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Abstract

For graphs G and F, write G — (F), if any coloring of the edges of G with ¢ colors yields
a monochromatic copy of the graph F. Let positive integers h and d be given. Suppose S
is obtained from a graph S with s vertices and maximum degree d by subdividing its edges h
times (that is, by replacing the edges of S by paths of length h + 1). We prove that there exits
a graph G with no more than (log s)2%%s'+1/("+1) edges for which G — (S(), holds, provided
that s > so(h,d, ), where so(h,d,?) is some constant that depends only on h, d, and ¢. We
also extend this result to the case in which @ is a graph with maximum degree d on g vertices
with the property that every pair of vertices of degree greater than 2 are distance at least h+ 1
apart. This complements work of Pak regarding the size Ramsey number of ‘long subdivisions’

of bounded degree graphs.

1 Introduction

For graphs H and G and an integer ¢, we write H — (G), if every coloring of the edges of H
with ¢ colors contains a monochromatic copy of G. In the two-color case (¢ = 2), we omit the
subscript and simply write H — G. For a graph G, the study of which graphs H have the
property H — (G is a major area of research in extremal combinatorics. One of the most well-

known questions of this nature is to determine the Ramsey number r(G), which is the minimum
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tially supported by the NSF grant DMS 1301698. The third author was supported by the NSF grants DMS 1102086
and 1301698 and by CORES ERC CZ LL1201. FEmail addresses: yoshi@ime.usp.br, tretter@emory.edu,
rodl@mathcs.emory.edu
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number of vertices in a graph H with the property H — G (naturally, in this definition, H can be

restricted to be a complete graph). Analogously, the ¢-color Ramsey number is
re(G) := min {|V(H)| CH - (G)g}.

A variation of this problem, introduced by Erdés, Faudree, Rousseau, and Schelp [§] in 1978, asks
for the minimum number of edges in a graph H with the property H — G. This is the size Ramsey

number of G and is often denoted by 7(G). Similarly, the ¢-color size Ramsey number of G is
7(G) := min {\E(H)| H - (G)g}.

Trivially, 7(G) < (T(QG )) holds and a simple argument, attributed to Chvétal in [8], shows that
equality holds for the case when G is the complete graph K,: 7(K,) = (T(IQ(”)). For many sparse
graphs G, as we will see, the bound 7(G) < (T(QG )) is far from optimal.

One of the first problems investigated regarding the size Ramsey number was to determine the
behavior of the function 7(P,), where P, is the path on n vertices. Erdés asked the following

version of this question in [7]: Is it true that
7(Pn)/n — oo and 7(Py)/n? — 07

This was answered in the negative by Beck [2], who, using probabilistic methods, proved that 7(P,,) <
900n. This result was extended in [I4], where it was established that cycles also have linear size
Ramsey numbers (in fact, it was shown this even holds for the induced version of the size Ramsey
number). Another extension by Friedman and Pippenger [10] established the linearity of the size
Ramsey number for trees with bounded degree. More recently, Dellamonica [6] was able to de-
termine asymptotically the size Ramsey number of general trees, confirming a conjecture of Beck.
Other related results include [13] [16].

A significant open problem is to determine the largest possible size Ramsey number of a graph
of a given order and a given maximum degree. Letting A(G) denote the maximum degree of G, we

define this function of interest by
#(n, d) := max {?(G) L V(G)| =n, AG) < d}.

In [3], Beck asked if 7(n,d) is always linear in n for fixed d. This was settled in the negative by
R6dl and Szemerédi [24], who established that

r(n,3) = Q(n(log n)l/ﬁo).

Indeed, they constructed graphs G, of order n and maximum degree 3 and argued that if H is any
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graph with fewer than 10~'n(logn)/% edges, then H does not have the property H — G,,. In the

same paper, it was conjectured that for all d there exists €4 > 0 such that
nited < P(n,d) < n?cd, (1)

The upper bound in was subsequently proved by Kohayakawa, Rodl, Schacht, and Szemerédi
in [19]. The lower bound in (1)), however, remains open and closing the rather large remaining
gap between the upper and lower bounds for 7(n, d) is of considerable interest. For further results
on size Ramsey numbers, see [9, 211, 22], 23], or the more general recent survey on graph Ramsey

theory [5].

Subdivisions of Graphs

For a graph S and positive integer h, the h-subdivision of S, denoted S, is the graph obtained
by replacing each edge of S with a path on h internal vertices as demonstrated in Figure [I] for the
case h = 2. Having in mind that the size Ramsey number of trees is quite well-understood and
that much regarding the size Ramsey number of bounded degree graphs remains open, we believe

it is of interest to investigate the size Ramsey number of subdivisions.

(a) A graph S (b) The subdivided graph S()

Figure 1: A graph and its subdivision

The size Ramsey number of ‘long’ subdivisions of bounded degree graphs, which are subdivided
graphs S where h > clog|S"| and the maximum degree of S is bounded, were studied by
Pak [20] in 2002. Pak conjectured that 7(S() is linear in terms of |S")| for such subdivisions and,
by using results on mixing times of random walks on expanders, proved this conjecture up to a
polylogarithmic factor.

Our main result relates to the size Ramsey number of ‘short’ subdivisions of bounded degree
graphs, which are subdivided graphs S where h and the maximum degree of S are fixed and
the number of vertices |V (5)| is relatively large. To state a more general form of this result, we

introduce the following definition.

Definition 1 (Universal Size Ramsey Number). For h,d,¢,s € Z", define the universal size Ram-
sey number USR/(h,d, ¥, s) to be the smallest number of edges in a graph H that has the following

universal Ramsey property:
H— (S (h’))g for every graph S on s vertices with maximum degree d.

3
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Theorem 2. For any h,d,{ € Z*, there exists so such that for all s > sg,
USR(h,d, (,s) < (log s)20hgt+1/(h+1), (2)

A corollary of Theorem [2]is that for any A > 1 and d > 1, there exists sg such that if S is any

graph on s > sy vertices with maximum degree d,
F(SM) < (log 5)20h st /(1)

A short counting argument yields the following lower bound.

Theorem 3. For all h,d,?,s € Z+ with d > 3,
USR(h,d, ¢, s) > USR(h,d, 1,s) > s'T1/(h+1)=2/d(h+1)+o(1) (3)

where o(1) — 0 as s — 0.

The first inequality in is trivial. The second inequality gives a lower bound for the number
of edges in any graph H that contains S(" as a subgraph for every graph S of maximum degree d
on s vertices. Observe that for large d, the exponent in is close to the exponent in ({3).

We will also show that the proof of Theorem [2| can be extended to give the following more

general theorem.

Theorem 4. For any h,d,f € 7", there exists a constant qy such that the following holds. If Q
is a graph with maximum degree at most d on q > qqo vertices with the property that every pair of

vertices of degree greater than 2 are distance at least h + 1 apart, then
?Z(Q) < (log Q)Qth1+1/(h+1).

We believe that the power of the logarithm in both Theorems [2| and 4] could be substantially
reduced, although our method does not allow for the dependency of the power of the logarithm on h
to be removed. For the sake of celerity of presentation, we have opted not to make any attempt to
optimize this power. We do believe, however, that removing the dependency on h or removing the

logarithm entirely would be of interest. We also ask the following.

Question 5. For every integer d, does there exist a constant cq such that
F(SM) < cghs' 1/ (HD)

for every integer h and for every graph S on s vertices with maximum degree d?
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Notation

We use fairly standard notation, including the following. For a graph H and vertex subsets X
and X9, we let Fpy(Xi,Xs2) be the the set of edges between X; and Xo and epy(Xp, X2) =
|Er (X1, X2)|. When unambiguous, we omit the subscript. Unless explicitly noted otherwise, a
subgraph need not be induced. Also, as is standard, we omit floors and ceilings that do not affect

the asymptotic nature of our calculations.

Organization

The rest of this paper is organized as follows. Sectionintroduces an Fxistence Lemma (Lemma,
a Coloring Lemma (Lemma E[), and an Embedding Lemma (Lemma , and then establish Theo-
rem [2 based upon these lemmas. The proofs of these lemmas are deferred to Sections and
respectively. Section [6] addresses Theorem [B] Section [7] addresses Theorem [4

2 Proof of Theorem [2

The proof of Theoremis based on an Ezistence Lemma (Lemma, a Coloring Lemma (Lemma@,
and an Embedding Lemma (Lemma . The Existence Lemma will establish the existence of
a sparse graph G that has several properties including being a member of a class of graphs
called Z(N, p) (Definition [8). The Coloring Lemma will establish that, since G € Z(N,p), any /-
coloring of the edges of G yields a monochromatic subgraph H that is a member of a class
of graphs called H(h,n,e,q) (Definition . For appropriate parameters, we will have that the
graph H € H(h,n,e,q) is also in a class of graphs called J(h,n,d) (Definition . For any
graph S on s vertices that has maximum degree d, the Embedding Lemma will then establish that,
since H is in J(h,n,d), the graph S () can be embedded into H. These lemmas together will
be used to establish that G — (S(), for any graph S on s vertices with maximum degree d, as
desired. The objective of this section is to introduce the terminology required to state these three
lemmas and then to prove Theorem [2

The following class describes graphs obtained from blowing up the cycle Cy, 41 by replacing each
vertex by an independent set of size n and each edge by an arbitrary bipartite graph. In this
definition and elsewhere, we say that H is a graph on |_|£‘;“11 X; if X4, Xo, ..., Xpy1 are pairwise
disjoint sets and V(H) = U?;l X;. For notational convenience, we will index the sets X; modulo

h + 1; in particular, we set Xp10 := X1 and Xg := Xp41.

Definition 6. Let H(h,n) be the set of all graphs on |_|?;Ll1 X, such that both the following hold:
(i) |X;| =n for alli € [h+ 1].

(i) E(H) =5 En(Xi, Xin)-



125 The following subclass of H(h, n) describes graphs where the bipartite graphs induced on (X;, X; 1)

126 have density ¢ and uniformly distributed edges.

127 Definition 7. Let H(h,n,e,q) be the set of all graphs H on |_|?:+11 X; that are in H(h,n) and

18 satisfy the following additional two properties:
o (i11) e(X;, Xip1) = qn? for all i € [h +1].
o  (w) For any integer i € [h + 1] and vertex subsets X; C X; and X;11 C X1 each of size

131 |)?Z|, |5(>7;+1| > en,

(1 —&)q|Xi|| Xiz1| < e(Xi, Xit1) < (14 €)q| Xsl| Xipal-

132 In the context of the random graph G(NV,p), the next definition introduces a class of graphs

133 having neither ‘dense bipartite patches’ nor ‘large bipartite holes’.

13« Definition 8. Let Z(N, p) be the set of N-vertex graphs G that have both the following properties:

135 (i) For all disjoint sets Vi,Va C V(G) with 1 < |Vi| < |Va| < pN|Vi|,
e(V1,V2) < p[Vi[[Va| + €*V6 - /pN|VA[[Val.

s (ii) For all disjoint sets Vi, Vo C V(G) with |Vi],|Va] > N(log N)~L,

(1/2) - pIVi||Va| < e(Vi, V2) < 2 p|V4|[Val.

137 The following lemma is a deterministic statement about the previous two classes of graphs.

133 Lemma 9 (Coloring Lemma). For any ¢ € RT and h,{ € Z*, there exist t,ny € Z* such that, for

130 allmn > nq,
140 q := 4(log n)?n~ 11/ (41 N :=tn, and p:=4dq,

w every graph G € Z(N,p) has the following property. Any £-coloring of the edges of G yields disjoint
w2 vertex subsets X1, Xo,..., X1 C V(G) and a monochromatic subgraph H on |_|Z»Li11 X; such that
143 HEH(h,TL,&“,q).

144 The Existence Lemma, which we state next, establishes that there exists a graph G on N
us vertices that exhibits several properties including being in Z(N, p). Combined with the Coloring
us Lemma, this gives that, for appropriate parameters, any ¢-coloring of such a graph G will not only
17 contain a monochromatic copy of some H € H(h,n,e,q), but one that inherits certain additional

us  desirable properties which will be used to embed S . We now describe these additional properties.

19 Definition 10 (Path Abundance). Let H be a graph on U?Ill X; with H € H(h,n).

6
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e For vertices u,v € Xi, a transversal path between u and v is an (undirected) path with
endpoints u and v that has exactly h 4+ 2 vertices and exactly one vertex from each X; for
alli e [h+ 1]\ {1}.

e H is (1—6,logn)-path abundant if for at least (1—0)(5) pairs of vertices {u,v} € ()gl), there

are at least logn transversal paths between u and v that are pairwise edge-disjoint.

Definition 11 (Cluster-Free). Let F' be a graph and L C (V(QF)) be a set of pairs of vertices in F'
(which need not correspond to edges). Let V(L) := Uy, pyec{u, v} and Z C V(F) be a subset of
vertices with Z NV (L) = 0.

e An (L, Z, h,logn)-cluster is a set of paths P such that:

— For every P € P, the path P has exactly h + 2 vertices.
— For every path P € P, the endpoints u and v of P are such that {u,v} € L.
— For every P € P, the path P does not have an internal vertex in V(L).

— For every {u,v} € L, exactly logn paths in P, have endpoints u and v.

For every pair of paths P and Pin ‘Pr, the paths P and P are edge-disjoint.

For every P € P., the path P has exactly one internal vertex in Z.

e We say that F' is (h,n)-cluster free if F' does not contain an (L, Z, h,logn)-cluster for ev-
ety £ (V) and Z ¢ V(F) with |£] < n(logn)~%" and |Z| = h?|L].

It follows from this definition that the graph obtained by taking the union of the paths in
an (L, Z, h,log n)-cluster has at most 2|L|+|Z|+|L|(logn)(h—1) vertices and exactly |£|(logn)(h+
1) edges, as well as a very specific structure. Also, observe that if F' is (h,n)-cluster free, then any

subgraph F of F will be (h,n)-cluster free as well.

Lemma 12 (Existence Lemma). For all h,¢ € Z" and § € R, there exists € € R™ such that, for
any t € ZT, there exists ny € Z for which the following holds. For any n > na,

q := 4(log n)2n 11/ (h+1), N :=tn, and p:=4dq,
there exists a graph G on N wertices satisfying all of the following properties:
(i) Every vertez in G has degree at most (logn)>n!/(h+1),
(it) G is (h,n)-cluster free.
(iii) G € I(N,p).

(iv) For all disjoint subsets X1, Xa, ..., Xpy1 C V(G), every (not necessarily induced) subgraphs H
on |_|Zh;“11 X; with H € H(h,n,¢e,q) is (1 — J,logn)-path abundant.

7
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Observe that if G is any graph satisfying property (i) in the Existence Lemma then, by the
Coloring Lemma, any {-coloring of G yields a monochromatic copy of some H € H(h,n,e,q).
Moreover, if G also satisfies property (iv) in the Existence Lemma, then the monochromatic copy
of H must be path abundant. Additionally, if G satisfies properties (i) and (4) in the Existence
Lemma, then the path abundant monochromatic H must also satisfy properties (i) and (éi) in
the Existence Lemma. Such a graph H is described by the following definition. Note that this

definition has no dependency on e.

Definition 13. Let J(h,n,d) be the set of all graphs H on |_|?:+11 X, that are in H(h,n) and satisfy
all the following:

(i) Every vertex in H has degree at most (logn)3n!/(h+1),
(ii) H is (n,h)-cluster free.
(iit) H is (1 — d,1logn)-path abundant.

Our final lemma establishes that every H € J(h,n,d) has the desired universal property to
slightly smaller graphs provided ¢ is sufficiently small.

Lemma 14 (Embedding Lemma). For all h,d € Z*, there exist § € R and n3 € Z* such that,
for all n > ng, the following holds. Every graph H on U?ill X; with H € J(h,n,0) is universal to

the set of graphs

{S(h);|v(5)|: n handA(S)gd}.

(logn)?
Proof of Theorem 2|

We will now prove our main result based upon the three lemmas we have stated.

Proof of Theorem[9. Consider any h,d,{ € Z". Recall that Lemmas and |§| are quantified

as follows.

I4: Vh,d 36,ns3
I02: Vh 6,6 3 Wt Tng
I0: Vh,te, It,n

A sequential application of Lemmas 9 and [12] yields
§:=0"n d), n3:=ni(n, aq),

€= 6m(h,€, J),
t:= tm(h,é,a), ny = nf@(h,é,a),

8
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ng = n%m(h,ﬂ, d,e,t).
Set s := max{ni, na,n3, e’} and consider any s > so. Take
n := (log s)8"s, N = nt, q := 4(log n)2n 11/ (41, and p = 4lq.

Observe that n > s > sp. From the Existence Lemma (Lemma , we obtain a graph G on N
vertices that satisfies the properties (i)—(iv) in the Existence Lemma. We will now show that G
has the desired universal Ramsey property. That is, consider any ¢-coloring of the edges of G.
We will show that G contains a monochromatic copy of S™ for every graph S with |V (S)| = s
and A(S) < d.

Since G € Z(N,p), by the Coloring Lemma (Lemma [J), this coloring of G yields disjoint
vertex subsets Xi, Xo,...,Xp11 C V(G) and a monochromatic subgraph H on |_|?:+11 X, with
H € H(h,n,e,q). Since G also exhibits properties (i)—(iv) in the Existence Lemma, the monochro-
matic subgraph H on |_|?;r11 X; must be a member of the class J(h,n,d). By the Embedding
Lemma (Lemma , the monochromatic subgraph H is universal to the family of graphs {S (h) .
[V (S)| = n(logn)~™ and A(S) < d}. Since n = (log 5)®"s was chosen so that s < n(logn)~"", this
gives that H is also universal to {S™) : [V(S)| = s and A(S) < d}, as desired.

Having established that G has the desired universal Ramsey property, we will now count the
number of edges in G. Based upon the maximum degree in G being at most (log n)?’nl/(h“‘l) (and
using logn < (logs)?, 14+ 1/(h+1) < 3/2, and n > 2%), the number of edges in G is at most

(logn)3n1/(h+l)N < (logn)4n1+1/(h+1) < ((log 3)2)4((10g S)Sh)3/281+1/(h+1) < (10g 8)20h31+1/(h+1).

This completes the proof of Theorem O

3 Proof of the Coloring Lemma

This section is devoted to proving Lemma @ For the remainder of this section, fix ¢ € RT and
h,t € Z and set

q(n) == 4(logn)?n—1+1/(h+1) and p(n) := 44q.

We must show there exists an integer ¢ so that for sufficiently large n and N := tn, any ¢-coloring
of any graph G € Z(N, p) yields disjoint vertex subsets X1, Xo, ..., Xp+1 C V(G) and a monochro-
matic subgraph H on |_|Zh:+11 X; with H € H(h,n,e,q) (see Definitions |8 and @)

Our approach to finding a monochromatic subgraph H € H(h,n, e, q) will be to first find several
intermediate classes of graphs. The main idea will be to first find a monochromatic subgraph Ho
(in the class Hg defined below) in which the number of vertices and edges are controlled but not

yet exactly correct. We then transition to a subgraph H; C Hj (in the class H; defined below)
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in which the number of vertices is precisely as desired and the number of edges is still controlled.
Finally, we will obtain a subgraph H C Hy with H € H(h,n,¢e,q) in which both the number of
vertices and the number of edges are exactly as desired.

To define the intermediate classes of graphs, we need the following pair of definitions.

Definition 15 ((n)-regular). Forn € R™, we say that the bipartite graph E(X;, X;11) is (n)-regular
if, for every Xl C X; and Xi-i—l C Xin1 with |Xl| > "7’X1| and |)/(\Vi+1’ > 77|Xi+1’;

e(X1, Xit1) < e(Xi, Xit1) < (1+n)6(X1,Xi+1)

(1—mn) < —="=—-< T
| X | X1 | X || X i1 | | X[ | X1

Definition 16 (Density). We say that the bipartite graph FE(X;, X;+1) has density

e(Xs, Xit1)

di = —o—1-
X X

Definition 17 (Intermediate Graph Classes).

e Hao(h,n,e2,q): A graph Hs on U?ill Wi is in Ha(h,n,e9,q) if, for some integer m satisfying
4n < m < nlogn, all the following hold:

(i) |W;i| =m for all i € [h+ 1].

(i) E(Hs) =) By, (Wi, Wis).

(@ii) For each i € [h + 1], the bipartite graph Ep,(W;, Wit1) is (e2)-regular.
)

For each i € [h + 1], the bipartite graph Ep,(W;, Wit1) has density d; satisfying 2q <

(iv

e Hi(h,n,e1,q): A graph Hy on U?:ll X; is in Hi(h,n,e1,q) if all the following hold:

(i) |X;| =n for all i € [h+ 1].

)
(ii) B(H) =i Ew, (X5, Xiga).
(#i) For each i € [h + 1], the bipartite graph Em, (X, Xi+1) Is (e1)-regular.
) For each i € [h+1], the bipartite graph Ey, (X;, Xi+1) has density d; satisfying (3/2)q <

d; < 12¢4q.

(iv

e H(h,n,e,q): Recall that H(h,n,e,q) was introduced in Definition m It follows from this
definition that a graph H on |_|Zh;“11 X; is in H(h,n, e, q) if all the following hold:

(i) |X;| =n for all i € [h+ 1].
(i) BE(H) =5 Er(Xi, Xis).

(#i) For each i € [h + 1], the bipartite graph E(X;, X;+1) is (¢)-regular.

10
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(iv) For each i € [h + 1], the bipartite graph E(X;, X;+1) has density d; satisfying d; = q.

We will now state three claims. The first claim (Claim will establish that, for appropriate
parameters, any (-coloring of any graph G € Z(N,p) contains a monochromatic subgraph Hy €
Ha(h,n,e2,q). The next claim (Claim will establish that, for appropriate parameters, any
graph Hy € Ha(h,n,e2,q) contains a subgraph Hy; € Hi(h,n,e1,q). The final claim (Claim
will establish that, for appropriate parameters, any graph Hy € Hj(h,n,e1,q) contains a subgraph
in H € H(h,n,e q). These claims will then be used to prove the Coloring Lemma.

Claim 18. For any g5 € RT, there exists t € ZT such that, for every sufficiently large integer n
and N := tn, every graph G € Z(N,p) has the following property. Any £-coloring of the edges
of G yields disjoint vertex subsets Wi, Wa, ..., Wy11 C V(G) and a monochromatic subgraph Hs
on |_|£Li11 W, with Hy € Ha(h,n,e2,q).

Claim 19. For any e1 € R™, there exist 5 € RT such that, for every sufficiently large integer n
the following holds. Every graph Hs on U?jll W, with Hy € Ha(h,n,e2,q) contains vertex subsets
X; C W; and a subgraph Hy C Ha on [_]?;“11 X, such that Hy € Hi(h,n,e1,q).

Claim 20. For any ¢ € R*, there exist €1 € R such that, for all sufficiently large n, the following
holds. Every graph Hy on |_|?:11 X; with Hy € Hi(h,n,e1,q) has a monochromatic subgraph H on
U?;rll X; such that H € H(h,n,e,q).

The proofs of Claims and 20| will be provided in Subsections and [3.3] respectively.
We will now show how these claims establish the Coloring Lemma. Recall that we have already

fixed €, h, and ¢ and defined g(n) and p(n) at the beginning of this section. Fix
g1 := (e, ey 1= eS(e), and 8 — ¢(ey).

Let n be any sufficiently large integer and define N := tn. Consider any ¢-coloring of any graph G €
Z(N,p). Claim (18 yields disjoint vertex subsets Wi, Wa, ..., W1 C V(G) and a monochromatic
subgraph Hs on |_|?:+11 W; with Hy € Ha(h,n,e2,q). Claim |19 gives vertex subsets X; C W; and a
subgraph H; C Hy on U?ill X; such that Hy € Hi(h,n,e1,q). Claim [20| gives that the graph H;
on |_|?;r11 X, contains a subgraph H on U?ill X; with H € H(h,n,e,q). This completes the proof

of the Coloring Lemma.

3.1 Proof of Claim [1I8

This whole subsection is devoted to the proof of Claim Consider any eo € RT. We must
show that there exists ¢ € ZT such that, for every sufficiently large integer n and N := tn,
every graph G € Z(N,p) has the following property. Any /¢-coloring of the edges of G yields a
monochromatic subgraph in Ha(h,n, 2, q).

Let r¢(Kp11) denote the ¢-color Ramsey number for Kpq, i.e., the least integer j such that
every {-coloring of the edges of the complete graph K yields a monochromatic copy of Kj11. Set
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r =1y Kpi1), Ereg = min{1/r?, ey/20}, and Kmin := 7.

Observe that every graph on k > ky, vertices with at least (1 — Ereg)(g) edges contains a copy
of K,. Having defined ey and kmin and having fixed the integer ¢ at the beginning of this section,
we will procure the integers kmax, No, and Dy from the sparse regularity lemma. Its statement

requires the following definition.

Definition 21 ((n, p)-regular). We say that the bipartite graph E(X;, X;+1) is (n, p)-regular if, for
every X; C X; and X;11 C Xip1 with |X;| > 0| X;| and | Xiy1| > 1| Xis),

e(X1, X; e )?,)?
( 1 z+1) B (Az Az+1) STIP- (4)
| X[ X | X | X1

The following is a suitable variant of Szemerédi’s regularity lemma for sparse graphs [17, 18]
(see also [12] 25]).

Fact 22 (Sparse Regularity Lemma). For every erg € RT and integers kuyin,¢ € Z*, there ea-
ist kmax, No, Do € ZT such that the following holds. Consider any integer N > Ny and real
number p with pN > Dy, and any set of graphs G1,Ga,...,Gy on the same vertex set [N] that
each satisfy property (i) in the definition of Z(N,p) (Definition @) Then there exists an integer k
satisfying kmin < k < kmax and a vertex partition [N] = V3 U Vy--- U Vi that has the following

properties.
e For alli € [k], we have |V;| = N/k.

e For at least (1 — eyeg) (g) of the pairs {i,j} € (U;}), all the bipartite graphs Eg,, (Vi, V;), where
U e [l), are (greg, p)-regular.

Having obtained kpax, No, and Dy from the above lemma, set
t = 4kmax-

Let n be any integer large enough so that N = nt > Ny and pN = 4t(logn)?n'/(+D > Dy,
Consider any graph G € Z(N, p) and any ¢-coloring of G. Our goal is to show that this arbitrary
edge coloring of G yields a monochromatic subgraph in Ha(h,n,e2,q).

Observe that this coloring corresponds to a partition of E(G) into subgraphs G1,Ga,...,Gy
which each inherit property (¢) in the definition of Z(N, p). Hence, by the Sparse Regularity Lemma,
there exists an integer k satisfying kpyin < k < kmax and a vertex partition V(G) =V, UVa--- UV
into classes of size m := N/k such that for at least (1 — Ereg)(g) of the pairs {i,j} € ([gl), the
bipartite graph E(V;, V;) is (ereg, p)-regular with respect to every color class.

Define an auxiliary cluster graph on [k] by joining vertex i to vertex j if the bipartite graph E(V;, V)
is (€reg,p)-regular with respect to every color class. The cluster graph has k > kmpin vertices and at

least (1 — €reg) (g) edges, implying that the cluster graph contains a copy of K.
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Define a coloring of this copy of K, in the cluster graph with the color set [¢] as follows. Color
the edge ij with color ¢ € [¢] if the bipartite graph E(V;, V) has density at least 2¢ in color ¢'.
Edges may be colored with multiple colors, but every edge will receive at least one color because
condition (i) in the definition of Z(n,p) guarantees that the bipartite graph E(V;, V;) has density
at least (1/2)p = 2¢q. By the definition of the Ramsey number r, this ¢-coloring of K, contains a
monochromatic copy of Kj 1, and hence a monochromatic copy of the cycle Cj 41 in some color ¢'.
This corresponds to sets Wy, Wa, ..., Wy of size m = N/k so that, for each ¢ € [h+1], the bipartite
graph Eg,, (Wi, Wiy1) i (ereg, p)-regular with density d; satisfying 2q < d; < 8(q, where the upper
bound on d; follows from condition (i) in the definition of Z(n,p). Observe that m = N/k >
N/kmax = 4n and that m < N < nlogn. To complete the proof, we must only demonstrate that
every (ereg, p)-regular graph E(W;, Wii1) havmg density d; satlsfymg 2q < d; < 8lq is also (e2)-
regular. To this end, consider any subsets W; c W; and VVZH C Wit with |W| H/VH1| > eom.
Since E(W;, Wit1) iS (&reg, p)-regular and (Wi, [Wiga| > eam > EregM, it follows from Deﬁn1t1on

that o
e(Wi,Wit1)  e(W;, Wiyq)

(Wil Wisal (Wi [Wipd |

< EreghP-

Furthermore, since d; > 2g = p/2¢ and g < €2/2¢, this gives that

e(Wi,Wit1) e(/\m,lﬂ\/iﬂ) < frogp < 6—2(2€di) _ 2€(W1,Wi+1)’
(Wil [Wita] (Wil |Wis1] 20 [ Wil [Wita]
which implies
Wi, W; W, W; Wi, W;
(1 —82)6( L +1) < ( +1) < (1 +82)7€( ! +1).
(Wil [Wisal = [Wy|| Wi (Wil [Wi 1]

This concludes the proof of Claim

3.2 Proof of Claim [19

In this subsection we give the proof of Claim Consider any £; € R*. We must show that there
exist g € RT such that, for every sufficiently large integer n, every graph in Ho(h, n, €2, q) contains
a subgraph in Hi(h,n,e1,q).

Set f:=1/2 and & := £1/2. We obtain the positive real number 2 and the constant ¢ from
the following lemma. Roughly speaking, the lemma asserts that most induced subgraphs of a (g2)-
regular bipartite graph can be made (e1)-regular by the deletion of only a few vertices provided

that €9 < e1. This basic idea of the lemma is shown in Figure

Fact 23 (Corollary 3.9 in [11]). For all 0 < 5 < 1 and & > 0, there ezists e2,¢ > 0 such that
the following holds for any (e2)-regular bipartite graph E; = E(W;, W;y1) with density d; satisfying
2n > cd;l.

13



352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

Figure 2: Given an (e2)-
regular bipartite graph F; =
E(W;,W;41), the induced bi-
partite graph EEZ(/WZ, /W/L'+1)
is in G if therg\ exists small
subsets AZ-C C W; and Bic -
E@’H such that, for A4; :=
VVZ'+1 \ AZC and Bl = i+1 \
BZ-C , the induced bipartite
graph EEZ (AZ,Bl) is (é\l)—
regular with appropriate den-
sity.

e Let G be the set of induced subgraphs EEl(/WZ, /Wi_l,_l) C E(W;, Wii+1) which have the following
property: There exist A; C /VI?Z and B; C ﬁ/\H_l with |4;] > (1 — 51)|/VI72\ and |B;| > (1 —
51)]/1/171'“\ such that the induced bipartite graph Eg,(A;, B;) is (€1)-regular with density (SZ\Z
satisfying (1 — &1)d; < c/l; < (1+¢&1)d;.

Then the number of induced subgraphs EEZ(WZ, /V[Z-H) with ﬁ/\z S (?;1) and Wi+1 S (m;l;{l) that are

not in G is at most 62"(“;2") (\Vlg;ﬂ)‘

Having obtained €2 and ¢ from the above lemma, let n by any integer large enough so that 2n >
cq~'. Now consider any graph Hs on |_|?:+11 W; with Hy € Ha(h,n,e2,q). For some fixed integer m
satisfying 4n < m < nlogn, we have that |W;| = m for all i € [h+1]. Recall that our aim is to show
that there exist a collection of n element subsets {X; C W; : i € [h+1]} so that, for each i € [h+1],
the induced bipartite graph E(X;, Xit+1) is (e1)-regular with density between (3/2)q and 12/q.

To this end, we first consider a random selection of 2n element subsets {/1/17Z CW;:ielh+1]}
By the union bound and Fact (applied with |W;| = |W;41| = m and having § = 1/2), with
probability at least 1 — (h + 1)(1/2)?" > 0, this random selection of subsets will have the property
that, for each i € [h 4 1], the bipartite graph E; := E(/I/IZ, Wi_i'_l) is in G (as defined in Fact .
Hence, we may fix such a selection {/WZ C Wi :i € [h+1]} of 2n element subsets such that each of
the bipartite graphs E; = E(/I/IZ, Wi.}rl) are in G. Now, for each i € [h + 1] and associated bipartite
graph E; = E(/V[Z, Wi+1), we may find subsets A; C Wl and B; C /V[Z'H with |A4;], |B;| > (1—2&1)|2n]
such that Eg,(A;, B;) is (€1)-regular with density d; satisfying (1—-81)d; < d; < (1+&1)d;. Thus
for the set Wi, we have selected subsets A; C /WZ and B;_1 C /I/IZ with respect to the bipartite
graphs F; = E(WZ, /V[ZH) and F;_q1 = E(Wi_l, /V[Z) respectively. For each Wi, let X; be any subset
of A; N B;_1 of size n.

For each i € [h + 1], the bipartite graph E(X;, X;1+1) is (e1)-regular as desired since:

e E(X;,X,;11) is a subgraph of the (£1)-regular bipartite graph E(A;, B;).
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o (1-¢1)2n <|A4;| <2nand (1—-21)2n < |B;| <2n.
o [Xi| = |Xita| =n.
e & =¢1/2.
Also, E(X;, X;11) has density between (3/2)q and 12¢q since:

e E(X;, X;y1) is a subgraph of the (£7)-regular bipartite graph E(A;, B;) of density d; satisfy-
ing (1 - 8)2¢ < d; < (1+&)8(q.

® ’Xz‘ Z é\l‘Az‘ and ‘Xi+1’ 2 é\l‘Bz‘

The proof of Claim [19]is complete.

3.3 Proof of Claim

This short section is devoted to the proof of Claim Consider any ¢ € R*. Take &1 := ¢/2 and
let n be any sufficiently large integer. Consider any graph H; on |_|£l:+11 X; with H; € Hi(h,n,e1,q).
We must show that Hi has a monochromatic subgraph H on |_|?;“11 X; with H € H(h,n,¢e,q).

For each i € [h+ 1], consider a random selection R; C E(X;, X;+1) of gn? edges. We claim that
the random subgraph R := Uie[h+1} R; will have the desired property R € H(h,n, e, q) with positive
probability. Indeed, this probability can be easily bounded using the hypergometric distribution
(See Lemma [34)), keeping in mind that (3/2)gn® < e(X;, Xit+1) < 12fgn®. This establishes the
existence of the desired subgraph H € H(h,n,¢,q), and the proof of Claim [20|is complete.

4 Proof of the Existence Lemma

This section of the paper proves Lemma which asserts the existence of a sparse graph G with

certain properties. It suffices to prove the following lemma.

Lemma 24. For all constants h,{ € Z" and any constant § € R, there exists a constant ¢ € R
such that, for any constantt € 7,

q := 4(log n)2n 11/ (+1), N :=tn, and p:=4dq,

an instance G of the random graph G(N,p) asymptotically almost surely has each of the following

properties:
(i) Buery vertex in G has degree at most (logn)3n!/(h+1),
(it) G is (h,n)-cluster free (see Definition|[11]).

(iii) G € Z(N,p) (see Definition[§).
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() For all disjoint subsets X1, X, ..., Xp41 C V(G), every (not necessarily induced) subgraphs H
on |_|£§11 X; with H € H(h,n,e,q) is (1 — §,logn)-path abundant (see Definitions E and @

In the statement of the previous lemma and elsewhere in this section, we say that a number
is a constant if it does not depend on n and that a statement holds asymptotically almost surely
(a.a.s.) if the probability the statement is true approaches 1 as n — oc.

The first subsection contains Claims and which respectively establish that proper-
ties (i), (it), and (éi7) in Lemma [24] each hold a.a.s. Notice that these properties do not depend
upon &. The second and most substantial subsection will establish a lemma (Lemma derived
from a result in [I1]. In Subsection Claim {42 will then use this lemma to establish the existence
of an ¢ for which the property (iv) in Lemma [24] holds a.a.s. These claims together constitute a
proof of Lemma
4.1 Properties (z), (i), and (¢%) in Lemma [24]

In this subsection, we prove Claims and [29] which correspond to properties (i), (i), and (i)
in Lemma

Claim 25. For any constants h,t,{ € Z*, let N := tn and p := 4¢ (logn)* n= /"4 Then g.a.s.
the random graph G(N,p) has mazimum degree less than (logn)3nt/ (1),

Proof. Tt is a well-known fact that the random graph G(N,p) a.a.s. has maximum degree less

than 2pN for all p > (logn)/n, say. Moreover,
2pN = 2 40(log n)?n VR 4y < (logn)3n/ (D),

and the proof is complete. ]

Claim 26. For any constants h,t,0 € ZF, let N := tn and p := 40(logn)?n~ V4D Then a.a.s.
the random graph G(N,p) is (h,n)-cluster free.

Proof. Recall the definition of an (£, Z, h,logn)-cluster given in Definition It follows that in
the complete graph on N vertices, each (£, Z, h,log n)-cluster is defined by:

e Specifying a size of L for L.

e Picking a set £ of L pairs of vertices.

e Picking a set Z of vertices.

e For each {u,v} € L, picking a set of logn paths, each of which can be specified by:

— Picking a vertex in Z to appear in the interior of the path.
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— Picking h — 1 other vertices to appear in the interior of the path.

— Ordering the h internal vertices on the path.

It follows that in G(N, p), the expected number of (L, Z, h,log n)-clusters for £ C ([g]) and Z C
[N] with |£] < n(logn)~%" and |Z| = h?|L| is bounded above for sufficiently large n by

n(logn)~6" 2 (logn)L
2 (N )(hj2V ) ' (hQL‘ (hN ) 'h!> g
L L -1

L=1
n(logn) 6"

< Z N3R2L (hh+2LNh71ph+1)(logn)L
L=1

n(logn) 6"

(logn)L
< Z N3R2L (hh+2 “n(logn) %" - (nt)"1 . (4¢(log n)2)h+1n7h> 8
L=1

n(logn)=¢" Py (logn)L
_ Z N3hL'(hh+2th—1(4€)h+l(logn)2—4h>
L=1
L
n 1\ (legn)L n (nt)3h2 (nt)3h2
<N NRLL( < ) <y A

which goes to 0 as n — oo. Since the expected number of forbidden (L, Z, h,logn)-clusters
that G(IV,p) contains goes to 0, a.a.s. G(N,p) is (h,n)-cluster free. O

Before we state the next claim, we introduce a definition and an external lemma that are needed

in its proof.

Definition 27. We say that a graph G is (p, a)-uniform if

e(Vi, Va) — pIVi||[Val| < ay/plV(G)[|VA]| V2l

for all disjoint sets V1, Vo C V(G) such that 1 < |Vi| < |[Va| < p|V(G)||VA].

Fact 28 (Lemma 3.8 in [I4]). For every p = p(N), 0 < p < 1, a.a.s. the random graph G(N,p)
is (p, €2\/6)-uniform.

Claim 29. For any constants h,t,{ € Zt, N = tn and p := 4(logn)?n=H/ ") g 4.5 the
random graph G(N,p) is in Z(N,p).

Proof. By Fact [28| stated above, a.a.s. we have that

e(Vi,Va) < p[Vi||[Va| + €2V6 - \/pN|Vi || V2],
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for all disjoint sets Vi,Va C V(G(N,p)) with 1 < |Vi] < |Va| < pN|Vi|. This is exactly the first
condition given in the definition of Z(N, p). The other condition given in the definition of Z(N, p)
states that a.a.s.

(1/2) - pVi[|Va| < e(V1, V) < 2 p|VA[| V2]

for all disjoint sets V4, Va C V(G(N, p)) with |V1], |[Va| > N(log N)~!. This can easily be established
by the union bound. O

4.2 Proof of Lemma [24]

For the remainder of this subsection, let X, Xo,..., X141 be fixed (labeled) sets each of size n.
The following class of graphs describes the graphs on |_|£L;“11 X; that do not have the desired path

abundance property.

Definition 30. Let B(h,n,e,q,d) be the set of all graphs B on |_|Z}-L:+11 X; such that B € H(h,n,e,q)
and B is not (1 — §,logn)-path abundant.

Lemma 31. For any constant h € Z+ and any constants 5, 3 € R, there exist constants ,ny € RT
such that, for any n > ny and q := 4(logn)?n=TV 0D we have that

2\
im0 <67 ( 1)

In Subsection [£.3] Lemma [31] will be used to establish Claim [#2] which states that the random
graph G(N,p) a.a.s. has the property that it does not contain any selection of disjoint vertex
subsets X1, Xo,..., Xp+1 and subgraph B on |_|Z}-L:+11 X; with B € B(h,n,e,q,0). In other words,
Claim implies that a.a.s. G(N,p) has the property that for every section of disjoint vertex
subsets X1, Xo, ..., X;,11 and subgraph H on |_|?:+11 X, the graph H is (1 —6,log n)-path abundant
if H € H(h,n,e,q), which is exactly property (iv) in Lemma Keep in mind that although
Claim [42| concerns any selection of disjoint vertex subsets X1, Xo, ..., Xp+1 in G(N, p), for the time
being in this section we are only counting the graphs in B(h, n, €, ¢, ) on already determined vertex
sets X1, X2, ..., Xnt1.

Essentially, we are trying to show that all but exponentially few graphs on |_|£L;“11 X;inH(h,n,e,q)
(see Definition [7]) have the property that almost all pairs of vertices in X; are joined by logn
transversal paths. The key external lemma we will use establishes that all but exponentially few
graphs in H(h,n, &, q/4logn) (again see Definition 7)) have the property that most pairs of vertices
in X, are connected by at least one path. This lemma will be related to the result we are trying to
prove by a double counting argument in which a set F of ‘bad families’ of graphs (see Deﬁnition
is considered. We now introduce not only the key external lemma and a related definition, but also

the standard Hypergeometic Bound. This will be followed by a proof of Lemma
Definition 32 (Path Dense). A graph H on on U?;rll X; with H € H(h,n) is (1 — n)-path dense
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as If at least (1 — n)(g) pairs of vertices {u,v} € ()gl) are joined by at least one transversal path

o (transversal paths are defined in Definition [10)).

480 The next lemma is a corollary of Lemma 5.9 in [II]. (To obtain Fact below, one sets
41 the parameters in Lemma 5.9 as follows: £ = h+ 2, 5 = B, 0 =20/4, v=0/4, v =20/2,q =

w2 4(logn)?n 1TV m = gn?/(4logn) and noticing that n"*+2 < mh+1)

[

ws Fact 33. For any B,0 € RT, there ewists £ € R so that, for ¢ = 4(log n)?n~ 1Y/ gy =
qn?/(4logn), and sufficiently large n, the total number of graphs E on |_|?:11 X; with E € H(h,n,&,m/n?)
a5 that are not (1 — 0/2)-path dense is at most

N n2 h+1
m
. 5
(") )
486 The following is a well-known bound on the hypergeometic distribution (see, e.g., Theorem 2.10
a7 and Equation (2.12) in [15]).

4

Y
=

s Fact 34 (Hypergeometic Bound). Let Y be a set and Y be a subset of Y. Suppose that M C Y is

a9 a subset of size m chosen at random from Y and let the random variable X denote the number of

a0 elements in M N Y. Then
m|Y| { 2752}
Pr ——— | <t|>1—-2expy—— .
(‘ iy ) ig

401 We will now prove Lemma
> Proof of Lemma[31. Consider any h € Z* and 3,6 € R*. Let ¢ = 4(logn)?n 1+ "+ We must

w03 show that there exists an e € R* such that for sufficiently large n we have

4

©

n2 n2 htl
]B(h,n,s,q, 5)| < IB(I <qn2> :

494 Making use of Fact [33] set

-~ 2 R ~ R 2
495 8= gz(ﬂTl), g:= sm(ﬁ, J), £:=£/2, and m:= 4‘11:gn.
496 As mentioned before, the fundamental idea in our proof is to relate the bound in Fact

w7 to |B(h,n,e,q,d)| by counting the number of ‘bad families,” which are defined as follows.

ws  Definition 35 (Bad Family). We call a set of graphs F = {E1, Ea, ..., Eqiogn} a bad family if
a9 both the following hold:

500 e Every E € F is a graph on |_|?:+11 X; with E € H(h,n,&,m/n?).

501 e Fewer than half of the graphs E € F' are (1 — §/2)-path dense.
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Let F be the set of all bad families of graphs.

Proposition 36. We have

o h+1 2logn o h+1 2logn
vm(m(ﬁ ) (C) ) .
m m
Proof. To verify Proposition [36, we use that for each F' € F, there are 2logn graphs E € F

in H(h,n,g m/n?) that are not (1 — §/2)-path dense. By Fact the number of graphs of this
type is at most as in . This readily yields the bound in Proposition O

The next definition refers to H(h,n, 1,m/n?), which is the set of graphs in #(h,n) on |_|lh:+11 X; in
which all of the bipartite graph (X;, X;1+1) have m/n? edges (i.e., the choice of € = 1 in Definition
imposes no uniformity restriction).

Definition 37 (Associated Family). For each graph B € B(h,n,¢e,q,0), we call the set of edge-
disjoint graphs A = {Ey, Ea, ..., E41ogn} an associated family to B if both the following hold:

e Every E € A is a graph o on |_|?;rll X; with E € H(h,n,1,m/n?).

e B- M,

Since for each B € B(h,n,¢,q,0) an associated family A is obtained by partitioning the gn?
edges in each of the h + 1 bipartite graphs into 4logn classes of size m, it follows that each B is

( WQmYHmmel

m,m,...,

associated to

associated families. Moreover, no two distinct graphs By, By € B(h,n,¢,q,d) will yield a common
associated family. The next claim gives a lower bound for the size of F and will be proved by

establishing that, for each B € B(h,n,¢,q,d), half of its associated families are bad families.

Proposition 38. We have

an

2 h+1
41 N1t
m,m,...,m) ((41ogn))

1
1712 150255

Proof. As discussed before the proposition, it suffices to show that at least half the associated
families for any B € B(h,n,¢e,q,d) are bad families. Hence, to prove Proposition it suffices to

show the following two subpropositions.

Subproposition 39. Forevery B € B(h,n,¢,q,0) and every associated family A = {E1, Ea, ..., Ejiogn},

fewer than half of the graphs E € A are (1 — §/2)-path dense.

Subproposition 40. For every B € B(h,n,e,q,0), at least half the associated families A =
{E1,Es,...,Eqiogn} have the property that all E € A are in H(h,n,&, m/n?).
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Proof of Subproposition[39 We prove the contrapositive by arguing that if at least 2logn of the
graphs E € A are (1—¢/2)-path dense, then B is (1 —J,logn)-path abundant. To this end, fix a set
of 2logn graphs E € A that are (1 —§/2)-path dense. For each of theses graphs, fix one transversal
path for each of the (1 —46/2)(5) pairs of vertices {u,v} € ()gl) that are joined by traversal paths.
Let P be the set of paths obtained by this process, so that

Pl = Clogn)(1 - 6/2); ). ©

Also, observe that each pair of vertices {u,v} € ()gl) is joined by at most 2logn paths in P. Now

suppose that exactly a(g) pairs of vertices in ()gl are joined by at least logn transversal paths
in P. It follows that

|P| < a(g)Zlogn +(1-a) <Z> log n. (7)
From @ and ,
(2logn)(1—0/2) (Z) < a<g)2logn +(1—a) <Z> logn,
which implies
2-0<2a+(1-0q),

giving that & > 1 — 4. This establishes that B is (1 — §,logn)-path abundant, completing the proof
of Subproposition O

Proof of Subproposition[{0 Consider any B € B(h,n,e,q,d). For any X, C X; and )?Hl C Xii1
each of size \)?Z|, ])A(i+1| > &gn > en, by definition of B(h,n, ¢, ¢, ) we have that

‘eB(?A(z‘, Xig1) — q,)?iH)?i-i‘ﬂ’ < £q|X;|| X1,

or equivalently

€B()A(¢,)?i+1) o q
4logn 4logn

q

X1 X1l 8
410gnl il | Xiq1] (8)

| Xi|| X1

<e

Now if M is a random subgraph on m = qn?/(4logn) edges of the bipartite graph Ep(X;, Xi11)
on gn? edges, then the hypergeometric bound stated in Lemma [34] (applied with Y = Ep(X;, X;11)
and Y = Ep(X;, X;11)) gives that

~ - en(Xi, X;
em (Xi, Xig1) — 5 (X0, Xit1) :

— 4logn

| X[ X1l 9)

4logn
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s6  holds with probability at least

2(eq| Xi|| Xiz1|/4log n)? 6qn?
1—2expl — (eq|Xi|| Xit1|/41logn) >1—2expd — eqn 21—2exp{—2*156n1+%4r1}.
qn? 8(logn)?

547 From the triangle equality applied to and (9) (and fact that € + ¢ =€), this gives

X, Xiv1) — XX < XX 10
e (Re Xi) = e | Rill R | < 1K K (10)
s with probability at least
1 - 2exp {—2*15%1“/(’1“)} . (11)
se0  Now consider a random partition of B into an associated family A = {E1, Fa, ..., F410gn }. The asso-

ss0 ciated family A will have the desired property that all of the graphs E € A are in H(h,n,&,m/n?) =
ssi H(h,n, &, q/(4logn)) if inequality is satisfied for every choice of M = E; for j € [4logn], every
2 choice of i € [h + 1], and every choice of X; C X; and )?Hl C Xiy1. It follows from and the

553 union bound that this will occur with probability at least
1— (4logn) - (h+1)-2"-2" - 2exp {_271€6n1+1/(h+1)} 7

ss¢ - which tends to 1 as n — oo. This establishes that a random partition of B into an associated family
s5s A= {F1,Es,...,Eyogn} will have the property that all of the graphs E € F are in H(h,n, &, m/n?)
ss6  with probability at least 1/2 for sufficiently large n. It follows that at least half of the associated
ss7 families A = {E1, Fa,..., Flogn} to any B € B(h,n,e,q,0) have the property that all of the

sss  graphs E € F are in H(h,n,,m/n?), which completes the proof of Subproposition O
550 Hence, we have proved Proposition ]
560 We now return to the proof of Lemma recalling that we would like to show

2 ng h+1
’B(h’v n,e,q, 5)| < ﬁq <qn2> :

1 Propositions [38| and which we have already established, together give that

2\ 2logn n2\ 2logn gn? —(h+1)

se2 ' Thus to establish Lemma it suffices to prove the following.

51
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Proposition 41. We have

2\ 4(h+1)logn 2 —(h+1)
Bleogn(n ) 2< an > (410gn)| < quﬂ(
m m,m,...,m

e« Proof. Keeping in mind that gn? = 4(logn)m, B = B29—2(h+1), (1) < ()8, (,," 4) = (

(%)b < (‘g)7 we see that

n2 4(h+1)logn
BZmlogn( ) 2(

m m,

2

m,...,

2 2mlogn 2 \ m4(h+1)logn
(5 ne 92
92(h+1) m

_Ban <nze>4(h+l)mlogn 2<m€>qn2(h+1)

Im

qn?

2 qn?(h+1)
= 231"’ (”e . me) - (4logn)!

9mqﬁ

gn —(h+1)
> - (4logn)!
m

qn2> —qn?(h+1)

me

- (41logn)!

9 \ qn?(h+1) 9~ qn?(h+1)
< g’ (n) . <e ) 2(4logn)!

qn?

9

_ Bqn2 <ng>qn2(h+1) _ Bqn2 < nQ >h+1

qn?

which establishes Proposition

qn?

This completes the proof of Lemma [31]

4.3 Property (iv) in Lemma [24]

- (4logn)!

In this subsection, we will prove Claim which correspond to property (iv) in Lemma

Claim 42. For all constants h,{ € Z™ and 6 € RT, there exists a constant ¢ € RT such that the
following holds. For any constant t € Z,

q := 4(log n)2n 11/ (h+1),

N = tn,

and

p = 4lq,

the random graph G(N,p) a.a.s. has the following property. For any selection of disjoint subsets
X1,Xo,..., Xpt1 C V(G), every (not necessarily induced) subgraphs H on |_|?:+11 X; with H €
H(h,n,e,q) is (1 — d,logn)-path abundant.

Proof. Consider any h,¢ € ZT and § € RT. Let

By Lemma we may now fix

B = (240)~(FD),
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e :=eBI(p, 5, 6) and ny == niB(h, 6, B),

and without loss of generality assume that e < 1/2. Now consider any integer t € Z*.

To show that a.a.s. every subgraph H € #H(h,n,¢e,q) appearing in G(N,p) is (1 — J,logn)-
path abundant, as we previously remarked, it suffices to show that a.a.s. G(IV,p) does not contain
disjoint subsets X1, Xo,..., X411 C V(G) and a subgraph B on |_|?;“11 X; with B € B(h,n,¢,q,9).
By Lemma for all n > ny, the expected total number of subgraphs B € B(h,n, ¢, q,0) appearing
in G(N,p) over all choices of subsets is bounded above by

((h j_vl)n) ((h+D)n)! - go° (qn2> e  pan?(htD)

h+1
< N(tbn  gn® ) " )pqn2(h+1)
qn?( h +1
qn?(h+1)
< 2(h+1)nlogN 51/ (h+1) ( )
- ~q(h+1)

< 2(h+1)nlogN . (61/(h+1)e4€)qn2(h+1)

2
< 2(h+1)nlogtn . <1>qn
2 )

which tends to 0 as n — oo. Therefore the probability that G(IN, p) contains disjoint vertex subsets
X1,X9,...,Xp11 C V(G) and a subgraph B on |_|?;L11 X; with B € B(h,n,e,q,0) also tends to 0
as n — 0o, completing the proof of Claim [26] O

5 Proof of the Embedding Lemma

In this section, we prove Lemma [14] which states that for certain parameters every J € J(h,n,0)
(see Definition [13)) is universal to the set of graphs {S™ : [V(S)| = n(logn)~™ and A(S) < d}.
The proof will be divided into two subsections, which are preceded by the following sketch of the
proof.

Consider any graph J € J(h,n,d) on |_|h+1 X; and any graph S with |V(S)| = n(logn)~™"
and A(S) < d. Our aim will be to find a mapping ¢ : V(S) — X; such that each edge uv € E(S)
can be paired with a transversal path (see Definition between ¢(u) and ¢(v). Observe that
if the set of transversal paths selected are internally vertex-disjoint, this will correspond to an
embedding of the subdivided graph S™) into J. Roughly speaking, this will be accomplished by
first finding an embedding ¢ : V(S) — X; and associating each edge uv € E(S) with not one
associated transversal path, but a family of many transversal paths between ¢(u) and ¢(v). This

will be done so that all the paths in all the associated families are edge-disjoint. We then will select
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one path from each associated family to obtain the desired collection of internally vertex-disjoint
paths.

We will now elaborate upon this sketch. For the graph J, we say that two vertices u,v € X3
are (logn)-path connected if u and v are joined by at least logn pairwise edge-disjoint transversal
paths in J. Since J is (1 — §,logn)-path abundant (see Definition , at least (1 — 8)(%) pairs of
vertices in X; are (logn)-path connected (see Definition [L0)). Define an auxiliary graph A by

V(A):=X; and E(A):={uv:wu and v are (logn)-path connected in J}.

For each uv € E(A), let 11, be a fixed set of logn pairwise edge-disjoint transversal paths in J
with endpoints u and v. We say the distinct edges e1,es € E(A) are incompatible if there exist
paths m., € Il and 7w, € Il., such that m, and m., have an edge in common. Define the
incompatibility function f: E(A) — P(E(A)) by

f(e1) := {e2 : e1 and ey are incompatible}.

Given this set-up, the proof has two steps:
e Find a graph embedding ¢: S — A such that ¢(e1) &€ f(d(e2)) for every e, ez € E(S5).

e For each edge e € E(S), select a path my) € Iy so that for all pairs of edges e1, e2 € E(S5),

the paths 7y, and 7y (,) are internally vertex-disjoint.

The key to the first of these two steps is the following lemma. Although stated in a general context,

when we apply the lemma the function f will be the incompatibility function defined above.
Lemma 43. Let d and n be positive integers. Let A be a graph such that:
(@) V(A =n.
(ii) Every vertex in A has degree at least (1 —1/6d)n.
Let S be a graph such that:
(#ii) |V (9)] < n/6.
(iv) Every vertex in S has degree at most d.

Let f : E(A) — P(E(A)) be a function that maps each edge e € E(A) to a set of edges f(e) C E(A)
such that:

(v) |f(e)] < n/63d* for all e € E(A).
(vi) e1 € f(e2) if and only if e2 € f(e1).
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(vii) e & f(e) for all e € E(A).

Then there is an embedding ¢: S — A such that
P(E(S)) N f(S(E(S))) =0, (12)

where f(¢(E(S))) = Uee¢(3(5)) f(e).

To select a system of internally vertex-disjoint paths my) € Ilg() for the edges e € S, we
will make use of J being (h,n)-cluster free, that for distinct edges ej,ez € S the families 7y )

and 7y (.,) consist of pairwise edge-disjoint paths, and the following result of Aharoni and Haxell.

Fact 44 ([1]). Let X be a finite set and let ﬁl,...,ﬁm C ()h() be families of h-subsets of X.
Suppose that, for every non-empty L C [m], there are more than h(|L| — 1) pairwise disjoint h-sets
in Uer, ﬁl. Then there exist T, ..., Ty, With T; € 1/_\[1 for every i € [m] such that 7;,N\7; = 0 for every

distinct i,j € [m]. We call {%; : i € [m]} a system of disjoint representatives for {II; : i € [m]}.

The remaining part of this section is divided into two subsections. The first subsection contains
a proof of Lemma[43]and the second subsection contains a proof of Lemma[14] based upon Lemma
and Fact [44]

5.1 Proof of Lemma [43]

This whole subsection is devoted to the proof of Lemma Let n, d, A, S, and f be as in the
statement of Lemma, To prove the lemma, we introduce some terminology and then present an

embedding algorithm.
Definition 45 (Dangerous Vertex).

e We call edges e and es in E(A) incompatible if e; € f(e2).

e We call a pair of incident edges xy,yz € F(A) that are incompatible a useless P3. We call y

the center vertex of the useless P3 and the pair x, z the end vertices of the useless Ps.

(4)

5 ) a dangerous pair if u,v are the end vertices of at

e We call a pair of vertices {u,v} € (V
least n/ 6(‘;) useless Ps.

e We call a vertex v € V(A) a dangerous vertex if it is in at least n/6d*> dangerous pairs.

We now work to obtain an upper bound for the number of dangerous vertices in A. Recalling

that each edge is incompatible with at most n/63d* other edges, the number of useless Pj is at

n n < n3
63d4 \2) = 2163d4"
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It follows that the number of dangerous pairs of vertices is at most

n3 6((21) < n2
2163d4  n T 226242%°

Finally, the number of dangerous vertices is at most
(13)

Set Jp to be the set of dangerous vertices in A.

Definition 46 (Guilty Vertex). Suppose S’ is an induced subgraph of S, A’ is an induced subgraph
of A, and ¢’ is an embedding of the graph S’ into A’.

e We call e € E(A’) a forbidden edge if e € f(¢'(E(S"))).

o We will call a vertex v € ¢/(V(S’)) guilty by association, or simply guilty, if v is incident to
at least n/6d forbidden edges.

That is, a forbidden edge in A is incompatible with an edge that has already been used in the

embedding, and a vertex is guilty by association if it is incident to too many forbidden edges.

Definition 47 (Safe and Legal Embeddings). Suppose S’ is an induced subgraph of S, the graph
A’ is an induced subgraph of the graph A, and ¢' is an embedding of the graph S’ into the graph A’.

e We say that the embedding ¢’ is legal if ¢'(E(S")) N f(¢/'(E(S"))) = 0.
e We say vertices s1, so in S are Ps-connected if sjv, sov € E(S) for some v € V (S).

e We say that the embedding ¢’ is safe if none of the pairs {¢'(s1),¢'(s2)} of vertices in A is

dangerous for vertices s1,s2 € V(S') that are Ps-connected in S.

That is, an embedding is legal if it has not used any pair of incompatible edges, and an em-
bedding is safe if for each s € S and any pair of vertices s, so € N(s), the embedding ¢’ has not
mapped s; and se onto a dangerous pair of vertices.

Before formally stating our embedding algorithm, we present the main idea, which is as follows.
We keep a set J of ‘jailed’ vertices. We initially send all the dangerous vertices to jail. We then
construct a legal and safe partial embedding ¢’ of an induced subgraph S’ C S into A\ J by
sequentially embedding vertices. As edges are added to the embedding, however, the number of
forbidden edges may increase and already embedded vertices may become guilty by association.
This is problematic because guilty vertices may prevent the embedding from being extended in a
legal manner later. To resolve this, whenever guilty vertices appear in A’, we send them to jail
and remove them from the embedding. (Therefore, the domain S’ of the partial embedding ¢’ may

decrease in size as the algorithm progresses.) We will show that not too many vertices end up in jail
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and that when no guilty vertices are present, a legal and safe embedding can always be augmented

to form a larger legal and safe embedding.

Algorithm: Initially take
S =0, J = Jo, A=A\ J,

and set ¢': 5" — A’ to be the empty function. As we proceed through the algorithm, we will update
these sets and this function.

STEP 1: If there exists a vertex v € ¢/(V(S”)) that is guilty in the current embedding, replace J
by J U {v}, replace S’ by S"\ {¢/~1(v)}, update the function ¢’ by removing the pair (¢'~*(v),v),
update A’ to A\ J, and repeat STEP 1. Otherwise, go to STEP 2.

STEP 2: Arbitrarily pick a vertex s € V(S) \ V(S’) and extend ¢’ to s by mapping s to some
vertex v € V(A")\ ¢(V(S’)) so that the new embedding is both legal and safe. Also, replace S’
by S’ U {s} and add (s,v) to ¢'. If S’ =S, terminate the algorithm; otherwise, go to STEP 1.

We make the following observations about this algorithm:
e Once a vertex is placed into J, it will always remain in J.

e The set of dangerous pairs and the set of dangerous vertices are both fixed from the beginning

and do not change.

e Extending an embedding by adding a new vertex (and up to d edges) may make a vertex v €

¢'(V(S")) guilty.

e At the start of STEP 2, there are no guilty vertices and the current embedding is both legal

and safe.

It remains to show that STEP 2 is always possible and that the algorithm will successfully terminate.

This will be accomplished by the following two facts.
Proposition 48. The size of the set J will never reach n/6.

Proof. Towards contradiction, consider the first moment in the execution of the algorithm at
which |J| = n/6. Let B be the set of edges that were forbidden at any point in time up to
this stopping point. That is, B is the set of edges that appeared in f(¢'(E(S"))) for any partial em-
bedding ¢’ the algorithm considered over its run time. We will reach a contradiction by considering
the size of B.

To obtain an upper bound for the size of B, notice that whenever a vertex was added to the

embedding, up to d edges were added to the embedding as well, and thus at most d - n/(63d*)
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forbidden edges were added to B for each vertex embedded. Since the number of vertices added to

the embedding is at most

n n n
J = Jo| +1S] < = + = < =
=1l +15| < g+ &< 3
it follows that )
n n n
Bls3-d &g < Ga (14)

We now obtain a lower bound for the size of B. Notice that each guilty vertex that was added to J
was incident to at least n/6d forbidden edges in A’. Moreover, since vertices in J remain in J, this

set of n/6d forbidden edges will never again appear in A’. This gives
Bl (]~ [ > (B o) o (15)
= Ved = \6 12/ 6d  72d

Equalities and yield the contradiction

completing the proof of Proposition ]

Proposition 49. STEP 2 is always possible.

Proof. Arbitrarily pick a vertex s € V(S)\ V(5’) to extend the embedding to. We must find a
vertex v € A’ so that extending ¢’ to include the pair (s,v) will produce an embedding that is
both legal and safe. We will now list six cases in which such a vertex v € A will not produce
an embedding that is both legal and safe. Cases 1, 2, and 3 correspond to the map not being an
embedding into A’; Case 4 corresponds to the embedding using an edge incompatible with an edge
already used (and thus not being legal); Case 5 corresponds to the embedding using two new edges
that are incompatible with each other (and thus not being legal); and Case 6 corresponds to the

embedding not being safe.
1. The vertex v belongs to ¢'(S").
2. The vertex v belongs to J.
3. For some s’ € S’ with ss’ € E(S), the edge ¢(s")v is not in E(A).
4. For some s’ € S’ with ss’ € E(S) and ¢’ € E(S5'), the edge ¢(s')v is in f(¢(e)) .
5. For some s1,s9 € S" with ssi, ss2 € E(S), the edges ¢(s1)v and ¢(s2)v are incompatible.
6. For some s’ € S’ that is Ps-connected in S to s, the pair {¢'(s'), v} is dangerous.

Observe that if none of (1)—(6) holds, then extending ¢ to include (s,v) will produce an em-
bedding that is both legal and safe.
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The number of vertices in A in Cases 1 and 2 is at most

n n _2n
S|+ 1|J <(7_1>+,<7_1'
Sl+11< (5-1)+5 <2
To count the number of vertices in A in Case 3, observe that s has at most d neighbors in S’. Hence,
there are at most d choices for s’. Also, from hypothesis each s’ is not adjacent to at most n/6d
vertices. Hence, the number of vertices in Case 3 at most
n _n
d-— < —.
6d — 6
Similarly, to count the number of vertices in A in Case 4, again recall that s has at most d neighbors
in S’. Also for each such neighbor &', it follows from the fact that ¢’(s’) is not guilty by association
that ¢(s') is incident to at most n/6d forbidden edges. Hence, the total number of vertices in Case 4

is at most
n n

56
To count the number of vertices in A in Case 5, observe that there are are at most (‘21) choices for s;
and s9, and for any choice of s, $2, since the embedding is safe, there are at most n/6 (g) vertices v

that are part of a useless P3 with ¢/(s1) and ¢'(s2). Hence the total number of vertices in Case 5

() 55 =+

Finally, to count the number of vertices that are in Case 6, observe that in the graph S, the vertex s

is at most

is distance two away from at most d? other vertices. Since each of the images of these vertices is
not dangerous, the images are each in at most n/6d? dangerous pairs. Hence, the total number of

vertices v € A that are in Case 6 is at most

In conclusion, there must be at least

vertices v € A such that the map obtained by extending ¢’ to include (s,v) will produce both a
legal and safe embedding. Proposition [49|is proved. ]

This concludes the proof of Lemma
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5.2 Proof of Lemma [14]

Consider any pair of positive integers h and d. We will make use of the following simple fact.

Fact 50. For every v > 0 there exist 6 > 0 and ng such that for every integer n > ng the following
holds. If A is a graph on n vertices with at least (1 — §) (g) edges, then there exists a subgraph A
with |V(A)| > (1 = v)n and with minimum degree at most (1 — v)|V (A)|.

With v := 1/6d, choose § and ng in accordance with the previous fact. Choose ng > ng so
that the second inequality in below is satisfied for all n > n3. Now consider any n > ns,
any J € J(h,n,d), and any graph S with |V (S)| = n(logn)~"" and A(S) < d. We must show
that S C J.

As at the beginning of Section [5], define the auxiliary graph A by

V(A):=X; and E(A):={uv:wu and v are (logn)-path connected in J}.

Let A be a subgraph of A on 7n vertices such that n > n/2 and every vertex in A has degree at
least (1 —1/6d)n, guaranteed by Fact Also, for each uv € E(A), let II,, be a fixed set of logn
transversal paths between u and v in J that are pairwise edge-disjoint. As before, we say that a
pair of distinct edges e1,ex € E(A) are incompatible if there exist paths 7., € Il., and 7, € Il,

such that m., and 7, have an edge in common and define
f(e1) :={ez2 : e1 and ey are incompatable}.

We will use Lemma to embed S into A. With the set-up above, all the hypotheses other
than (v) in Lemma 43| are clearly satisfied. To verify (v), observe that, since J has maximum

degree (log n)3n1/(h+1), the number of transversal paths any edge e € F(J) can be in is at most
h
((log n)3n1/(h+1)) < (log n)3hph/(h+1), (16)

Moreover, since for every e € E(A) the family II. has exactly logn edge-disjoint paths,

n/2

f(e) < (logm) - (h+1) - (log m) /D) < B2

(17)

where the second inequality follows from n > ns. Thus, by Lemma there exists an embedding ¢
of S into A such that the image of F(S) under ¢ contains no pair of incompatible edges.

Finally, to select a system of internally pairwise vertex-disjoint paths from the families {TI,) :
e € E(S)}, the result of Aharoni and Haxell (Fact will be used. Take X := U?;l X, and set

.= {V(m)NX : 7 € IL.},
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so that each element in ﬁe is a set of vertices in X that corresponds to the interior of a path in II..
Thus a system of disjoint representatives for the set of families {ﬁ¢(€) :e € E(5)} corresponds to
an embedding of S into J. Clearly,

{Ilye) : e € B(S)} = |E(S)| < dn(logn)~" < n(logn)~S. (18)

We claim that the hypothesis of Fact [44] holds. Towards contradiction, assume that there exists
a set £ of L < n(logn)~% edges in ¢(E(S)) C A such that there are at most h(L — 1) pairwise
disjoint h-sets in J;c ﬁl. Let I' be a maximum set of pairwise disjoint h-sets in (J;, ﬁl. Let Z
be the vertices in I'. Observe
|Z| < h(L —1)-h < h’L.

However, one may check that (J;c,II; is an (£, Z, h,log n)-cluster of paths in the graph J. This
contradicts the fact that J is (h,n)-cluster free (property (iv) in Definition [13). This contradiction
establishes that the hypothesis of the Aharoni—-Haxell theorem holds, and therefore the set of
families {ﬁ¢(e) e € E(S)} has a set of disjoint representatives, yielding an embedding of S
into J. This completes the proof of Lemma

6 Proof of Theorem [3

For brevity, we shall refer to graphs on n vertices that have maximum degree at most d as (n,d)-
graphs. In this section, we show that if H is a graph that contains a copy of S™ for every
(n,d)-graph S, then H has at least pl 1/ (ht1)=2/d(h+1)+0(1) odges. Hence, for fixed integers h > 1

and d > 2,

which is the statement in Theorem [3
The proof is based upon the following external lemma.

Fact 51 ([4], Corollary 11.4.17, p. 52). Let d > 2 be a fized integer and suppose that dn is even.

The number Ly(n) of d-reqular graphs on n labeled vertices satisfies

_ @2y [ 4P " dn/2
Lq(n) = (1 +0(1))V2e n®e,

e/24)

Proof of Theorem[3. Let L<4(n) be the number of labeled (n,d)-graphs (recall that (n,d)-graphs
have maximum degree at most d). Fact [51] gives that, for any fixed d > 2,

L<d(n) > 2(d/2+0(1))nlogn‘ (19)

We now let U<q(n) be the number of unlabeled (n,d)-graphs, and let Ug:i)(n) be the number of
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unlabeled h-subdivisions of such graphs.
We claim that

Ug;) (n) > 2(d/271+o(1))nlogn‘ (20)

Indeed, first observe that, from , we have

i . 2(d/2+0(1))n10gn > 2(d/2—1+0(1))nlogn‘

U<d(n) > i . 2(d/2+0(1))nlogn >
< —

n! -

Second, observe that if two distinct unlabeled (n,d)-graphs S7 and Sy both have each edge sub-

divided h times, then the resulting graphs S’%h) and Séh) are distinct unlabeled graphs. Together,
these observations establish .

To complete the proof of Theorem (3, we use the fact that if H is a graph on m edges that

contains a copy of every unlabeled h-subdivision of (n,d)-graphs, then it must be the case that

nd(h+1)/2 m
> <Z > > U (n) > 2(d/2-L+o(W)nlogn, (21)
1=0

If m < nd(h+1), then the left hand side of is at most 27?1 which yields a contradiction to
the inequality in . We therefore suppose that m > nd(h + 1). Then, using that every binomial
coefficient in is at most (nd(hﬁl)/?) and that (Z) < (en/a)™, we have

nd(h+1)/2

> (Zz) < %nd(h 1) (nd(heill)m)nd(h#—l)/?‘ )

i=0
From equations and , we have

em > nd(h+1)/2

1
hl 1) - > 2(d/2—1+o(1))n10gn
pndh+1) (nd(h T2 =

Y

or, equivalently,
(m>nd(h+1)/2 > 2(d/271+0(1))n10gn.
- >
This implies that
9(1/(h+1)=2/((h+1)d)+o(1)) logn_

A\

m
n

giving the desired bound of

m > pltl/ (D) =2/((h+1)d)+o(1)
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7 Proof Sketch of Theorem [

To prove Theorem (4] we must show that for any integers h, d and ¢, there exists a constant gg such
that the following holds. If @) is a graph of maximum degree at most d on ¢ > gy vertices with the
property that every pair of vertices of degree greater than 2 are distance at least h + 1 apart, then
72(Q) < (log q)*hg! /(1)

To accomplish this, we first define the ‘super-subdivision’ of a graph. We then show that for any
graph @ as in Theorem [4] there exists a graph S such that the super-subdivision of S contains Q as
a subgraph. It will then suffice to demonstrate how our main Theorem [2| concerning subdivisions

can be extended to super-subdivisions.

Definition 52 (Super-subdivision S*)). Give a graph S and integers h and d, we define the (h, d)-
super-subdivision S™) of S to be the graph obtained by replacing each edge uv in S by a system
of d(h + 1) mutually internally vertex-disjoint paths from wu to v, of which exactly d paths have
length k for each k € {h+1,h+2,...,2h + 1}.

As the reader will have noticed, our notation S™*) for the (h, d)-super-subdivision of S does not
contain the parameters h and d explicitly. This will not cause any confusion, as these two parameter
will always be fixed in our discussion. In fact, we shall always use the simpler term super-division
in lieu of (h, d)-super-subdivision. Also, notice that |E(S™)| = d((3h + 2)/2)|E(S)].

Proposition 53. Let Q be any graph with |V (Q)| = q and A(Q) < d with the property that every
two vertices of degree greater than 2 are distance at least h + 1 apart. Then there exists a graph S
with |V (S)| < q and A(S) < d such that Q C S™).

Proof. For vertices z1,z2 € @, let distg(x1,z2) be the minimum number of edges in a path with
endpoints 1 and x2. Let X be a maximal subset of vertices in () that satisfies both of the following

properties:
e All vertices of degree greater than 2 are contained in X.
e All pairs of vertices z1, 29 € X satisfy distg(z1,z2) > h.

Now construct a graph S by taking V(S) = X and joining vertices x1,zo € S if distg(z1, z2) <
2h + 2. Tt follows that A(S) < A(Q) and that Q C S™). O

In view of Proposition to establish Theorem [4] it suffices to establish the following lemma.

Lemma 54. For any h,d,{ € 7", there exists a constant so such that for every graph S with |V (S)| =
s > sg and A(S) < d,
?K(S(*)) < (log S)QOhsl-‘rl/(h—&—l).

To prove Lemma we consider another way of obtaining the super-subdivision S*) from the
graph S. Begin by fixing a proper edge coloring x : E(S) — [d + 1], which exists since A(S) < d.
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For integers i € [d+ 1], j € [d], and k € {h+ 1,h +2,...,2h + 1}, let M; ;= x ' (i); it follows
that M; ;= M; jo o for all j,j" € [d] and k, k" € {h+1,h+2,...,2h + 1}. Define the multiset of
matchings

M:={M;;r:icld+1], je[d, ke {h+1,h+2,...,2n+1}}.

We construct S®) on V(S) by the following procedure. For every M; ;. € M and every xy € M, ; .,
add a path of length k between x and y. Consequently, for any xy € E(S5), there are d paths of
length k between x and y for each k € {h+1,h+2,...,2h + 1}. It follows that the resulting graph
is the super-subdivision S®) of S.

Since the full proof is notationally cumbersome, we first demonstrate the main ideas in the
context of two propositions that allows for simpler notation. These propositions consider the

simpler case where the multiset M of multiple matchings is replaced by a pair of matchings.

Definition 55 (S(MuM2kuk2)) | Let S be a graph and My, My C E(S) be not necessarily disjoint
matchings with M; U My = E(S). Let k; and ky be integers. Define S(M1:M2k152) to be the graph
on V(S) obtained by adding a path of length ki between x and y for every edge xy € My and a
path of length ko between x and y for every edge xy € Ms. (Since My and My need not be disjoint,
some edges in E(S) may be replaced by two paths.)

Proposition 56. For any h,¢ € 7™, there exists a constant sg such that if S is a graph with |V (S)| =
s> so and My and My are matchings such that M; U My = E(S), then

> (S(Ml,Mz,h+1,h+2)) < (

2 20h 14+1/(h+1)

log s)

Proof. We will make three claims that are similar to the Coloring Lemma, Existence Lemma, and
Embedding Lemma used in the proof of Theorem [2 Before stating the first of these claims, we

introduce a couple definitions, the second of which is demonstrated in Figure

Definition 57 (Ch41 p42). Let Cpiq p42 be the graph on 2h + 2 vertices obtained from a copy of

the cycle Cyy1 with cyclically ordered vertices x1,z3,. .. ,x}LH and a copy of the cycle Cp19 with
cyclically ordered vertices 23,3, . .. ,x%H_Q and with x1 := x] = 2.

Definition 58 (Incomplete Blowup of Cj, 41 p12). An incomplete blowup H of Cj,11 12 is obtained
by replacing each vertex x; with a independent set X]’: of n vertices and each edge by a (not nec-

essarily complete) bipartite graph. Also, define H' := H|[J a€lht1

Recall that in the proof of Theorem [2| the class H(h,n, e, q) was the set of incomplete blowups
of Cj,41 in which the bipartite graphs had exactly gn? edges and were (g, q)-regular (as in Defini-
tion . We now define an analogous concept.

Definition 59. Let H*(h,n,€,q) be the set of all graphs that are incomplete blowups of Cp41 2
where every edge in Cpq1 42 corresponds to an (g, q)-regular bipartite graph with exactly qn?
edges.
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Figure 3: An incomplete blowup of Cj41 p42 for h = 3.

The next claim is analogous to the Coloring Lemma.
Claim 60. For any ¢ € RT and h,{ € Z", there exist t,nq € Z" such that for all n > nq,
q := 4(log n)2n 11/ (h+1), N :=tn, and p = 4lq,

every graph G € Z(N,p) has the following property. Any {-coloring of the edges of G yields a
monochromatic subgraph H € H*(h,n,e,q).

Proof. In the proof of the Coloring Lemma (LemmalJ)), we defined a cluster graph that had vertices
corresponding to the vertex classes obtained from an application of the Regularity Lemma and
edges corresponding to pairs that exhibited regularity. The edges of the cluster graph were (-
colored by the majority color in the corresponding partition. We previously argued that the cluster
graph contained a monochromatic clique of size h 4+ 1 (and hence a copy of C1). By taking ¢
sufficiently larger and an appropriate modification of the parameters in the proof, we can instead
find a monochromatic clique of size 2h + 2, and hence a copy of Cp41p42. This will yield a
monochromatic H € H*(h,n,¢,q). O

Our next claim will be analogous to the Existence Lemma. To state it, we first need a modified

notion of path abundance.

Definition 61 (Transversal Paths for 7*). Let H be a partial blowup of Cp11 p42.

e For a pair of vertices u,v € X{, a transversal path between u and v in H' is the same as
described in Definition [I0.

e For a pair of vertices u € X? and v € X,QLJFQ, a transversal path between v and v in H? is a
path P of length h + 1 with exactly one vertex in X? for each i € [h+ 2].
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Definition 62 (Path Abundance for H*). Let H be a partial blowup of Cp41 py2. We say that
the graph H is (1 — ¢,logn)-path abundant if both of the following hold:

e The graph H' is path abundant (as defined in Definition @)

e The graph H? has the property that for at least (1 — §)n? pairs of vertices u € X? and v €
X ,% 4o, there are at least logn transversal paths between u and v that are pairwise edge-
disjoint (as defined in Definition [61]).

We now state the next claim that is analogous to the Existence Lemma.

Claim 63. For all h,¢ € Z7 and § € RT, there exists ¢ € RT such that for any t € Z* there
exists ng € Z such that the following holds. For any n > ng and

q := 4(log n)?n 11/ (h 1) N :=in, and p:=4dq,
there exists a graph G on N wvertices satisfying all of the following properties:
(i) Every vertez in G has degree at most (logn)>n!/(h+1),
(i) G is (h,n)-cluster free.
(i) G € Z(N,p).
(iv) Ewvery (not necessarily induced) subgraph H € H*(h,n, e, q) of G is (1—6,log n)-path abundant.

Proof. Properties (i)—(iii) are the same as in the Existence Lemma and the modified notion of path

abundance in Property (iv) is proved analogously. O

After stating one more definition, we state a claim analogous to the Embedding Lemma.

Definition 64. Let J*(h,n,d) be the set of all graphs J that are partial blowups of Cp11 p42 such
that:

(i) Every vertex in J has degree at most (logn)3n!/(h+1),
(i) J is (n, h)-cluster free (as defined in Definition [11]).
(iii) J is (1 — 8,logn)-path abundant (as defined in Definition [62).

(i) There is a matching of size (1 — 6)n between X}, and X7.

As in the proof of Theorem [2] the Coloring Lemma and Existence Lemma together yield a
monochromatic H € J*(h,n,d). Note that the additional Property (iv) follows from the fact
that H € H*(h,n, ¢, q) and hence the bipartite graph of H induced between Xﬁ_ﬂ and X2 is (g, p)-

regular. The next claim is analogous to the Embedding Lemma.
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Claim 65. For all h € 7", there exist § € RT and n3 € Z+ such that for all n > n3 the following
holds. Every graph H € J*(h,n,d) is universal to the set of graphs

S(Ml,Mg,h-i-l,h-i-Q) SV S — n }

{ VS)l (logn)™

Proof. The proof of this claim follows the lines of the argument used to establish the Embedding
Lemma where S was embedded into J € J (h,n,d). Recall that the main steps in this argument

were:

e Considering an auxiliary graph A with vertex set X; where vertices x,y € X were joined
if  and y were path connected (i.e., if there was a set Il,, of logn edge-disjoint transversal

paths between x and y).

e Defining an incompatibility function f : E(A) — P(E(A)) where each edge was incompatible

with certain other edges.

e Finding an embedding ¢ of S into A such that f(¢(E(S))) No(E(S)) = 0.

e Showing that for every edge xy € ¢(F(S5)), a path 7,y € Il , could be selected so that the
set of paths selected {7y, : zy € ¢(E(S))} were pairwise internally vertex-disjoint. This
corresponded to embedding S into J.

The proof of Claim is similar, so we only mention where it differs. We begin by fixing a
matching I' between X,%JFQ and X of size at least (1 —d)n. For a vertex v € X, denote the vertex
it is matched to in X}QL 4o under I' by ¥. Now fix an ordering vy, vz,...,v, of the vertices in Xj.

Given this setup, we introduce the following definition.

Definition 66 (Path Linked). For i < j, the vertices v;,v; € X; are path linked in H? (see
Definition @) if v; and v; are path connected (i.e., if there exists a set Il;; of logn edge-disjoint
transversal paths between v; and v;). If vj is not incident to an edge in I', then v; is not defined

and v; and v; are not path linked. This concept is illustrated in Figure .

Observe that since most pairs of vertices v; € Xy and v; € X }QL 4o are path connected, most
pairs of vertices v;,v; € X; are path linked. Now, for all path linked pairs v; € X7 and v; € Xj,
fix a set H?j of logn edge-disjoint transversal paths between v; and v; in H 2. Also, as in the
original proof, fix a set H%j of edge-disjoint transversal paths in H' for all path linked pairs v; € X
and v; € X;. The proof now continues to follow the lines of the argument used to establish the

Embedding Lemma with the following modifications:

e Define A by joining two vertices if and only if they are path connected in H' and path linked

in H?. Observe that, as before, A will be an ‘almost complete’ graph.
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Figure 4: Vertices v;,v; € X 12 are path linked in H? if there are many edge-disjoint paths between v;
and v;.

e Define the edges v;v; and viv; in A to be incompatible if either of the following two conditions

are met:

— There exist paths m;; € H%j and m; € H,ld such that m;; and m; have an edge in common.
(This is the same notion of incompatibility as used in the proof of the Embedding

Lemma.)

— There exist paths m;; € H?j and m; € Hil such that m;; and mj; have an edge in common.

As before, we find an embedding ¢ of S into A such that f(¢(E(S))) N ¢(E(S)) = 0. This is
possible since S has bounded degree, the graph A is almost complete, and each edge is still

incompatible with at most o(n) other edges.

Finally, for each edge xy € ¢(M>), we select a path 7y, € H?By of length h + 1 so that the sets
of paths chosen {m,, : zy € ¢(M>)} are pairwise vertex-disjoint. Appending the appropriate
matching edge in I" to each path gives the desired set of paths of length h+2 in H2. The paths

of length h+1 are found in H' in the same manner as in our previous proof, considering M.

This completes the proof of Claim O

We have now proved three claims analogous to the Coloring Lemma, Existence Lemma, and
Embedding Lemma. The proof of Proposition [56]| now follows the lines of the proof of Theorem

O

Our second proposition describes how the situation changes if the edges in the matching M are

divided one additional time.
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Proposition 67. For any h,{ € 7", there exists a constant s such that every graph S with |V (S)| =
s > sg satisfies

™ (S(Ml,Mz,h+1,h+3)) < (

7 )20h gL+1/ (h+1).

log s

Proof. The proof of this proposition differs from the previous proof as follows. In place of Cp,11 p+2,

we take Cjy1,4+3, Where the vertices are labeled i xd . ,x,llH and 22,73, ... ,x%+3 with z1 :=

i = 2. We also require that ‘almost perfect matchings’ exist in both of the bipartite graphs
(X]’2L+1’Xf2l+2) and (X}QL+2’X12)-

We now begin the embedding process by fixing two such perfect matchings. These matchings
together yield a collection of disjoint paths P53 on three vertices that cover almost all vertices
in XI%H U Xﬁ+2 U X?. For a vertex v € X which is covered by one of these paths of length two,
define the vertex v € X EL 41 to be the corresponding vertex it is joined to in X2 under our fixed

collection of P3s. The remaining part of the proof is analogous to the proof of Claim O

Having demonstrated the main idea of Lemma [54] in Propositions [56] and [67, we now briefly
remark on how the proof of Lemma [54] differs.

Proof of Lemmal5] Previously in Propositions [56] and the two matchings were accommodated
by replacing Cj,11 by Ch41,n42 and Cp,11 j43 respectively. Here, we will ‘append’ a cycle of length k
for each of the matchings M; ;, € M. More formally, let C, be the graph obtained by the following
process. Take d(d+ 1) disjoint cycles of each of the lengths k € {h+1,h+2,...,2h+ 1}, for a total
of d(d+ 1)(h + 1) cycles. From these cycles, C, results by identifying one common vertex from all
the cycles.

Propositions[56|and |67| has already demonstrated the main ideas involved embedding matchings
in two cycles simultaneously. These ideas easily generalize to d(d + 1)(h + 1) matchings associated
to finite lengths of at least h + 1. d
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