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Abstract

A set S C N of positive integers is a Sidon set if the pairwise sums of its
elements are all distinct, or, equivalently, if

[z +w) = (y+2)]>1

for every z,y,z,w € S with x <y < z <w. Let 0 < a <1 be given. A set
S C Nis an a-strong Sidon set if

[z +w) = (y+2)] = w®

for every x,y,z,w € S with x < y < z < w. We prove that the existence
of dense strong Sidon sets implies that randomly generated, infinite sets of
integers contain dense Sidon sets. We derive the existence of dense strong
Sidon sets from Ruzsa’s well known result on dense Sidon sets |J. Number
Theory 68 (1998), no. 1, 63-71]. We also consider an analogous definition
of strong Sidon sets for sets S contained in [n] = {1,...,n}, and give good
bounds for F'(n,a) = max|S|, where S ranges over all a-strong Sidon sets
contained in [n].

Keywords: Sidon sets, random sets of integers, binary expansion

2000 MSC: 11B30, 056D40

*The first author was partially supported by CNPq (311412/2018-1, 423833/2018-9)
and FAPESP (2018/04876-1). The second author was supported by Basic Science Research
Program through the National Research Foundation of Korea (NRF) funded by the Ministry
of Education (NRF-2019R1F1A1058860) and by Korea Electric Power Corporation (Grant
number:R18XA01). The third author was partially supported by CNPq and FAPERJ. The
fourth author was supported by the NSF grant DMS 1764385. This research was partially
supported by CAPES (Finance Code 001). FAPESP is the Sao Paulo Research Foundation.
CNPq is the National Council for Scientific and Technological Development of Brazil.

Email addresses: yoshi@ime.usp.br (Yoshiharu Kohayakawa), sjlee242@khu.ac.kr,
sjlee242@gmail.com (Sang June Lee), gugu@impa.br (Carlos Gustavo Moreira),
vrodl@emory.edu (Vojtéch Rodl)

Preprint submitted to Elsevier March 2, 2021, 4:26pm



1

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

1. Introduction

Let N be the set of positive integers. A set A C N is called a Sidon
set if all the sums aq + a9, with a1, as € S and a1 < as, are distinct, or,
equivalently, if

(z+w)—(y+2)>1

for every z,y,z,w € S with z <y < z < w.

A well-known problem on Sidon sets is the determination of the maximum
size of Sidon sets contained in [n] = {1,2,...,n}. In the 1940s, Chowla,
Erdés, Turan, and Singer [2, 4] [5, 12] proved that the maximum cardinality of
a Sidon set contained in [n] is \/n + O(n'/*). However, how dense a Sidon set
contained in N can be is not well understood. For S C N, let S(n) = |SN[n]|
for all n > 1. A major open problem is to decide how fast S(n) can grow
for a Sidon set S C N. We will discuss on this later in the paragraph before
Theorem [l

In connection with the study of Sidon sets contained in randomly gen-
erated, infinite sets of integers, we considered the following related concept
in [9].

Definition 1 (a-strong Sidon sets). Fiz a constant o with 0 < a < 1. A set
S C N s called an a-strong Sidon set if

|(x+w)—(y+z)|2w°‘ (1)
for every x z,wGSwithaj< <z<w.
y 7y7 y

Clearly, a O-strong Sidon set is a Sidon set. In a way similar to Definition T}
one can define a finite version of strong Sidon sets.

Definition 2 ((n,«)-strong Sidon sets). Fix an integer n > 1 and a con-
stant a with 0 < o < 1. A set S C [n] = {1,2,...,n} is an (n,a)-strong
Sidon set if

|(z +w) — (y+ 2)| > n*

for every x,y,z,w € S withx <y <z < w.

Note that there is a conceptual difference between Definitions [I] and [2}
While the term |(z + w) — (y + z)| in Definition |1} is compared with a power
of w = max{z,y, z,w}, the same term in Definition [2| is compared with a
power of n.

In this paper, we are interested in how dense strong Sidon sets can be.
We first consider the ‘finite’ case.

Definition 3. Let F(n,«a) be the mazimal cardinality of an (n,a)-strong
Sidon set contained in [n].

We have the following upper and lower bounds for F(n, «).
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Theorem 4. Fix 0 < a < 1. We have
n1=2/2 1 o <n(1—3a)/2 Jr,n(1—<3¢)/4> < F(n,a) < n1=9/2 4 O(n(l—a)/s)_

Theorem [] is proved in Section 2] Next we consider the ‘infinite’ case.

Definition 5. For a set S C N of positive integers, we define the counting
function S(n) by

S(n) =Sl =[Sn[]l  (neN).

We have the following upper bound on S(n) for a-strong Sidon sets
S CN.

Theorem 6. Every a-strong Sidon set S C N is such that, for every suffi-
ciently large n,
S(n) < en1=9)/2,

where ¢ = c¢(a) is a constant that depends only on c.

The proof of Theorem|6]is given in Section[3] We now turn to the existence
of dense, infinite a-strong Sidon sets. We first consider an analogue of a
result of Erdés (see [13], p. 132] or [7, Chapter II, Theorem 9|), who proved
that there is a Sidon set S C N such that

limsup S(n)n~/? > % (2)

(see also [I0], where the constant 1/2 in (2) is improved to 1/4/2). Our result
is as follows.

Theorem 7. For every 0 < o < 1, there is an a-strong Sidon set S C N
such that

limsup S(n)n~1=9/2 > - (3)
n—oo

Theorem (7| is proved in Section [5| (improving the constant 1/2 in
to 1/4/2, in the spirit of [10], should be possible, but we do not think
it would be worth it at this stage). As is well known, the following is a
major open problem: given ¢ > 0, are there Sidon sets S = 5. C N such
that S(n) > n'/?7¢ for every n > ng(e)? In this direction, improving a
classical result of Ajtai, Komlos and Szemerédi [I], Ruzsa [II] proved the

existence of Sidon sets S C N with

N =

S(n) > nﬂ71+0(1)

for every n, where o(1) — 0 as n — oo (see also [3]). The main result of this
paper is an attempt to extend Ruzsa’s result to strong Sidon sets.
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Theorem 8. For every 0 < o < 1074, there exists an a-strong Sidon set

S C N such that
S(n) > n(V2-1+0(1)/(1+32v/a) n

for every n.

The proof of Theorem |8 which is partly inspired by Ruzsa’s construction
in [11], is given in Section [ Unfortunately, the bound given in gives the
best known result only for small values of a. More precisely, the following
result, which can be proved with a simple greedy argument (see Section ,
gives a better bound for o > 5.75... x 107°.

Theorem 9. For every 0 < a < 1, there exists an a-strong Sidon set S C N
such that

S(n) > —nt=/3 (5)

N

for every sufficiently large n.

This paper is organised as follows. Sections 2] to [5| are devoted to the
proofs of Theorems [4] [6] [9] and [7] The proof of our main result for infinite
strong Sidon sets, Theorem [8] is given in Section [6] In Section [7, we discuss
the connection between strong Sidon sets and an extremal problem on random
sets of integers investigated in [9]. We close with some concluding remarks in
Section [l

We shall in general omit floor and ceiling signs when they are not essential,
to avoid having to deal with uninteresting, fussy details. Our convention is
that a/bc means a/(bc).

2. Proof of Theorem [4]

First, we prove the lower bound. Set
Ji={keN:i[n¥] <k<(i+1)[n"]},

for i > 0, and let ¢ be the number of intervals J; such that J; C [n]. We have

_ | n_ o 4_, 1 1—-2a
E_[[noﬂjzno‘—i—l L=n'""4+0 (") -1,

Let I be a maximum Sidon set in [¢]. By results of Chowla, Erdés and
Turan and Singer [2), 4 5, [12], we have

1] > VI + O(Y4) > nt=2/2 4 o (n(kga)/z I n(lfa)/él) _

Set
T ={i[n%] : i € I}.
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We claim that 7" is an (n, «)-strong Sidon set. Indeed, if ai, as, as, aq are
in T, then there are ji, jo,Jj3,ja with a; = j;[n®], for i = 1,2,3,4. Since
|(41 + j2) — (js + ja)| > 1, the statement follows.

Next, we consider the upper bound. We will use a double counting
argument (see Erdés and Turan [5]). Let S be an (n, a)-strong Sidon set. Let

I, = [x—i—l,x—l—m],

where m will be chosen at the end of the proof, and let
P = {(Ix, {a,b}) ‘ LN [n] 0, {a,b} C I, N S}.

Note that I, N [n] # @ if and only if 1 —m < x <n—1.
We can count P by considering I, first. We have

Pl= > (i)

1-m<z<n—1
where S, = |I, N S|. Since f(t) = (}) is convex, by Jensen’s inequality, we

have
(3 82)/(n+m - 1>>'

|77|2(n—|—m—1)< 5

Since each element in S appears exactly m intervals I, we have Y S, = m|S|.
Consequently,

m|S]|
>
P>

m(m\S!—(Hm—l)). (6)

Next, we count P by considering {a, b} first. A pair {a,b} C S, with
0 <b—a < m,is contained in (m — (b — a)) intervals of I,. Hence,

Pl= > (m—(b—a)). (7)
{a,b}CS
0<b—a<m
Since S is an (n, «)-strong Sidon set, each b —a (a,b € S, 0 <b—a < m)
differs from all other ¥/ —a’ (a/,0/ € S, 0 < V' —d' < m) by at least n®.
Consequently,

k(k+1
> (b—a)20+n°‘—|—---+k‘no‘:(2+)n°‘. (8)
{a,b}CS
0<b—a<m
where k is an integer such that
kn® <m < (k+ 1)n*. 9)
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Inequalities and give that
k
Pl < (k+1)m — — "

It follows from @ and that

m|S]| m o/ m
Cmrme) < (R ),
2(n+m—1)(m‘5’ (n+m ))_2 a+>
that is,
1 -1
‘S‘z_ner ‘S‘_n+m (%+1><0
n
Hence,

5] <
m

I (Evom) +a (2 rom) (24

IN

n
m
;+(;n+o<1>)+¢(;+o
3n

< -2y [0 (,/m) +0(1),
2m m ne

where the last two inequalities follow from /z +y <z + /3.

2+4a)/3

By taking m = n! , we have

m

Thus,

15 < n(=2 1 0 (n(1—a)/3) ,

which completes the proof of the upper bound in Theorem

3. Proof of Theorem

Let S C N be an a-strong Sidon set. For all integers i > 0, let

S; =8N (242,
Clearly, S; is a (2, a)-strong Sidon set. Since

S;—2l:={s—-2":5€8;}

c [2]

is also a (2%, a)-strong Sidon set, Theorem [4| implies that

1S;] = |S; — 2| < F(2',a) <2

i(1—a)/2+1

D pi-@re)3 -3 g [ fpera)Bma — p(1-0)/3,
na
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for all ¢ sufficiently large, say, ¢ > kg. Set
9(1-a)/2+1

C:C(Oé):1+m.

We infer that, for k satisfying (1 — «)(k — 1)/2 > ko, we have

(11) .
S(n) S 2]{:0 + Z ‘SZ’ 2 2k0 + Z 21(1—0&)/2+1

ko<i<k 0<i<k

1—a)k/2
2- 202 k-2 o (el

(l—a)(k=1)/2 y 2" 2

This completes the proof of Theorem [0]

4. Proof of Theorem

Theorem [] follows easily from the following lemma.

Lemma 10. Fiz 0 < a < 1. There is a sequence a1 < ag < --- < ap < ---
of positive integers with

ay < 61/(1-0)p3/(1—a) (12)
for every k > 1 such that S = {ax: k > 1} is an a-strong Sidon set.

To derive Theorem [J] from Lemma [I0] it suffices to notice that, for
every k, the set S in Lemma [10|is such that S(n) > S(ax) = k for every n >
61/(1-)3/(1-) > . Inequality [5| follows for all large enough n. We now
proceed to prove Lemma

Proof of Lemma[I0. For simplicity, for every k > 1, let
tp = 6L/(1=0) 3/ (1=a)

be the value on the right-hand side of . Let a; = 1. Now let £k > 2 and
suppose that we have already have defined a; for all 1 < i < k in such a way
that Sy_1 = {a1,...,ar_1} does not contain x < y < z < w violating
and, for all 1 <7 < k, we have

a; S ti (13)
We shall define ai ‘greedily’. Let
F, = {f €N\ Sj_1: Sk_1 U{f} contains z < y < 2z < w violating (I)}.

Naturally, if f € F}, then we cannot add f to Sk_1 to continue our definition
of our a-strong Sidon set. Let

Ck:{CEN:CQESk,lUFk}
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be the set of ‘candidates’ to be added to Si_1. It follows from Claim
below that C} is non-empty and hence min C}, exists. We set

ar = min C},.

It follows by induction that this procedure defines an infinite a-strong Sidon
set S = {ax: k> 1}, with a1 < az < --- < ap < ---. Recall that we have
assumed that holds for all 1 < ¢ < k. We now prove the following claim.

Claim 11. We have ap < tg.

Clearly, once we have established Claim Lemma [10] follows by induc-
tion.

Proof of Claim[I1. We first note that it suffices to check that
tk > |Sk—1| + | Fx N [tx]] + 1. (14)

Indeed, if holds, then there must be some candidate ¢ € C} for our
choice of a; with ¢ < t;, and hence a = min C} < t; follows, as claimed.
We now verify .

Since |Sk_1| = k—1, our task is to give a suitable upper bound for | Fi,N[tx]|.
Recall that Si_1 contains no elements z < y < z < w violating . On the
other hand, if f € Fj N [tg], then Si_1 U{f} does contain such elements x <
y < z < w, and hence one of z, y, z or w must be f. Suppose for instance
that f = w. We have at most (k — 1)(k51) choices for (z,y, z). For each such
choice, we have

|f=(y+z—=2)| < f*<tf,

as holds and f < ¢;. Thus, the triple (x,y, z) contributes at most 2t + 1
elements f to the set Fj N [ty]. We now estimate the number of f that are in-
cluded in Fj,N[tx] because they play the role of z in some quadruple (z, y, z, w)
violating , where z, y and w belong to Sx_1. We have

If = (& +w—y)| Sw* <1,

where we used that w € Si_1 and hence w < ap_1 < tp_1 < tx. Thus, again,
the triple (z,y, w) forbids at most 2¢{ + 1 elements. The analysis is similar
for the cases in which f = x and f = y. It follows that

Fy 1 [t]] < Ak — 1) (’“ ) 1) (267 +1)

k2
<Ak = 1) 3t = 6k3t% — 6k%tS < 6K3tY — k.

Recalling that [Sp_1| =k — 1 and t; = 61/(1-)3/(1-0) e see that inequal-

ity follows. This completes the proof of Claim O
The proof of Lemma [I0] is complete. O
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5. Proof of Theorem [7]

Recall that Theorem [7] asserts that, for any 0 < a < 1, there is an
a-strong Sidon set .S such that, for any € > 0, there are arbitrary large n for

which S(n)n~(1=%/2 > 1/2 —¢. That is, (@) holds.

Proof of Theorem[7. Let p be an odd prime. Erdgs (see [7, Chapter II,
Theorem 9]) constructed a Sidon set A, C N with |A,| = p — 1 such that

(i) 2p? < a < 4p? —pfor all a € A, and

.. 2 . .
(1) p < |a—ad'| <2p®—p for all distinct a and o’ € A,.

Let o
=1 and  p = 4%/0-9), (15)
Note for later reference that
(I+na=n and p=(4p)" (16)
Consider also the sets
Sy = {|up®"a]: a € Ay} (17)

In order to construct the set S as required in the theorem, we fix a rapidly
increasing sequence (pp)n>1 of primes, say, with

p1 = max{5,2"/M} and  puy > 4ppy 41 (18)
for all n > 1, and set

S=J S

n>1

We now state three facts concerning the sets S, and S = J,,~; Sp,-

a) For every x € 5, owing to|(7)| an , we have
F Sp ing to|(z d (17) h

2Mp2+277 o 1 < T < 4Mp2+277 o Iup1+27)'

(b) For every x € U<, Sp; and y € Sp,, ., owing to and (18),

we have
242 242
y—x> 2,upniln o 4Mp,21+2" > 2#]9”117] — Pn+1-
(¢) If x and y € S, are distinct, then, owing to and (L7), we have

pp' T =1 < |y — x| < 2up®t — ppt T 41

We are ready to show the following.
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Fact 12. The set S =

Un21 Sp,, 15 an a-strong Sidon set.

Proof. Suppose =, y, z and w € S = Un21 Sp, wWith z < y < 2z < w.
Let n > 1 be such that w € S,,,,. For simplicity, let p = p,,. We shall consider
the four cases in which |{z,y, z,w} N Sp| =1, 2, 3, and 4, separately.

e Case 1: Suppose first that {z,y,z,w} NS, = {w}. Then

@
w—1yY > 2up

Consequently,

2+2n

220 _ p while z — x@élup pn =p.

1(a))
(@ + w) — (y + 2)| > 2up>2 — 2p > pup® © (4pp?+21)* S v,

e Case 2: Suppose now that {x,y,z,w} NS, = {z,w}. Then

+277

w — MPH% — 1, while, as before, y — 27@4#27 pn =p

Hence,

[
(@ +w) = (y+2)] > w21 —1—p 'S pp™1 @ (4> 7S we.

e Case 3: Suppose {z,y,z,w} NS, ={y,z,w}. Then

1(c)]
w—z E 2up? 20 — ppt 21 11, while y — x @ 2up> T2 — p,

and hence

[l
(+w) = (y+2)] > w2 —1—p'S pup™ © (4up>m)* 5 e,

e Case 4: Suppose that {z,y,z,w} NS, = {z,y,z,w}. Since 4, is a
Sidon set, we have

|(x 4+ w)

It now remains to

interval of the form (n

o @

[
—(y+2)| = W™ =2 (4up”)" =2 = w”.

O]

prove (3)). Note that @ above implies that, in an
(24 o(1))n), where n = [2up?t?7| and o(1) — 0

as n — oo, we have p — 1 elements of S. However,

p—1=(1+0(1) (27;>1/(2+2n) o (11 o(1)) (272)(1—06)/2

1 -
= <(4u)(““>/2 —l—o(l)) (2n)1-)/2 @ (2 +0(1)) (2n)(1=2)/2,

and follows.

10
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6. Construction of a dense strong Sidon set

In this section, we construct a dense strong Sidon set for a small a;, which
implies Theorem [8]
Let
b>5 (19)

be an integer, fixed throughout this section, and let o be such that

b= LG\I/&J (20)
Let
mg = 21006 (21)

We shall construct a function ¢ = ¢3 : N>,,,, — N such that, for any Sidon set
S C N>, the set ¢(S5) = S = {m = ¢(m): m € S} is an a-strong Sidon set.
Furthermore, the map ¢ will satisfy the property that ¢(m) = m = O(m!+%/?)
(see Fact . Therefore, the a-strong Sidon set S will be denser for larger b
and the denser S is, the better. We emphasise that our construction of ¢ is
insensitive to the structure of the Sidon set S; it only makes use of the fact
that S is a Sidon set. In particular, we can take S to be the Sidon sets of
Ruzsa [11] as well the Sidon sets of Cilleruelo [3].

6.1. Construction of ¢

In order to describe the map ¢ = ¢, we need to introduce several defini-
tions. For a positive integer m, let a,a,—_1 ...a2a; be the binary expansion
of m; that is,

m = (arar_1...a1)3 = a2V a2+ ag (22)

and a, # 0. Note that, in particular, r = r(m) is the number of bits in the
binary expansion of m. Observe that

2t <m < 2", (23)

In what follows, we shall often identify the binary expansion of a positive
integer m with the integer m itself. Furthermore, we let ¢ = t(m) be the
integer such that

ot < r < ot

3b
and let
s =s(m) =2 (24)
Note that , ,
— < —. 2
6 =3 (25)

If m > mg = mg(b), then s = s(m) > s¢(b) for some so(b).

11
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I L Il I
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Figure 1: The binary expansions of m and m. The number j is such that the block A;
contains as41.

To define m = ¢(m), we describe the binary expansion of m from the
binary expansion of m. Formally speaking, binary expansions (or repre-
sentations) of positive integers will be considered to be words in {0,1}* =
Ui>0{0,1}. Given a word w, we shall write |lw| for the length of w. We
shall sometimes add Os to the left of the binary expansion of a number to
make it have a suitable length.

Let m have binary expansion a,a,_1...a1. Add a suitable number x,
with 0 < x < b, of 0 bits to the left of the expansion of m to obtain a word
whose length is a multiple of b. We now factor this word as

ARAp_1... Ay, (26)

where each A; = A;(m) is of length b (see Figure . Note that Ar contains
at least one bit equal to 1. We call the b-factorization of m. Note that

T T
S<R<-+1. 27
FSR< o+ (27)

To describe the binary expansion of m, we first define 2s bits ¢;. Let ¢; €
{0,1} (1 < j < 2s) be defined by

S
€95C25—1 + -+ Cs4+1Cs - - . C] = Agls_1 - - . a2a10°. (28)

Clearly, the word in is obtained as follows: we first write the s least
significant bits of m and then we add a string of 0s of length s, which gives
us a word of length 2s. It will be convenient to refer to the s least significant
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bits as,...,a; of m as the weak bits of m. The remaining bits of m will
be referred to as the strong bits of m. As it turns out, we shall often be
interested in the bit as41, that is, in the weakest strong bit of m.

Next we define the 5-bit words C; = C;(m) (1 <7 < 2s). Let us write C;
for the jth bit of C;, that is, let

Ci = Ci5C;4C;3C;2C;5 1.

For i > 2s, we let C; = 0° = 00000. For 1 < i < 2s, the definition of the bits
of C; is as follows:

Cis=Ci3=C;1 =0,
Cia=c¢i (recall ), (29)

Cia = {1 ifi=s,

0 otherwise.

Figure [If may be of some help to see where the C; = C;(m) (1 < i < 2s)
occur in the definition m = ¢(m). We are now finally able to define the map
gb : szo — N.

Definition 13. Let m be any positive integer with m > mg. Let be its
b-factorization. We let

¢(m) = 7’7}, = ARCR—lAR—l . CQAQClAl, (30)
where the C; are as defined above.

For convenience, the 5-bit blocks C; in are referred to as C'-blocks,
while the b-bit blocks A; are referred to as A-blocks. Note that, when we
construct m from m, the bits a; of m are placed in ‘new positions’, with every
bit moved some positions to the left, because of the insertion of the C-blocks:
the bits in A; stay in the same positions, the bits in As move 5 positions to
the left, and, more generally, the bits in A; move 5(j — 1) positions to the left.
Also, the weak bits of m are copied in the middle of ¢(m) (see Figure [1)).

Rationale behind the definition of m = ¢(m)

Very roughly speaking, we define m = ¢(m) as above because of the
following. Suppose S is a Sidon set. Then if we know the sum m + m’
of m and m’ € S, then we know {m, m'}. For ¢(S) to be a strong Sidon
set, for any m and m’ € S, we force the sum m + m’ = ¢(m) + ¢(m’)
to determine {m,m’} uniquely, even if we know the value of m + m' =
¢(m) + ¢(m') only approximately. (See Fact 19| and Lemma 22| below.) This
is the reason we copy the weak bits of m and m’ in “more significant parts”
of m = ¢(m) and m' = ¢(m'). Also, since we have to deal with sums of
the form m +m' = ¢(m) + ¢(m’), we need to consider carries. To overcome

difficulties that may arise from such carries, we have some zero bits in the
definition of the C-blocks Cj.
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6.2. Preliminary remarks on ¢

We now state some elementary facts about the function ¢. This section
may help the reader get a feeling on how ¢(m) = m relates to m. However,
readers who prefer to see immediately how ¢ is used in the proof of Theorem [§]
may consider skipping this section and going directly to Section [6.3]

We start with the following immediate fact.

Fact 14. If we know all the bits of m = ¢(m) (m > my), we can recover m.

In fact, we are going to observe that one does not need to know all bits
of m to recover m. In order to formulate our claim, consider the A-block A;
containing the weakest strong bit asy1 and observe that

j=1[(s+1)/b] <s.

We will observe that if we are given a word m with some (but possibly not
all) bits on the right from the image of asy1 “erased" (i.e., instead of 0 or 1
on the bit’s spot, we see the “neutral" symbol ), we can still recover m.

To this end, we first observe that m has length r 4+ 10s, however, since
all we know about the relation of r and s is that 3bs < r < 6bs, we cannot
recover the value of r and s just from the information about the length of m.
However, since j = [(s+1)/b] < s,

all Cs,Cyy1,...,Cos are on the left from A;. (31)

Since Cj is the unique C-block with C; 2 = 1 and nothing was erased from
Cs, we can determine the value of s from its location (see Figure . This
allows us to find the value asy1 as well as all a; for ¢ > s+ 1. On the other
hand, the information about ai,as,...,as is encoded in Csy1,Csya,. .., Coyq,
and consequently we can recover m. This implies the following.

Fact 15. If we know all the bits of m = ¢(m) except for the (14+5/b)s —5
least significant bits of m, then we can recover m.

Proof. Recall that A; is the A-block containing the weakest strong bit as41
of m. Since the number of C-blocks to the right of as1q in m is j — 1, the
position of agy1 in m is

1
(s+1)+5(j—1)—3+5j—423+5(8b+)—42 <1+l5)>8_4’

where j = [(s+ 1)/b]. Hence, the number of least significant bits in m we
do not need to know to recover m is at least (1 +5/b) s — 5. O

Next we show that m is not much larger than m if b is large.

Fact 16. We have m'*5/% /64 < m < 4m!*5/b,
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Proof. Let r be the number of bits in m, and let 7 be the number of bits

in m. Recalling , we have
2 l<m<?2 and 2'<m< 2 (32)

For each factor A; (1 <i < R —1) of m of length b, we add a factor C; of
length 5 to construct m. Hence, we have that 7 = r+5(R—1). Therefore,
gives that

r(14+5/b)—5<r<r(1+4+5/b). (33)
This together with and b > 5 completes the proof of Fact O

6.5. Key lemma and proof of Theorem[§
The construction of m lets us prove the following result.
Lemma 17 (Key lemma). Let b and mg = mo(b) be as in and (21).

Let S C N>y, be a Sidon set and let S = {m: m € S}. For m; € S
(1 <i<4) with my < me < mg < my, we have

(M + fivg) — (g + )| > 2°, (34)
where £ = | (1+ 5/b)r(my)/(366%)] — b — 6.

The proof of Lemma [I7] will be given in Section [6.4. We now show that
Lemma [17] may be used to construct strong Sidon sets.

Lemma 18. Let o with 0 < oo < 1074 be given and, following and ,
let

b=[1/(6Va)] = 5. (35)

Let mg be as in (21). If S C N>y, is a Sidon set, then S ={m:meS8}is
an a-strong Sidon set. Moreover,

S(n) = S Q(Z)l/ sl b)D . (36)

Proof. Before we start, we note that the assumption 0 < o < 10~% guarantees
that 1/(6y/a) > 5, with plenty of room. We claim that S is an a-strong
Sidon set, i.e.,

|(m1 + myq) — (M2 + m3)| > m§
for mq, mo, mg, My € S’V with m1 < mo < m3 < my4. Indeed, Lemma
gives that

1+5/b
36b2

log (| (i + i) — (s + s)]) { r(ﬁmJ b6
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where the last inequality follows from (21), i.e., 7(4) > r(mg) > 100b%.
Consequently, in view of m < 2™ and , we infer that

~ 1/(36b%)
4

[(m1 + my) — (M2 +m3)| >m > my.

Next, we consider the counting function S (n). One can easily check that
for any m < (n/4)1/(1+5/b) Fact 16| implies that m < n. In otherwords, for
any m € SN [(n/4)1/(1+5/b)}, its ¢-image ¢(m) = m is contained in [n].
Since ¢ is one-to-one, we obtain , as desired. O

We now prove Theorem |8 combining Ruzsa’s theorem [11] and Lemma

Proof of Theorem [§ Ruzsa’s theorem guarantees the existence of a Sidon
set S satisfying
S(n) > pY2-1to(l)

Recall and note that, for o < 1074, we have

) )
b= m < 32V (37)

Using , we see that the set S given by Lemma |18|is an a-strong Sidon
set with

S(n) = S(L(n/4)"/F5/])
> n(V2=1+0(1))/(1+5/b) > n(ﬁ—1+o(1))/(1+32\/a)7

as required. O

6.4. Proof of Lemma[I7]

Before addressing inequality , we will show that, similarly as in
the proof of Fact one can recover m + m’ from partial information of
m+m' = ¢(m) + ¢(m'). First, we define notation for binary expansions of
sums of the form m +m’ = ¢(m) + ¢(m’), and therefore it will be convenient
to describe such expansions explicitly. Suppose m > m’. Recall and
similarly let

A ’
m —aT/ar/_l...al.

Consider the b-factorization AgRAp_1...A2A4; (as in ) of m and let the
b-factorization of m' be
Ay LAY AL (38)

Since we suppose m > m/, we have R > R'. Now let C/ be the C-blocks in
the binary expansion of m/, so that

7’77// — /R’C}%’—lAlR’—l . e CéA/QCiAll
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For convenience, let us set A, = 0 for every i > R’ and recall that we
let C! = 0° for every i > 2s(m’) and hence, in particular, C! = 0° for
every ¢ > R'. For every 1 <i < R, we let

0 if A; + AL < 20,

af =4 AT (39)
1 otherwise,

CHr=Ci+Cl+a 4,

A = (A; + A)) mod 2°. (40)

Note that a; is a carry. One sees that the binary expansion of m + m/ is
GALCE AL ..CFASCEAL. (41)

It will be convenient to extend the notion of ‘C-blocks’ to the binary expansion
of m 4+ m/': those are the 5-bit blocks C; in (41)). Similarly, the ‘A-blocks’
of m +m’ are the b-bit strings A in (41]).

The next fact tells that we can recover m +m’ from m + m/. It is a little
less trivial than Fact [[4] since we need to consider carries.

Fact 19. If we know all the bits of the sum m +m' = ¢(m) + ¢(m’), then
we can recover m +m’.

Proof. Suppose m + m’ has binary expansion . It is clear that the b-bit
string A in is formed by the b least significant bits of m +m’. Moreover,
we can tell whether there is a carry to the (b+ 1)st bit when we add the b
least significant bits of m and m’' by examining the rightmost bit of Cf’
in . This information and A; let us determine the next least significant b
bits of m + m/. Proceeding this way, we are able to determine all the bits
of m+m/. O

We will prove a strengthened version of Fact [19] similar to Fact [I5} we do
not need to know a certain number of the least significant bits of m + m/ to
recover m + m’. Recall the notation f.

Lemma 20. Let m and m’ be such that m,m' > mgy and m > m/. Let A;.,

be the A-block of m’ that contains the weakest strong bit of m’. Then ajg, C’j
and Af (7' <i < R) as defined in (B9)-(0) determine m +m' uniquely.

Proof. Suppose we know a;g, C;r and A;-'r (' <i < R). We have to recover
the bits of m + m/ from this data. First we claim that we can determine
s = s(m) and &' = s(m’). Note first that m > m/ implies that s > .
From , observe that the C-blocks Cf and C; are placed in the left of
A%, Moreover, it follows from the definition of Cj» (1 <4 < 2s) and Cf,
(1 <i < 2¢') that there are at most two indices ¢ such that C’;Q # 00. If

s # s, then there are exactly two indices ¢ such that CZFZ = 1. In this case,
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one is s and the other is s. On the other hand, if s = s/, then there is only
one index 7 such that C{EC{E = 10. In this case we can have s = s/ =i. In
either case, we can thus recover s and s’ from the given data.

Next we claim that one can recover the value of a;+a/ for all i (1 <i < ¢').
We distinguish two cases.

o If s =5, then C;f (s =1 <i < 2s) determines a1 +a},as +ah,...,as+
al,. This is because C; and C! contain a; and a for all 1 <i<s ="

e If s > s/, then we must have s > 25’ since s and s’ are powers of 2
(recall (24)). Therefore, the C-blocks C; (s + 1 < i < 2s) of m and
the C-blocks C! (s’ +1 <i < 2¢") of m’ do not ‘overlap’. Recall that
the bits ¢; (1 < ¢ < s) in the definition of the C; (1 < i < s) are
all 0 (see and ) Consequently, we deduce that, examining Cj
(s"+1 < i < 2¢'), we are able to recover all the weak bits a (1 <i < s')
of m/. On the other hand, since C} = 0° for every i > 2s', we can
also recover all the weak bits a; (1 < i < s) of m by examining C;
(s +1<1i<2s). Thus we can recover all the values of a; + ] for all i
(1<i<y¥).

The claim above implies that we can recover Aj for every 1 <i < j/ — 1.
Recall that we know aE, C and A} (57 < i < R). A little thought
considering carries shows that we can recover m + m/, which completes the
proof of Lemma O

Lemma [20] easily yields the following.

Lemma 21. If we know all the bits of m+m' = ¢(m)+ ¢(m’) except for the
(14 5/b) 8" —b—4 least significant bits of m~+m’, then we can recover m+m'.

Proof. Lemma 20| implies that the number of least significant bits of m +
m’ we do not need to know to recover m + m’ is the number of bits in
Cj_1Aj_1...C1 A1, which is equal to

(b+5)( -1,

where j' = [(s' +1)/b] and s = s(m/). Consequently,
(b+5)(j —1) = (b+5) (F:ﬂ - 1)

‘41
2(b+5)(82 —1) > (1—1—2)3’—1)—4.

O

In order to show of Lemma the number of least significant bits
in m +m’ we do not need to know to recover m + m’ has to be expressed as
a parameter of m rather than m’.
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Figure 2: The case in which the number of carries is largest.

Lemma 22. Let m and m’ be such that m,m’ > mqg and m > m'. If we
know all the bits of m +m', except for the | (1 + 5/b)r(m)/(36b%)] —b—6
least significant ones, then we can recover m +m’.

Proof. We consider two cases depending on the values of m’ and m. Roughly
speaking, the first case is when logm’ < (logm)/b, and the second case is
when logm’ 2 (logm)/b.

e Case 1: First we suppose that

logom' < (1+5/b)s—b—5

for s = s(m). Since the number of bits in A; is b and the least significant bit
of a C-block is 0, carries may happen in a row at most b times (see Figure [2)).

Since logy m’ < (1+5/b)s — b — 5, the binary expansion of m + m/’ is the
same as m except for (1 +5/b)s — 5 least significant bits. Hence, Fact
implies that we can recover m. Thus we can obtain m, and then we recover
m' = (m+m’) — m. Fact [14] gives that m' determines m’, and hence, we can
determine m + m/.

e Case 2: We suppose that

logom’ > (1+5/b)s —b— 5.
Inequalities and give that
log, m’' <7 < 6bs’,
and hence,
,_ 1+5/b
s >

6b
Lemma [21| implies that the number of least significant bits of m + m’ we do

s—1. (42)
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not need to know to recover m + m’ is

@ (1 b)?
1+ 2) oy @ AL
b 60
25) 2 B3)
g 1+5/b r_b_6gl+5/b?_b_6’
6b 36b2
which completes the proof of Lemma O

It only remains to show that Lemma [22] implies Lemma [I7]

Proof of Lemma[I7 Fix m; € S (1 <i<4) with m; < mg < ms < my and
let m, w, @/, m" € S be such that

~ ~/ s PR

m:m4, ﬁ:’]:ﬁ:s, ,U' :(M/):/th and m :(m/):ml

Recall that

(= r;gbr(m)J — b6,

Suppose, for a contradiction, that
| (M1 +ma) — (Me+m3)| = | (m+m) - (p+7)| < 2L,

In other words, m + m' and g1 + f have the same binary expansion except
possibly for the £ least significant bits. Lemma [22| gives that m+m' = p+ 1/,
which contradicts the assumption that S is a Sidon set. O

7. Sidon sets contained in random sets of integers

7.1. An extremal problem on random sets of integers

In [9] we investigated the following question: how dense Sidon sets S
contained in a random set of integers can be? First we describe the probability
model for random subsets of N that we shall use.

Definition 23. Fix a constant o satisfying 0 < a < 1. Let py, = m~< for
every positive integer m. Let R = R(a) C N be a random set of integers
obtained by including each m € N independently with probability py,.

We are interested in two types of problems on the growth rate of the
counting function S(n) for Sidon sets S contained in the random set R(«).

(7) Find some constant f(c«) such that, with probability 1, there is a Sidon
set S contained in R(«) such that, for all n,

S(n) > nf(@)+ed), (43)
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(7) Find some constant g(a) such that, with probability 1, every Sidon
set S contained in R(«) is such that, for all n,

S(n) < p9@+eld),

The constants f(a) and g(«) obtained in [9] are the following (see Fig-
we )]
(a) fla)=g(la) =1—afor2/3<a<l.
(b) fla)=g(a) =1/3 for 1/3 < v <2/3.
(¢) f(a) =max{1/3,v/2—1—a} and g(a) = (1 —a)/2 for 0 < a < 1/3.

Thus, while we know the best possible f(«) and g(«) for 1/3 < o < 1, this
is not the case for 0 < a < 1/3. The goal of this section is to show that the
existence of dense a-strong Sidon sets implies lower bounds for f(«) in .
To this end, we use the following modification of Definition [T}

Definition 24 ((a,¢)-strong Sidon sets). Let constants ¢ > 0 and o with
0 <a<1begiven. A set S CN is called an («, c)-strong Sidon set if

[(z+w) = (y +2)] = cw®
for every x,y,z,w € S with x <y < z < w.

We shall consider («, ¢)-strong Sidon sets for ¢ = 1 and ¢ = 16 only
(¢ = 1 corresponds to a-strong Sidon sets and Theorem [25| below concerns
the case ¢ = 16). The existence of an (a, 16)-strong Sidon set with S(n)
satisfying follows from Theorem

We prove the following.

Theorem 25. Let 0 < o < 1/2 be given. If there exists an («, 16)-strong
Sidon set S C N with

S(n) > nh(oa)-‘ro(l)’ (44)

then, with probability 1, the random subset R = R(«) of N contains a Sidon
set S* such that
S*(n) > nh(a)JrO(l).

"We remark that, in [0], the random set R is generated by selecting each natural
number m with probability p, = min{am®,1}. Thus, to translate the results in [J]
to the present context, one has to take the constant « in [9] to be 1 and the constant &
in [9] to be 1 — a. Thus, for instance, to interpret Figure 1 in [9] one should have in mind
that § = 1 — a (where « is the a in Deﬁnition that is, it is the « in the present paper).
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Figure 3: The graphs of the functions f(«), g(«) and (o) = 1 — a. The slope of the
dashed line is —1/2, while the slope of the non-horizontal dotted line is —1.

Combining Theorems |8 and implies that holds with f(a) =
(v2 — 1)/(1 + 32y/a), which, unfortunately, does not improve the value
obtained for f(a) in [9]. As it turns out, our strategy to obtain a better
value for f(a) has been recently vindicated: Fabian, Rué and Spiegel [6]
succeeded in obtaining dense enough strong Sidon sets by different methods,
which, together with the strategy put forward here, gives a value for f(«)
that supersedes the one in [9]. The reader is referred to [6] for details.

The next section is devoted to the proof of Theorem [25]

7.2. Proof of Theorem [25

Theorem [25] trivially holds for a = 0, and hence throughout Section [7.2]
we assume that 0 < o < 1/2. The proof of Theorem is based on two
auxiliary lemmas, Lemmas 26] and 29 In order to formulate these lemmas,
we introduce some notation. Let

5= 1

that =1--.
T, Sothat o 3

Note that

af=p—-1, 0<a<l1/2, 1<p<2 (45)
For every integer ¢ > 1, let

L =Nn[if (i +1)").
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For a, b € N, write
an~b (46)

if a, b € I; for some ¢ € N. The following holds.

Lemma 26. For every sufficiently large i € N, say i > ip(«), we have
1
P(RNLI21) 2 3. (47)

Proof. Let X; be the size of a random set obtained by choosing each element
in I; independently with probability

(G+D5) ™ =(+1)"*F = (i+1)"F, (48)

Since each element in I; is chosen to be in R independently with probability
at least ((z + 1)5)7(1, we have that P(|[RN ;| > 1) > P(X; > 1). Therefore,
to prove ([47), it suffices to prove that P(X; = 0) < 2/3.

Let us first note that, as § > 1, we have

(i +1)% —if > gL (49)

Moreover, for § > 1 and @ > ig(3), we have

i B-1 1 B-1 3
5<z‘+1> _<i—|—1> =% (50)

Using , and , we see that

=
—~
e
Il
(@)
N~—
(VAN
VR
|
7N
-~
+ | =
—
~_
Q
ks
~—
0
=
)
J
Y
L
1
~—
—_
|
N
-~
4|~
—_
~__
kY
L
~_—
0
=
)
|
=
L

1\
< exp (— <i—|—1> ((z—i—l)ﬁ—iﬁ—l))
1\
< exp (— <i+1> (526—1—1)>
i\ 8-l 1 \A1
:eXp<_B(z‘+1> +<i+1> )
< exp (—g) <er< g
and follows. O

For the proof of Lemma it is convenient to have the following.

Claim 27. Let S C N be an (a, 16)-strong Sidon set, where 0 < o < 1/2.
Then the elements of S are contained in distinct intervals of I;, with possibly
only one exceptional interval containing two elements of S.
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Proof. In what follows, we shall make use of the following inequality: for all
reals § and x with 1 < 8 <2 and = > 1, we have

(z+1)° — 2P < 282771, (51)
Observe that is equivalent to
(1+2)% —282<1, (52)

which is true in view of the fact that the derivative of LHS of is negative.
We now start the proof of Claim Let us first show that there is
at most one interval I; that contains at least two elements of S. Suppose
for a contradiction that i < j (i, j € N) and z,y,z,w € S are such that
r<y<z<w,and z,y € I; and z, w € I;. Using , we see that

[z +w—(y+2)| < Jw— 2|+ |y — = < ||+ L] < 2|1
=2((G + 1) — %) <4p5°71 <4B(%)* < 4Bu”.

By , we have
|z +w — (y+ 2)| < 8w™.

This contradicts the assumption that S is an («a, 16)-strong Sidon set.

Next, we show that there is no interval with three elements of S. Suppose
for a contradiction that ¢ € N and x,y,z € S are such that z < y < z and
x,y,z € I;. Then,

lz+2z—(y+y)| <|z—yl+ |y — 2] <2/L] <482% < 827,

which again contradicts the assumption on S. Therefore, Claim [27]is proved.
O

In the proof of Theorem [25] it will be convenient to consider («, 16)-strong
Sidon sets S with the property that S meets every I; (i > 1) in at most one
element.

Definition 28. Let 0 < o < 1/2 be given and let S be an («, 16)-strong
Sidon set. If the elements of S are all contained in distinct intervals I; (i > 1),
we say that S is a canonical (a, 16)-strong Sidon set.

Claim allows us to discard at most 1 element of any («a, 16)-strong
Sidon set S to obtain a canonical (a,16)-strong Sidon set. Clearly, this
process does not decrease the density of S (that is, the exponent h(«) in
does not change).

We now show that certain perturbations of strong Sidon sets are Sidon
sets. Recall that we write a ~ b if a and b belong to the same interval I;

(see (46)).
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Lemma 29. Let 0 < o < 1/2 be given and let S = {s1 < s2 <...} CNbea
canonical («,16)-strong Sidon set. For every i > 1, let s, be an integer such
that s} ~ s;, and let 8" = {s],s,,...}. Then S’ is a Sidon set.

Proof. Suppose for a contradiction that S’ is not a Sidon set. In other words,
suppose that there are a, b, c,d € S’ with a < b < ¢ < d such that a+d = b+c.
Let a € I;, b€ I, c € I} and d € I;. Since we assume that S is canonical,
we have that i < j < k < L.

We clearly have that

P <a<(i+1), P <b< (41,
K <e< (k+1)%, P <d<(+1)°
Hence,
P+ <at+d<(i+1)°+@U+1)°
and

PP <bte<(G+1)°P+ (k+1)°5.

Since a + d = b+ ¢ holds, the two intervals [i# + ¢°, (i + 1) + (£ +1)P) and
[jﬁ +EP (G + 1P 4 (k+ 1)5) are not disjoint. Firstly, if 77 4+ k# < i# + 7,
then necessarily % + €% < (j41)% + (k +1)# since otherwise the two intervals
would be disjoint. Thus,

FPHkP <P+ 0P <(G+1)P 4 (k+1)° (53)

On the other hand, if i + ¢% < j# + kP, then j% + k% < (i + 1)8 + (£ 4 1)5,
and thus,
P +00 <P+ < (i+1)°+ (+1)°. (54)

We claim that inequality implies that 0 < i +08 —(jP+ k%) < 40571
Indeed,

0<P+0 —(GP+,) <G+ +(k+1)P -7 — &P
< 28577 428K < 4pt? Y,

where the next to last inequality follows from and . Similarly,
inequality implies

0<%+ — (P +10°) < ape®t.
Consequently, we have
i + 07 — (j° + KP)| < 40P (55)

Let z,y,z,w € S be such that x ~a, y ~ b, 2z ~ cand w ~ d. Since S is
canonical, we have x <y < z < w. Since x € I;, y € Ij, z € I}, and w € Iy,
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we have that i = (/7] j = |y"/?], k = |2'/8], and £ = |w!'/?]. Note that
(<wP <041, ie.,
w/P -1 <0< w'P, (56)

Raising all terms of to the power of 8 and using the inequality £# — (& —
1)P — B¢ < 0 with &€ = w'/8, we infer that
w— pw® < (WP —1)% < 1% < w.
Similarly, we have
x—Pfr*<i’ <w, y-By*<j’<y and z-B" <k’ <z
Consequently, in view of the fact that

B=1 _ BB (B-1) < wB=D/B =
we conclude that

|z +w— (y+2)| <[if +6° — (5° + &°)| + 48uw”
(55)
Q 480971 4 4Bw™ < 8Bw* < 16w?,

where the last inequality follows from . This contradicts the assumption
that S is an (a, 16)-strong Sidon set. This contradiction implies that S’ is
indeed a Sidon set. O

We are now ready to prove Theorem [25]

Proof of Theorem [25 Recall that Theorem [25] trivially holds for o = 0, and
that, hence, we assume that 0 < o < 1/2. Let S ={s1 < sy <---} CNbe
an (o, 16)-strong Sidon set such that
S(n) > nh(a)+o(1).
We may suppose that S is canonical.
Let i; be such that s; € I;;. Let R = R(a) be the random set introduced
in Definition 23] and let i be the integer from Lemma [26] Set

J:{j:ijzio and RﬂIij #@}

For each such j € J, we select an arbitrary element s; € RN I;; and
let 5* = {s] < s5 <---}. Since s} ~ sj, Lemma implies that S* is a
Sidon set.

Next, we estimate S*(n). Since S is canonical, between 1 and n, there
are at least

|S(n)] — iy > nh(a)—f—o(l)
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intervals I; with SN I; # (). Moreover, by Lemma we have
P(RNI; #0) >1/3

for every j > ig. Thus, Chernoff’s bound (see, e.g., [8, Corollary 2.3]) gives

that, for any fixed € > 0 and n > n(e),

P [S*(n) < nh(a)_s} < 2exp (—nh(a)_5> < (57)

1
n?’
We now recall the well-known Borel-Cantelli lemma.

Lemma 30 (Borel-Cantelli Lemma). Let {F), }nen be a sequence of events in
a probability space. If o2 | P[F,] < oo, then, with probability 1, only finitely

many F, occur, i.e.,
ﬂﬂU%:o

i>1n>i

Since 3 1/n? < 0o, inequality and the Borel-Cantelli Lemma gives
that, with probability 1, the random set R is such that, for every n > ng =
nO(R7 5)7

S*(n) > nh(a)fz-:‘

This completes the proof of Theorem [25] O

8. Concluding remarks

Erdés proved that ‘limsup’ in cannot be replaced by ‘lim’. Indeed,
he showed that any Sidon set S C N is such that

lim inf S(n)n~'/2\/logn < oo

(see [13| p. 133] or [7, Chapter II, Theorem 8|). It is natural to ask whether
a similar result holds for strong Sidon sets: is it true that, for any a-strong
Sidon set S C N (0 < aw < 1), we have

lim inf S(n)n~(1=/2 = 07

Our approach for producing strong Sidon sets is based on the construction
of a function ¢ such that ¢(S) is a strong Sidon set for any Sidon set S.
In contrast, Fabian, Rué, and Spiegel [6] obtained denser strong Sidon sets
by nicely elaborating on a construction of Cilleruelo [3]. It would be very
interesting to see whether there is a “black box” approach that can do
numerically at least as well as the approach in [6].

We close by mentioning that the approach of Fabian, Rué, and Spiegel [6]
allowed them to investigate “strong Bj,-sets”.
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