx+ cx?) =
<3a—b—c>2
atcox+ | ——— |x

2
T(E,),b=T(E,),c=

19. Hint: Leta =
d=T(E,,).

23. Hint: Consider the effect of T and D on the standard
basis for P,.

worrf]-f Thornf]- B 70)
1 0 6 y 0 2x + 2
(TeS) [ﬂ does not make sense.

7.8 D(px) = p'(x + 1), (T > (p(x)) =
(px+ 1)) =p'(x + 1)

AL

T(Ey),

{x—y)—i— x+4y)|  (x
3(x — y) + ( 3x+4y)}_[y}
L R CHIE (Sl )R
y y 3x+y
{ dx +y) — (Bx +y) _[x
—3(x +y) + 43x + ) B y}

Therefore, Se T =Tand T> S = I,s0 S and T are
inverses.

Exercises 6.5

1. (@) Only (ii) is in ker(T).
(b) Only (iii) isin range(T).

B i e )

3. (a) Only (iii) is in ker(T).
(b) All ofthem arein range(T).
() ker(Tl ={a+bx+ cx*:a=—cb=—c} =
{t + tx — tx*}, range(T) = R?



ANS30 Answers to Selected Odd-Numbered Exercises

0 0 0

C(T1 0] o o B
forrange(T)w{[O 0}, [0 1}},rank(T) =
nullity(T) = 2, and rank(T') + nullity(T) = 4 =

dim M,,.
7. A basis for ker(T) is {1 + x — x?}, and a basis for
1 0
range(T) is {{0}, [J }; rank(T) = 2, nullity(T) = 1,
and rank(T') + nullity(T) = 3 = dim P,.

0 1 0 0
5. A basis for ker(T) is {{ ], [1 }},andabasis

9. rank(T) = nullity(T) = 2

11. rank(T) = nullity(T) = 2

13. rank(T) = 1, nullity(T) = 2

15. One-to-one and onto

17. Neither one-to-one nor onto

19. One-to-one but not onto
a 0 0 a

21. Isomorphic, T|0 b 0| =|Db
0 0 ¢ c

23. Not isomorphic

25. Isomorphic, T(a + bi) = {Z}

31. Hint: Define T: €[0, 1] — €0, 2] by letting T(f) be
the function whose value at x is (T(f))(x) = f(x/2) for
x in [0, 2].

33. (@) Let v, and v, be in Vand let (S ° T)(v,) =
(S © T)(v,). Then S(T'(v)) = S(T(v,)),
so T(v,) = T(v,), since S is one-to-one.

But now v, = v,, since T is one-to-one. Hence,
S o T is one-to-one.

35. (a) By the Rank Theorem, rank(T) + nullity(T) =
dim V. If T is onto, then range(T) = W, so
rank(T) = dim(range(T)) = dim W. Therefore,

dim V + nullity(T) < dim W + nullity(T)

= rank(7T) + nullity(T) = dim V
so nullity (T') < 0, which is impossible. Therefore,
T cannot be onto.

Exercises 6.6
0 1

1. [T]C<—B: {_1 0

{ ’ I}H - {_2} = 12 - dxle= [T + 291

}, [Tleepl4 + 2x]5=

-1 0]|2 4

1 00
3. [T]C(_B = 0 ]. 0 > [T]Ceg[a + bx+ CXZ]B:
0 0 1

6

a+ b0+ c-0?
a+b-l+c-1?

} = [T(a + bx + cx?) ],
c

4

-7
7. [Tleep=| =3 —2 a[T]C<—B|: 7} =
B
2 -1
[ 6 4 R 0 7 7
-3 —2[_3}=0:7 =17 =
L 2 _1 7 7 C 7 (4
17
L 711
1 0 0 O
0 0 1 0
9. [T]een = 01 0 0 T leeplAlg =
0 0 0 1
1 0 0 01f[a a
0 0 1 0flb c a ¢
010 0}|c b HdeC[()]c
0 0 0 1||d d
0 —1 1 0
—1 0 0 1
1. [T]ees= 1 0 0 -1 » [TleeslAls=
0 1 -1 0
r 0 -1 1 01 a c—b
-1 0 o 1||b| |d—al|_
1 0 0 -1 c a—d
0 1 -1 0 b—¢
c—b d—a
{ ” = [AB — BAl.= [T(4)]¢
Lla—d b—cl]




13. (b) [D]fﬁ _(ﬂ

(c) [D]p[3sinx — 5cosx]z= {(1) _(I)H_g .

5 .
[3} = [3cosx + 5sinx]z=

[D(3sinx — 5cosx)]z

2 0 0
15.(a) [Dlz=|0 2 1
0 —1 2
-1 -2
17. [SOT]D&B_ [ 1 _1}
19. Invertible, T '(a + bx) = —b + ax
21. Invertible, T '(p(x)) = p(x — 2)

23. Invertible, T '(a + bx + cx®)=(a — b + 2¢) +
b — 20)x + cx?or T '(p(x)) = p(x) — p'(x) + p'(x)
25. Not invertible 27. —3sinx — cosx + C

4 3 .
29. e cosx — e sinx + C

31.C = {[_”Tﬂ} 33.0={1-x2+x}

35.C = {1,x}
_[@t —ayp/@i + a3y
70016~ o

(d; — d)/(d} + d3)

Exercises 6.7
1. y(t) = 2¢*"/é’
3.9(8) = (1 — eMe + (e* — De*)/(e® — e?)
(V5-1)/2
5. f(t) < 1>[e(1+\/§)t/2 _ e(l—\/§)t/z]
y(t) ="' — (1 — e Nte'
y() = (k+ De¥ + (k — 1)
11. y( ) = e’ cos(2t)
13. () p(r) = 100e"197* =~ 100¢"7*
(b) 45 minutes (¢) In 9.968 hours

e ) /2k

15. (a) m(t) = 50e ¢, wherec = In2/1590 =~ 4.36 X 10~ %

32.33 mg remain after 1000 years.
(b) After 3691.9 years
5 — 10 cos(10VK)

sin(10VK) sin(VKE) +

10 cos(VK?)

17. x(t) =

19. (b) No

Review Questions

L@F ©T @F @F OT

Answers to Selected Odd-Numbered Exercises ANS31

3. Subspace 5. Subspace

7.Let A+ ¢,B = O.Then ¢c,A — ¢,B = ;AT + ¢,BT =
(A + ¢,B) = 0. Adding, we have 2c;A = O, so
¢, = 0 because A is nonzero. Hence ¢,B = O, and so
¢, = 0. Thus, {4, B} is linearly independent.

9. {1, x% x*}, dim W = 3

11. Linear transformation

13. Linear transformation 15. n? — 1
1 0 -1
01 -2
17.
0 0 1
1 0 -1

19. S o T is the zero transformation.

Chapter 1
Exercises 7.1
1. (a) —10 (b) V14 (© V93
3
3. Any nonzero scalar multiple of {J
5 (a) 1 (b) V13 (c) V14
7. x* is one possibility
9. (a) ) Var © Va

13. Axiom (4) fails: u = { J # 0, but (u, u) = 0.

15. Axiom (4) fails: u = { } # 0,but (u,u) = 0.
17. Axiom (4) fails: p = 1 — x1is not the zero poly-
nomial, but (p(x) ) =
4 1]
19. A =
1 4
21. .
A
2
t —> X
-2 2
—2
25. -8 27. V6

29 u+v-—wlf=@w+v-—wut+tv—w)
= (w,u) + (v,v) + (w,w)
+2(u,v) — 2(u, w) — 2(v, w)
=1+3+4+2-10—-0=0
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Therefore, |[u + v — w| = 0, so, by axiom (4), 21. Al = V19, |A|, = =
wrvTweRerntvEw _ 23.JAle = VAL AL = 6 AL = 6
3Llu+v,u—v)=(wu — (wv) + (v,u) — (v,v) =
Jul? = (u,v) + (u,v) = [V = Jul* = |v|? 25. |Al; = 2V1L, JAl, = 7, Al = 7
33. Using Exercise 32 and a similar identity for [u — v|? o . 0 1
we have 27.x = 1],}':{ J 29.x=|0[y=]1
[u+v[+lu=v[f=@@+vu+v)+{u—v,u—v - 1 1
= [u® + 2(u, v) + v 1 1
+ u® — 2w, v) + |v? 3.x=|0|,y=|-1
= 2|uf® + 2|v[? 0 i
RcinclipElcSicen el 33. (a) By the definition of an operator norm, ||I|| =
5. [ut v =u-v|eut v =]u-v max|Ix| = max||XH = 1.
& ul? + 260, + P LS
= |ul* = 2(u,v) + ||v|? 35. cond,(A) = cond.(A) = 21; well-conditioned
<20, v) = 2w V)W) =0 37 cond,(A) = cond.(A) = 400; ill-conditioned
37. {{1} {0}} 39. {1, % x%} 39, f:ondl(A.)f 77, cond.(A) = 128; moderately
0] |1 ill-conditioned
41. (@) 1/V2, V3x/V2,V503x* — 1)/2V2 41. (a) cond.(A) = (max{|k| + 1,2})-
(b) V7(5x* — 3x)/2V2 k 1 2
max< |[— |+ |— |,
( {k—l‘ k-1 k—l})

43. (a) cond..(A) = 40

E ] .
el (b) At most 400% relative change

- Jule = V42, |[uf; = 10, ||uHm =

i

45. Using Exercise 33(a), we have cond(4) = |A[[|A7| =
3. dg(u,v) = V70,d(u,v) = 14,d,(u,v) = 6 JAA7Y| = |1|| = 1.
5. HullH =4 vl =5 49.k =6 51. k=10
7. (@) At most one component of v is nonzero.
9. Suppose |v|,, = [v]. Then |v|; = Exercises 7.3
Vit vt =V =l = v, Lle| = V2~ 1414 3. |e| = V6/2 ~ 1.225
11. Suppose [v],, = |vk|.Then lv;] = |v| for 5. e = V7 ~ 2.646
i=1...,n750 .
7.y = =3+ 3x || ~ 1.225
M = Il + o vl < Il + -+ Y 3 ef = 122
= nlv| = n|v|, 9.y =11~ 2x |le|] =~ 0.816
13. 1.y =%+ £x, || ~ 0.447
y y 13.y = —1 + Ix, |le| = 0.632
4 A
1 1 15.y =3 — 8x + x? 17. y = 2 — Iy — 1y?
ri 4
T T 19.x = | 21.x = _g}
L15 6
: : > x : : > x -
~1 1 -1 1 4+t 2
| | |- ;
23.x = 25. | 1
B —5 — 2t n
-1 ; 11
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S
_ 3 0 0
27.x=| 2 29. y = 092 + 0.73x
{—2] 4 23. (Exercise7) A = 3| 1 |[0 1] +2| 0][1 0]
31. (a) If we let the year 1920 correspond to t = 0, then ) 0 yl
y = 56.6 + 2.9t; 79.9 years 33. The line segment [—1,1]
2
33. () p(t) = 150e*" 35. The solid elhpseyf + )Z 1
35. 139 days
¢ L 37.@ JAl,= V2 (b) condy(4) = =
o177z 303 3
37.|2 %Hg} .01 1 1|2 39. (a) A, = 1.95 (b) cond,(A) = 38.11
L2 2J L2 11 1 2 . % 0
) 303 03 N 5 0 + 1
5 1 _1 5 41. A" = | 43. A" =10 3
6 3 6 6 5 0 .
41.| + 1 L[] 3|45 AT=[ % 5 0
-+ 2l s ae =[5 Ha- o]
o2 1 T - 1.04
47.A7 = |7 3 f} 49 A*={ } 111 1
ls 6 & 0 1 47.A*:{f ¢ ?},x={ }
ro2 1 1 6 6 6 !
- s 07 ol {\/5 OH 1/V2 1/\/5}
SLAT=1 s i s 1o ~1/V2 1/V2
- S ol 2 1o
53. (a) If A isinvertible, so is AT, and we have A" = 1 =1 31l—=1 0

(ATA)—lAT:A ( ) IAT A~ l

Exercises 7.4

1. g(x) =1 3. g(x) = 2x
1. 23 3. V2,0 5 5 7. 23 & 33 ; g 51
5. g(x) = & + 2x2 7. {,x—-1

9.V5,20 g o ’

) 9.g(x) =x—3
ma=|'0° V2 o)f1/va 1/\/5} 11. g(x) = (4e — 10) + (18

. 0 1 V2 _1N3 . g(x) = (4e )+ ( 6e)x =~ 0.87 + 1.69x
1
] =L _3x+3
L\ 0 1113 0 13. g(x) = 35 — 5%

B-A4=11 0l 1 15. g(x) = 3% — 105 + (588 — 216e)x +

L, (210e — 570)x% ~ 1.01 + 0.85x + 0.84x2

: _Nrg
15.A = | 2“ }[1] T 4< cosSx)

Ls 5110 21.— — —( cosx +

) 2 T 9

o o0 113 o

B 01 . 1 - (-
17Z7A=[1 0 o|l0 2 23.a0,=1,a,=00b, =
1 0 23 kar
Lo -1 oJlo o
2/V5 0 1/\V5 U

1 0][V5 0 0 I k
19. A = 0 1 0

K 0 20

/N5 0 —2/\V5

Review Questions

21.A = \fz{é}[l/\/i 1/V2] +om l@T @F @T @T OT
T NS
[—1/V2 1/V2] (Exercise 3) S 1 2
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9. Not a norm 11. cond..(A) = 2432 19. The singular values of PAQ are the square roots of the
eigenvalues of (PAQ)"(PAQ) = QTATP'PAQ =

7
; QY(ATA)Q. But Q"(ATA)Q is similar to ATA because
13.y = 1.7x 15. | 5 T el . .
: Q" = Q ', and hence it has the same eigenvalues as
3 ATA. Thus, PAQ and A have the same singular values.
17. @) V2, V2 g
1/vV2  1/V2 0[Vv2 0 10
(b) A = 0 0 0 V2 [0 J
1/V2 —-1/V2 0 0 0

0 —

|

YNy

(c) A+=[

[Ny



A
Abel, Niels Henrik, 311, D8
Absolute value, C3
Addition

closure under, 192, 429

of complex numbers, C1

of matrices, 140

of polynomials, D2

of vectors, 5-6, 9, 429
Adjacency matrix, 242, 244
Adjoint (adjugate) of a matrix, 276
Al-Khwarizmi, Abu Ja’far Muhammad ibn

Musa, 85

Algebraic multiplicity, 294
Algebraic properties of vectors, 10
Algorithm, 85
Allocation of resources, 99-101
Altitude of a triangle, 33
Angle between vectors, 24-26
Argand, Jean-Robert, C1
Argandplane, C1
Argument of a complex number, C4
Arithmetic mean, 548
Arithmetic Mean—Geometric Mean Inequality, 548
Associativity, 10, 154, 158, 223, 429
Attractor, 350
Augmented matrix, 61, 64
Axioms

inner product space, 531

vector space, 429

B
Back substitution, 61
Balanced chemical equation, 101-102
Basis, 198, 446-448
change of, 463-470, 507-509
coordinates with respect to, 208, 448-452
orthogonal, 370, 537
orthonormal, 372, 537
standard, 198, 447
Basis step, Bl
Basis Theorem, 202, 453
Best Approximation Theorem, 570
Best approximation, to a vector, 570-571
Binary vector, 14
Binet, Jacques, 338
Binet’s formula, 339, 428
Bipartite graph, 251, 254

Block, 145

Block multiplication, 148

Block triangular form, 283
Bunyakovsky, Viktor Yakovlevitch, 539

C
€, 435
C% 432
C", 543
Carroll, Lewis, 141, 284
Cassini, Giovanni Domenico, 362
Cassini’s identity, 362
Cauchy, Augustin-Louis, 273, 280
Cauchy-Schwarz Inequality, 22, 539-540
Cayley, Arthur, 300
Cayley-Hamilton Theorem, 300
Centroid of a triangle, 32
Change of basis, 463-470
Characteristic equation, 292
Characteristic polynomial, 292
Circuit, 242
Circumcenter of a triangle, 33
Closure
under addition, 192, 429
under linear combinations, 192
under scalar multiplication,
192,429
Codomain, 212
Coeficient(s)
Fourier, 615
ofalinear combination, 12, 154
of a linear equation, 58
matrix, 64
method of undetermined, D7
of a polynomial, D1
Cofactor, 266
Cofactor expansion, 266-269
Column matrix, 138
Column-row representation of a matrix
product, 147
Column space, 195
Column vector, 3, 138
Commutativity, 10, 19, 154, 429
Companion matrix, 299
Complete bipartite graph, 254
Complex dot product, 543
Complex numbers, C1-C11
absolute value of, C3
addition of, C1
argument of, C4
conjugate of, C2

division of, C2, C5
equality of, C1
imaginary part of, Cl1
modulus of, C3
multiplication of, C1-C2, C5
negative of, C2
polar form of, C3-C6
powers of, C6-C7
principal argument of, C4
real partof, C1
roots of, C7-C8
Complex plane, C1
Complex vector space, 429, 543
Component of a vector, 3
orthogonal to a subspace, 382, 538
Composition of linear transformations, 219,
476-478
Condensation method, 284-285
Condition number, 562, 602
Conic sections, 415-416
Conjugate of complex numbers, C2-C3
Conjugate transpose of a matrix, 544-545
Connected graph, 361
Conservation of flow, 102
Consistent linear system, 60
Constant polynomial, D1
Constrained optimization, 413-415,
547-551
Consumption matrix, 236
Contradiction, proof by, A8
Contrapositive, proof by, A8
Convergence of iterative methods, 125, 316,
563-566
Coordinate grid, 13
Coordinate vector, 208, 448-452
Coordinates, 207-209
Cotes, Roger, 569
Cramer, Gabriel, 274
Cramer’s Rule, 274-275
Cross product, 48-49, 286-287
Crystallographic restriction, 517
Curve fitting, 290-291

D

9, 435

De Moivre, Abraham, C6

De Moivre’s Theorem, C6-C9
Degenerate conic, 415, 424
Degree of a polynomial, D1
Demand vector, 236
Descartes, René, 3, D9
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Descartes’ Rule of Signs, D9-D10
Determinant(s), 165, 263-265
cofactor expansion of, 266-269
of elementary matrices, 271-272
geometric applications of, 286-291
history of, 280-281
and matrix operations, 272-274
of n X n matrices, 265-269
properties of, 269-274
Vandermonde, 291
Diagonal entries of a matrix, 139
Diagonal matrix, 139
Diagonalizable linear transformation, 509
Diagonalizable matrix, 303
orthogonally, 400
unitarily, 546-547
Diagonalization, 303-309
orthogonal, 400-407
Diagonalization Theorem, 307
Diagonalizing a quadratic form, 411
Diagonally dominant matrix, 128, 324
Difference
of complex numbers, C2
of matrices, 140
of polynomials, D2
of vectors, 8, 433
Differential equation(s), 363, 436, 518
boundary conditions for, 523
homogeneous, 436, 518-525
initial conditions for, 340,343,
344, 363
solution of, 518
system of linear, 340-348
Differential operator, 473
Digital image compression, 607-608
Digraph, 243
Dimension, 203, 452-456
Direct proof, A7
Direction vector, 35, 39
Disjoint sets, A4
Distance
Hamming, 554
from a point to a line, 41-43
from a point to a plane, 43-44
taxicab, 529-531
between vectors, 23-24, 535
Distance functions, 554-555
Distributivity, 10, 19, 154, 158, 429
Divergence, 127
Division algorithm, D4
Dodgson, Charles Lutwidge, 281, 284
Domain, 212
Dominant eigenvalue, 311
Dominant eigenvector, 311
Dot product, 18-20, 49
complex, 543
weighted, 532
Dual space, 514
Dynamical system, 253, 348-355
trajectory of, 349

E

Echelon form of a matrix
reduced row, 73
row, 65

Edge of a graph, 242
Eigenspace, 256
Eigenvalue(s), 254
algebraic multiplicity of, 294
dominant, 311
geometric multiplicity of, 294
inverse power method for computing,
317-318
power method for computing, 311-316

shifted inverse power method for computing,

318-319
shifted power method for computing,
316-317

Eigenvector(s), 254

dominant, 311

orthogonal, 402
Electrical network, 104-107
Elementary matrix, 170
Elementary reflector, 397
Elementary row operations, 66
Elements of a matrix, 138
Elimination

Gauss-Jordan, 72-76

Gaussian, 68-72
Empty set, A2
Equality

of complex numbers, C1

of matrices, 139

of polynomials, D2

of sets, A1-A2

of vectors, 4
Equation(s)

linear, 58

normal, 575

system of linear, 59
Equilibrium, 50, 107
Equivalence relation, 302
Error vector, 565, 572
Euclidean norm, 553
Euler, Leonhard, C9
Euler’s formula, C9-C11
Even function, 617
Exchange matrix, 235
Expansion by cofactors, 266-269
Exponential of a matrix, 346

F
F, 431
Factor Theorem, D4
Factorization
LU, 180-186
modified QR, 396-398
QR, 392-394
Feasible solution, 236
Fibonacci, 336
Fibonacci numbers, 335,
338-339, 427
Field, 429
Finite-dimensional vector space, 453
Finite linear games, 109-113
Floating-point form, 83
Force vectors, 50-53
Fourier approximation, 615
Fourier coefficients, 615
Fourier, Jean-Baptiste Joseph, 616

Fourier series, 617

Free variable, 71

Frobenius, Georg, 204

Frobenius norm, 556

Fundamental subspaces of a matrix, 380

Fundamental Theorem of Algebra, D8

Fundamental Theorem of Invertible
Matrices, 172, 206, 296, 512,
605-606

G

Galilei, Galileo, 526

Galois, Evariste, 311, D8

Gauss, Carl Friedrich, 69, 125, 538, 569, D8
Gauss-Jordan elimination, 72-76
Gauss-Jordan inverse method, 175-178
Gauss-Seidel method, 124-131

Gaussian elimination, 68-72

General form of the equation of a line, 34, 36, 41
General form of the equation of a plane, 38, 41

Geometric mean, 548
Geometric multiplicity, 294
Gerschgorin disk, 319
Gerschgorin Disk Theorem, 321
Gerschgorin, Semyon Aranovich, 319
Gerschgorin’s theorem, 319-322
Gibbs, Josiah Willard, 49
Global Positioning System (GPS), 121-123
Google, 358
Gram, Jorgen Pedersen, 390
Gram-Schmidt Process, 388-392
Graph, 242, 253-254

adjacency matrix of, 242, 244

bipartite, 251

complete, 253

complete bipartite, 254

connected, 361

cycle, 254

directed (digraph), 243

edges of , 242

k-regular, 361

pathina, 242

Petersen, 254

vertices of, 242
Grassmann, Hermann, 429
Grassmann’s Identity, 458, 496

H

Half-life, 520

Hamilton, William Rowan, 2, 300

Hamming distance, 554

Hamming norm, 554

Harmonic mean, 551

Head of a vector, 3

Head-to-tail rule, 6

Hermitian matrix, 545

Hilbert, David, 403

Hoéné-Wronski, J6sef Maria, 457

Homogeneous linear differential equations,
518-525

Homogeneous linear system, 76

Hooke’s Law, 524

Householder, Alston Scott, 397

Householder matrix, 397

Hyperplane, 40



I

i, C1

Idempotent matrix, 179

Identity matrix, 139

Identity transformation, 221, 474

Ill-conditioned linear system, 84

Ill-conditioned matrix, 561

Image, 212

Imaginary axis, C1

Imaginary conic, 424

Imaginary part of a complex number, C1

Inconsistent linear system, 60

Indefinite matrix, 413
quadratic form of, 413

Index of summation, A5

Indirect proof, A7

Induction hypothesis, B1

Induction step, B1

Infinite-dimensional vector space, 453

Initial point of a vector, 3

Inner product, 531

Inner product space, 531-534
and Cauchy-Schwarz and Triangle

Inequalities, 539-540

distance between vectors in, 535
length of vectors in, 535
orthogonal vectors in, 535
properties of, 535

Integers modulo m, 14-16

Interior of a matrix, 284

Intersection of sets, A4

Inverse
Gauss-Jordan method of computing, 175-178
of a linear transformation, 221-222, 478-479
of a matrix, 163

Inverse power method, 317-318
shifted, 318-319

Invertible linear transformation, 221-222,

478-479

Invertible matrix, 163-170

Irreducible matrix, 335

Irreducible polynomial, D7

Isometry, 375

Isomorphism, 493-495

Iterative method(s)
convergence of, 125, 316, 563-566
Gauss-Seidel method, 124-131
inverse power method, 317-318
Jacobi’s method, 124-131
power method, 311-316
shifted inverse power method, 318-319
shifted power method, 316-317

J

Jacobi, Carl Gustav, 124
Jacobi’s method, 124-131
Jordan, Wilhelm, 72

K
Kernel, 482
Kirchhoff’s Laws, 104

L
Lagrange interpolation formula, 459
Lagrange, Joseph-Louis, 458

Lagrange polynomials, 458
Laplace Expansion Theorem, 266, 277-280
Laplace, Pierre Simon, 267
Lattice, 516
Leading entry, 65
Leading 1,73
Leading variable, 71
Least squares approximating line, 574
Least squares approximation, 568-569, 571-582
Best Approximation Theorem and, 570-571
and orthogonal projection, 583-585
andthe pseudoinverse of a matrix, 585-586
viathe QR factorization, 582-583
via the singular value decomposition,
603-605
Least squares error, 572
Least squares solution, 574
of minimal length, 603-604
Least Squares Theorem, 575
Left singular vectors, 593
Legendre, Adrien Marie, 538
Legendre polynomials, 538
Leibniz, Gottfried Wilhelm von, 281
Lemma, 271
Length
of a binary vector, 14
ofan m-ary vector, 16
of a path, 242
of a vector, 20, 535
Leonardo of Pisa, 336
Leontief closed model, 108, 235
Leontief open model, 108, 236
Leontief, Wassily, 107
Leslie matrix, 240
Leslie model, 239-241, 330-332
Line, 34-38
of best fit, 574
equation(s) of, 34, 36, 41
least squares approximating, 574
Linear combination, 12, 154, 433
Linear dependence, 92-93, 157, 443, 446
Linear economic models, 107-109, 235-236
Linear equation(s), 58, 59. See also Linear
system(s)
Linear independence, 92-97, 157, 443-446
Linear recurrence relations, 335-336
Linear system(s), 58—-62
augmented matrix of, 61, 64
coefficient matrix of, 64
consistent, 60
direct method for solving, 64-79
equivalent, 60
homogeneous, 76
ill-conditioned, 84
inconsistent, 60
iterative methods for solving, 124-131
solution (set) of, 59
over [Rp, 77-79
Linear transformation(s), 213-214, 472-474
onto, 488
composition of, 219, 476-478
diagonalizable, 509
identity, 221, 474
inverse of, 221-222, 478-479
invertible, 221-222, 478-479

Index

kernel of, 482

matrix of, 216, 497-503

nullity of, 484

one-to-one, 488

properties of, 475-476

zero, 474
Linearly dependent matrices, 157
Linearly dependent vectors, 93, 443, 446
Linearly independent matrices, 157
Linearly independent vectors, 93, 443, 446
Long range transition matrix, 329
LU factorization, 180-186
Lucas, Edouard, 336, 428

M
m-ary vector, 16
M, 430
Maclaurin, Colin, 274, 280
Magic square, 460-462
classical, 460
weight of a, 460
Mantissa, 83
Markov, Andrei Andreyevich, 230
Markov chain, 230-235, 325-330
Mathematical induction, B1-B7
first principle of, B1
second principle of, B5
Matrix (matrices), 61, 138
addition of, 140
adjacency, 242, 244
adjoint (adjugate), 276
associated with a quadratic form, 409
augmented, 61, 64
change-of-basis, 465
characteristic equation of, 292
characteristic polynomial of, 292
coefficient, 64
column space of, 195
companion, 299
condition number of, 562
conjugate transpose of, 544-545
consumption, 236
determinant of, 165, 264, 265-269
diagonal, 139
diagonalizable, 303-309
difference of, 140
eigenspace of, 256
eigenvalue of, 254
eigenvector of, 254
elementary, 170
elements of, 138
entries of, 138
equality of, 139
exchange, 235
exponential of, 346
factorization of, 180
fundamental subspaces of, 380
Hermitian, 545
idempotent, 179
identity, 139
ill-conditioned, 561
indefinite, 413
interior, 284
inverse of, 163
invertible, 163-170
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Matrix (Continued) Matrix transformation, 211-216, 472 Normal equations, 575

irreducible, 335 projection, 218-219, 509-510 Normal form of the equation of a line, 34, 36, 41

Leslie, 240 reflection, 215 Normal form of the equation of a plane, 38, 41

of a linear transformation, 216, 497-503 rotation, 216-218 Normal matrix, 547

multiplication of, 141-143 Max norm, 553 Normal vector, 34, 38

negative definite, 413 Mean Normalizing a vector, 21

negative of, 140 arithmetic, 548 Normed linear space, 552

negative semidefinite, 413 geometric, 548 Null space, 197

nilpotent, 282 harmonic, 551 Nullity

norm of, 555-561 quadratic, 550 of a linear transformation, 484

normal, 547 Median of a triangle, 32 of a matrix, 204

null space of, 197 Metric, 555

nullity of, 204 Metric space, 555 0)

orthogonal, 373-376 Minimum length least squares solution, 603-604  Odd function, 617

orthogonally diagonalizable, 400 Minor, 264 Ohm’s Law, 104

partitioned, 145-149 Modified QR factorization, 396-398 One-to-one, 488

permutation, 187 Modular arithmetic, 13-16 Onto, 488

positive, 325 Modulus of a complex number, C3 Operator norm, 559

positive definite, 413 Moore, Eliakim Hastings, 602 Optimization

positive semidefinite, 413 Moore-Penrose inverse, 602 constrained, 413-415

powers of, 149-150 Muir, Thomas, 281 geometric inequalities and, 547-551

primitive, 335 Multiplication Orbital center, 355

productive, 237-238 of complex numbers, C1-C2, C5 Ordered n-tuple, 9

projection, 218-219, 366, 586 of matrices, 141-143 Ordered pair, 3

pseudoinverse of, 585-586, 602-603 of polynomials, D2-D3 Ordered triple, 8

rank of, 72, 204 scalar, 7-8, 140, 429 Orthocenter of a triangle, 33

reduced row echelon form of, 73 Multiplicity of an eigenvalue Orthogonal basis, 370, 537

reducible, 334 algebraic, 294 Orthogonal complement, 378-382

regular, 325 geometric, 294 Orthogonal Decomposition Theorem, 384-385

row echelon form of, 65 Orthogonal diagonalization, 400-407

row equivalent, 68 N Orthogonal matrix, 373-376

row space of, 195 Negative Orthogonal projection, 382-387, 538

scalar, 139 of a complex number, C2 least squares approximation, 583-585

scalar multiple of, 140 of a matrix, 140 Orthogonal set of vectors, 369-373, 537

similar, 301-303 of a vector, 8, 429 Orthogonal vectors, 26, 535

singular values of, 590-591 Negative definite matrix, 413 Orthonormal basis, 372, 537

singular vectors of, 593 quadratic form of, 413 Orthonormal set of vectors, 372, 537

size of, 138 Negative semidefinite matrix, 413 Outer product, 147

skew-symmetric, 162 quadratic form of, 413 Outer product expansion, 147

square, 139 Net reproduction rate, 360 Outer product form of the SVD, 596

standard, 216 Network, 102

stochastic, 232 Network analysis, 102-103 P

strictly diagonally dominant, 128 Newton’s Second Law of Motion, 524 P, 431

sum of, 140 Nilpotent matrix, 282 P,, 431

symmetric, 151-152, 160-161 Node, 102 Parallel vectors, 8

trace of, 162 Nondegenerate conic, 415-416 Parallelogram rule, 6

transition, 231 Norm of a matrix, 555-561 Parameter, 36

transpose of, 151, 159-160 1-, 559 Parametric equation

unit lower triangular, 181 2-,559 of aline, 36, 41

unitarily diagonalizable, 546-547 7-,559 ofaplane, 39,41

unitary, 545-546 compatible, 556 Partial fractions, 119

upper triangular, 162 Frobenius, 556 Partial pivoting, 84-85

zero, 141 operator, 559 Partitioned matrix, 145-149
Matrix-column representation of a matrix Norm of a vector, 20, 535, 552 Path(s)

product, 146 1-, 553 k-,243
Matrix factorization, 180. See also Singular value 2-,553 length of, 242
decomposition (SVD) 7-,553 number of, 242-245

and diagonalization, 303-309 Euclidean, 553 simple, 242

LU, 180-186 Hamming, 554 Peano, Giuseppe, 429

modified QR, 396-398 max, 553 Penrose conditions, 586

PTLU, 186-187 sum, 552 Penrose, Roger, 603

QR, 392-394 taxicab, 530 Permutation matrix, 187

and Schur’s Triangularization Theorem, 408 uniform, 553 Perpendicular bisector, 33



Perron eigenvector, 335
Perron-Frobenius Theorem, 332-335
Perron, Oskar, 332
Perron root, 335
Perron’s Theorem, 333
Petersen graph, 254
Pivot, 66
Pivoting, 66
partial, 84-85
Plane, 38-41
Argand, C1
complex, C1
equation of, 38, 39, 41
Polar decomposition, 610
Polar form of a complex number, C3-C6
Polya, George, A7
Polynomial, D1-D10
characteristic, 292
constant, D1
degree of, D1
irreducible, D7
Lagrange, 458
Legendre, 538
Taylor, 472
trigonometric, 614
zero of, D4
Population distribution vector, 239
Population growth, 239-241, 330-332
Positive definite matrix, 413
quadratic form of, 413
Positive matrix, 325
Positive semidefinite matrix, 413
quadratic form of, 413
Power method, 311-316
inverse, 317-318
shifted, 316-317
shifted inverse, 318-319
Predator-prey model, 343
Price vector(s), 235
Primitive matrix, 335
Principal argument of a complex number, C4
Principal Axes Theorem, 411
Probability vector, 231
Product
of complex numbers, C1-C2
of matrices, 141-143
of polynomials, D2-D3
Production vector, 236
Projection
orthogonal, 382-387, 538
into a subspace, 382
onto a vector, 27-28
Projection form of the Spectral Theorem, 405
Projection matrix, 218-219, 366, 586
Proof
by contradiction, A8
by contrapositive, A8
direct, A7
indirect, A7
by mathematical induction, B1-B7
Pseudoinverse of a matrix, 585-586,
602-603
Pythagoras’ Theorem, 26, 537

Q

QR algorithm, 398-399

QR factorization, 392-394
least squares and, 582-583
modified, 396-398

Quadratic equation(s), D6
graphing, 415-423

Quadratic form, 408-416
indefinite, 413
matrix associated with, 409
negative definite, 413
negative semidefinite, 413
positive definite, 413
positive semidefinite, 413

Quadratic mean, 550

Quadric surface, 420

Quotient of complex numbers,

C2,C5

R
R, 4
R’ 8
R, 9-11
Racetrack game, 1-3
Range, 212, 482
Rank
of a linear transformation, 484
of a matrix, 72, 204
singular value decomposition, 600
Rank Theorem, 72, 205, 386, 486
Ranking vector, 356-358
Rational Roots Theorem, D5
Rayleigh, Baron, 316
Rayleigh quotient, 316
Real axis, C1
Real part of a complex
number, C1
Recurrence relation, 336
solution of, 337
Reduced row echelon form, 73
Reducible matrix, 334
Reflection, 215
Regular graph, 361
Regular matrix, 325
Repeller, 352
Resolving a vector, 51
Resultants, 50
Right singular vectors, 593
Robotics, 226-229
Root, for a polynomial equation, D4
Root mean square error, 612
Rotation, 216-218
center of, 516
Rotational symmetry, 516
Roundoft error, 62, 83-84
Row echelon form, 65
Row equivalent matrices, 68
Row matrix, 138
Row-matrix representation of a matrix
product, 146
Row reduction, 66
Row space, 195
Row vector, 3, 138

Index 15

S
Saddle point, 352
Scalar, 8
Scalar matrix, 139
Scalar multiple, 481
Scalar multiplication, 7-8, 9,140, 429
closure under, 192, 429
Scaling, 314
Schmidt, Erhard, 390
Schur complement, 283
Schur, Issai, 283
Schur’s Triangularization Theorem, 408
Schwarz, Karl Herman Amandus, 539
Seidel, Philipp Ludwig, 125
Seki Kowa, Takakazu, 280
Set(s), A1-A4
disjoint, A4
elements of, A1
empty, A2
intersection of, A4
subset of, A2
union of, A4
Shifted inverse power method, 318-319
Similar matrices, 301-303, 508
Simple path, 242
Singular value decomposition (SVD), 590-599
applications of, 599-606
and condition number, 602
and least squares approximation, 603-605
and matrix norms, 600-602
outer product form of, 596
and polar decomposition, 610
and pseudoinverse, 602-603
and rank, 600
Singular values, 590-591
Singular vectors, 593
Size of a matrix, 138
Skew lines, 76
Skew-symmetric matrix, 162
Solution
of a differential equation, 518
least squares, 574-582
of a linear system, 59
minimum length least squares, 603
of a recurrence relation, 337
of a system of differential equations, 340-342
Span, 90, 156, 193, 438
Spanning set of vectors, 88-92
Spanning sets, 438-441
Spectral decomposition, 405
Spectral Theorem, 403
projection form of, 405
Spectrum, 403
Spiral attractor, 355
Spiral repeller, 355
Square matrix, 139, 374
Square root of a matrix, 424
Standard basis, 198, 447
Standard matrix, 216
Standard position, 4
Standard unit vectors, 22
State vector, 231
Steady state vector, 233
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Stochastic matrix, 232
Strictly diagonally dominant matrix, 324
Strutt, John William, 316
Submatrices, 145
Subset, A2
Subspace(s), 192, 433-438
fundamental, 380
spanned by a set of vectors, 192-193, 441
sum of, 442
trivial, 437
zero, 437
Subtraction
of complex numbers, C2
of matrices, 140
of polynomials, D2
of vectors, 8, 433
Sum
of complex numbers, C1
of linear transformations, 481
of matrices, 140
of polynomials, D2
of subspaces, 442
of vectors, 5-6, 9, 439
Sumnorm, 552
Summation notation, A4-A7
Sustainable harvesting policy, 360
Sylvester, James Joseph, 206, 280
Symmetric matrix, 151-152, 160-161
System of linear differential equations, 340-348
System(s) of linear equations. See Linear
system(s)

T
Tail of a vector, 3
Taussky-Todd, Olga, 320
Taxicab circle, 530
Taxicab distance, 529-531
Taxicab norm, 530
Taxicab perpendicular bisector, 530
Taxicab pi, 530
Taylor polynomial, 472
Terminal point of a vector, 3
Ternary vector, 16
Theorem, 10
Tiling, 515
Tournament, 244
Trace of a matrix, 162
Transformation, 212

linear, 213-214, 472-474

matrix, 211-216, 472
Transitional matrix, 231
Transitional probabilities, 230
Translational symmetry, 516
Transpose of a matrix, 151, 159-160
Triangle inequality, 22, 540, 552

Trigonometric polynomial, 614
Triple scalar product identity, 287
Trivial subspace, 437

Turing, Alan Mathison, 181

U

Uniform norm, 553

Union of sets, A4

Unit circle, 21

Unit lower triangular matrix, 181

Unit sphere, 535

Unit vector, 21, 535

Unitarily diagonalizable matrix, 546-547

Unitary matrix, 545-546

Upper triangular matrix, 162
block, 283

\%
Vandermonde, Alexandre-Théophile, 291
Vandermonde determinant, 291
Vector(s), 3, 9, 429, 439
addition of, 5-6, 9, 439
algebraic properties of, 10
angle between, 24-26
binary, 14
column, 3, 138
complex, 429, 432, 543-544
complex dot product of, 543
components of, 3
coordinate, 208, 448-452
cross productof, 48-49, 286-287
demand, 236
direction, 35, 39
distance between, 23-24, 535
dot product of, 18-20
equality of, 3
force, 50-53
inner product of, 531
length of, 20,535
linear combination of, 12, 433
linearly dependent, 92-93, 443, 446
linearly independent, 92-97, 443, 446
norm of, 20, 535, 552
normal, 34, 38
orthogonal, 26, 369-373, 535, 537
orthonormal, 372, 537
parallel, 8
population distribution, 240
price, 235
probability, 231
production, 236
ranking, 356-358
resultant, 50
row, 3, 138
scalar multiplication of, 7-8, 9, 429

span of, 438
spanning sets of, 88-92
state, 231
steady-state, 233
ternary, 16
unit, 21, 535
zero, 4, 429

Vector form of the equation of a

line, 36, 41
Vector form of the equation ofa
plane, 39, 41

Vector space(s), 429
basis for, 446
complex, 429, 432, 543-544
dimension of, 453
finite-dimensional, 453
infinite-dimensional, 453
isomorphic, 493-495
subspace of, 433-438
over Z,, 429, 432

Venn diagram, A2-A3

Venn, John, A2

Vertex of agraph, 242

“V

Weight of a magic square, 460
Weighted dot product, 532
Well-conditioned matrix, 561
Wessel, Caspar, C1

Weyl, Hermann, 429

Wheatstone bridge circuit, 105-106
Wilson, Edwin B., 49

Wronskian, 457

X

x-axis, 3
xy-plane, 8
xz-plane, 8

\Y
y-axis, 3
yz-plane, 8

VA
Z,14
7,5, 14
5 14
Z,,16
Zn, 16
Z-axis, 8
Zero matrix, 141
Zero of a polynomial, D4
Zero subspace, 437
Zero transformation, 474
Zero vector, 4, 429



