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Problem

» Let G be a Lie group with Lie algebra g and I' C g.
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Problem

» Let G be a Lie group with Lie algebra g and I' C g.
» Sr = semigroup generated by X, X € ', t > 0.
» Find conditions to have

Ss=G

Controllability problem.

» Group generation is almost trivial: if and only if I
generates g. (G connected).
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Problem

>
>
>

Let G be a Lie group with Lie algebra g and ' C g.

Sr = semigroup generated by eX, X € [, t > 0.

Find conditions to have

Controllability problem.

Ss=G

Group generation is almost trivial: if and only if I
generates g. (G connected).

Special set [ = {X,+Y1,..

% _ x

dt

.,£Yx}. Coming from

(g) +u(t)Ya(g) + -+ u(t) Y (g)

Luiz A. B. San Martin
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Some solutions

» Nilpotent and solvable Lie groups. Maximal semigroups
can be characterizad.
Lawson, Hlgert, Hofmann. Neeb, mid 1980's .
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Some solutions

» Nilpotent and solvable Lie groups. Maximal semigroups
can be characterizad.
Lawson, Hlgert, Hofmann. Neeb, mid 1980's .

» Complex simple Lie groups: Controllable pairs {X,£Y}
is generic. (= is essencial.)
Kupka-Jurdjevic 1978 - 1981followed by Gauthier, Sallet,
El Assoudi and others, 1980's.
There is a recent proof by SM-Ariane Santos, applying
topology of flag manifolds.
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Some solutions

» Nilpotent and solvable Lie groups. Maximal semigroups
can be characterizad.
Lawson, Hlgert, Hofmann. Neeb, mid 1980's .

» Complex simple Lie groups: Controllable pairs {X,£Y}
is generic. (= is essencial.)
Kupka-Jurdjevic 1978 - 1981followed by Gauthier, Sallet,
El Assoudi and others, 1980's.
There is a recent proof by SM-Ariane Santos, applying
topology of flag manifolds.

» The method for complex groups work for some real ones.
E.g. sl(n, H).

Luiz A. B. San Martin Semigroups in Semi-simple Lie Groups and Eigenvalues of Secc



Some open cases

» Complex simple Lie algebras without + (restricted
controls).
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Some open cases

» Complex simple Lie algebras without + (restricted
controls).
» g is a normal real form of a complex simple Lie algebra

(e sl(n,R), sp(n,R), s0(p,q), g=porqg=p+1).
Even for I = {X, £ Y}.
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Some open cases

» Complex simple Lie algebras without + (restricted
controls).

» g is a normal real form of a complex simple Lie algebra
(e sl(n,R), sp(n,R), s0(p,q), g=porqg=p+1).
Even for I = {X, £ Y}.

» Example of conjecture: {X,+Y} C sl(n,R) is not
controllable if X, Y are symmetric matrices.
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Global generation

» Global version: A C G, S5 = semigroup generated by A
={g- &g cAk>1}
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Global generation

» Global version: A C G, S5 = semigroup generated by A
={g--g:8 €A k>1}

» Group G and probability measure 1 on G.
S, = semigroup generated by the support of p.
Contains suppu” C (supppu)”
1" = nth convolution power of L.
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Global generation

» Global version: A C G, S5 = semigroup generated by A
={g--g:8 €A k>1}

» Group G and probability measure 1 on G.
S, = semigroup generated by the support of p.
Contains suppu” C (supppu)”
1" = nth convolution power of L.

» Not originated from control theory. Can be applied to the
controllability problem.
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Analytical and probabilistic tools

> Representations: U on a vector space by operators U (g).
Form the operator

U(mv:/G(U(g) V) 1 (de)

. (Need assumptions on y to have integrability.)
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Analytical and probabilistic tools

> Representations: U on a vector space by operators U (g).
Form the operator

U(M)v:/G(U(g) V) 1 (de)

. (Need assumptions on y to have integrability.)

» li(ndepedent).i(dentically).d(istributed) random variables.
Sample space: GM with P = N
Random variables: w = (y,) € GN — y, € G.
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Analytical and probabilistic tools

> Representations: U on a vector space by operators U (g).
Form the operator

U(M)v:/G(U(g) V) 1 (de)

. (Need assumptions on y to have integrability.)
» li(ndepedent).i(dentically).d(istributed) random variables.
Sample space: GM with P = N
Random variables: w = (y,) € GN — y, € G.
» Random product: g, =y, - yn
P{g, € A} = 1u"(A). g, stays in S,,.

Luiz A. B. San Martin Semigroups in Semi-simple Lie Groups and Eigenvalues of Secc



Analytical and probabilistic tools

> Representations: U on a vector space by operators U (g).
Form the operator

U(M)v:/G(U(g) V) 1 (de)

. (Need assumptions on y to have integrability.)

» li(ndepedent).i(dentically).d(istributed) random variables.
Sample space: GM with P = N
Random variables: w = (y,) € GN — y, € G.

» Random product: g, =y, - yn
P{g, € A} = 1u"(A). g, stays in S,,.

» Asymptotic properties of g, are related to iterations
U(p)" = U(u").
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Analytical and probabilistic tools

> Representations: U on a vector space by operators U (g).
Form the operator

U(M)v:/G(U(g) V) 1 (de)

. (Need assumptions on y to have integrability.)

» li(ndepedent).i(dentically).d(istributed) random variables.
Sample space: GM with P = N
Random variables: w = (y,) € GN — y, € G.

» Random product: g, =y, - yn
P{g, € A} = 1u"(A). g, stays in S,,.

» Asymptotic properties of g, are related to iterations
U(p)" = U(u").

» Here will focus on the representations.
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Representations of Semi-simple Lie groups

» Iwasawa decomposition G = KAN
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Representations of Semi-simple Lie groups

» Iwasawa decomposition G = KAN

» Parabolic induced representations
P = MAN M = centralizer of A in K. Minimal parabolic
subgroup.
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Representations of Semi-simple Lie groups

» Iwasawa decomposition G = KAN

» Parabolic induced representations
P = MAN M = centralizer of A in K. Minimal parabolic
subgroup.

» Function spaces
Fn={f:G — C:f(gmhn) = e lehf(g). A cC.
A€ a*.
(Special case of f (gmhn) = 0(m)e*(°eNf (g) with )
complex and 6 : M — C, homomorphism. )
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Representations of Semi-simple Lie groups

» Iwasawa decomposition G = KAN

» Parabolic induced representations
P = MAN M = centralizer of A in K. Minimal parabolic
subgroup.

» Function spaces
Fyn={f:G — C:f(gmhn) = elehf (g). )\ e C.
A€ ar.
(Special case of f (gmhn) = 0(m)e*(°eNf (g) with )
complex and 6 : M — C, homomorphism. )

» Representations: U, (g) f (x) = f (gx), g, x € G.
U, (g) = U(g) restricted to Fy
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Compact picture

» Each F, is in bijection with the function space
FK—{f K—>(C}bnyFKl—>f€F,\,f(kan):f(k)
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Compact picture

» Each F, is in bijection with the function space

FK—{f K—>(C}byf€FK»—>f€F,\ f(kan):f(k)
> IfF=G/P=K/M, P= MAN, then

Fy~ Fg = {f : F — C} by f (kan) = f (kM).
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Compact picture

» Each F, is in bijection with the function space
Fx ={f: K—>(C}bnyFK»—>f€F,\ f(kan):f(k).
> IfF=G/P=K/M, P= MAN, then
Fy~ Fg = {f : F — C} by f (kan) = f (kM).
» Equivalent representations compact picture : F = Fy
or F=Fp

Un(g)f(x)=pr(g.x)f(gx). g€ G, xe K
K = G/AN viewed as homogeneous space of G.
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Compact picture

» Each F, is in bijection with the function space
Fx ={f: K—>(C}byf€FK»—>f€F,\ f(kan):f(k).
> IfF=G/P=K/M, P= MAN, then
Fy~ Fg = {f : F — C} by f (kan) = f (kM).
» Equivalent representations compact picture : F = Fy
or F=Fp
Uv(g)f(x)=pr(g,x)f(gx), g€ G, xeK
K = G/AN viewed as homogeneous space of G.
» Cocycle: py (g, x) = e*°&h) where gu = khn and
X = uxp.
Xp =1-AN = origin of K
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Example: S1(2,R) or C

> G =S1(2,R),
K =S'=S0(2), F = P!
P (8, x) = [lgx||”
Up(8) f (x) = llgx|I” f (gx) g € SL(2,R), x € S*
» Other realization: Homogeneous functions
Fp={f:R?>—=C:f(cx)=cPf(x), ¢>0.
Up(g)f(v) =f(gy). g € SI(2,R), y € R%.
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Example: S1(2,R) or C

» Other realization: Homogeneous functions
Fp={f:R?>—=C:f(cx)=cPf(x), ¢>0.
Up(g)f(y) =f(gy). g €SI(2,R), y € R%
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Back to probabilities

» 1 has exponential moments if [ py (g, x) p(dg) < oo all
x and A
In this case Uy (u) = [ U, (g) it (dg) makes sense.
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Back to probabilities

» 1 has exponential moments if [ py (g, x) p(dg) < oo all
x and A

In this case Uy (u) = [ U, (g) it (dg) makes sense.
> /i is exposed (étalée) if intS, # () .
Uy (1) is compact on C (K) .
discrete spectra with finite dimensional spectral spaces
ry = spectral radius of U, (1)
is an eigenvalue

Luiz A. B. San Martin Semigroups in Semi-simple Lie Groups and Eigenvalues of Secc



Result

» S5, = G if and only if the map A — ry is analytic.
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Result

» When S, # G points of nonanalyticity are obtained from
the structure of S, (flag type).
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Continuous time version

» Application to controllability of ' = {X,+VY7,..., £Yi}.
Sr = semigroup generated by eX, X €, t >0
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Continuous time version

» Application to controllability of ' = {X,+VY7,..., £Yi}.
Sr = semigroup generated by eX, X €, t >0

> Related to

cz’i X(g)+uw(t)Yi(g)+ -+ u(t) Y (g)

» Associated It6 stochastic differential equation

k
dg = X (g)dt+ ) Y;(g) o dW,.

j=1
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Continuous time: Solutions and semigroups

» One-parameter semigroup of measures (under
convolution): u; = Py (1,-) = transition probability of the
solution starting at 1.

He+s = He * s
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Continuous time: Solutions and semigroups

» One-parameter semigroup of measures (under
convolution): u; = Py (1,-) = transition probability of the
solution starting at 1.

Hits = it * Us
» By the support theorem (Strook-Varadhan-Kunita)

clSr =cl U SUppftt

£>0

Luiz A. B. San Martin Semigroups in Semi-simple Lie Groups and Eigenvalues of Secc



Continuous time version: Operators

» One-parameter semigroup of operators: U, (p¢).
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Continuous time version: Operators

» One-parameter semigroup of operators: U, (p¢).
> L (X) = §jimo (Ua(ud)f) (x)

_ 1Nk 2
> L=X+1TE,Y,
second order operator acting on smooth functions
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Continuous time version: Operators

>

One-parameter semigroup of operators: U, (fit).

> Lif (%) = o (Ua(1)f) (%)
b L= X4 ITE, 2

second order operator acting on smooth functions

Ur (L) = Un (X) + 3 2, Un (V)
infinitesimal representation of the universal envelopping
algebra
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Infinitesimal generator: Compact picture

> Ux(g) f(x) = pr(g:x) f(gx)
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Infinitesimal generator: Compact picture

> Ux(g) f(x) = pr(g,x)f(gx)
» Second order operator on flag manifold
Ly=L+33" M (ay) i+ A(ax) + 527, A (ry,) +

m 2
220 (M ay))
L=X +%ij:1 8712
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Infinitesimal generator: Compact picture

> Ux(g) f(x) = pr(g,x)f(gx)
» Second order operator on flag manifold
Ly=L+33" M (ay) i+ A(ax) + 527, A (ry,) +

$3°7 (M (aw)”
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Infinitesimal generator: Compact picture

>

Ur(g) f (x) = pa (g, x) f (&)
Second order operator on flag manifold
Ly=L+33" M (ay) i+ A(ax) + 527, A (ry,) +

$3°7 (M (aw)”

Luiz A. B. San Martin Semigroups in Semi-simple Lie Groups and Eigenvalues of Secc



Infinitesimal generator: Compact picture

>

Us (8) f (x) = pa (&) f ()

Second order operator on flag manifold

Ly=L+33" M (ay) i+ A(ax) + 527, A (ry,) +
m 2

220 (May))

L=X+iym v?

gx (x) = Xa(1,x) = La(e™, x)

v (x) = Yay (x) = Y2a (1,x)

X = vector field induced by X € g
a(g, x) = log p(g, x)

t=0
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Controllability: Preliminaires

» intSr # () if and only if [ generates g. (Lie algebra rank
condition.)
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Controllability: Preliminaires

» intSr # () if and only if [ generates g. (Lie algebra rank
condition.)

» Sr=Gifandonlyif S, =G, t > 0.
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Controllability: Preliminaires

» intSr # () if and only if [ generates g. (Lie algebra rank
condition.)
» Sr=Gifandonlyif S, =G, t > 0.

» r, (t) = spectral radius of U, (1)
Ly has a largest eigenvalue v,
r (t) = e
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Controllability: Theorem

» Under the Lie algebra rank condition Sr = G if and only
if A — 7, is everywhere analytic.
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Controllability: Theorem

» Under the Lie algebra rank condition Sr = G if and only
if A — 7, is everywhere analytic.

» Spectra L, (infinitesimal data) <— Controllability
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Semigroups in S1(2,R)

Facts:
» Let S C SI(2,R) be a semigroup with intS # (). Then

S =S5I1(2,R) if and only if S acts transitively on the
projective line P*.
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Semigroups in S1(2,R)

Facts:

» Let S C SI(2,R) be a semigroup with intS # (). Then
S =S5I1(2,R) if and only if S acts transitively on the
projective line P*.

» When S = SI(2,R) (intS # () there exists a unique
proper closed subset C C P! such that clSx = C for all
x € C. (Invariant control set.)
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Semigroups in S1(2,R)

Facts:

» Let S C SI(2,R) be a semigroup with intS # (). Then
S =S5I1(2,R) if and only if S acts transitively on the
projective line P*.

» When S = SI(2,R) (intS # () there exists a unique
proper closed subset C C P! such that clSx = C for all
x € C. (Invariant control set.)

» There exists ¢ > 0 such that
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Operators in the invariant control set

> Assume S, # S1(2,R) and let C C P! be its invariant
control set.
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Operators in the invariant control set

> Assume S, # S1(2,R) and let C C P! be its invariant
control set.

» Define

US (1) F (x) = / 9o (8. %) F () 1 (dg)

[ el
¢ I

f (gx) 1 (dg)

for the operator restricted to the Banach space of
continuous functions C (C).
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Facts about the operators

> US () are positive compact operators in C (C).
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Facts about the operators

> US () are positive compact operators in C (C).

> Spectral radius r$ of US (1) is a (maximal) eigenvalue
with multiplicity 1.
Because there is a strictly positive eigenfunction by
irreducibility: clS,x = C all x € C.
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Facts about the operators

> US () are positive compact operators in C (C).

> Spectral radius r$ of US (1) is a (maximal) eigenvalue
with multiplicity 1.
Because there is a strictly positive eigenfunction by
irreducibility: clS,x = C all x € C.

> p— rpC is analytic in the real line.
By pertubation theory of compact operators:
multiplicity 1 = analyticity.
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Facts about the operators

> ¢ (p) = logrf is a convex function:

lex[l”

o1
ve(p) = lim-log
o1 n
= Im;logH(UpC) H

Moment Lyapunov Exponent
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Facts about the operators

> ¢ (p) = logrf is a convex function:

.1 x||P
ve (p) = I|m;|og Hlﬁ(HlL,u (dg) any x € C

1 n
— im Liog | (u5)|.

Moment Lyapunov Exponent

» By Gelfand formula r (T) = lim, || TnH1/” and
| T|| = sup, | T1(x)| if T is a positive operator.
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Shape of ¢ (p)

1 [lenx]”
/

ve (0) = lim = log

‘ n P

Top Lyapunov exponent (g, = random product)
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Shape of ¢ (p)

1 [lenx]”
/

ve (0) = lim = log

‘ n P

Top Lyapunov exponent (g, = random product)

>
lim ~yc(p) <0
p——00
Property of the semigroup: % >cifge 5, and

[x] € C.
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Shape of ¢ (p)
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Operators in P*

» U, (n), r, = spectral radius, v (p) = logr,
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Operators in P*

» U, (n), r, = spectral radius, v (p) = logr,

» If S5, # G there is no irreducibility. Existence of strictly
positive eigenfunction and multiplicity 1 of r, is not
immediate.
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Operators in P*

» U, (n), r, = spectral radius, v (p) = logr,

» If S5, # G there is no irreducibility. Existence of strictly
positive eigenfunction and multiplicity 1 of r, is not
immediate.

» If p € (—1,400) then there exists an eigenfunction f,,
U, (1) = rpf, with f > 0 in P*:

fo (x) = o |cos 6 (x, y)I? vp (dy)

where v, is an eigenmeasure. Integrability is ensured only
at p > —1.
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Shape of v(p)

» If p € (—1,+400) then r, has multiplicity one and

v (p) = lim — |0 /HﬁgH”:u = 7c(p)-
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Shape of v(p)

» If p € (—1,+400) then r, has multiplicity one and

p
X
» The adjoint of U, () in L?(P) is

Up ()" = Up2 (:“_1>

symmetry around —1. (u~! =
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Shape of v(p)

» If p € (—1,+400) then r, has multiplicity one and

p
X
» The adjoint of U, () in L?(P) is

Up () = U—p2 (n77)
= () () =g
» The shape of v (p) in the interval (—oo, —1) is
symmetric-like to the shape in (=1, +00).
Applied to ;!

symmetry around —1. (i
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Shape of v(p)
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Shape of v(p)

» Analyticity fails at —1.
And multiplicity is bigger thant 1.
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Semi-simple groups in general

» Key words: flag type of a semigroup with nonempty
interior.
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Semi-simple groups in general

» Key words: flag type of a semigroup with nonempty
interior.

» As in dim2 in any flag manifold Fg of g there is a unique
invariant control set Co (clSx = Cg for all x € Cg).

» There are flag manifolds where Cg is contractible.
h"C shrinks to a point.
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Semi-simple groups in general

» Key words: flag type of a semigroup with nonempty
interior.

» As in dim2 in any flag manifold Fg of g there is a unique
invariant control set Co (clSx = Cg for all x € Cg).

» There are flag manifolds where Cg is contractible.
h"C shrinks to a point.

» The maximal one with this property is the flag type Fg(s)
of S (intS # 0 and S # G).
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Semi-simple groups in general

> In Fg(s) there is the cocycle pu s, (g, x) defined by
g:M = Pugs (871, x) m where m is the unique
K-invariant measure.
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Semi-simple groups in general

> In Fg(s) there is the cocycle pu s, (g, x) defined by
g:M = Pugs (871, x) m where m is the unique
K-invariant measure.

> For the operators Uy, s, (1) the behaviour of the spectral
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Semi-simple groups in general

> In Fg(s) there is the cocycle pu s, (g, x) defined by
g:M = Pugs (871, x) m where m is the unique
K-invariant measure.

> For the operators Uy, s, (1) the behaviour of the spectral
radius 7 (p) = l0g rpue s, is analogous to the dim 2 case.

v

Hence A — ry fails to be analytic at A = —weg(s).
» Lack of analyticity is read by the flag type of S,/.
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Comments

» This work was started with the objective of developing
measure theoretic (probabilistic) tools to study
semigroups in semi-simple Lie groups. The methods to
study semigroups S with intS are mainly topological.
Having a measure theoretic approach may open the
possibility to study more general classes of semigroups
and eventually get the concept of flag type of a
semigroup in a more general context. For example Zariski
dense semigroups in algebraic groups and eventually
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Comments

» This work was started with the objective of developing
measure theoretic (probabilistic) tools to study
semigroups in semi-simple Lie groups. The methods to
study semigroups S with intS are mainly topological.
Having a measure theoretic approach may open the
possibility to study more general classes of semigroups
and eventually get the concept of flag type of a
semigroup in a more general context. For example Zariski
dense semigroups in algebraic groups and eventually

» The results obtained relating controllability (flag type) to
spectral radii suggest applications of differential operator
theory to controllability. Up to now only applications in
the other direction.
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Examples of operators dim 2

0 (0 —1 1 el
S )v=(0 ) eeres

2
L, = :92 +sm0:9 + pcosé.

S)v=(Ve)

2
sen@i + cos® Qd— — sen2y d

do dez 2 do
—i—psen@% +p (cosH + cos 0) + p®sen?d.
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Examples of operators dim 2

10 0 1
>X‘(o —1)'Y_ 10

coordinate system t — [(cosh t,sinh t)]:

dt? + cosh 2t dt
1 PR ,2sinh? 2t
cosh 2t pcosh2 t P cosh? 2t

2 2sinh 2
d (p al t—2sinh2t)i

+p
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