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Abstract. The n-dimensional cube Q™ is the graph whose vertices are the subsets of {1,...,n},
with two vertices adjacent if and only if their symmetric difference is a singleton. Clearly Q™
has diameter and radius n. Write M = n2"" ! = ¢(Q") for the size of Q™. Let 62 = (Q:)d! be a
random Q"-process. Thus @ is a spanning subgraph of Q™ of size ¢, and @ is obtained from Q:_1
by the random addition of an edge of Q™ not in Q;—1. Let t*) = T(@; 0 > k) be the hitting time
of the property of having minimal degree at least k. We show that the diameter d; = diam(Q:)
of Q¢ in almost every 62 behaves as follows: d; starts infinite and is first finite at time ™), it
equals n + 1 for ¢+ <t< t(z), and d; = n for t > t) . We also show that the radius of Q+
is first finite for ¢t = ¢t*), when it assumes the value n. These results are deduced from detailed
theorems concerning the diameter and radius of the almost surely unique largest component of Q)¢

for t = Q(M).



1. Introduction

Let Q™ be the n-dimensional cube, the graph whose vertices are the subsets of [n| =
{1,...,n} and where two such vertices are adjacent if and only if their symmetric difference
is a singleton. Note that both the diameter and the radius of Q™ are n. Write N = 2" =
|Q™| for the order of Q™ and M = n2"~1 = ¢(Q™) for the size of Q™. Let Q= Q1)) be a
random Q" -processes. This is a Markov chain whose states are spanning subgraphs of Q"
and Q; (1 <t < M) is obtained from Q;_; by the addition of an edge of Q™ not in Qy,
with this edge chosen uniformly at random from all the possibilities. We are interested in
the behaviour of @ for large n; thus we use the terms ‘almost surely’ and ‘almost every’
to mean ‘with probability tending to 1 as n — o0’.

If P is a non-trivial monotone increasing property of spanning subgraphs of Q" we

let 7p = 7(P) = T(@; P) be the hitting time of P in the process Q= (Q)d!, that is
7p = 7(P) = 7(Q; P) = min{t : Q; has P}.

The events P we shall consider here are, amongst others, (i) the event {§ > k} that the
minimal degree should be at least k, (ii) the event {diam < oo} that the graph should
be connected, (iii) the event {rad < r} that the radius should be at most r, and (iv) the
event {diam < d} that the diameter should be at most d.

One of our main results implies that almost surely
T(@; d>1)= T(@; connectedness) = T(@; diam <n+1) = T(é; rad = n), (1)

and

T(@; diam =n) = T(@; §>2). (2)

The fact that the hitting time of connectedness and 7(§ > 1) almost surely coincide was
proved as a remark in [3], where the hitting time of the existence of a perfect matching
was shown to equal 7(J > 1) almost surely. Other results concerning matchings in random
subgraphs of the n-cube are due to Kostochka [13], who investigated in great detail the size
of the maximum matching in binomial random subraphs of Q™. (See also Kostochka [14]
for generalisations.)

It follows from the relations above that the diameter of ); in a typical @ = (Q)Y!

behaves in the following very simple way. At the beginning of the process the diameter is
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infinite and when the isolated vertices disappear it becomes finite for the first time, when it
assumes value n+1. Then it decreases to n = diam(Q"), its minimal possible value, exactly
when the vertices of degree 1 disappear. As to the radius of Q;, we see that it becomes

finite exactly when the isolated vertices disappear, when it assumes value n = rad(Q").

The results above are obtained as simple corollaries to results concerning the almost
surely unique largest component, the ‘giant’ component (see [17, 18, 19], and for more so-
phisticated results see [1] and [5]), of Q; for ¢ = Q(M). These results, namely Theorem 10,
Corollary 11, and Theorem 13, describe in detail the behaviour of diam(L;) and rad(L;),
where Ly = L;(Q;) is the giant component of Q¢, as t = Q(M) grows.

Roughly speaking, Corollary 11(i) states that for all fixed k, in a typical process,
diam(L;) changes from n + k to n+ k — 1 at a sharply defined time, namely ¢, = M (1 —
271/k(1 — (logn)/n)). The behaviour of diam(L;) at around these critical values t;, is also
obtained. (See Corollary 11(7i).) Note that the results above completely describe diam(L;)
for any ¢t = Q(M). Theorem 13 shows that, perhaps a little surprisingly, the radius rad(L;)
of L, is rather stable. Indeed, that result says that almost surely rad(L;) = n — 1 for
all QM) =t <t® =7(Q;6 > 1).

Thus, typically, diam(L;) decreases steadily as t increases while rad(L;) stays constant
for a long while at n — 1, until it increases to n at time ¢(Y). This is in sharp contrast
with the case of ordinary random graph processes G = (Gt);. Indeed, as proved by
Burtin (see [8, 9]), if ¢ = (w(logn)/n)(;) and w = w(n) — oo as n — oo then almost
surely diam(G;) — 1 < rad(G:) < diam(G;). Thus, in the later stages of an ordinary
random graph process, the diameter as well as the radius of the evolving graph decrease
gradually. Questions concerning the diameter of ordinary random graphs G, € G(n,p)
and Gt € G(n,t) have been extensively studied, and very precise results are now known
for a wide range of p and t. The interested reader is referred to [2, Chapter X], and to
Burtin [8, 9].

Finally, we remark that the radius and diameter of random subgraphs of Q" were
also studied in Mahrhold and Weber [12], Kostochka, Sapozhenko, and Weber [16], and
Sapozhenko and Weber [18]. However, the model studied by these authors is the one
known as the ‘mixed’ model, where the subgraph of )" is chosen by the random deletion
of vertices and edges from Q™. The best results for this model given in the articles above

are the ones in [16], where the authors determine the radius of the giant component L up

3



to an additive constant of 2, and the diamater of L up to an additive constant of 8. Let us
mention that this model is also studied in Dyer, Frieze, and Foulds [10], where connectivity

problems are investigated.

This note is organised as follows. In the next section we give the fundamental lemma,
Lemma 2, that is the key to many of our results. In Section 3 we give three preliminary
results, which are fully developed in the following two sections into our main theorems
concerning the diameter and the radius of the giant component of ();. In the last section

we mention a problem closely related to the ones we address here.

2. The fundamental lemma

For the study of random Q"-processes it is often convenient to look first at the binomial
model @, of a random subgraph of the cube Q™. As usual, given a graph H and 0 < p <1,
we write G(H,p) for the space of random spanning subgraphs H, of H such that every
edge of H belongs to H), independently with probability p. For a set X and £ > 0 we
let X(®) denote the set of all k-subsets of X.

Our fundamental lemma, Lemma 2, will be proved in a slightly more general form
than needed in this paper. This is done because this version requires only a little more
work, and will be used in [7] to study connectivity properties of random subgraphs of Q™.
Before we proceed, recall that Q™ has vertex set P([n]) = 2", To state our result, we
shall denote by Q™! a generic graph obtained from Q™ by the deletion of some vertices
in such a way that both () and [n] are left in Q"[~Y and, for every k (1 <k <n — 1), no

more than [ vertices from [n]*) are missing.

Let us start with the following simple observation concerning Q™~.

Lemma 1. The graph Q"= contains at least n! (1 — O(l/n)) paths of length n joining ()

and [n].

Proof. Let us call a path P = vguy ...vs in Q™ proper if vg = () and v, € [n](s). Let w;
denote the number of proper paths of length ¢ in Q"~%. Note that for 1 < i < n we
have u; > u;—1(n — i+ 1) — li!. Therefore




where as usual (a), =a(a—1)---(a — b+ 1). Hence

w“ = zn!(l—lj;l G)_l) > nl <1—0<%)>,

as required. ]

The cornerstone of our paper is Lemma 2 below, which states that the probability that
two large sets of vertices should not be connected by a short path in QL_” c G(Q"1,p)is
superexponentially small. The proof we give for this result is based on a simple ‘splitting’
argument for the (large) probability p and the second moment method. Independently,
Fill and Pemantle [11] have used the second moment method to prove results of this nature
in Q™; in particular, they determined the oriented first-passage time between two vertices
furthest apart in @™ using an ‘enhanced’ second moment method. (For improvements of
some results in [11], see [4]). Lemmas in the spirit of Lemma 2 below may also be found in
Sapozhenko [17], Sapozhenko and Weber [18], and Toman [19]. With Lemma 2 in hand, the
proof of the main results will follow a rather natural course, although we shall encounter
several technical dificulties on the way.

In the proof below and in the sequel, we only assume our inequalities to be valid for

large enough n.

Lemma 2. Let! € N be fixed, and suppose that 0 < € = ¢(n) < 1 and that (loglogn)/n <
p = p(n) < 1. Then, for all S C [n]") and T C [n]*~V) with |S|, |T| > n(*+2)/2 the
probability that in ng” € G(Q™=Y, p) there is no S—T path of length n — 2 is bounded
from above by exp{—epn(logn)/loglogn}.

Proof. Let P = {P: P an S—T path in Q"7 of length n — 2}, and let s = |S| and t =
IT|. For each v’ € [n]™) and v" € [n]™™~Y such that v’ C v”, the graph induced by all
vertices w € Q™Y such that v C w C v” can be identified with Q= 21-4  so from

Lemma 1 we get
u=|P|> (st —s)(n—2)(1—-0(/n)) > %st(n —2)! > n!/3n'7E,

Let w = w(n) with loglogn < w = o(n) be fixed. Set py = w/n. We shall first study
the space G (Q”[_l], Do), and, to emphasize this fact, we shall write E,, for the expectation

and P, for the probability in this space.



Let X = X(le]) be the number of paths in P that are present in QL;”. Then

B o n! w2 1 jwy\»
p=En () =yt 2 i (D)2 o= (3)

and hence p is rather large. We shall now compute the variance 0? = ¢%(X) = Var(X)
of X and show that 02 = O(u?/wn?). Let us first note that the second factorial moment

of X is

EQ(X):EPO(X(X_l)):Z Z Ppo(PvQCQ;[;EZ])

PEP PAQEP

= PP, Qc i+ PP Qi

where ), indicates sum taken over all ordered pairs (P,Q) € P x P of edge-disjoint
paths P and @, that is such that E(P) N E(Q) = 0, and ), indicates sum over all the
other pairs (P, Q). Clearly

D PP Q)= PP cQpP(Q c Q) < (B, (X))

Let us now estimate the sum over ordered pairs of edge-intersecting paths (P, Q). For k > 1
and P € P let Ppr ={Q € P: |E(P)NE(Q)| =k}, and set

Se=2_ D, PP QCQy) =), > PP Qcph)

PeP QePp,i PeP QePp,i

In order to estimate Sj we shall give bounds on Npj = |Pp| for fixed P € P.
For any @ € Ppy. there is an integer vector i = i(Q) = (i;)} with 1 < i3 < -+ <
iy < n — 2 such that the i;th edge of P and @ coincide for all 1 < j < k. Moreover,

given i = (i;)¥ as above, there are at most

Ni =i1l(n —ip — 1)! HZJ+1 —1)!

paths @ € P such that the i;th edge of P and () coincide.

Let i = (i;)} as above be given. Define a = a(i) = (a;)k by setting

(4 ifj=0
aj:{ij+1—ij—1 1f1§]§k—1
n—iy—1 ifj=k



Note that then ap, ap > 1,a; >0 (1 <j<k—1) and Z’S a; =n — k. Moreover

Ni:ﬁaj - (n—k;)!<a0”‘k )_1 < (n— k).

0 s,k

Thus we have that

Npy, < (“ B 2) (n— k), (3)

and this crude bound will suffice for £ > n/10. Let us now assume that & < n/10. We
shall estimate Np in this range of k more carefully.

Let us write Npy = Nglzj + NI(D?I){;, where NI(DI’,)C is the number of paths @ € Ppy
such that if i = i(Q) and a = a(i) = (a;)k then a; < n — 3k for all 0 < j < k, and
naturally N5 = Npj — N,

Now, if maxg<j<i a; < n — 3k, then

k k—1

Haj <(n-— 31{;)!max{ H b : ij = Qk} < (n — 3k)!(2k)!,
0 0 J
and so
NG < (”;2) (n — 3k)!(2k)!. (4)

To estimate Ng,i, note that if @ € Ppy is counted in Ng,)c then, for i = i(Q), the
vector a = a(i) = (a;)k is such that there is a unique jo (0 < jo < k) with aj, > n—3k+1,
since ), a; =n —k and k < n/10. The number of such vectors a = (a;)k with Zlg a; =

n—=kis (k+ 1)(3]“];1). Thus

NE) < (k+1)<3kk_ 1)(n—k—1)!. (5)

Therefore, putting together (3), (4) and (5), we have that for all k£ > 1

—9 2y
Skgu(nk >(n—k)!p(2)( 2)—k

and if k& < n/10 then

Sy <u { (” . 2) (n— 38)1(2k)! + (k + 1) (3’“]; 1) (n — k)!}p?)("—”—k.
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Hence, recalling that p = B, (X) = upl ™2 and u > n!/3n' ¢, we see that

i Y sy (“;2)(71—1@)!296’“

k>n/10 ! k>n/10
n/10
1 10
<3n1_6 Z - 4n1—5< )
- Ink — )
k>n/10 klpg w
and
-2 3n! " | 1=k
DR S () 3kek)ng
1<k<n/10 1<k<n/10
+ Y k12— k- 1)lpp "
1<k<n/10
! 2 1)23k
<z Y k—k<’f)+ y Gy
1<k<n/10 (’I’L— k)2kp0 k 1<k<n/10 (n)k+1p0
SR e
1<k<n/10 (7n/10)%*(w/n) n (9n/10)(w/n)
9k\* k41 /9\"
< 3 1—e¢ o 2
< on Z {(nw>+n (w>}
1§k<n/10
90
- umE'
Thus o?(X)/p* = O(1/wn® ) and by Chebyshev’s inequality we have P, (X = 0) =
O(1/wn*®).

We now turn to the original space G(Q"!", p), where p = p(n) is as given. Write H for
a fixed H = Q"=Y. Let us generate a random spanning subgraph G of H by letting G =
U1 po, Where K = [pn/w], w = w(n) = loglogn, pp = w/n, and the H,, € G(H,po)
are chosen independently. Note that p > Kpg, and hence it suffices to prove the claimed
upper bound for G. By the inequality above, the probability that there is no S—7T' path
of length n — 2 in G is at most {O(1/wn®)}¥ < exp{—epn(logn)/loglogn}, completing

the proof of our lemma. O

Before we can apply Lemma 2, we need to deal with some technical details concerning
the distribution of the neighbours of most vertices in @, € G(Q"™,p). We start by intro-

ducing some further notation and terminology. A subcube of Q™ is a subgraph induced
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in Q™ by a set of the form
Qsa=Q(5,A4)={zeQ":znNS = A},

where A C S C [n]. In the sequel we shall denote the subcube induced by Qs .4 by Qs 4 =
Q(S, A) as well, since this will not cause any confusion. The dimension dim Qg 4 of Qg
isn—|S|. Given z,y € Q" define the subcube (z,y) = Q ((x A y)¢,z Ny), where u® = [n]\u
and as usual A denotes symmetric difference. In particular, if z C y then (z,y) equals the

‘interval’ [z,y] in Q™ = P([n]) regarded as a partial order under inclusion, that is

(,y) =[z,y) ={z € Q" :x C 2z Cy}

In what follows, given a subcube @ = (z,y), we may apply the automorphism u € Q" —
xAu € Q" of Q™ to translate @ so that it is mapped onto the interval [, x A y]. In other
words, it will suffice to consider subcubes Q = (x,y) with x = (. Now let G C Q™ be a
spanning subgraph of Q", and let u, v € Q™ be given. Let Q = (u,v) and let G' = G|[Q)]
be the graph induced by the vertices of @ = (u,v) in G. As usual, denote the degree of
a vertex z € G’ by dg/(z). Then, we say that Q = (u,v) is (u,v)-good for G if de/(u),
der(v) > m?/3, where m = dim Q is the dimension |u A v| of Q.

In the sequel, if J is a graph and x, y € J, we write d;(z,y) for the distance between x
and y in J. In particular, if z, y € Q", then dgn(z,y) = |z A y| = dim (z, y). Moreover,
as usual, if z € J, then I'(z) = I";(2) is the set of neighbours of z in J, and if Z C V(J),
then I'(Z) =I';(Z) = U,c, I's(2). We may now state a simple technical lemma.

Lemma 3. Let z, y € Q" with do~(z,y) > n/5 be fixed, and suppose N, C T'gn(x),
N, C Tgn(y) are such that |N,|, |[N,| > 2n?/3. Let 1/loglogn < p = p(n) < 1, and
write P,, for the following property concerning Q, € G(Q",p).

(Ppy) There is a vertex g € N, and yo € N, UTq, (N,) such that dgn(zo,y0) <
don(z,y) + 1 and (zo,yo) is (zo, yo)-good for Q.

Then the probability that P,, holds is at least 1 — exp{—Q(n*/3/loglogn)}.

Proof. We shall analyse two cases. For convenience, considering the automorphism u €
Q" — x Aue Q" of Q", we may and shall assume that = (). Since dgn(z,y) > n/5 >

2n2/3, one of the following two cases must occur.
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Case 1. |[z,y] N N,| > n?/3

Choose ¢ = |n?/3| vertices 1, ...,z in [z,y]NN,. Clearly there are £ vertices y1,...,ys €
N, such that x; C y; for all 1 < i < £. Note that don(zi,y;) = |z Ayl = |yi \ @] <
ly| = dgn(x,y). Let us consider the subcubes @; = [z;,y;]. Then the probability of
the event A; that @); should not be (z;,y;)-good for Q, € G(Q™,p) is at most 2P(X <
m?/ %) = exp{—Q(n/loglogn)}, where X is a binomial random variable with parameters p
and m; = dim @;. The events A; (1 < ¢ < /) are independent and so we have that the
probability that Py, fails is exp{—Q(nf/loglogn)} = exp{—Q(n°/3/loglogn)}.

Case 2. |N, \ [z,y]| > n?/3

Let N\ [z,y] = {z1,...,2¢} where £ = | N, \ [z, y]| > n?/3. We shall analyse two subcases.
Suppose z; = 2 U {e;} = {e;} (1 < j < ¥). Nowlet Njf = N, Nn{z € Q" : |z] =
ly| + 1}, and similarly N, = N, N{z € Q™ : |z| = |y| — 1}. Suppose N,\ = {y;",....y},
where y7 = yU{fi} (1 <i<r). Let I ={e; :1<j<n{fi:1<i<r} Now,
if [I| > n?/3 then Case 2(a) below holds. On the other hand, if [I| < n?/3, then |N,” U
{fi:1<i<r}\{e;:1<j<(})|>n??3 and Case 2(b) holds.

Case 2(a) There are ¢’ > n?/3 vertices y1,...,yp € N, such that for all 1 <i < ¢ there
isaj=7j(i) (1 <j <) such that z; C y;.

Note that j = j(i) is uniquely defined for each i, that is the map i — j = j(i) is injective.
Let us consider the cubes Q; = [z;(;),:] (1 < i < {), and note that as in Case 1 above
the probability that P, fails is exp{—Q(n®/3/loglogn)}.

Case 2(b) There are £ > n?/3 vertices y1, ..., ys € N, such that z; ¢ y; forany 1 <i < ¢/
and 1 <5 </

Let 1 < i < ¢. We shall say that the vertices y; U {e;} € T'on(y;) (1 < j < ¢) are
i-suitable. Note that the number of i-suitable vertices is clearly ¢. Let pg = p/2 and
pick Qp, € G(Q", po) randomly. The probability of the event B; that I'q, (y;) should not

contain at least n!/3 i-suitable vertices is at most

P(Sg,po < n1/3) < 2<L f/gj) (1 _p/2)£_n1/3 _ exp{—Q(nQ/g/loglogn)},
n

where Sy 5, is a binomial random variable with parameters ¢ and pg. The events B; are in-

dependent and hence clearly the probability that no B; occurs is exp{—Q(n*/3/loglogn)}.
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Suppose B;, occurs. Let i, ..., y}, be the ig-suitable vertices adjacent to y;, in @Qp,.
We know that ¢/ > n'/3. Foreach 1 < k < ¢ let 1 < j = j(k) < £ be the unique j
such that z; C y;. Note that then & — j = j(k) is an injective map. Consider the
subcubes Qr = [z, y;,] for 1 < k < ¢ and add edges to @, independently, each with
probability p/2. It follows that the probability that P,, should fail for @, € G(Q",p)
is exp{—Q(n*/3/loglogn)}.

Therefore in Case 2 we again have that the probability that the condition P, fails is

as small as required. O

3. Preliminary results

In this section, we apply Lemmas 2 and 3 to show that if p is not too small, then a.e. @, €
G(Q™, p) is such that any two of its vertices of large degree are connected by a path of length
at most n. We also show that this holds for a.e. Q; € G(Q",t), where as usual G(Q™, ) is
the space of all spanning subgraphs of Q™ with ¢ edges, all such graphs being equiprobable.

Let z, y € Q™ be fixed. For all 0 < d <nand 0 < p=p(n) < 1, write G , a(Q",p)
for the conditional probability space obtained from G(Q™,p) by conditioning on the event
{dg,(x), dg,(y) > d}. We now use Lemmas 2 and 3 to show the following result concern-
ing G, 4.a(Q"™,p). We remark that an analogous result for random Boolean functions may

be found in Sapozhenko [17].

Lemma 4. Suppose 3/loglogn < p = p(n) < 1 and d = d(n) = 2n?/3. Let x, y € Q™
be two fixed vertices in Q™. Then, with probability 1 — exp{—Q(nloglogn)}, in the
space Gy y.a(Q™,p) we have

dg, (z,y) = dgn(z,y) if dgn(z,y) >n —n?3,

dq,(,y) < don(z,y) +4 if don(z,y) > n/5, (6)
dg,(r,y) <0.8n if dgn(z,y) <n/5.

Proof. We may and shall assume that x = (). Let S C Tgn(x), T C I'gn(y) be fixed and
suppose 0 < p < 1. Let Gs 7 (Q™,p) be the space obtained from G(Q™,p) by conditioning

on the event {I'g (z) = S, I'g,(y) = T}. To prove our lemma, it is enough to show that
if [S|, |T| > 2n%/3 then, for Q, € Gsr(Q", p) we have that dg, (z,y) satisfies (6) with
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probability 1 — exp{—Q(nloglogn)}. Let us then fix S and T as above, and proceed to
prove this assertion.

Let po = p1 = p2 = 1/loglogn. Without loss of generality x = (). We analyse three
cases.

Case 1. dgn(z,y) = |y| > n —n?/3

Set S’ = SN[z,y], T' = TN[x,y]. Then |S’|, |T’| > n?/3, and hence we may apply Lemma 2
to [z, y]. We conclude that in @Q,, € Gs,7(Q™,po) there is an z—y path of length dgn (x,y)
with probability 1 — exp{—Q(nloglogn)}.
Case 2. n/5 < dgn(x,y) = |y| <n —n?/>

Let N, =S, N, =T, and pick @, € Gs7(Q", po) randomly. According to Lemma 3, we
know that property P, holds with probability 1 — exp{—Q(n*?/loglogn)}. Hence we
may and shall assume that P,, does hold for @),,. Let xg and yo be as in Lemma 3. We
know pick @p, € Gsr(Q",p1) randomly, and apply Lemma 2 to (xo,yo). Thus we find
that in Qp, UQp, there is an z—y path of length at most dgn» (x, y) +4 with probability 1 —
exp{—Q(nloglogn)}.

Case 3. don(z,y) = |y| <n/b

Pick Qp, € Gs1(Q",po). Let Z = {2z C [n]\y : |2| = [n/5]}. Then don(z,2) =
[n/5], and n/5 < dgn(y,2) < n/2. Moreover, the random variables dq, (2) (¢ € 2)
are independent and are such that dg, (2) > 2n?/3 with probability 1 — o(1). Thus, with
probability 1—exp{—c"} for some ¢ > 1, there is a vertex z € Q™ such that n/5 < dgn»(z, z),
don(y,2) < n/2, and dq, (z) > 2n*/3. We now pick @, € Gs.7(Q™,p;) (i =1, 2), and

argue as in Case 2. O

Lemma 4 has the following immediate corollary.

Corollary 5. Suppose 3/loglogn < p = p(n) < 1. Let Ay be the event that all z,
y € Qp € G(Q™,p) with dg, (), dg, (y) > 2n?/® are such that (6) in Lemma 4 holds. Then
the probability that Q, € G(Q",p) satisfies Ag is 1 — exp{—Q(nloglogn)}.

Proof. For xz, y € Q", let A(x,y) be the event that (6) from Lemma 4 holds in @, for =
and y. Then

P(Ap fails) < P(Jz, y € Q" : A(z,y) fails, dg,(x),dg,(y) > 2n?/3)
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< 2°" max P(A(z,y) fails, dg, (z),dg, (y) > 2n2/3)

.y
= 2*" maxP(A(z, y) fails | dg,(x),dg,(y) > 2n2/3)
.y
< B(do, (2).do, (4) > 2n?)
= exp{—Q(nloglogn)}. O

We now consider QQ"-processes @ = (Qy)}, and show that vertices of large degree

in (Q; are a.s. connected by a short path as long as ¢ is not too small.

Corollary 6. Almost every random Q"-process @ = (Q¢)3! is such that, for every t =
t(n) > 4M/loglogn and every two vertices x, y € Q™ such that both of them have at

2/3

least 3n“/> neighbours in )¢, we have

th<$7y):dQ"(x7y) if dQ"(Iay) Z?’L—TL
do,(z,y) <dgn(z,y)+4 if don(z,y) > n/5, (7)
do,(z,y) <0.8n if dgn(z,y) <n/b.

Proof. This result is a straightforward consequence of Corollary 5. Let 4M/loglogn <
t = t(n) < M be fixed and p = p(n) = (1 — ((logn)/M)/?)t/M. Then p = pM =
(1= ((logn)/M)Y?)t = (1+ o(1))t, and, from standard estimates for binomial random

variables,

1 (logn 12 1 logn
P > = < .- 1L e

where e(Q),) denotes the number of edges in @,.
In particular,

t—2(Mlogn)'/? < e(Q,) <t (8)
holds for every 4M/loglogn < t < M with probability 1 — exp{—(logn)/4loglogn}.
Let G.(Q™, p) be the conditional probability space obtained from G(Q™, p) conditioning on
the event given in (8). Note that if A is any event concerning @, € G(Q™, p), then P.(A) <
(140(1))P(A), where P, denotes the probability in G.(Q", p). Let Ag be the event that (6)
is satisfied for all =, y € Q, with dqg, (z), dg,(y) > 2n2/3. Then, by Corollary 5,

P.(Ag) =1— (14 0(1)) exp{—Q(nloglogn)} =1 — exp{—Q(nloglogn)}.
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Now, we may generate Q; € G(Q",t) by first picking @, € G.(Q",p), and then randomly
adding ¢’ =t —e(Q,) new edges to . One may check that Q¢ € G(Q",t’) is such that its
maximal degree A(Qy ) satisfies A(Qy) < n?/3 with probability 1 —exp{—Q(n*3/logn)}.
Thus Q: satisfies the property that (7) of our lemma holds for all z, y € Q; with dg, (),
dg,(y) > 3n?/3 with probability 1 — exp{—Q(nloglogn)}. Thus such a property holds for
all Q; in Q = (Q1)dF with t > 4M/ loglog n with probability 1— M exp{—Q(nloglogn)} =
1 — exp{—Q(nloglogn)}. O

4. The diameter of a random subgraph of the n-cube

In this section we shall study the behaviour of the diameter of the almost surely unique
largest component L = L(Q;) of Q; € G(Q™,t) when t = Q(M). In fact, our main results
will be ‘global’ ones, in the sense that they will concern random ("-processes @ = (Q)M,

and they will describe the behaviour of diam(L) as t = Q(M) grows.

It follows from Corollary 6 that to estimate the diameter of the largest component L
of @)y from above it is enough to show that each vertex in L of small degree is within a
small distance from some vertex of large degree. Our argument below makes this statement
precise. To formulate and prove our results, we need to introduce some further definitions.
Lemmas 7, 8, and 9 that follow are technical results needed in the proof of one of the main
results of this section, Theorem 10.

Let H be a spanning subgraph of Q™, and let P, = xox1...2¢,, P> = Yoy1 -..Ys, be
two paths in Q™ such that yo = 2§ = [n] \ zp and 1 < k = {1 + ¢5. We sometimes refer to
the pair (Py, P») with Py, P, as above as a k-pair. We say that (Py, P) is a k-stretching
pair in H if (i) P, and P, are paths in H and, moreover, (i) the only edges of H incident
to any of x1, ...,z are the ones of P; and, similarly, the only edges of H incident to any
of y1,...,ys, are the ones of P;.

The idea here is as follows. Suppose (P;, P») above is a k-stretching pair. Clearly we
have dg(x0,y0) > dgn (20, y0) = n, and the two paths Py, P» ‘stretch out’ from the ‘core’
of H, giving two vertices in H that are apart. Indeed, we certainly have that dg (xy,, ye,) >
n+¢1+¢o = n+k. Thus the existence of k-stretching pairs is an obstruction for the property
of having diameter less than n+ k. Our main aim is to show that a.s. this is the only such

obstruction for any fixed k.
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We remark that the very basic idea that stretching pairs are related to the diameter
and radius can also be found in Kostochka, Sapozhenko, and Weber [16], although in [16]
the exact relationship as given in our Theorem 10 below is not established.

Before we proceed, we need a few more definitions. Let P, = zoz1...2¢,, P2 =
Yoy1 - - - Yo, form a k-pair of paths of Q™. If P; and P, satisfy (4i) above, we say that (P, Ps)
is a potentially k-stretching pair in H. If (P;, Py) is potentially k-stretching but not k-
stretching, that is (i) does not hold, then we say that it is strictly potentially k-stretching.
Finally, if (P;, P2) above is k-stretching in H and furthermore dg(x¢), dg(yo) > n/logn,
then we say that (Py, P,) is a proper k-stretching pair.

For £ = 1,2,..., let S,gs) (respectively S,E:p)) denote the property that a spanning
subgraph of Q™ has at least ¢t > M(1 — 2-1/ (’H’l)) edges and contains no k-stretching
pair (respectively, no potentially k-stretching pair). Clearly S,ip) is an increasing property,
whereas S,is) is not. Our next result shows that Slgs) is however ‘almost surely increasing’,
and furthermore a threshold function for S ,ip) is also a threshold function for S ,is). Fork >1
and a Q"-process Q = Q)Y let t](:) = t,ia)(é) be the hitting time of property Slga),

where a = s, p. Thus
19 = 49(Q) = min{t = M1 - 27/) : Q, has S},

Lemma 7. Let k > 1 be fixed and let w = w(n) — oo be such that w < logn for alln > 1.

Then almost every random (Q™-process @ = (Q4))! satisfies the following.

(i) We have
1 logn —w
(1o (1 7570))

s 1 1
n

(ii) For a =s and p, the graph Q)¢ has property S,ga) whenever t > t,(:).
(iii) If M(1 —2-1/(B+)) <t < t,(:) then there is a proper k-stretching pair in Q.

Proof. (i) Suppose t = (1 —271/#(1 — (logn 4 C)/n))M, where C' = C(n) = o(y/n), and
set p = p(n) = t/M. Let X,gs) = X,is)(Qt) and X,ip) = X,Ef’)(Qt) denote the number
of ordered pairs Py, Py of Q™-paths such that (P;, P) is k-stretching and, respectively,
potentially k-stretching in Q;. Let us estimate E(X ,gs)). To this end, let us first fix a

15



k-pair (Py, P») of paths of Q™. Note that for this pair to be a k-stretching pair in Q;, we
need that certain k edges of Q™ should be in @, and that certain k; = kn + O(1) edges
of @™ should not be in @Q;. (Here and in the sequel, the constants implicit in the O-, Q-,
and ©-notation are allowed to depend on k.) Thus, the probability that (P, Py) should
be a k-stretching pair in @); is

(M Zf : k)/ (Af) - %:Zk ( —t!k)!

= (1+0(1)) (1 - %)k (%)k = (1—-pFp* =0 (1-p*).

The number of k-pairs of paths in Q" is clearly ©(2"n*), and so we get
E(XY) =0 (2" (1 —p)*") = 6 (e 777, (10)

where for the last equality we use that C' = o(y/n). Similar calculations give that E(X lip)) =
© (e7%¢). Now the upper bound in (9) follows from (10) and Markov’s inequality.

To see the lower bound for t,(:), let us suppose that C' = C(n) — —oo and as above C' =
o(y/n). Let us show that the number X = X(Q;) of k-stretching pairs (P;, P») in Q; €
G(Q",t) with P; a path of length k, and P, a trivial path, is concentrated around its
expectation. Let P = xgry...x; be a k-path in Q™. We write E'(P) for the edges
of @™ that have at least one endpoint in {z1,...,zr}. Also, we write Xp = Xp(Q:)
for the indicator function for the event that (Py,zf) should be a k-stretching pair in Q.

Then X =), Xp, where the sum extends over all paths P C Q" of length k. Note that
E»(X) = E(X(X — 1)) < (E(X))* + 5,

with § =3 p o P(XpXq = 1), where the sum is over all pairs (P, Q) of distinct k-paths
in @™ such that E'(P) N E'(Q) # 0. It can be easily checked that if XpXg = 1 then at
least k + 1 vertices in V/(P) U V(Q) have degree at most 2. Thus

P(XpXg=1)=0 <n2(k+1)(1 — p)n(k+1)> -0 (z—n(1+1/k)nk+le(k+1)0> :

and hence
S =0 (2"n*) maxP(XpXg =1) — 0, (11)

where the maximum is naturally taken over all pairs (P, Q) of distinct k-paths in Q™ such

that E'(P) N E'(Q) # 0.
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Thus Var(X) = o(E(X)?) since C = C(n) — —oo, and so by Chebyshev’s inequality
we have that X = (1 + o(1))E(X) almost surely. Therefore a.e. Q; € G(Q",t) is such
that X = ©(e *¢) when C = C(n) — —oo0 and C = C(n) = o(y/n). Moreover, note
that (11) above implies that a.s. any two k-stretching pairs (P, z§) and (Q,y§) in Q,
where P = zoz1 ... 2, and Q = Yoy . .. Yk, are such that E'(P) N E'(Q) = 0. To prove
the lower bound for ti,s), let us consider a QQ™-process @ = (Q4)}! as a process where
random edges of Q" are successively deleted from the evolving graph ;. Let again t =
(1 —27Y%1 — (logn + C)/n))M, where C = C(n) — —oo and C = C(n) = o(y/n), and
condition on X = X(Q;) = O(e ¥Y) — 0o. We claim that a.s. at least one k-stretching
pair (P, z$) present in Q; will still be present in Q4 , where ¢’ = [M (1 —271/(++1))]. Note
that Q¢ is obtained from @); by the random deletion of a certain number of edges. Note
also that the probability that no edge in E(P) is deleted in this process, where (P, z{) is
a fixed stretching pair in @, is bounded away from 0. Since X — oo, our claim follows,
and the lower bound for t,(:) is proved.

(i) Let us now consider property S,ia) for Q¢ (t > t](;b)). Since S,ip) is increasing,
trivially @); contains no potentially k-stretching pairs for ¢t > t,(cp). As remarked earlier,
property S,gs) is not increasing and hence we need to do a little work to deduce that S,is)

a.s. holds for ¢t > t,(:). Set,

1 logn — loglogn
)

and note that E(X,ip)) = E(X,gp)(QtO)) = O ((logn)*). Also, as shown above, almost

surely t,(:) > to, and hence we may condition on this event.

Since by Markov’s inequality almost every Q = (Q.)M is such that X ,ip)(QtO) <

(loglog n)(log n)*, we may condition on Cj satisfying this property. We claim that almost
surely no strictly potentially k-stretching pair (P;, Py) of @™-paths in @y, is k-stretching
in Q¢ for t > ty. Clearly, this proves that a.s. ; contains no k-stretching pair for ¢ > t,(:),
as required. To check the claim, fix a strictly potentially k-stretching pair (Pr, P2) in Q.
Suppose, as usual, P, = xoz1...2¢ and Po» = yoy1...Ys,, where o = y§ = [n] \ vo.
Note that (Py, Py) will become k-stretching in some @ (¢ > to) only if one of the edges
of Q" in E(Py) U E(P2) not present in Q¢, is added to our evolving graph before any
other edge incident to x1,...,2¢,, Y1,...,Ys,. Now, clearly |E(P;)U E(Ps)| = k, and the
total number of edges of Q™ incident to x1,...,%¢,, Y1,...,Ye, is kn + O(1). Thus the
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probability that an edge of E ((P1) U E(FP2)) \ E(Qy,) should be added to our evolving
graph before any other edge incident to the z; and y; is is O(1/n). Hence the probability
that a strictly potentially k-stretching pair in ()¢, will ever turn into a k-stretching pair is
at most O ((loglogn)(logn)*/n). This shows that Q; in Q= (Q¢)d has no k-stretching
pair if t > t,(:') almost surely, as required.

(7ii) This follows from second moment calculations analogous to the ones in (7). We

omit the details. O

The result above tells us that the critical values of ¢ for the existence of stretching
and potentially stretching pairs are t, = | M (1 — 27+ (1 — (logn)/n))]. We now look

more closely at (); when t is near such values.

Lemma 8. Let k > 1 be fixed. Supposet = M(1—27k(1— (logn+ C)/n)), where C' =
C(n) — casn — oco. Let A\ =4-2"Vk(1 — 27/ k(1 4 (k — 1)271~V/k)e=ck. Then

lim P(t < 1) = exp{—A}. (12)

n—oo

Proof. Let X Igs) =X ]E;S)(Qt) count the number of k-stretching pairs in @);. Then calcula-
tions similar to the ones in the proof of Lemma 7 concerning the random variable X =
X (Q¢) show that, for any fixed r > 1, we have lim,,_, o E,. (X ,E,S)) = \". Thus X ,gs) converges
in distribution to a Poisson random variable with mean A. (See, for instance, Theorem 20
in Chapter I of [2].) Thus (12) follows.

We now give a brief sketch of the calculations. Let p = t/M. Below we consider
k-pairs (P, Q), where as usual P = xg...2¢,, Q = yo...Ye,. Let us write X(p gy for the
0—1 indicator r.v. of the event that (P, Q) should be a k-stretching pair in ;. To avoid
double counting of the pair {P, @}, in the k-pairs below we assume that, say, 1 € zg. It
is easy to see that the total number of such k-pairs is (1 4+ 0(1))2" ! (k + 1)n*¥. Among
these, (1 + 0(1))2"n* pairs (the ones with ¢, or £ = 0) are such that E(X(pg)) = (1 +
o(1))p* (1 — p)™*=2k+1 "and for the remaining (1 + 0(1))2"(k — 1)n* we have E(X(pq)) =
(1 +0(1)p*(1 — p)™F=2+2 Hence E(X,”) = 3 p o) E(X(p.q) = A+ 0(1) as n — cc.

Now we fix 7 > 2. To estimate the rth factorial moment E, (X ,gs)), we consider r-
tuples U = ((P1,Q1),..., (P, Q,)) of k-pairs. In the sequel, we write >." to denote sum
over all r-tuples U as above with all the r entries distinct, and Z/ for sum over all such

r-tuples with at least one pair of repeated entries. Also, if P; = x(()i) .. xzi)) and Q; =
1
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() ) y(<3) form a k-pair (P;, Q;) (i € {1,2}), then we say that (P;,Q1) and (P, Q2) are
distant if all the distances between a vertex in V(P1)UV(Q1) and a vertex in V (P2)UV(Q2)
are at least loglogn. Below we write ) ; to denote sum over r-tuples U with the (P;, Q;)
(1 <@ <r) pairwise distant, and ), to denote sum over r-tuples U with r distinct entries

and with at least a pair of entries that are not distant. Then

E (X)) =D E(X(p o0 Xipon)
- Z X(PLQI X(P ,Qr ) + Z X(Pl Q1) X(PTﬁQT’))
= EXr00)  EXpaan) + ) EX(pLan X (pen)-

Moreover, clearly {E(X]gs))}r => v EX(p,01)) - E(X(p, q,))- Toshow that ET(XéS)) =
A" + o(1), it suffices to show that
(1) X' E(X(p.on) - E(X(p,.q.) = o(1),
(1) 2o B(X(p,0u))  E(X(p,q,) = o(1),
(ii0) > o B(X(py.Qu) X(Pr.q,)) = 0(1).

Now mnote that (i) and (ii) follow easily from the fact that > and >, are sums
over a ‘small’ number of k-pairs U. To finish the proof, note that (i) may be checked
by considering the number of vertices of degree at most two in |J; V/(F;) U U, V(Q;), as
in the proof of (11). Indeed, for each r-tuple U, we consider a maximal subsequence of
k-pairs < i Qin )y (P QiT,)> of pairwise distant entries (1 <i; < --+ < i» <), and
note that if X(p, o,)--- X(p, @,) = 1 then there are at least 'k+1 vertices of degree at most
two in (J; V(F;) UU,; V(Q;). However, the number of such U is at most gnr' pO(loglogn)
and hence (ii7) follows (cf. (11)). ]

Before we can prove the main result of this section, we need to introduce one final
piece of terminology. Suppose Ti, To C Q" are two subtrees of Q", and xg, yo € Q"
are such that don (11, x0) = don (T2, y0) = 1. Thus z¢ ¢ T} but z¢ is adjacent in Q™ to
some vertex of 71, and similarly for yo and T». Suppose further that |77| + |T2| > k + 1,
and dgn (2o, Yyo) > n — k for some integer £ > 1. Let us say in this case that (7%, Ts; 0, Yo)
is a (k + 1)-system in Q™. Let H C Q™ be a spanning subgraph of Q™. Then we say
that the (k + 1)-system (717,T5%;x0,y0) is a weakly (k + 1)-stretching system in H if all
vertices x € V(T1) U V(Ty) have degree dy () < 3n%/3 in H. We then have the following

simple lemma.
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Lemma 9. Let k > 1 be fixed. Suppose p =1 —2"Y* andt = |pM]|. Then a.e. Qp €
G(Q",p) and a.e. Q; € G(Q",t) contains no weakly (k + 1)-stretching system.

Proof. Fix a (k + 1)-system (T1,7T%;x0,y0) in Q™. The probability that this is a weakly
(k + 1)-stretching system in @, is clearly at most

k+1
Py = {P(Srp < 3%}

where S,,_1 p is a binomial random variable with parameters n —k and p. Indeed, we need
at least k+ 1 vertices of V(T1) UV (T3) to have degree less than 3n%/3, and for any vertex z
in V(T1) U V(T3) there are at least n — k edges of Q" incident to z that are not incident
to any other vertex of V(T1) U V(Ty). Now, if £ = [3n?/3], then

—k
P(Sy_k,p < 3n%/?) < 2(” , )(1 _ )kt

< 4(en1/3)3n2/32—(n—3n2/3)/k < n2n2/32—n/l€'

Thus, since the number of (k-+1)-systems in Q™ is at most O(2"n?(*+1)), we have that Q,, €
G(Q™, p) contains a weakly (k + 1)-stretching system with probability

O(znn2(k+1))P0 -0 <2nn2(k—|—1)(1+n2/3)2—n(1+1/k)) — 0(1),

as required. The statement for Q; € G(Q™,t) follows by the monotonicity of the property

in question. J

Let us say that a spanning subgraph H C Q" of Q" satisfies property Dy if H
has e(H) > M(1 -2~/ (k1)) edges, it has a unique component L = L(H) of largest order,
and moreover L has diameter diam(L) < n+ k — 1. For a random @Q"-process @ = (Q)d,
let

D = £Y(Q) = min{t > M(1 —27/*+D) . @, has Dy}
We can now state and prove the main result of this section.

Theorem 10. Let k > 1 be fixed. For a.e. random Q"-process Q = (Q1)d* we have t,(gd) =
t,(:), and Q); has property Dy, for all t > tlgd).

Proof. First recall that a.e. Q"-process @ = (Q)}" is such that @Q; has a unique largest

component, the ‘giant’ component, if, say, t > 2M/n (cf. [1, 5]). Moreover, it is easy
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to check that, quite crudely, almost every @ is such that if ¢ > M/logloglogn then Q;
has, apart from the largest component L, only components of order O(loglogn). Let us
condition on our Q"-process having the properties above.

Now, if M(1 —2-Y*+0) < ¢ = ¢(n) < t& and P, = woxy ... 20, Pa = Yous - - Yoy
form a proper k-stretching pair, then both xy and gy belong to the giant component of @)y,
and moreover dg, (¢, ,Ye,) > n + k. Thus t,(cd) > t,(:) almost surely.

Let us now turn to the reverse inequality. Suppose t > t,(:) = t,(f)(@). We may assume
that t,(:) > (1 —27'%)M, and hence that @, does not contain weakly (k + 1)-stretching
systems either. According to Corollary 6, we may and shall assume that (7) of that lemma

holds for all z, y € Q; with dg, (), dg,(y) > 3n?/3. Let z, y € Q; belong to the giant
component of ;. We claim that dg,(z,y) <n+k — 1.

Case 1. dg, (), dg,(y) > 3n?/3
From the assumption that (7) holds for @, in this case we have dg, (z,y) < n.

For the next two cases, let us consider the set W of vertices of (); that have degree

less than 3n2/3, and let H = Q,[W] be the graph induced by W in Q;.
Case 2. dg,(z) < 3n?/3, and dg, (y) > 3n?/3

Let T C H = Q{[W] be a spanning tree of the component C, of z in H. There is a
vertex xg € L such that dg,(zo,T) = 1, and consequently such that dg,(zo) > 3n2/3.
Thus dg,(z,y) < dg,(z,z0) + dg,(x0,y) < |T| + n. So we may assume that |T| > k,
since otherwise we are done. However, as Q); does not contain weakly (k + 1)-stretching
systems, we must have |T| = k, and moreover T' = C, and T must be a path with z
as one endpoint and the other endpoint must be adjacent to xy in @;. We conclude
that @; contains an induced path P = zgxy...xk, where x; = . We may also assume
that dg, (zo,y) = n, and hence that dgn (xo,y) = n. Since there are no k-stretching pairs
in @y, there is a vertex z € Q", z # x, . .., Tk, adjacent in Q; to some z; (1 <1i < k). But

then dg,(2) > 3n?/3, and dg,(z,y) <n — 1. Thus dg,(z,y) < n+ k — 1, as required.
Case 3. dg,(z), dg,(y) < 3n?/3

Let C7 and respectively Cy be the components of = and y in H = Q¢[W]. Let T; C C;
be a spanning tree of C; (i = 1, 2). There are vertices zg, yo € Q™ such that dg, (o),
dg,(yo) > 3n2/3, and dg,(z0,T1) = do,(vo,T2) = 1. Note that |Ty|, [To| < k, and

hence if dgn(zo,y0) < n —k — 1 we are done. So we assume that dgn(zo,y0) > n — k.
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Since (T1,T%; 20, Yyo) cannot be a weakly (k + 1)-stretching system in @y, we have |T1| +
15| < k, and as dg,(z,y) < |Th| + |T2| + do, (0, y0), we assume that |17| + |Tz| = k.
In fact, we may assume that T3 = Cy, and T together with z¢ forms an zg—x path P,
and similarly 75 = Cs, and T together with y forms a yo—y path P,. Also, we may
assume dg, (o, yo0) = don(zo,yo) = n. Since (Pi, P;) is not a k-stretching pair in @,
there is a vertex z € Q", z ¢ P;, adjacent to some vertex in T; in @, for i = 1, say.
However dg,(2) > 3n?/3, and dg«(2,y0) < n, and so dg, (z,y) < dg,(z,2) + dg,(z,y) <

n + k — 1, as required.

This finishes the proof of our result. ]

We can now explicitly describe the behaviour of the diameter of the largest component

of Q¢ as t = Q(M) increases.

Corollary 11. Let k > 1 be fixed. (i) If w = w(n) — oo as n — oo, then a.e. random
Q"-process Q = (Q1)d! is such that if

1 logn + w 1 logn —w
M(l‘m@—T)) StﬁM(“m(“T))

then there is a unique largest component L = L(Q;) in Q; and diam(L) =n + k — 1.
(i3) Suppose C' = C(n) — casn — oo, and t = t(n) = M(1-2"Y¥(1—(logn+C)/n)).
As in Lemma 8, let A\ = 4-271V/*(1 = 27V/FF(1 + (k — 1)27'"V/*)e=°*k. Then a.s. Q; €

G(Q™,t) has a unique largest component L = L(Q;) and, conditional on this event,

lim P(diam(L) =n+k—1)=e*

n—oo

and
lim P(diam(L) =n+k)=1—e

n—oo

Proof. Statement (i) follows from Lemma 7 and Theorem 10. Statement (4i) follows from

Lemma 8 and Theorem 10. 0

An immediate consequence of Corollary 11 is the following. Let @ = (Q)d be a
Q™-process, and let k > 1 be an integer. Write t*) = t(k)(@) for the hitting time of the
property {6 > k}, that is

t®) =+ ®)(Q) = 7(Q; 6 > k) = min{t : 6(Q;) > k}.
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Corollary 12. In almost every random Q"-process @ = (@), we have
(i) tV = 7(Q;6 > 1) = 7(Q; diam < n + 1),
(i) t@ = 7(Q;6 > 2) = 7(Q; diam < n).

Proof. Let us first recall that, as proved in [3], the graph Q; in @ = (Q4)3! almost always
becomes connected at time ¢ = ¢t(1). Thus statements concerning the largest component
of (Q; from that time onwards are in fact statements about @); itself.

Now, almost surely t(") > (1 —w/n)M/2 for any w = w(n) — oo, and hence tés) <t
almost always. Therefore, by Theorem 10, almost surely (7) holds.

To see the statement concerning T(@;diam < n), note first that a spanning sub-
graph H C Q™ of Q" contains a 1-stretching pair if and only if it has a vertex of degree 1.
Thus almost surely t§5)(@) =t if M/logloglogn <t < t(?) then almost surely there is
a vertex of degree 1 in ();, and hence tgs) > t(2) and moreover if ¢ = (2 then there cannot
be a l-stretching pair in ()¢, and hence tgs) < t® . Thus we have t() < ¢(2) = tgs), and

hence again by Theorem 10 almost surely (i7) holds. O

5. The radius of a random subgraph of the n-cube

In this section we turn our attention to the radius rad(L) of the giant component of Q)
(t = Q(M)) in a typical random Q™-process Q = (Q;)}. As mentioned in the introduction,
unlike in ordinary random graph processes, the radius of the evolving graph in a typical

Q"-process is rather stable, as the following result shows.

Theorem 13. Let 0 < & < 1/2 be a constant. Then almost every random Q™-process @ =
(Q¢)d is such that, for every t = t(n) with to = |eM| <t < t(1), there is a unique largest
component L = L(Q);) in Q; and rad(L) =n — 1.

Proof. We claim that almost surely, for each vertex x of the giant component L of )y,
there exists a vertex y that also belongs L, and such that dg» (z,y) = n—1. Indeed, notice
first that if y has degree at least logn in @), then y belongs to the giant component of )y,
as the second largest component of @y, has order O(1). To see the claim, it now suffices
to note that, almost surely, for any z € Q", there is a vertex y € I'gn(z) with degree at
least logn in Q¢,. Thus almost surely, for every ¢ > ¢y, the radius rad(L;) of the largest

component L; of () is at least n — 1.
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Let us now show that almost surely rad(L;) < n — 1 for all ¢ > ¢3. Almost every
random Q"-process @ = (Q¢)} is such that if t = t) — 1, then @, has a unique isolated
vertex zg = zo(@). In what follows, we condition on @ having this property. Let z € Q"
be fixed, and let us further condition on the event that {zo(Q) = z}. It suffices to show
that, under these conditions, almost surely rad(L;) < n — 1 for ¢ > tg, and hence let us
now verify this assertion.

Let G.(Q™,t) and respectively G.(Q™,p) be the spaces obtained from G(Q",t) and
G(Q™,p) by conditioning on the event that z should be an isolated vertex. We now note
that @y, in @ = (Qy)}" is simply a random element from G,(Q",ty), and therefore we
turn to this latter space. However, let us first set p = p(n) = (1 — ((logn)/M)*/?) e, and
consider G,(Q™,p). Let Ag be as in Corollary 5. Then

P(Qp € G-(Q™,p) fails Ag) < P(Q, € G(Q™,p) fails Ay)/P(dg, (2) = 0)
= exp{—Q(nloglogn)}(1 —p)™" = exp{—Q(nloglogn)},
and hence a.e. Q, € G.(Q", p) satisfies Ag. It is also easily seen that the vertex z = 2¢ =
[n] \ z and all vertices y # z of Q™ within Q"-distance n/logn from z have degree at
least 3n%/ in Q, € G.(Q",p).

As in the proof of Corollary 6, we may generate an element from G,(Q",ty) by first
generating an element @, from G,(Q",p), and then adding a suitable number of random
edges to Qp. Proceeding this way, and using the above fact about property 4p, we may
show that a.e. Q;, € G.(Q",to) is such that (i) any two vertices z, y of degree at least 3n2/3
in @, are such that (7) of Corollary 6 holds, and moreover (ii) the vertex = = 2¢ and
all vertices y # z within Q"-distance n/logn from z have degree at least 3n?/3. Let k =
[1/1ogy(1/(1 —€))]. From Lemma 9 we know that a.e. Qi, € G.(Q", o) is such that
(#ii) Qy, contains no weakly (k 4 1)-stretching systems.

It is now enough to notice that if (i), (¢i), and (#4) above hold for Qy,, then for any
graph H with Q;, C H C Q™ in which dy(z) = 0 we have that dg(x,y) <n—1 for x = 2¢

and any y € H distinct from z, as long as x and y belong to the same component in H.

O
One can read out the following corollary from the above result.
Corollary 14. Almost every random Q"-process Q = (Q¢)d! is such that
tD =7(Q;6 > 1) = 7(Q;rad < n). [
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6. Concluding remarks

Let @ = (Q¢)} be a random Q"-process. It is known that if ¢ is a little larger than tq =
M /n almost surely there is a unique largest component in ¢); and moreover this component
is of much larger order than the other components (see [1] and [5]). This component is
usually referred to as the ‘giant’ component. One very interesting problem we have not
dealt with in this note is that of the determination of the diameter of the giant component
of @ for t a little larger than ty. This problem might be harder than the problems we
have addressed here: it is likely that finer methods than the ones used in the proof of
Lemma 2 might need to be developed. Quite possibly, these methods would be based on
the Kruskal-Katona theorem, or more generally on isoperimetric inequalities for the cube,
or the martingale method. In particular, it would be interesting to settle the following

specific question.

Problem 15. In a typical random Q"™-process @ = (Q4), is ever the diameter of a

component of (); superpolynomial? ]

This question concerns @); for t close to tp; there are numerous interesting problems
about Q) for larger t, beyond the hitting time of connectedness. In a sequel [7] we shall
study @; in this range. In particular, we shall prove a result implying that for almost every
cube process the hitting time of k-connectedness is equal to the hitting time of minimal
degree at least k. We shall also study the ‘mixed model’ for random subgraphs of Q™.
Here a random subgraph @), ,. of the cube is chosen by independently deleting vertices
and edges from Q™ with probabilities 1 — p, and 1 — p, respectively. We shall prove some
results that are analogous to the ones in this paper, and thereby we shall answer some

questions of Kostochka, Sapozhenko and Weber [15]. (See also [16].)
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