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Napoleon & Koszul Ancestor
(testimony of J.L. Koszul Daughter)

| Jean-Louis Koszul ancestor was a Polish soldier
incorporated in Napoleon's “Grande Armée”. He
returned to France and married in Strasbourg.

> Napoléon Grande Armée in Poland (http://heritage.bnf.fr/france-
pologne/fr/napoleon-et-la-pologne-art) : The Polish soldiers will follow
Napoleon throughout his career, until the period called “Les
100 jours” and he will be entirely devoted. The Polish legions are
the most important foreign force of the Grand Army with
100,000 soldiers, 37,000 under the command of Prince Jozef P ————
Poniatowski. The retreat in Moscow will kill 70% of the Polish Py e e T

workforce g BIBLIOTEKA
NARODOWA

| Mathieu Koszul
> Deceased 18 November 1858 at Morschwiller-le-Bas, Haut-Rhin, = | (@< il Prince Jozef
Alsace, France ‘ VR | : Poniatowski

» Born about 1788 at Wola Radziszowska, Cracovie, Poland

1 _le maréchal
de France

» Parents: Jacques Koszul & Marie-Anne Gregorin B N ’ .
12 > ‘Son:'J8seph Kosul (Father of Julien Koszul) THALES
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Jean-Louis & Julien Koszul:
«Moment 1900» & «Ecole Niedermeyemn

7
JULIEN KoszuL
Correspon

| Julien KOSZUL (1844-1927)

» Grand father ofJean-Louis Koszul
and composer Henri Dutilleux,
student of Camille Saint-Saéns and
friend of Galbriel Fauré. Professor of
Albert Roussel.

| Main Music writtings:
2 Quo Vadis pour choeur d'hommes
a 5 voix
» Pié Jesus ensim

> Pieces pour piano a deux mains et
1 piece pour piano a 4 mains

> Mélodies de 1872 et 1879
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Julien KOSZUL, Gabriel Fauré et Camille Saint-Saéns

G. Fauré a Julien Koszul!

Rue des Vignes 32 XVI® 21 avril 1924
Mon cher ami

Je te remercie de m’avoir envoyé une jolie Berceuse qui me donne le vif désir de
connaitre les autres mélodies ; je les demanderai a Hamelle.

Es-tu content de ta santé ? Ne viens-tu jamais a Paris ? Je serais tellement heureux de
te revoir, de pouvoir bavarder un peu ]mnguement avec toi ! Nous avons tant de bons
souvenirs. Te souviens-tu que c’est toi qui introduisis Schumann a I’Ecole Niedermeyer
ol il était si profondément inconnu et ot n’avons pas tardé, tous, a I'adorer ?

Et puis, autres moins lointains souvenirs, mes visites a Roubaix et 'accueil délicieux
que je recevais dans ta chére maison !

Donne-moi de tes nouvelles ; parle moli de tes enfants, et, si tu as une photo, envoie-
la moi comme je t'envoie la mienneZ. J'y joins, mon cher ami, toute ma vieille et bien
fidele amitié

Gabriel Faure

Bibliothéque nationale, département de la Musique, don d'Henri Duvilleux

1. Voir plus haut la lettre que lui adressa le jeune Faure en juin 1870 (lettre 7). Enveloppe

portant le cachet postal Paris, 22.1V.1924 : « Monsieur J. Koszul, Ancien Directeur du
Conservatoire de Roubaix, Douai. Nord »
2. Photo jointe : portrait de Fauré en 1924 par les fréres Manuel.
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Jean-Lovuis Koszul 1921-2018
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Jean-Louis Koszul: 1921-2018

STRASBOURG

\CIRM BIRTHDAY
[\ R Y

Interview of Jean-Louis Koszul: https://www.youtube.com/watch2v=AzK5K7Q05sw

| 6 Jean-Louis KOSZUL in Sao Paulo — His Work and Legacy — 13/14 Nov. 2019 OPEN


https://www.youtube.com/watch?v=AzK5K7Q05sw
https://www.youtube.com/watch?v=AzK5K7Q05sw

I Jean-Louis Koszul Scientific Biography

» He entered ENS UIm in the class of 1940 and
defended his thesis with Henri Cartan.

» Koszul's thesis, defended in June 10th 1949 under the
direction of Henri Cartan, dealt with the homology
and cohomology of Lie algebras. The jury was
composed of M. Denjoy (President), J. Leray, P.
Dubreil and H. Cartan.

» He then taught in Strasbourg and was appointed
Associate Professor at the University of Strasbourg in
1949, and had for colleagues R. Thom, M. Berger and
B. Malgrange. He was promoted to professor status
in 1956.

» He became a member of Bourbaki with the 2nd
generation, J. Dixmier, R. Godement, S. Eilenberg, P.
Samuel, J. P. Serre and L. Schwartz.

» Koszul was awarded by Jaffré Prize in 1975 and was
elected correspondent at the Academy of Sciences
on January 28th 1980. Koszul was one of the CIRM

T conference center founder at,Luminy. The following
vear, he was elected to the Academy of Sdo Paulo.

EXPOSES SUR LES ESPACES
HOMOGENES SYMETRIQUES




Souriau & Koszul at 1953 Conference « Topologie différentielle » in
Strasbourg

L.
-

J.L. Koszul

Fmail from readers who are able toidentify any of the
“Unknowns" listed below is welcome at notices@ams.org.

A

Key to photo on page 367. 11. Wilhelm Siiss 22, Unknown 33. Marcel Berger
1. Unknown 12. Laurent Schwartz 23. Unknown 34. Unknown
________ 2. R. Debever 13. Georges de Rham 24, Unknown 35. Bernard Malgrange
3. Ehresmann's son 14. Unknown 25. Nicolaas Kuiper 36. Daniel Bernard
4. Shiing-Shen Chern 15. H. Guggenheimer 26. Beno Eckmann 37. André Aragnol
3. André Lichnerowicz 16. Thomas Willmore 27. Unknown 38. G. Legrand
6. Charles Ehresmann 17. Simone Lemoine 28. Jean-Louis Koszul 39, Jean-Marie Souriau
7. Paulette Libermann 18. B. H. Neurnann 29, Unknown 40. Unknown
8 Jean-Lot 8. Mario villa 19. René Thiry 30. Andre Weil 41. Georges Reeb
| 9. Lucien Godeaux 20. E. T. Davies 31. René Thom 42, Unknown
10. Heinz Hopf 21. Unknown 32. John Milnor


http://www.ams.org/notices/200803/tx080300366p.pdf
http://www.ams.org/notices/200803/tx080300366p.pdf

Cooperation with Japanese School of Differential Geomeiry:
Hirohiko Shima Book on « the geometry of Hessian Structures »

> The elementary geometric structures discovered by J.edn-l-JUiS\R? ul and Hirihiko
Jean-Louis Koszul are the foundations of Information hima at GSI'13, Ecole

Geometry. These links were first established by v jarisg

Professor Hirohiko Shima.

2 These links were particularly crystallized in Shima book
2007 “The Geometry of Hessian Structures”, which is
dedicated to Professor Koszul.

» The origin of this work followed the visit of Koszul in
Japan in 1964, for a mission coordinated with the
French government.

Henri Cartan noted concerning
. Koszul's fies with Japan, "Koszul has
» Koszul faught lecfures on the theory of flat manifolds  4qcted eminenflcr)nofhemoﬁcions

at Osaka University. Hirohiko Shima was then @ from abroad to Strasbourg and
student and attended these lectures with the Grenoble. | would like to mention in
teachers Matsushima and Murakami. particular the links he has

. . . . established with representatives of
> This lecfure was af the origin of the notion of Hessian 4 Japanese School of Differential

structures and the beginning of the works of Hirohiko  Geometry".
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Jean-Lovis Koszul (1921-2018) and Information Geometry

THE GEOMETRY OF
HESSIAN STRUCTURES



I Cartan & Koszul families

The family settled in Dolomieu. Joseph Cartan was the village
blacksmith. Elie Cartan recalled that his childhood had passed
under "blows of the anvil, which started every morning from dawn*.
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COLOMIEU — Lo Chatnp de Marn

Origin of Koszul Family: Ancestor from Poland was engaged in
Napoléon “Grande Armée". He came back to France with
Napoléon Army and Married with Woman from Strasbourg

ALLOCUTION
DE MONSIEUR HENRI CARTAN

Je n'ai nullement I'intention de faire wn « discours », contrairement
a co qu'annongait le programme de ces journées. Je voudrais simplement
évoquer ici brigvement quelques souvenirs qui, avec les années qui
passent inexorablement, tendent malheureusement 4 s'estomper.

Ces souvenirs commengent, il est vrai, avant la naissance de Koszul,
En effet, ma mére, dans sa jeunesse, avail & une amie intime de celle
ui devait devemir la mere de Jean-Lows Koszul, 1l arriva que ces deux
amies se mariérent ; ['une épousa un mathématicien connu, lautre un
angliciste non moins connu. Malgré Péloignement consécutif a leurs
mariages, des liens d'amitié subsistérent, gui expliquent pourguoi, lorsque
beaucoup plus tard, au printemps de 1929, jarrivai & Strashourg comme
jeune chargé de cours 4 la Faculté des Sciences, je fus regu dans la
famille du professeur Koszul de la Faculté des Lettres. J'ai oublie le
menu du repas familial, mais je vois toujours un jeune garconnet de
% ang, nommé Jean-Louis, qui évoleait dans "appartement au miliew de
ses grandes sceurs. L'aimée dentre elles était mariée 4 un agrégatif
de mathématiques que javais comme éléve 4 la Faculte. Je ne restai
a Strasbourg que quelgques mois et perdis donc de wue le jeune
Jean-Lowis.

Puisque J'al évogqué le souvenir de ses parents, permettez-mor de
nommer aussi le grand-pére paternel de Jean-Louis. Je ne Pai pas
connu, certes; mais comme directeur du Conservatoire de musique de
Roubaix-Tourcoing, il joua un rble historique, car c’est lui qui donna
au jeune Albert Roussel, qui venait d'abandonner la carriére navale, les
conseils décisifs qui lui permirent de devenir I'un des plus grands
compositeurs de musique du début du siécle. On aura 'occasion d'en
parler cette annee, puisqu'on va celébrer le cinquantenaire de la mort
d’Albert Roussel.



Jean Cartan (Elie Cartan’son & Henri Cartan’s brother) and Julien
Koszul (Jean-Louis Koszul's grand-father): MUSIC FILIATION

2 Albert Roussel studied harmony in Roubaix with Julien
Koszul.

» Condisciple of Olivier Messiaen and Maurice Duruflé, the
career of Jean Cartan is followed attentively by Albert
Roussel.
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1869-2019 Elie Cartan 150t Bithday

"des paysans sans prétention
qui, au cours de leur longue vie,
ont moniré a leurs enfants un
exemple de travail accompli
| avec joie et d'acceptation
| courageuse des fardeaux"

- Elie Cartan

150 years ago, April 9t 1869, was born a spirit, raised to the heat of the forge and the sound of
the anvil and the hammer of his father Joseph, blacksmith of little Dolomieu village.
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https://www.youtube.com/watch?v=GJ9NwEwUcyY

Elie Cartan Colloquium 1984

INTRODUCTION

Le séminaire conjoint NSF-CNRS “flie Cartan et les mathématiques d'au-
jourd'hui" s'est tenu du 25 an 29 juin & "Universitd de Lyon I Il était
centré sur la présentation de thimes importants de la recherche actuelle en
mathématiques et en physique mathématique dans des domaines of Elie
CARTAN a joué un rdle de pionnier. Des discussions trés animées ont eu lieu
# propos de ces thémes, La partie centrale du programme comprenait vingt-
deux conférences qui ont été suivies par un public nombreux et enthousiaste
de plus de deux cents mathématiciens et physiciens mathématiciens venus
d'an maina dix-sept pays. Les conférences se sont tenues dans le grand
amphithéitre de mathématiques de I'Université de Lyon I, la salle Camille
Jordan,

Ce volume regroupe les contributions écrites des conférenciers & 'exception
de trois d’entre eux, Nous publions en annexe les résumés que ces auteurs
ont bien voulu nous communiquer.

Le programme du séminaire avait été préparé par un Comité Scientifique
sous la co-présidence de Shing-shen CHERN et d'Henrl CarTaN, Les détails
pratiques pour I'organisation du séminaire ont été réglés par un Comité mis
sur pied par le Département de mathématiques de I"Universitdé de Lyon I,
sous la responsabilité d’Edmond ComBeT. L'organisation a été tris efficace
et acréd une atmosphére dans laquelle la communication mathématigue éait
stimubée, Le professeur GELFAND a regu un dipléme de docteur honoris causa
de I"Université de Lyon I lors de la séance de cloture du séminaire. S3a par-
ticipation au séminaire, la participation simultanée de trois mathématiciens
soviétiques émigrds parmi les plus éminents (Victor Kac du Massachusetts
Institute of Technology de Boston, U.8.A., llya Praterski-SHapino de Tel-
Aviv et Mikhail Gromov de I'Institut des Hautes Ftudes Scientifiques de
Bures-sur-Yvette) ainsi que celle du physicien mathématicien polonais An-
drzej TRAUTMAN de Varsovie ont £levé le séminaire au-deld du nivean d'une
rencontre entre les écoles américaine et frangaise & celui d'un événement
mathématique réellement international.

4

Le séminaire n'a été rendu possible que par le soutien de la National
Science Foundation, du Centre National de la Recherche Scientifique, de
I'American Mathematical Society et de la Sociétd mathématique de France,
ainai que celui de I'Université Claude-Bernard (Lyon I), des villea de Lyon
et Villeurbanne et du conseil général du Rhéne. Nous espéronz que ces
institutions trouveront dans ce volume une preuve concréte du hien-fondé
de leur effort!

lov. 2019

Special Issue in Astérisque en
1984 :

Elie Cartan et les mathématiques
d’aujourd’hui

proceedings of ENS Lyon
Colloquium from 25th to 29th
June 1984 (200 attendees from
Mathematics & Physics) .

Among Speakers: Jean-Louis
Koszul et Jean-Marie Souriau

OPEN

Introduockion . ... ie i i i
TUne lettre d’André WeiL & Henri CARTAN ...
BERGER [Marcel). — La géométrie métrique des variétés rieman-
niennes (variations sur la formule a® = B* + ¢® — 2he cos o)
CHERN (Shiing-shen), — Moving frames .. ..o oot
CHOQUET-BRUHAT (Ywvonne]. — Causalitd des théories de super-
4=
FEFFERMAN (Charles) and GRAHAM (C. Robin). — Conformal in-
R =
GELFAND (I.M.) and ZELEVINSKY (A.V.). — Representation models
for classical groupa and their higher symmetries ... ...
GROMOV (M.). — Isometric immersions of Riemannizn manifolds ..
GUILLEMIN (Victor), — The integral geometry of line complexes and
a theorem of Gelfand-Graev
HELGASON (Sigurdur]. — Fourier transform on symmetric spaces . .
KAcC (V.G.) and PETERSON (D.H.). — Defining relations of certain

infinite dimensional groups

KosSTANT (Bertram). — The McKay-correspondence, the Coxeter
element and representation theory ... ... ... oo oo

67

79

5

117
129

135
131

165

209

Ko0SZUL [Jean-Louis). — Crochel de Schouten-Nijenhuis et echomo-

MosTow (G.D.). — Diserete subgroups of Lie groups

ScHMID (Wilfried). — Boundary value problems for group invariant
differential equations

SINGER (L.M.). — Families of Dirac operators with applications to

73
269

SOURIAU (Jean-Marie). — Un algorithme générateur de structures
quantiques

Annexe : Résumés des autres conférences (R. BRYANT, M. DUFLO el
1. TiTs)




I Jean-Louis KOSZUL in Sao-Paulo
| Jean-Louis Koszul was foreign member of SGo Paulo Academia of Sciences

] Jean Louis Koszul Lectures at Sao Paulo:

» Faisceaux et Cohomologie
> Variétés Kahlériennes

B W A REgas '
IN0I6TY A ) )
i « Exposés sur les espaces
« Faisceaux et cohomologie » 3l homogénes symétriques» §
- ZALSSRATE o\ coROmSL00[d -
i EXPOSES ‘SUR LES ESPACES

HOMOGENES SYMETRIQUES
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I Koszul Works and links with Souriau Work

2 In 1986, "Infroduction to symplectic geometry" book
following a Chinese Koszul course in China
(translated into English by Springer in 2019).

> This book takes up and develops works of Jean-
Marie Souriau on homogeneous symplectic
manifolds. Chuan Yu Ma writes in a review, on this
book in Chinese, that "This work coincided with
developments in the field of analytical mechanics.
Many new ideas have also been derived using a
wide variety of notions of modern algebra,
differential geometry, Lie groups, functional analysis,
differentiable manifolds, and representation theory.
[Koszul's book] emphasizes the differential-
geometric and topological properties of symplectic

manifolds. It gives a modern treatment of the subject

that is useful for beginners as well as for experts".
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Koszul Book on Souriau Work

Jean-Louis Koszul
Yiming Zou

Jean-Louls Koszul - Yiming Zou

Introduction to Symplectic Geometry
Forewords by Michel Nquiffo Boyom, Frédéric Barbaresco and Charles-Michel Marle

This introductory book offers a unique and unified overview of symplectic geomet-
ry, highlighting the differential properties of symplectic manifolds. It consists of six
chapters: Some Algebra Basics, Symplectic Manifolds, Cotangent Bundles, Symplectic
G-spaces, Poisson Manifolds, and A Graded Case, concluding with a discussion of the
differential properties of graded symplectic manifolds of dimensions (o,n). It is a useful

L
reference resource for students and researchers interested in geometry, group theory, I nt rOd u c t I O n tO
analysis and differential equations.
Symplectic

IOS) Science Press < .
=1 Bang. @ Springer

ouis KOSZUL in Sao Paulo - His Work and Legacy




Geometric Structures of Information, SPRINGER

Signals and Communication Technology

Frank Nielsen Editor

Geometric

Structures of
Information

18 @ Springer

> https://www.springer.com/us/lbook/978303002
5199

» Barbaresco, F., Jean-Louis Koszul and the
Elementary Structures of Information
Geometry, Geometric Structures of
Information, pp 333-392, SPRINGER, 2018

2 hitps://link.springer.com/chapter/10.1007%2F9
/8-3-030-02520-5 12
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I Tribute to Jean-Louis Koszul

| Jean-Louis Koszul and the elementary structures of Infformation Geometry

2 Koszul has introduced fundamental tools to characterize the geometry of sharp
convex cones, as Koszul-Vinberg characteristic Function, Koszul Forms, and affine
representation of Lie Algebra and Lie Group.

2 The 2nd Koszul form is linked to an extension of classical Fisher metfric.

» Koszul theory of hessian structures and Koszul forms could be considered as main
foundation and pillars of Information Geometry.
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Affine Transformation Groups, Flat Manifolds & Invariant Forms
convexity

| Koszul works on Homogeneous Bounded Domains

2 In the book "Selected papers of JL Koszul", Koszul
summarizes his work on homogeneous bounded Selected Papers of
domains: "It is with the problem of the determination of J. L. Koszul
the homogeneous bounded domains posed by E. Cartan
around 1935 that are related [my papers]. The idea of
approaching the question through invariant Hermitian
forms already appears explicitly in Cartan. This leads to
an algebraic approach which constitutes the essence of
Cartan's work and which, with the Lie J-algebras, was
pushed much further by the Russian School. It is the work
of Piatetski Shapiro on the Siegel domains, then those of
E.B. Vinberg on the homogeneous cones that led me to
the study of the affine transformation groups of the
locally flat manifolds and in particular to the convexity
criteria related to invariant forms".

| D)  Jean-Louis KOSZULIn Sao Paulo - His Work and Legacy - 13/14 Nov. 2019 OPEN I H /.\ L E S




I Koszul's papers

| Koszul's paper at the foundation of the elementary structure of Information

>

Koszul J.L., Sur la forme hermitienne canonique des espaces homogenes complexes. Can. J. Math., n°7, 562-576,
1955

Koszul J.L., Exposés sur les Espaces Homogenes Symétriques; Publicacdo da Sociedade de Matematica de Sdo
Paulo: SGo Paulo, Brazil, 1959

Koszul J.L., Domaines bornées homogenes et orbites de groupes de transformations affines, Bull. Soc. Math.
France 89, pp. 515-533., 1961

> Koszul J.L., Ouverts convexes homogenes des espaces affines. Math. Z., n°79, 254-259, 1962

> Koszul J.L. Sous-groupes discrets des groupes de transformations affines admettant une frajectoire convexe, C.R.

VvV V VvV V

|21

Acad. Sc. 1.259, pp.3675-3677, 1964

Koszul J.L., Variétés localement plates et convexité. Osaka. J. Math., n°2, 285-290, 1965

Koszul J.L, Lectures on Groups of Transformations, Tata Institute of Fundamental Research, Bombay, 1965
Koszul J.L., Déformations des variétés localement plates, .Ann Inst Fourier, n°18 , 103-114., 1968

Koszul J.L., Trajectoires Convexes de Groupes Affines Unimodulaires. In Essays on Topology and Related Topics;
Springer: Berlin, Germany, pp. 105-110, 1970

Selected Papers of J L Koszul, Series in Pure Mathematics, Volume 17, World Scientific Publ, 1994

Jean-Louis KOSZUL in Sao Paulo — His Work and Legacy — 13/14 Nov. 2019 OPEN I H A L E S



I « La source » of Koszul inspiration: Elie Cartan

| 1935 Elie Cartan paper

> J.L. Koszul source of inspiration is given in this last
sentence of Elie Cartan's 1935 paper where we can
read in the last sentence:

> “Itis clear that if one could demonstrate that all
homogeneous domains whose form _zaz'L(”)dzdz;
is positive definite are symmetric, the whole fheory
of homogeneous bounded domains would be
elucidated. This is a problem of Hermitian geometry

certainly very interesting* — Elie Cartan 1935

- Cartan E., Sur les invariants infégraux de certains
espaces homogenes clos et les proprietés
topologiques de ces espaces, Ann. Soc. Pol. De
Math., n°8, pp.181-225, 1929

- Cartan E., Sur les domaines bornés de I'espace de
n variables complexes, Abh. Math. Seminar
122 " HAMBUrG, VOl T, .116-162, 1935




Filiation Poincare/Cartan/Koszul

« Il est clair que si I'on parvenait @ démontrer que tous

les domaines homogenes dont la forme

. z IogK(z Z) 7,02,
est définie positive sont symetnques, toute la théorie
des domaines bornés homogeénes serait élucidée.
C’est Ia un probleme de géométrie hermitienne
certainement frés intéressant »
Derniére phrase de Elie Cartan, dans « Sur les
domaines bornés de I'espace de n variables
complexes », Abh. Math. Seminar Hamburg, 1935

Henri Poincaré Elie Cartan
(half-plane) n=1 (classification in 6
classes of symmetric
homogeneous
03 deonious KosULinsoo Pl bounded domains)
n<=3

S

Lookeng Hua

Carl Ludwig Siegel

(Siegel space of 1st king and
Symplectic Geometry) ,

(Bergman Kernel, Cauchy and
Poisson ﬁ)f‘SiegeI Domains

e

Ernest Vinberg
(Siegel Domains of 2" kind)

Structure of Information
Geometry
(Koszul Hessian
Geometry)

Jean-Louis Koszul

(hermitian canonical forms of complex
homogeneous spaces, a complex
homogenesous space with positive
definite hermitian canonical form is
isomorphe to a bounded domain,
study of affine transformation groups
of locally flat manifolds)



Koszul filiation with Elie Cartan

24

Je

‘‘[Détecter I'origine d'une notion ou la premiere apparition d'un résultat est
souvent difficile. Je ne suis certainement pas le premier a avoir utilisé des
représentations affines de groupes ou d'algebres de Lie. On peut effectivement
imaginer que cela se trouve chez Elie Cartan, mais je ne puis rien dire de précis.
A propos d'Elie Cartan: je n'ai pas été son éleve. C'est Henri Cartan qui a été mon
maitre pendant mes années de these. En 1941 ou 42 j'ai entendu une breve série
de conférences données par Elie a I'Ecole Normale et ce sont des travaux d'Elie
qui ont été le point de départ de mon travail de thése.] There are many things
that | would like to understand (too much perhaps!), If only the relationship
between what | did and the work of Souriau. Detecting the origin of a notion or
the first appearance of a result is offen difficult. | am certainly not the first to have
used affine representations of groups or Lie algebras. We can imagine that it is at
Elie Cartan, but | cannot say anything specific. About Elie Carfan: | was not his
student. It was Henri Cartan who was my master during my years of thesis. In 1941
or 42, | heard a brief series of lectures given by Elie at the Ecole Normale and it
was Elie's work that was the starting point of my thesis work".

an-Louis KOSZUL in Sao Paulo — His Work and Legacy - 13/14 Nov. 2019 OPEN I H A I E S



Koszul's main papers related tothe elementary structures of
information geometry

» Koszul considers the Hermitian structure of a homogeneous G/B manifold (G related Lie group
and B a closed subgroup of G, associated, up to a constant factor, to the single invariant G,
and to the invariant complex structure by the operations of G).

» Koszul says "The interest of this form for the determination of homogeneous bounded domains
has been emphasized by Elie Cartan: a necessary condition for G/B to be a bounded
domain is indeed that this form is positive definite". Koszul calculated this canonical form from
infinitesimal data Lie algebra of G, the sub-algebra corresponding to B and an
endomorphism algebra defining the invariant complex structure of G/B. The results obtained
by Koszul proved that the homogeneous bounded domains whose group of automorphisms
is semi-simple are bounded symmetric domains in the sense of Elie Cartan. Koszul also refers
to André Lichnerowicz's work on Kdhlerian homogeneous spaces. In this seminal paper, Koszul
also introduced a left invariant form of degree 1 on G:

Y (X)=Tr,|ad (JX)—J.ad(X)J VX eg
» with J an endomorphism of the Lie algebra space and the frace Tr,,[] corresponding to that

of the endomorphism g/b. The Kahler form of the canonical Hermitian form is given by the
differential of -1, w(x) of this form of degree 1.
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Koszul's main papers, related to the elementary structures of
information geometry

» Koszul has developed his previously described theory for Homogenous Siegel Domains
SD. He has proved that there is a subgroup G in the group of the complex affine
automorphisms of these domains (Iwasawa subgroup), such that G acts on SD simply
transitively. The Lie algebra i of G has a structure that is an algebraic translation of the
Kahler structure of SD.

> There is an integrable almost complex structure J on & and there exists 717 @ such that
<X Y >77 = <[JX Y ], 77> defines a J-invariant positive definite inner product on &.
Koszul has proposed as admissible form 77 Q, the form S

P(X)=(X,&)=Trlad(IX)—J.ad(X)] VX en

» Koszul has proved that <X Y >§coincides, up to a positive number multiple with the
real part of the Hermitian inner product obtained by the Bergman metric of SD by
identifying & with the tangent space of SD. The Koszul forms are then given by:

o =— T d¥(X) B =D«
at o THALES
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Koszul's main papers, related to the elementary structures of
information geometry

| 1959 « Exposés sur les espaces homogenes symétriques »

> It is a Lecture written as part of a seminar held in September and October 1958 at the
University of Sao Paulo

» Koszul showed that any symmetric bounded domain is a direct product of irreducible
symmetric bounded domains, determined by Elie Cartan (4 classes corresponding to classical
groups and 2 exceptional domains).

» For the study of irreducible symmetric bounded domains, Koszul refered to Elie Cartan, Carl-
Ludwig Siegel and Loo-Keng Hua.

> Koszul illustrated the subject with two partficular cases, the half-plane of Poincaré and the
half-space of Siegel, and showed that with its trace formula of endomorphism g/b, he found
that the canonical Kdhler hermitian form and the associated metrics are the same as those
infroduced by Henri Poincaré and Carl-Ludwig Siegel (who infroduced them as invariant
metric under action of the automorphisms of these spaces).
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Koszul's main papers, related to the elementary structures of
information geometry

| 1961 « Domaines bornées homogenes et orbites de groupes de transformations
affines »

» It is written by Koszul at the Institute for Advanced Study at Princeton during a stay funded by
the National Science Foundation.

» On a complex homogeneous space, an invariant volume defines with the complex structure
the canonical invariant Hermitian form. If the homogeneous space is holomorphically
isomorphic to a bounded domain of a space Cn, this Hermitian form is positive definite
because it coincides with the Bergmann metric of the domain.

» Koszul demonstrated in this arficle the reciprocal of this proposition for a class of complex
homogeneous spaces. This class consists of some open orbits of complex affine
transformation groups and contains all homogeneous bounded domains. Koszul addressed
again the problem of knowing if a complex homogeneous space, whose canonical
Hermitian form is positive definite is isomorphic to a bounded domain, but via the study of the
invariant bilinear form defined on a real homogeneous space by an invariant volume and an
invariant flat connection.
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Koszul's main papers, related to the elementary structures of
information geometry

» Koszul demonstrated that if this bilinear form is positive definite then the homogeneous space
with its flat connection is isomorphic to a convex open domain containing no straight line in a
real vector space and extended it to the inifial problem for the complex homogeneous
spaces obtained in defining a complex structure in the variety of vectors of a readl
homogeneous space provided with an invariant flat connection.

» It is in this arficle that Koszul used the affine representation of Lie groups and algebras. By
studying the open orbits of the affine representations, he infroduced an affine representation
of G, written (f,q), and the following equation sefting f the linear representation of the Lie
algebra g ofG, defined by f and g the restriction to ¢ and the differential of q (f and q are
differential respectively of f and q):

F(X)aY)-f()aX)=q([X.Y]) ¥VX.,Yeq
with f:a—>gl(E) and q:a— E
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Koszul's main papers, related to the elementary structures of
information geometry

| 1962 « Ouverts convexes homogenes des espaces daffines »

» Koszul is interested in this paper by the structure of the convex open non-degenerate Q (with
no straight line) and homogeneous (the group of affine transformations of E leaving stable Q
operates transitively in Q) in a real affine space of finite dimension.

» Koszul demonstrated that they can be all deduced from non-degenerate and
homogeneous convex open cones built previously.

» He used for this the properties of the group of affine transformations leaving stable a non-
degenerate convex open domain and an homogeneous domain.
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Koszul's main papers, related to the elementary structures of
information geometry

| 1965 « Variétés localement plates et convexité »

» Koszul established the following Koszul's theorem:

+ Let M be a locally related differentiable manifold. If the universal covering of M is isomorphic as a
flat manifold with a convex open domain containing no straight line in a real affine space, then
there exists on M a closed differential form « such that Da (D linear covariant derivative of zero
torsion) is positive definite in all respects and which is invariant under every automorphism of M.

« If Gis a group of automorphisms of M such that G\M is quasi-compact and if there exists on M a
closed 1-differential form « invariant by G and such that Da is positive definite at any point, then
the universal covering of M is isomorphic as a flat manifold with a convex open domain that does
not contain a straight line in a real affine space.

| 1965 « Lectures on Groups of Transformations »
» This is lecture notes given by Koszul at Bombay "Tata Institute of Fundamental Research” on

transformation groups.

> In particular in Chapter 6, Koszul studied discrete linear groups acting on convex open cones in
vector spaces based on the work of C.L. Siegel (work on quadratic forms).

» Koszul used what we will call in the following Koszul-Vinberg characteristic { nililon on %nvex
Iﬁ Jgﬁﬁfﬁs%bﬁoéo.u\o—ws Work and Legacy - 13/14 Nov. 2019 OPEN A L S



Koszul's main papers, related to the elementary structures of
information geometry

| 1968 « Déformations des variétés localement plates »

» Koszul provided other proofs of theorems introduced previously.

» Koszul considered related differentiable manifolds of dimension n and TM  the fibered space
of M. The linear connections on M constitute a subspace of the space of the differentiable
applications of the TMXTM fiber product in the space T(TM) of the TM vectors.

» Any locally flat connection D (the curvature and the torsion are zero) defines a locally flat
connection on the covering of M, and is hyperbolic when universal covering of M, with this
connection, is isomorphic to a sharp convex open domain (without straight lines) in R".

» Koszul showed that, if M is a compact manifold, for a locally flat connection on M to be
hyperbolic, it is necessary and sufficient that there exists a closed differential form of degree 1
on M whose covariant differential is positive definite.

| 1970 « Trajectoires Convexes de Groupes Affines Unimodulaires »
» Koszul demonstrated that a convex sharp open domain in R" that admits a unimodular

transitive group of affine automorphisms is an auto-dual cone.

» This is a more geometric demonstration of the results shown by Ernest Vinberg on the
automorphisms of convex cones.
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The Geomeiry of Hessian Geometry and Koszul forms

> Codazzi Structure (D, g), D is a connexion without torsion: (D, g)Y,Z)=(D,g)(X,Z)

> Hessian structure: (D, g) Codazzi with D is flat => dual structure (D' 9)
with : D'=V —-D (with vy la Levi-Civita connexion)

> For a hessian structure (D, g) with g = Dde,g =D'd¢' and the dual Codazzi
structure(D",g) is also a hessian structure B0

> We have the property that @' is the Legendre transform of @ : P = ZX ox’

> A hessian structure (D, g )is a Koszul structure, if there is a closed 1-form @
such that g =Dw

» Koszul has infroduced a 2-form, that plays same role than Ricci tensor for a
kahlerian metric: ¥ =Da with1-form a , such that Dy v = a(X)v with volume
element v ,and for (D',g) : a'=—a and y'=y—-2Va

> For an homogeneous regular convex cone Q , the hessian structure (D, g) s
given by g =Ddy with Koszul forms ¢ =dlogy and y =0
Volume element v is invariant under the action of automorphisms of €

.
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I Koszul-Vinberg Characteristic Function/Metric of convex cone

| J.L. Koszul and E. Vinberg have introduced an affinely invariant
Hessian metric on a sharp convex cone through its
characteristic function.

| ©is asharp open convex conein avector space E of finite
dimension on R(aconvex cone is sharp if it does not contain
any full straight line).

| @ isthedual coneof € andis asharp open convex cone.

| Let d& the Lebesgue measure on E™ dual space of E, the
following integral:

W, (X) = je_<§’x>d§ VX e Q
e

's called the Koszul-Vinberg characteristic function
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Koszul-Vinberg Characteristic Function/Metric of convex cone

g=d?logy,

_ __[Wudzlogl//udu 1J.quWv(d log v, —d log y, )* dudv
d?logy(x)=d? [Iog jw“du]_ qudu M 2 .U v, v, dudv

*

X =—-a, =—dlogy,(x)

f(x+tu)

t=0

d
(df (x),u) =D, f(x) = pre

Q X =—«

X

(X)) =x <x, x*> =n wo (Xy, - (X7) =cste
X" X~ =arg min{z//(y)/yeQ*,<x, y>:n}

*

x e (xy)=n]
5 X = | gede/ [enEds THAELES



Koszul metric & Fisher Metric

1 (X)
log p, (<)
log p, (&) =—D (&) = P(X) —(X, &)
%log p, (&) _ *[®()—(x.&)]  a*d(x)
Ox*> Ox*? Ox?
1) = _Eg{az log E)X(.»:)} _ 82(D§x) _ 9’ log w09
OX OX OX

1 (x) = —E§[8 'nggx (5)} _& 'ngzzﬂg(X)
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Koszul Metric and Fisher Metric as Variance

S
~&x olog ¥ ,(X) (6
log?Z (X) = log [e “Yd& = D Ee de
“ é‘:‘ OX J‘ <§ dé: .[

82 log ¥ 1 “ >

ETURNTIN RS o |
X (J'e@’”df o o o
. ) 2
= Iog %(X) f & ® ez [ ¢ e | - [&2.p(&)de—| [&£.p (&)de 2
j- §x>d§ o Ie (&x) dé_, 2. - Mx 3 - Py

Q"

S 2 2
1 (X) = _Ef[a O;JXSX (5)} -2 Oagxl/sz(X) =E, [sz]_ E.[&]" =Var (&)
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General Theory: Koszul-Vey Theorem

» Koszul J.L., Variétés localement plates et convexité, Osaka J. Math.,n°2 ,p.285-290, 1965

» Vey J., Sur les automorphismes affines des ouverts convexes saillants, Annali della Scuola
Normale Superiore di Pisa, Classe di Science, 3e série, tome 24,n°4, p.641-665, 1970

Koszul-Vey Theorem:

Let M be a connected Hessian manifold with Hessian metricQ .

Suppose that admits a closed 1-form « suchthat Do = g and

there exists a group G of affine automorphisms of M preserving cx:

-If M /G is quasi-compact, then the universal covering manifold of M
is affinely isomorphic to a convex domain €2 real affine space not
containing any full straight line.

-If M /G iscompact, then Q2 is a sharp convex cone.
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Fisher Metric and Fréchet-Darmois (Cramer-Rao) Bound

1(0)
R; = E[(e— éXH—éH > 1(0)" [16)],; = —E{azg’;arg;&)}
ds2 = Kullback _ Divergence(p,(z), p,,4,(2))
ds? =— _[ p,(z)log pi);dgz()z )dz iz\;\;v(f) ds?
ds? Tﬁzj 9;06,d0" = ;[I (0] ,dodo; =do™.1(6).d6
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Distance Between Gaussian Density with Fisher Metric

1
— 0 :
1(6) = T) 2 avec E{(@—é)(@—é) }ZI(H)1 et 8:(:j

l o
2 Fisher matrix induced the following differential meftric

dm? _do? 2 |(dm)
ds?=d6".1(6).d0=—+2.— = ZKJEJ +(d0)2}

o) o} o)

» Poincaré Model of upper half-plane and unit disk
m - Z— 1
Z=——+i.o @ = : Qco\<1)
2 Z+1
‘da)‘z La géométrie parametres
— d32 = 8. des gaussiennes est la
2 , , . .
. géomeétrie du disque de
(1 ‘ C()l )z oefPOiNcaré

42



1 monovariate gaussian = 1 point in Poincaré unit disk

dm? —i
2 Z |
ds® = 2 2. ' = - (Ia)| = 1)
O Z +1
Fisher Metric in
Poincaré Half-Plane
Oy | ‘Il\'l‘
‘ f-__,_.-”/.
Poincaré-Fisher metric . 7 2
. ] S 1+ 5(0)(1) a)(Z))
In Unit Disk d?({m, o t,{m o, })=2]lo ’
|d |2 ({ ,0, 4, {m, 2}) 91_5(60(1)’60(2))
a
dSZ — 8. . with 5(0)(1) w(z)) ~ o® — ?®
(1 — |a)| )Z ’ 1- oV o'®”




Information Geometry & Machine Learning

2 This simple gradient descent has a first drawback of using the same non-adapftive
learning rate for all parameter components, and a second drawback of non
invariance with respect to parameter re-encoding inducing different learning
rates. S.I. Amari has infroduced the natural gradient to preserve this invariance to
be insensitive to the characteristic scale of each parameter direction. The
gradient descent could be corrected by 1(8)™ where | is the Fisher information
matrix with respect to parameter @ , given by: al (y )T

t t

0, < 6, —nl (‘9t—1)_1 e

| (9) :[gij] 00
with g, :{_Ewp(y/e) {82 log p(y/@)ﬂ :{Ew(ym) {alog p(y/6)alog p(y/@):H

06,00, o6 86,

i j
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I Information Geomeiry & Machine Learning : Legendre structure

| Legendre Transform, Dual Potentials & Fisher Metric

2 S.I. Amari has proved that the Riemannian metric in an
exponential family is the Fisher information matrix
defined by:

g = o'®
' 10600, |,

» and the dual potential, the Shannon entropy, is given
by the Legendre transform:

kulqme)=~409je*&”dy
R

M and QZM

S(n) =(6,1m)—D(#) with 7, = ” on
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D(6) _ D(O)-S(n)
o 6-0

Classical Geometry
(curveis given by a
continuum of points)

S(n)={0.n)-@(©0)
o0(0) _

Plicker Geometry
(curveis given by the
envelop ofits tangents )

~ with 688_(77):9 and ———=p
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Fisher Metric and Koszul 2 form on sharp convex cones

> J.L. Koszul and E. Vinberg have infroduced an affinely invariant Hessian metric on
a sharp convex cone through its characteristic function

@, (0) =-log _[ e—<9,y>dy =—logy,(6) with 8 € Q2 sharp convex cone F?
o

4
1

- - '

W, (0) = _[ e‘<‘9'y>dy with Koszul-Vinberg Characteristic function - -
) ' 3
> 1st Koszul form a: & = d(DQ(Q) =—d log ‘//Q(g) . |
> 27d Koszul form y: y = Da = Dd logy, (6) Je“"'L°”is Koszul
(Dd Iogz//Q(x))(u):l// %u){ J F(&)2dé j G((f)zd(f—( j F(§).G((§)d§] ] >0 with F(g):e%m and e(§)=e*%<x,g> (u,&)
Q Q Q Q _<§,9>
. e
> Diffeomorphism: n=a =-dlogy,(0) = jfpe (&)dE with p, (&) ==
Ie <§’9>d§

> Legendre ’rrcmsform S (77) (0,n)—® (9) with 7=d®_(0) and 0 ds,, (1)
L e e e THALES



I Fisher Metric and Souriau 2-form: Lie Groups Thermodyamics

| Statistical Mechanics, Dual Potentials & Fisher Metric

2 In geometric statistical mechanics, J.M. Souriau has developed a “Lie groups
thermodynamics” of dynamical systems where the (maximum entropy) Gibbs
density is covariant with respect to the action of the Lie group. In the Souriau
model, previous structures of information geometry are preserved:

l(m:—g;qi with ©()=—log [e¥Y9dz UM g
10V () with 0B i+ ang 5o BQ
SQ)={4.0)-2() with Q="_Feq’ and f== = eq

Jean-Marie Souriau

» In the Souriau Lie groups thermodynamics model, # is a “geometric” (Planck)

temperature, element of Lie algebra g of the group, and Q is a “geometric”
heat, element of dual Lie algebra g of the group.
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A Tribute and Memorial to Jean-Louis Koszul
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Jean-Louis Koszul (January 3, 1921 — January 12, 2018) was a French mathematician
with prominent influence to a wide range of mathematical fields. He was a second
generation member of Bourbaki, with several notions in geometry and algebra named
after him. He made a great contribution to the fundamental theory of Differential
Geometry, which is foundation of Information Geometry. The special issue is dedicated to
Koszul for the mathematics he developed that bear on information sciences.
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