Orthogonal geodesic chords on Riemannian
manifolds with concave boundary and
applications

Fabio Giannoni, Paolo Piccione

Universita di Camerino (Italy), Universidade d@&Paulo (Brazil)

School in Nonlinear Analysis and Calculus of Variations —



On the course

Our goal: Prove the existence of multiple orthogonal
geodesic chords in a class of compact Riemannian
manifolds with boundary

School in Nonlinear Analysis and Calculus of Variations — [



On the course

Our goal: Prove the existence of multiple orthogonal

geodesic chords in a class of compact Riemannian
manifolds with boundary

Method: develop a non smooth Ljusternik—Schnirelmann
theory

School in Nonlinear Analysis and Calculus of Variations —



On the course

Our goal: Prove the existence of multiple orthogonal
geodesic chords in a class of compact Riemannian
manifolds with boundary

Method: develop a non smooth Ljusternik—Schnirelmann
theory

Applications: Prove the existence of:

School in Nonlinear Analysis and Calculus of Variations —



On the course

Our goal: Prove the existence of multiple orthogonal
geodesic chords in a class of compact Riemannian
manifolds with boundary

Method: develop a non smooth Ljusternik—Schnirelmann
theory

Applications: Prove the existence of:

multiple brake orbits for a class of Hamiltonian
problems

School in Nonlinear Analysis and Calculus of Variations —



On the course

Our goal: Prove the existence of multiple orthogonal
geodesic chords in a class of compact Riemannian
manifolds with boundary

Method: develop a non smooth Ljusternik—Schnirelmann
theory

Applications: Prove the existence of:

multiple brake orbits for a class of Hamiltonian
problems

multiple homoclinic orbits for a class of Lagrangian
systems
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Riemannian geometry

M smooth manifold
g symmetric, positive definite (2, 0)-tensor on M

V Levi—Civita connection of g

> C M hypersurface
S, :T,> xT,> — R second fundamental form of X

Sulw,0) = g(V.W,n.)

/

W extension of w, n, hormal vector to X at z. | “signed distance”

Obs.: S, is the Hessian of the map p — dist™(p, 2).

School in Nonlinear Analysis and Calculus of Variations —



Convex and Concave domains

(M, g) Riemannian manifold
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Convex and Concave domains

(M, g) Riemannian manifold
() C M open subset, QO = Q| J 09

Definition. ) is said to be convex if for all geodesic
v : la,b] — Q with y(a),v(b) € Q, then v([a, b]) C .
Qis concave if M \  is convex.

Q is strongly concave if S,, is positive definite, where n is
Inward pointing.
C?-open condition
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Convex and Concave domains

(M, g) Riemannian manifold
() C M open subset, QO = Q| J 09

Definition. ) is said to be convex if for all geodesic
v : la,b] — Q with y(a),v(b) € Q, then v([a, b]) C .
Qis concave if M \  is convex.

Q is strongly concave if S,, is positive definite, where n is
Inward pointing.

Lemma. € strongly concave = () concave.
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Convex and Concave domains

(M, g) Riemannian manifold
() C M open subset, QO = Q| J 09

Definition. ) is said to be convex if for all geodesic
v : la,b] — Q with y(a),v(b) € Q, then v([a, b]) C .
Qis concave if M \  is convex.

Q is strongly concave if S,, is positive definite, where n is
Inward pointing.

e > geodesics starting
Q ' —— “tangentially to 99
move inside
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The boundary of

Assume 0f2 IS smooth
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Orthogonal geodesic chords

Def.. An orthogonal
geodesic chord (OGC)
in Q is a non constant
geodesic v : [a,b] — Q
with vy(a), v(b) € 92 and

i(a),4(b) € T(69)".
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Orthogonal geodesic chords

Def.. An orthogonal
geodesic chord (OGC)
in Q is a non constant
geodesic v : [a,b] — Q
with vy(a), v(b) € 92 and

5(a), ¥(b) € T(89) .

A weak orthogonal
geodesic chord
(WOCQG).

WOGC’s do not exist
In the convex case.
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Some examples — 1

Q0 = annulus: S™ 1 x [0, 1]

An OGC is crossing if its endpoints are in distinct con-
nected components of 0f2. It is easy to prove the ex-
istence of one crossing OGC whose length equals the
distance between the two connected components of
0f2.
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Some examples — 1

Q0 = annulus: S™ 1 x [0, 1]

An OGC is crossing if its endpoints are in distinct con-
nected components of 0f2. It is easy to prove the ex-
istence of one crossing OGC whose length equals the
distance between the two connected components of
0f2.

There may be only one OGC:
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Some examples — 2

If (2 is convex, then it is proven the existence of at least two
crossing OGC'’s (Giannoni-Majer, DGA 1997).
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Some examples — 2

If (2 is convex, then it is proven the existence of at least two
crossing OGC'’s (Giannoni-Majer, DGA 1997).

This I1s an optimal result

(in all dimensif)ns:r)\[;wn metric
g(z) = ¥ (2)) - golz), ¢ RT= R
convethw\v

S + ()20, P(2) + 9220

Q. ={zeR": 1< |z, |z —¢| <2}

(Back to the central result)
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Getting rid of WOGC'’s

Proposition: Assume:

1. 09 compact and € strongly concave.
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Getting rid of WOGC'’s

Proposition: Assume:
1. 09 compact and € strongly concave.

2. 3 only a finite number of (crossing) OGC'’s in .
Then 4 €Y C Q open with:
Q) diffeomorphic to €2, 9’ smooth;
() strongly concave;

the number of (crossing) OGC's in ' is < number of
(crossing) OGC's in Q;

there is no WOGC in V..
It suffices to consider the case that there is no WOGC!
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Proof

Y = ¢ (]—o00,—0[), with & > 0 small. (recall )
Observe:
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Proof

Y = ¢ (]—o00,—0[), with & > 0 small. (recall )
Observe:

by continuity, d¢ # 0in ¢~*([—4,0] ), so 9 is smooth;

()" is strongly concave, by continuity of Hess(¢) and

compaWadius
If 0 < foc(0N2), every OGC in ' can be extended to an

OGC in Q2
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Proof

Y = ¢ (]—o00,—0[), with & > 0 small. (recall )
Observe:

by continuity, d¢ # 0in ¢~*([—4,0] ), so 9 is smooth;

()" is strongly concave, by continuity of Hess(¢) and
compactness of 0f);

If 0 < foc(0N2), every OGC in ' can be extended to an
OGC in 2

If by absurd 46,, — 0 and a sequence ~,, of WOGC’s in
¢~ (]—o0,—d,[ ), then one would get infinitely many
OGC'sin Q2. QED
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The main geometrical result

Theorem. (Giambo, Giannoni, Piccione)
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The main geometrical result

Theorem. (Giambo, Giannoni, Piccione)
Let (M, g) be a Riemannian manifold. Assume:

() C M open;
2 homeomorphic to S™ ! x [0, 1];

Q strongly concave.

Then, there are at least two (geometrically distinct)
crossing OCG's in .

Obs.: Recall that it suffices to consider the case that there
are no WOGC's.

Obs.: Again, the result is optimal. Recall

‘ School in Nonlinear Analysis and Calculus of Variations — p.



Central symmetry

Def.: (M, g) Riemannian man., A C M is centrally
symmetric around xy € M if exists an isometry [ : M — M,
with 7% = I, whose unique fixed pt is z,, and such that
I(A) = A.

A function f : M — R is centrally symmetricif f ol = f.
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Central symmetry

Def.: (M, g) Riemannian man., A C M is centrally
symmetric around xy € M if exists an isometry [ : M — M,
with 7% = I, whose unique fixed pt is z,, and such that

I(A) = A.

A function f : M — R is centrally symmetricif fol = f.

If v Is a geodesic (orthogonal to >.), then I o v Is a geodesic
(orthogonal to (32))

Theorem. Under the assumptions of the If

Q is centrally symmetric around some z,, then there are at
least m = dim(M) geometrically distinct OGC’s 74, ..., Vm

in .
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A short history of the problem

Two classical results:

Ljusternik and Schnirelmann, 1932:

there are at least n principal chords in a compact
convex subset of the n-dimensional Euclidean space

having C? boundary
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A short history of the problem

Two classical results:

Ljusternik and Schnirelmann, 1932:

there are at least n principal chords in a compact
convex subset of the n-dimensional Euclidean space

having C? boundary

W. Bos, Kritische Sehenen auf Riemannischen
Elementarraumstucken, Math. Ann. 1963

at least n OGC'’s In convex Riemannian manifolds
homeomorphic to an n-disk.
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A short history of the problem

Two classical results:

Ljusternik and Schnirelmann, 1932:

there are at least n principal chords in a compact
convex subset of the n-dimensional Euclidean space

having C? boundary

W. Bos, Kritische Sehenen auf Riemannischen
Elementarraumstucken, Math. Ann. 1963

at least n OGC'’s In convex Riemannian manifolds
homeomorphic to an n-disk.

F. Giannoni, P. Majer, On the effect of the domain abou
the multiplicity of the orthogonal geodesic chords

Diff. Geom. Appl. 1997
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The topology of the manifold

G & M’s result:

If the manifold is homeomorphic to an annulus and it
IS convex, then there are at least two OGC's;

If the manifold has compact and convex boundary,
and if the LS-category of the space of paths with
endpoints on the boundary is infinite, then there are
Infinitely many OGC'’s.
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The topology of the manifold

G & M’s result:

If the manifold is homeomorphic to an annulus and it
IS convex, then there are at least two OGC's;

If the manifold has compact and convex boundary,
and if the LS-category of the space of paths with
endpoints on the boundary is infinite, then there are
Infinitely many OGC'’s.

«—— Example
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Geodesics chords, homoclinics and
brake orbits: a short bibliography

H. Seifert, Periodische Bewegungen Machanischer
Systeme, Math. Z. 1948.
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Geodesics chords, homoclinics and
brake orbits: a short bibliography

H. Seifert, Periodische Bewegungen Machanischer
Systeme, Math. Z. 1948.

H. Gluck, W. Ziller, Existence of Periodic Motions of
Conservative Systems, in “Seminar on Minimal

Surfaces” (E. Bombieri Ed.), 1983.

A. Weinstein, Periodic orbits for convex Hamiltonian
systems, Ann. of Math. 1978.

These results will be reviewed later.
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More bibliography

P. H. Rabinowitz, Periodic and Eteroclinic Orbits for a
Periodic Hamiltonian System, Ann. Inst. H. Poincaré
19809.
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More bibliography

P. H. Rabinowitz, Periodic and Eteroclinic Orbits for a
Periodic Hamiltonian System, Ann. Inst. H. Poincaré

1989.

A. Ambrosetti, V. Coti Zelati, Multiple Homoclinic
Orbits for a Class of Conservative Systems, Rend.
Sem. Mat. Univ. Padova, 1993.
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K. Tanaka, A Note on the Existence of Multiple
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P. H. Rabinowitz, Periodic and Eteroclinic Orbits for a
Periodic Hamiltonian System, Ann. Inst. H. Poincaré
19809.

A. Ambrosetti, V. Coti Zelati, Multiple Homoclinic
Orbits for a Class of Conservative Systems, Rend.
Sem. Mat. Univ. Padova, 1993.

K. Tanaka, A Note on the Existence of Multiple

Homoclinic Orbits for a Perturbed Radial Potential,
No. D. E. A. 1994.

E. Paturel, Multiple homoclinic orbits for a class of
Hamiltonian systems, Calc. Var. & PDE’s 2001.
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More bibliography

P. H. Rabinowitz, Periodic and Eteroclinic Orbits for a
Periodic Hamiltonian System, Ann. Inst. H. Poincaré
19809.

A. Ambrosetti, V. Coti Zelati, Multiple Homoclinic
Orbits for a Class of Conservative Systems, Rend.
Sem. Mat. Univ. Padova, 1993.

K. Tanaka, A Note on the Existence of Multiple

Homoclinic Orbits for a Perturbed Radial Potential,
No. D. E. A. 1994.

E. Paturel, Multiple homoclinic orbits for a class of
Hamiltonian systems, Calc. Var. & PDE’s 2001.

... lots more...
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Bibliography for this course
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Orthogonal Geodesic Chords, Brake Orbits and

Homoclinic Orbits in Riemannian Manifolds,
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On the multiplicity of brake orbits and homocilinics
In Riemannian manifolds, Acc. Lincel, 2005.

Multiple brake orbits and homoclinics in
Riemannian manifolds, preprint 2004.
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Ljusternik—Schnirelman category

Def.. X top. space, Y C X is contractible in X if i : ) — X’ is homotopic to a constant.
LS-category

cat x¥ ())) = min {n :3C,...,C, C X open and contractible,

yc lJc}efor,. .. 4o}
k=1
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from below, and satisfies (PS), then f has at least cat(X’) critical points.

More generally, cat gives a lower estimate on the number of fixed points of flows.
(fixed pts of the gradient flow of f=critical pts. of f)

In the case of Riemannian manifolds with convex boundary, one can use the shortening
flow on the space of curves lying inside the manifold, and whose endpoints are on the
boundary.
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Ljusternik—Schnirelman category

Def.. X top. space, Y C X is contractible in X if i : ) — X’ is homotopic to a constant.
LS-category

cat x¥ ())) = min {n :3C,...,C, C X open and contractible,

yc lJc}efor,. .. 4o}
k=1

cat is homotopy invariant and monotonic increasing by inclusion.
Classical result. If X is a complete Banach manifold and f : X — R is C!, bounded
from below, and satisfies (PS), then f has at least cat(X’) critical points.

More generally, cat gives a lower estimate on the number of fixed points of flows.
(fixed pts of the gradient flow of f=critical pts. of f)

In the case of Riemannian manifolds with convex boundary, one can use the shortening
flow on the space of curves lying inside the manifold, and whose endpoints are on the
boundary.

In the concave case, the shortening flow is not well defined on such space.
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Abstract LS theory

We will reproduce the “ingredients” of the classical LS theory in a nonsmooth context:
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a metric space 9Jt. consists of curves having image in an open neighborhood of
Q =~ §m—1 x [0, 1], whose endpoints remain near 6.
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Abstract LS theory

We will reproduce the “ingredients” of the classical LS theory in a nonsmooth context:

a metric space 9Jt. consists of curves having image in an open neighborhood of
Q =~ §m—1 x [0, 1], whose endpoints remain near 6.

a compact subset ¢ C 991, homeomorphic to the sphere S™—1,

a family H consisting of pairs (D, h), where D C € is compact and
h:10,1] x D — 9Mtis a continuous map with ~(0, x) = « for all z, and satisfying
other properties that will be discussed ahead.
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We will reproduce the “ingredients” of the classical LS theory in a nonsmooth context:

a metric space 9Jt. consists of curves having image in an open neighborhood of
Q =~ §m—1 x [0, 1], whose endpoints remain near 6.

a compact subset ¢ C 991, homeomorphic to the sphere S™—1,

a family H consisting of pairs (D, h), where D C € is compact and
h:10,1] x D — 9Mtis a continuous map with ~(0, x) = « for all z, and satisfying
other properties that will be discussed ahead.

a functional F, that associates to each pair (D, h) € H a real number F(D, h).
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Abstract LS theory

We will reproduce the “ingredients” of the classical LS theory in a nonsmooth context:

a metric space 9Jt. consists of curves having image in an open neighborhood of
Q =~ §m—1 x [0, 1], whose endpoints remain near 6.

a compact subset ¢ C 991, homeomorphic to the sphere S™—1,

a family H consisting of pairs (D, h), where D C € is compact and
h:10,1] x D — 9Mtis a continuous map with ~(0, x) = « for all z, and satisfying
other properties that will be discussed ahead.

a functional F, that associates to each pair (D, h) € H a real number F(D, h).

We define a suitable notion of critical pt for F, in such a way that distinct critical values of
F correspond to geometrically distinct OGC’s in .
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Abstract LS theory

We will reproduce the “ingredients” of the classical LS theory in a nonsmooth context:

a metric space 9Jt. consists of curves having image in an open neighborhood of
Q =~ §m—1 x [0, 1], whose endpoints remain near 6.

a compact subset ¢ C 991, homeomorphic to the sphere S™—1,

a family H consisting of pairs (D, h), where D C € is compact and
h:10,1] x D — 9Mtis a continuous map with ~(0, x) = « for all z, and satisfying
other properties that will be discussed ahead.

a functional F, that associates to each pair (D, h) € H a real number F(D, h).

We define a suitable notion of critical pt for F, in such a way that distinct critical values of
F correspond to geometrically distinct OGC’s in .

We prove two deformation lemmas for the sublevels of F, and we prove a (PS) condition
for F, obtaining the existence of cat(¢) = cat(S™ ') = 2 distinct critical values of F.
For the symmetric case, a lower estimate is given by cat(IRP™ 1) = m.
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Deformation Lemmas and critical pts

1DL: noncritical levels of F can be deformed by
homotopies Iin H into lower levels;
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Deformation Lemmas and critical pts

1DL: noncritical levels of F can be deformed by
homotopies Iin H into lower levels;

2DL: a similar deformation exists also for critical levels of
JF, provided that suitable neighborhoods of the critical pts
are removed.
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Deformation Lemmas and critical pts

1DL: noncritical levels of F can be deformed by
homotopies Iin H into lower levels;

2DL: a similar deformation exists also for critical levels of
JF, provided that suitable neighborhoods of the critical pts
are removed.

i =1,2:|T; ={D e ¢:cat(D) > i}

C, = inf f(D, h)
Del’;
(D,h)eH

One then proves:
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Deformation Lemmas and critical pts

1DL: noncritical levels of F can be deformed by
homotopies Iin H into lower levels;

2DL: a similar deformation exists also for critical levels of
JF, provided that suitable neighborhoods of the critical pts
are removed.

i =1,2:|T; ={D e ¢:cat(D) > i}

C, = inf f(D, h)
Del’;
(D,h)eH

One then proves:

c; > 0andc¢; < +oo;
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Deformation Lemmas and critical pts

1DL: noncritical levels of F can be deformed by
homotopies Iin H into lower levels;

2DL: a similar deformation exists also for critical levels of
JF, provided that suitable neighborhoods of the critical pts
are removed.

i =1,2:|T; ={D e ¢:cat(D) > i}

C, = inf f(D, h)
Del’;
(D,h)eH

One then proves:

c; > 0andc¢; < +oo;

c1 < Co;
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Deformation Lemmas and critical pts

1DL: noncritical levels of F can be deformed by
homotopies Iin H into lower levels;

2DL: a similar deformation exists also for critical levels of
JF, provided that suitable neighborhoods of the critical pts
are removed.

i =1,2:|T; ={D e ¢:cat(D) > i}

C, = inf f(D, h)
Del’;
(D,h)eH

One then proves:

c; > 0andc¢; < +oo;
c1 < Co,

each ¢; is a critical value, by 1DL;
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Deformation Lemmas and critical pts

1DL: noncritical levels of F can be deformed by
homotopies Iin H into lower levels;

2DL: a similar deformation exists also for critical levels of
JF, provided that suitable neighborhoods of the critical pts
are removed.

i =1,2:|T; ={D e ¢:cat(D) > i}

C, = inf f(D, h)
Del’;
(D,h)eH

One then proves:

c; > 0andc¢; < +oo;
c1 < Co,

each ¢; is a critical value, by 1DL; ¢; < ¢y by 2DL.
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Basic notations

Q== 8m—1 x [0, 1] strongly concave, Q C R™, D1, Dy = S™~1 conn. comp. of 9.
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Basic notations

Q== 8m—1 x [0, 1] strongly concave, Q C R™, D1, Dy = S™~1 conn. comp. of 9.
1

b b
a,b:(%<||m<a>||+ / ||az:<s>||2ds)) [lellz= < Jo|

T € Hl([a,b],]Rm),

z|

a,b |
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Basic notations

Q== 8m—1 x [0, 1] strongly concave, Q C R™, D1, Dy = S™~1 conn. comp. of 9.
1

b b
a,b:(%<||m<a>||+ / ||az:<s>||2ds)) [lellz= < Jo|

T € Hl([a,b],]Rm),

£U| a,b |

¢:R™ - R, Q2=¢ 1 (]—00,0[), 02 = ¢ (0), dp # 0 on 952 and
Hess(¢)[v,v] < 0forv € T(092) \ {0}.
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Basic notations

Q== 8m—1 x [0, 1] strongly concave, Q C R™, D1, Dy = S™~1 conn. comp. of 9.
1

b b
a,b:(%<||m<a>||+ / ||az:<s>||2ds)) [lellz= < Jo|

T € Hl([a,b],]Rm),

z|

a,b |

¢:R™ - R, Q2=¢ 1 (]—00,0[), 02 = ¢ (0), dp # 0 on 952 and
Hess(¢)[v,v] < 0forv € T(092) \ {0}.

360 > 0 such that Hess(¢)[v,v] < 0 forall z € ¢~ ([0, do]) and all v # 0
with d¢, [v] = 0.
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Basic notations

Q== 8m—1 x [0, 1] strongly concave, Q C R™, D1, Dy = S™~1 conn. comp. of 9.
1

b b
a,b:(%<||m<a>||+ / ||az:<s>||2ds)) [lellz= < Jo|

T € Hl([a,b],]Rm),

£U| a,b |

¢:R™ - R, Q2=¢ 1 (]—00,0[), 02 = ¢ (0), dp # 0 on 952 and
Hess(¢)[v,v] < 0forv € T(092) \ {0}.

360 > 0 such that Hess(¢)[v,v] < 0 forall z € ¢~ ([0, do]) and all v # 0

po = min dist(z,y), Ko = max V|| < 4o0.
zeD1 =1 (]—00,80])
ve Do 80
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Basic notations

Q== 8m—1 x [0, 1] strongly concave, Q C R™, D1, Dy = S™~1 conn. comp. of 9.
1

b b
a,b:(%<||m<a>||+ / ||az:<s>||2ds)) [lellz= < Jo|

T € Hl([a,b],]Rm),

£U| a,b |

¢:R™ - R, Q2=¢ 1 (]—00,0[), 02 = ¢ (0), dp # 0 on 952 and
Hess(¢)[v,v] < 0 forv € T(0Q2) \ {0}.

360 > 0 such that Hess(¢)[v,v] < 0 forall z € ¢~ ([0, do]) and all v # 0

with d¢z [v] = 0.
po = min dist(z,y), Ko = max V|| < 4o0.
re! ¢~ 1 (1—o0,601)

yeDo ¥(a)

Prop.: Ifv : [a,b] — Qis a geo with
~v(a),v(b) € 0%, then 35 € ]a, b]
with ¢(v(5)) < —do.
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The path spaces

Define C; = connected components of ¢~ ([0, §o]) containing D;, i = 1, 2.

M = {x e H'([0,1],R™) : ¢(x(s)) < b0, z(0) € C1, (1) € 02}
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The path spaces

Define C; = connected components of ¢~ ([0, §o]) containing D;, i = 1, 2.

M = {x e H'([0,1],R™) : ¢(x(s)) < b0, z(0) € C1, (1) € 02}

¢ {orthogonal segments from D1 to Dg} Moy = sup fol g(z,x)ds.
rzeld
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The path spaces

Define C; = connected components of ¢~ ([0, §o]) containing D;, i = 1, 2.

M = {x e H'([0,1],R™) : ¢(x(s)) < b0, z(0) € C1, (1) € 02}

¢ {orthogonal segments from D1 to Dg} Moy = sup fol g(z,x)ds.
rzeld

reM JO = {[a,b] C [0,1] : z([a,b]) C Q, z(a) € D1, z(b) € Dg} crossing intervals

Tr = {[a, b] € T2 : [a, b] maximal}
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The path spaces

Define C; = connected components of ¢~ ([0, §o]) containing D;, i = 1, 2.

M = {x e H'([0,1],R™) : ¢(x(s)) < b0, z(0) € C1, (1) € 02}

¢ {orthogonal segments from D1 to Dg} Moy = sup fol g(z,x)ds.
rzeld

reM JO = {[a,b] C [0,1] : z([a,b]) C Q, z(a) € D1, z(b) € Dg} crossing intervals

Tr = {[a, b] € T2 : [a, b] maximal}

Def.: [a,b] € J9 is an My-interval if % f: g(z,2)ds < Mp.
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The path spaces

Define C; = connected components of ¢~ ([0, §o]) containing D;, i = 1, 2.

M = {x e H'([0,1],R™) : ¢(x(s)) < b0, z(0) € C1, (1) € 02}

¢ {orthogonal segments from D, to Dg} My = sup fo &, x) ds.
rxel

reM JO = {[a,b] C [0,1] : z([a,b]) C Q, z(a) € D1, z(b) € Dg} crossing intervals
Tz = {[a, b € J9 : [a,b] maximal}

Def.: [a,b] € J9 is an My-interval if % f: g(z,2)ds < Mp.

Obs.: z € M => |Tx| < 400! [a, b]ejg,b—a>€(ﬂgfb (&, ) ds
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Geometrically and variationally
critical points

Def c € ]0, Mp[ is a geometrically critical value if 3 a crossing OGC ~ : [0, 1] — Q with
5 fo g(, %) dt = c. A geometrically regular value is a number ¢ which is not
geometrically critical.
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Geometrically and variationally
critical points

Def c € ]0, Mp[ is a geometrically critical value if 3 a crossing OGC ~ : [0, 1] — Q with
5 fo g(, %) dt = c. A geometrically regular value is a number ¢ which is not
geometrically critical.

Prop.: If ¢; # co are GCV'’s, then they correspond to geometrically distinct OGC's.
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Geometrically and variationally
critical points

Def c € ]0, Mp[ is a geometrically critical value if 3 a crossing OGC ~ : [0, 1] — Q with
5 fo g(, %) dt = c. A geometrically regular value is a number ¢ which is not
geometrically critical.

Prop.: If ¢; # co are GCV'’s, then they correspond to geometrically distinct OGC's.

VT(z) = {V vector field along z : g(V (s), Vé(x(s))) > 0 when z(s) € ¢~ ([0, %0]) }
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Geometrically and variationally
critical points

Def c € ]0, Mp[ is a geometrically critical value if 3 a crossing OGC ~ : [0, 1] — Q with
5 fo g(, %) dt = c. A geometrically regular value is a number ¢ which is not
geometrically critical.

Prop.: If ¢; # co are GCV'’s, then they correspond to geometrically distinct OGC's.

VT(z) = {V vector field along z : g(V (s), Vé(x(s))) > 0 when z(s) € ¢~ ([0, %0]) }

V™ (x) = {V vector field along z : g(V (s), Vo (x(s))) < 0when z(s) € ¢~ 1(0) }
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Geometrically and variationally
critical points

Def c € ]0, Mp[ is a geometrically critical value if 3 a crossing OGC ~ : [0, 1] — Q with
5 fo g(, %) dt = c. A geometrically regular value is a number ¢ which is not
geometrically critical.

Prop.: If ¢; # co are GCV'’s, then they correspond to geometrically distinct OGC's.

VT(z) = {V vector field along z : g(V (s), Vé(x(s))) > 0 when z(s) € ¢~ ([0, %0]) }

“(x) = {V vector field along z : g(V (s), Vo (x(s))) < 0when z(s) € ¢~ 1(0) }

Def.: x € M, [a, b] C [0, 1]; then x|, p is a variationally critical portion of x if z|(, 4 is

not constant and if f g(#, 2V)dt>0|forall V € vV (z).
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Geometrically and variationally
critical points

Def c € ]0, Mp[ is a geometrically critical value if 3 a crossing OGC ~ : [0, 1] — Q with
5 fo g(, %) dt = c. A geometrically regular value is a number ¢ which is not
geometrically critical.

Prop.: If ¢; # co are GCV'’s, then they correspond to geometrically distinct OGC's.

VT(z) = {V vector field along z : g(V (s), Vé(x(s))) > 0 when z(s) € ¢~ ([0, %0]) }

“(x) = {V vector field alongx:/g(V(s), Vo(z(s))) < 0when z(s) € ¢~ 1(0) }

Def.: x € M, [a,b] C [0, 1]; then z|(, 1 is @ variationa itical portion of z if x|, 1 IS

not constant and if f g(#, 2V)dt>0|forall V € vV (z).

Variationally critical portions of x are curves
whose geodesic energy is not decreased
by “infinitesimal variations” with curves
stretching outwards from .

first variation of the geodesic action functior
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Classification of variationally critical
portions

Lem.: z € M, [, B] C 0,1] and ¢ € ], B[ such that z(a), z(B) € 9Q, ¢(x(t)) < —do.
Then g — a > 82 (fﬁg(x :I:)dt) '
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Classification of variationally critical
portions

Lem.: z € M, [, B] C 0,1] and ¢ € ], B[ such that z(a), z(B) € 9Q, ¢(x(t)) < —do.
Then 8 — a > ;—82 (ff (i, 2) dt)_l.

Prop.. x € 9, x|}, 4 var. critical portion of z with z(a), z(b) € 9%, z([a, b]) C Q. Then:
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Classification of variationally critical
portions

Lem.: z € M, [, B] C 0,1] and ¢ € ], B[ such that z(a), z(B) € 9Q, ¢(x(t)) < —do.
B 8B (B —1

Then g — a > 2 (fa g(z,x) dt) :

Prop.. x € 9, x|}, 4 var. critical portion of z with z(a), z(b) € 9%, z([a, b]) C Q. Then:

z~1(8Q) consists of a finite number of closed intervals and isolated pts;
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Classification of variationally critical
portions

Lem.: z € M, [, B] C 0,1] and ¢ € ], B[ such that z(a), z(B) € 9Q, ¢(x(t)) < —do.
52 o —1
Then g — a > K_Og (ffg(ac,x)dt) :
Prop.. x € 9, x|}, 4 var. critical portion of z with z(a), z(b) € 9%, z([a, b]) C Q. Then:
z~1(8Q) consists of a finite number of closed intervals and isolated pts;

z is constant on each connected component of z—* (92);
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Classification of variationally critical
portions

Lem.: z € M, [, B] C 0,1] and ¢ € ], B[ such that z(a), z(B) € 9Q, ¢(x(t)) < —do.
52 o —1
Then g — a > K_Og (ffg(ac,x)dt) :
Prop.. x € 9, x|}, 4 var. critical portion of z with z(a), z(b) € 9%, z([a, b]) C Q. Then:
z~1(8Q) consists of a finite number of closed intervals and isolated pts;

z is constant on each connected component of z—* (92);

T|[q,p) IS piecewise C?; the discontinuities of & may occur on 9%;
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Classification of variationally critical
portions

Lem.: z € M, [, B] C 0,1] and ¢ € ], B[ such that z(a), z(B) € 9Q, ¢(x(t)) < —do.
62 o —1
Then g — a > K_Og (ffg(ac,x)dt) :
Prop.. x € 9, x|}, 4 var. critical portion of z with z(a), z(b) € 9%, z([a, b]) C Q. Then:
z~1(8Q) consists of a finite number of closed intervals and isolated pts;
z is constant on each connected component of z—* (92);
T|[q,p) IS piecewise C?; the discontinuities of & may occur on 9%;

each C? portion of z is a geodesic in Q;
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Classification of variationally critical
portions

Lem.: z € M, [, B] C 0,1] and ¢ € ], B[ such that z(a), z(B) € 9Q, ¢(x(t)) < —do.
Then 8 — a > I‘i—% (ff (i, 2) dt)_l.
Prop.. x € 9, x|}, 4 var. critical portion of z with z(a), z(b) € 9%, z([a, b]) C Q. Then:
z~1(8Q) consists of a finite number of closed intervals and isolated pts;
z is constant on each connected component of z—* (92);
T|[q,p) IS piecewise C?; the discontinuities of & may occur on 9%;
each C? portion of z is a geodesic in Q;

min{qb(ac(s)) .S € [a,b]} < —do.
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Classification of variationally critical
portions

Lem.: z € M, [, B] C 0,1] and ¢ € ], B[ such that z(a), z(B) € 9Q, ¢(x(t)) < —do.
52 o —1
Then g — a > K_Og (ffg(ac,x)dt) :
Prop.. x € 9, x|}, 4 var. critical portion of z with z(a), z(b) € 9%, z([a, b]) C Q. Then:
z~1(8Q) consists of a finite number of closed intervals and isolated pts;

z is constant on each connected component of z—* (92);

T|[q,p) IS piecewise C?; the discontinuities of & may occur on 9%

______________

each C? portion of z is a geodesic in Q;

min{qb(ac(s)) .S € [a,b]} < —do.
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Regular and irregular variationally
critical portions

Def.: AVCP of x € 9Mtis regular if it is C1, irregular otherwise.
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Regular and irregular variationally
critical portions

Def.: AVCP of x € 9tis regular if itis C1, irregular otherwise.
Prop.: € 9M, [a,b] € J,) such that x|, ; is an irregular VCP.
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Regular and irregular variationally
critical portions

Def.: AVCP of x € 9Mtis regular if it is C1, irregular otherwise.

Prop.: € 9, [a,b] € J,) such that x|, ; is an irregular VCP. Then, 3 [, 8] C [a, b]
S.t. 14,4 @nd x|, 57 are constant in 9Q, &(a™),£(87) € T(02)+, and one of the two

OCCuUrs.
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Regular and irregular variationally
critical portions

Def.: AVCP of x € 9Mtis regular if it is C1, irregular otherwise.

Prop.: € 9, [a,b] € J,) such that x|, ; is an irregular VCP. Then, 3 [, 8] C [a, b]
S.t. 14,4 @nd x|, 57 are constant in 9Q, &(a™),£(87) € T(02)+, and one of the two

OCCuUrs.

3 a finite number of intervals [t1,t2] C [, 8] s.t. z([t1,t2]) C 99 that are
maximal w.r. to this property; moreover, x|, ;.1 is constant, and @(t; ) # E(t3).
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Regular and irregular variationally
critical portions

Def.: AVCP of x € 9Mtis regular if it is C1, irregular otherwise.

Prop.: € 9, [a,b] € J,) such that x|, ; is an irregular VCP. Then, 3 [, 8] C [a, b]
S.t. 14,4 @nd x|, 57 are constant in 9Q, &(a™),£(87) € T(02)+, and one of the two

OCCuUrs.

3 a finite number of intervals [t1,t2] C [, 8] s.t. z([t1,t2]) C 99 that are

maximal w.r. tomr, T[4, ,t,] IS CONStant, and x(t; ) # E(t3):
[, IS @ crossing OGC in Q. second type first type
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Regular and irregular variationally
critical portions

Def.: AVCP of x € 9Mtis regular if it is C1, irregular otherwise.

Prop.: € 9, [a,b] € J,) such that x|, ; is an irregular VCP. Then, 3 [, 8] C [a, b]
S.t. 14,4 @nd x|, 57 are constant in 9Q, &(a™),£(87) € T(02)+, and one of the two
occurs:

3 a finite number of intervals [t1,t2] C [, 8] s.t. z([t1,t2]) C 99 that are
maximal w.r. tomr, T[4, ,t,] IS CONStant, and x(t; ) # E(t3):
[, IS @ crossing OGC in Q. second type first type

Note: if x[(, 5 is a regular VCP, with [a, b] € JY, then |[q,p] IS @ crossing OGC.
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Regular and irregular variationally
critical portions

Def.: AVCP of x € 9Mtis regular if it is C1, irregular otherwise.

Prop.: € 9, [a,b] € J,) such that x|, ; is an irregular VCP. Then, 3 [, 8] C [a, b]
S.t. 14,4 @nd x|, 57 are constant in 9Q, &(a™),£(87) € T(02)+, and one of the two
occurs:

3 a finite number of intervals [t1,t2] C [, 8] s.t. z([t1,t2]) C 99 that are
maximal w.r. tomr, T[4, ,t,] IS CONStant, and x(t; ) # E(t3):
[, IS @ crossing OGC in Q. second type first type

Note: if x[(, 5 is a regular VCP, with [a, b] € JY, then |[q,p] IS @ crossing OGC.

x([t,, t;])

. . N x((ts, t,])
[t1, t2] cusp interval of the irregular variation-

ally critical portion of x
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More on irregular VCP’s

Obs.: strong concavity =— number of cusp intervals on an Mg-int. is unif. bounded.
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More on irregular VCP’s

Obs.: strong concavity =— number of cusp intervals on an Mg-int. is unif. bounded.

[t1,t2] cusp interval of x|, 11,

O (t1,t2) = angle between (¢, ) and &(t3).

Obs.: the tangential components along 052 of &(¢; ) and :i:(t;) are equal, hence, if
O (t1,t2) > 0, x is not tangent to O at ¢;.
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More on irregular VCP’s

Obs.: strong concavity =— number of cusp intervals on an Mg-int. is unif. bounded.

[t1,t2] cusp interval of x|, 11, | ©«(t1,t2) = angle between @(t; ) and &(t3).

Obs.: the tangential components along 052 of &(¢; ) and :i:(t;) are equal, hence, if
O (t1,t2) > 0, x is not tangent to O at ¢;.

Prop.: If (xn) C M, [an,bn] € T are Mo-intervals s.t. x|, 5, is @ VCP of z,, then

(up to subsequences) an — a, bn — b,| Tnl(a,, b,,] — T[a,b]: | WhEre x|(, 5 is a VCP of
Z.
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More on irregular VCP’s

Obs.: strong concavity =— number of cusp intervals on an Mg-int. is unif. bounded.

[t1,t2] cusp interval of x|, 11,

O (t1,t2) = angle between (¢, ) and &(t3).

Obs.: the tangential components along 052 of &(¢; ) and :i:(t;) are equal, hence, if
O (t1,t2) > 0, x is not tangent to O at ¢;.

Prop.: If (xn) C M, [an,bn] € T are Mo-intervals s.t. x|, 5, is @ VCP of z,, then

(up to subsequences) a, — a, b, — b,

Z.

Cor.: 3dg > 0 such that

xn|[an,bn] — Xq,b] where x|[a’b] is a VCP of

max ("‘)x(tl,tQ) > dp,

the max being taken over all x € 9%, all

Mo-intervals [a,b] € J7 s.t. x|, p is an irregular VCP of x, and all [t1,t2] C [a, b] cusp

interval.
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More on irregular VCP’s

Obs.: strong concavity =— number of cusp intervals on an Mg-int. is unif. bounded.

[t1,t2] cusp interval of x|, 11, | ©«(t1,t2) = angle between @(t; ) and &(t3).

Obs.: the tangential components along 052 of &(¢; ) and :i:(t;) are equal, hence, if
O (t1,t2) > 0, x is not tangent to O at ¢;.

Prop.: If (xn) C M, [an,bn] € T are Mo-intervals s.t. x|, 5, is @ VCP of z,, then

(up to subsequences) an — a, bn — b,| Tnl(a,, b,,] — T[a,b]: | WhEre x|(, 5 is a VCP of
Z.

Cor.: 3dp > 0 such that| max ©,(t1,t2) > dop, | the max being taken over all x € 9, all

Mo-intervals [a,b] € J7 s.t. x|, p is an irregular VCP of x, and all [t1,t2] C [a, b] cusp
interval.

Proof. Uses in a crucial way the fact that there is no WOGC.
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More on irregular VCP’s

Obs.: strong concavity =— number of cusp intervals on an Mg-int. is unif. bounded.

[t1,t2] cusp interval of x|, 11, | ©«(t1,t2) = angle between @(t; ) and &(t3).

Obs.: the tangential components along 052 of &(¢; ) and :i:(t;) are equal, hence, if
O (t1,t2) > 0, x is not tangent to O at ¢;.

Prop.: If (xn) C M, [an,bn] € T are Mo-intervals s.t. x|, 5, is @ VCP of z,, then

(up to subsequences) an — a, bn — b,| Tnl(a,, b,,] — T[a,b]: | WhEre x|(, 5 is a VCP of
Z.

Cor.: 3dp > 0 such that| max ©,(t1,t2) > dop, | the max being taken over all x € 9, all

Mo-intervals [a,b] € J7 s.t. x|, p is an irregular VCP of x, and all [t1,t2] C [a, b] cusp
interval.

Proof. Uses in a crucial way the fact that there is no WOGC.

The corollary tells us, in particular, that the (VCP)’s of first and of second type are far
from each other.
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The classical Palais—Smale condition

Let X be a smooth Banach manifold, and let f : X — R be
a C't*-map.

f satisfies the (classical) Palais—Smale condition if every
sequence (z,) C X such that:

f(x,) is bounded;

df(x,) — 0asn — oo,
admits a converging subsequence in X.
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The Palais—Smale condition

For [a, b] C [0, 1], consider the set Z, ; of curves in M s.t. x|, ) is @ VCP, not
necessarily contained in Q:

b
ab—{y [a,b] — ¢~ (]—00,50[):/ g(y',%V)dtZO‘v’VEV"’(y)}
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The Palais—Smale condition

For [a, b] C [0, 1], consider the set Z, ; of curves in M s.t. x|, ) is @ VCP, not
necessarily contained in Q:

b
ab—{y [a,b] — ¢~ (]—00,50[):/ g(y',%V)dtZO‘v’VEV"’(y)}

Proposition (PS): For all » > 0, 36(r), u(r) > 0 with the following properties: for all
r ¢ Mand all [a,b] € T2 s.t.

(@) 3 J, 9(#&)dt < Mo,
(b) Hx‘[a,b] — yHa,b >rforally € Za,b1

there exists a vector field V;, : [a,b] — R™ such that:
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The Palais—Smale condition

For [a, b] C [0, 1], consider the set Z, ; of curves in M s.t. x|, ) is @ VCP, not
necessarily contained in Q:

b
ab—{y [a,b] — ¢~ (]—00,50[):/ g(y',%V)dtZO‘v’VEV"’(y)}

Proposition (PS): For all » > 0, 36(r), u(r) > 0 with the following properties: for all
r ¢ Mand all [a,b] € T2 s.t.

(@) 3 J, 9(#&)dt < Mo,
(b) Hx‘[a,b] — yHa,b >rforally € Za,b1

there exists a vector field V;, : [a,b] — R™ such that:

g(qu(a:(s)), Vw(s)) > 0(r)||Va||a,p forall s € [a, b] with ¢(x(s)) = 0;
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The Palais—Smale condition

For [a, b] C [0, 1], consider the set Z, ; of curves in M s.t. x|, ) is @ VCP, not
necessarily contained in Q:

b
ab—{y [a,b] — ¢~ (]—00,50[):/ g(y',%V)dtZO‘v’VEV"’(y)}

Proposition (PS): For all » > 0, 36(r), u(r) > 0 with the following properties: for all
r ¢ Mand all [a,b] € T2 s.t.

(@) 3 J, 9(#&)dt < Mo,
(b) Hx‘[a,b] — yHa,b >rforally € Za,b1
there exists a vector field V;, : [a,b] — R™ such that:

g(qu(a:(s)), Vw(s)) > 0(r)||Va||a,p forall s € [a, b] with ¢(x(s)) = 0;

[P BVe) dt < —pu(r) || Vallaw
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Preparation for the Deformation
Lemmas 1

By the compactness of ¢ 1 (]—o0, do]), 340, Lo > 0 s.t., denoting by || - || £ the
Euclidean norm and by || - || the g-norm,

LollollL < vl < Lollvl, Va € 671 (—00, o)), Vo € R™.
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Preparation for the Deformation
Lemmas 1

By the compactness of ¢ 1 (]—o0, do]), 340, Lo > 0 s.t., denoting by || - || £ the
Euclidean norm and by || - || the g-norm,

tollol|% < 0l2 < Lollv|%, Va € ¢~ 1(—00,60)), Vv € R™.
Moreover, 3Go, L1 = L1(Mp) > 0 s.t.
9z (v1,v) — gz (v2,v)| < Go (|lv1 —v2|lE lvllE + |2z — 2||E[lU1lE IVIIE) |

forall z,z € ¢~ (]—o0, 6p]) and for any v1, v, v € R™, and

b 1/2
([12VIEas) < LalVias

for all x € M s.t. % f;’ g(x,2)ds < Mo, forall V € H'([a,b], R") along z, and for any
la, b] C [0, 1].
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Preparation for the Deformation

Lemmas 2

For a,b € [0, 1], denote by I, ; the interval [a, b] if b > a and the interval [b, a] if b < a;

set:

1
D(zx,a, B,a,b) = 5

/ g(i, &) dt.
Ia,aUIb,B
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Preparation for the Deformation
Lemmas 2

For a,b € [0, 1], denote by I, ; the interval [a, b] if b > a and the interval [b, a] if b < a;
set:

1

Dmm@m®=iﬂ gl
a,ox b,B

Lem.: Fix K > 0. For any z, z € 9, [a, b] C [0,1], [az,bz] C [0, 1], and
Ve H'([0,1],RN), thenif 1 [* g(&,d)dt < Mo and D(z, az,b.,a,b) < K, itis

b b,
/gx(x',%V)dt—/ g9z (2, 2V)dt| <

a

[ Mo + K
V2 (x/L0K+G0H:c—zHaz7bz (1+ —Og )) L1||V]|
0

0,1,
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Preparation for the Deformation
Lemmas 2

For a,b € [0, 1], denote by I, ; the interval [a, b] if b > a and the interval [b, a] if b < a;
set:

1

Dmm@m®=iﬂ gl
a,ox b,B

Lem.: Fix K > 0. For any z, z € 9, [a, b] C [0,1], [az,bz] C [0, 1], and
Ve H'([0,1],RN), thenif 1 [* g(&,d)dt < Mo and D(z, az,b.,a,b) < K, itis

b b,
/gx(x',%V)dt—/ g9z (2, 2V)dt| <

Mo+ K
V2 (v LoK + Gollz — zl|a b, (1 Y Og—)> L1|[Vlo,1,
0
2
Define: | E(r) = Sgg;)Lo'
1
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Construction of local vector fields

Prop.: Forr > 0, let (r), u(r) > 0 be as in PS. For all z € 9t and for all [a,b] € 72 for
which (a) and (b) of PS hold, let V,, be the vector field in PS.
Extend V, to [0, 1] making it constant outside [a, b].
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Construction of local vector fields

Prop.: Forr > 0, let (r), u(r) > 0 be as in PS. For all z € 9t and for all [a,b] € 72 for
which (a) and (b) of PS hold, let V,, be the vector field in PS.

Extend V, to [0, 1] making it constant outside [a, b].

Then, ez, Bz] D [a,b] and p(x) > 0 such that:
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Construction of local vector fields

Prop.: Forr > 0, let (r), u(r) > 0 be as in PS. For all z € 9t and for all [a,b] € 72 for

which (a) and (b) of PS hold, let V,, be the vector field in PS.
Extend V, to [0, 1] making it constant outside [a, b].
Then, J|ay, Bz] D |a, b] and p(x) > 0 such that:

ax <aifa>0and B, >bifb<1, 1 [ g(a,2)dt < Mo+ 1;
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Construction of local vector fields

Prop.: Forr > 0, let (r), u(r) > 0 be as in PS. For all z € 9t and for all [a,b] € 72 for

which (a) and (b) of PS hold, let V,, be the vector field in PS.
Extend V, to [0, 1] making it constant outside [a, b].
Then, J|ay, Bz] D |a, b] and p(x) > 0 such that:

ax <aifa>0and B, >bifb<1, 1 [ g(a,2)dt < Mo+ 1;

SUPseay,8,] P(2(s)) < 30
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Construction of local vector fields

Prop.: Forr > 0, let (r), u(r) > 0 be as in PS. For all z € 9t and for all [a,b] € 72 for

which (a) and (b) of PS hold, let V,, be the vector field in PS.
Extend V, to [0, 1] making it constant outside [a, b].
Then, J|ay, Bz] D |a, b] and p(x) > 0 such that:

ax <aifa>0and B, >bifb<1, 1 [ g(a,2)dt < Mo+ 1;

SUPseay,8,] P(2(s)) < 30

zeMand ||z — z|]|Lo < p(x) imply the following:
(i) g(V(2(s)), Val(s) > L0()[Valla, g, foralls € [as, B with
0 < ¢(2(s)) < 5d0;

(i) supse(a, g, P(2(s)) < 500,
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Construction of local vector fields

Prop.: Forr > 0, let (r), u(r) > 0 be as in PS. For all z € 9t and for all [a,b] € 72 for
which (a) and (b) of PS hold, let V,, be the vector field in PS.

Extend V, to [0, 1] making it constant outside [a, b].

Then, ez, Bz] D [a,b] and p(x) > 0 such that:

ax <aifa>0and B, >bifb<1, 1 [ g(a,2)dt < Mo+ 1;

SUPseay,8,] P(2(s)) < 30

zeMand ||z — z|]|Lo < p(x) imply the following:
(i) 9(V((), Va(s)) = 20(r)[Villa,,p, foralls € o, 8] with
0 < ¢(2(s)) < 500;
(i) supse(a, g, P(2(s)) < 500,

forall z € 9, for all [a.,b.| € J. with [a~,b.] C [az, Bz], with
|z — 2||a, b, < p(x)and with D(x,a.,b.,a,b) < E(r), then:

b
/ g(2, 2V,) dt < —Lp()[Valla, 5,

z
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Interpretation of the constant  F/(r)

By the definition of D(z,a.,b.,a,b), the number E(r) gives
a bound on the admissible difference between the energy
of x|.» and z|y,, 5.1, to Obtain a rate of decrease p(r)/2 for

the quantity 3 f;: g(z, 2)ds, when ||z — 2|4, 5. < p(x).
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“Genuine” crossing intervals

0
Def. DC & h:[0,1]xD < M~ eD, e
0, 1]. Aninterval [ar,br] € Th(r,) IS h-genuine
if for all 7/ € [0,7] there exists [a,/,b/] €
Ih(+' ) Such that [ar,br] C [ars, b r].
For (D, h) € H and z € h(1,D), set:

Th = {la,b] € T : [a,b] is h-genuine }

This portion correspon
to a non genuine h-inte
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“Genuine” crossing intervals

0
Def. DC & h:[0,1]xD < M~ eD, e
0, 1]. Aninterval [ar,br] € Th(r,) IS h-genuine
if for all 7/ € [0,7] there exists [a,/,b/] €
Ih(+' ) Such that [ar,br] C [ars, b r].
For (D, h) € H and z € h(1,D), set:

Th = {la,b] € T : [a,b] is h-genuine }

This portion correspon
to a non genuine h-inte

jzh(D) :{[a,b] C [0,1] : Vs € [a,b] d[a, B] C |a,b] such that s € [a, F]

and there exists (z5,) C h(1,D) and [an, 8] € J2. such that

Znllan,Bn] = Zl[a,8], @nd [a,b] is maximal w.r. to such property}
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“Genuine” crossing intervals

0
Def. DC & h:[0,1]xD < M~ eD, e
0, 1]. Aninterval [ar,br] € Th(r,) IS h-genuine
if for all 7/ € [0,7] there exists [a,/,b/] €
Ih(+' ) Such that [ar,br] C [ars, b r].
For (D, h) € H and z € h(1,D), set:

Th = {la,b] € T : [a,b] is h-genuine }

This portion correspon
to a non genuine h-inte

JM(D) :{[a,b] C [0,1] : Vs € [a,b] e, 8] C |a,b] such that s € [, (]
and there exists (z5,) C h(1,D) and [an, 8] € J2. such that
Znllan,Bn] = Zl[a,8], @nd [a,b] is maximal w.r. to such property}

Obs.: Jh(D) is always non empty. If z € h(1,D) and [a, b] € J/, then [a,b] € T"(D).
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Admissible homotopies

Def.: A set of admissible homotopies H of our variational problem (that will be used in a
crucial preparatory deformation result) consists of all continuous maps
h:[0,1] x D — 9%, with D closed subset of €, such that:
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Admissible homotopies

Def.: A set of admissible homotopies H of our variational problem (that will be used in a
crucial preparatory deformation result) consists of all continuous maps
h:[0,1] x D — 9%, with D closed subset of €, such that:

1. h(0,-) is the inclusion of D into 91;
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Admissible homotopies

Def.: A set of admissible homotopies H of our variational problem (that will be used in a
crucial preparatory deformation result) consists of all continuous maps
h:[0,1] x D — 9%, with D closed subset of €, such that:

1. h(0,-) is the inclusion of D into 91;
2. if h(10,7)(s) € Q, then h(r,v)(s) € Q forall T > 79;
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Admissible homotopies

Def.: A set of admissible homotopies H of our variational problem (that will be used in a
crucial preparatory deformation result) consists of all continuous maps
h:[0,1] x D — 9%, with D closed subset of €, such that:

1. h(0,-) is the inclusion of D into 91;
2. if h(10,7)(s) € Q, then h(r,v)(s) € Q forall T > 79;
3.

for all z € h(1, D), every [a,b] € J"(D) is an Mg-interval, i.e.,
L [P g(#,4)dt < Mo.
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Admissible homotopies

Def.: A set of admissible homotopies H of our variational problem (that will be used in a
crucial preparatory deformation result) consists of all continuous maps
h:[0,1] x D — 9%, with D closed subset of €, such that:

1. h(0,-) is the inclusion of D into 91;
2. if h(10,7)(s) € Q, then h(r,v)(s) € Q forall T > 79;

3. forallz € h(1,D), every [a,b] € J"(D) is an Mo-interval, i.e.,
L [P g(#,4)dt < Mo.

H = {(D, h) :Dis a closed subset of &€, and h: [0,1] X D — M

IS a continuous homotopy satisfying (1), (2), (3) above.}
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Admissible homotopies

Def.: A set of admissible homotopies H of our variational problem (that will be used in a
crucial preparatory deformation result) consists of all continuous maps
h:[0,1] x D — 9%, with D closed subset of €, such that:

1. h(0,-) is the inclusion of D into 91;
2. if h(10,7)(s) € Q, then h(r,v)(s) € Q forall T > 79;
3.

for all z € h(1, D), every [a,b] € J"(D) is an Mg-interval, i.e.,
L [P g(#,4)dt < Mo.

H = {(D, h) :Dis a closed subset of &€, and h: [0,1] X D — M
IS a continuous homotopy satisfying (1), (2), (3) above.}

Obs. 1: Defining the constant homotopy: ho(7,x) = «x for all x € €, H contains (&, hg).
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Admissible homotopies

Def.: A set of admissible homotopies H of our variational problem (that will be used in a
crucial preparatory deformation result) consists of all continuous maps
h:[0,1] x D — 9%, with D closed subset of €, such that:

1. h(0,-) is the inclusion of D into 91;
2. if h(10,7)(s) € Q, then h(r,v)(s) € Q forall T > 79;

3. forallz € h(1,D), every [a,b] € J"(D) is an Mo-interval, i.e.,
L [P g(#,4)dt < Mo.

H = {(D, h) :Dis a closed subset of &€, and h: [0,1] X D — M
IS a continuous homotopy satisfying (1), (2), (3) above.}

Obs. 1: Defining the constant homotopy: ho(7,x) = «x for all x € €, H contains (&, hg).

Obs. 2: There exists N > 0 (independent of z, D and k) such that |7/ (D)| < N.
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Concatenation of homotopies

Fy, F5 C 9t closed sets
B [0,1] x Fy <5 om0 =1,2

If h1(1, F1) C F5, then one defines the concatenation:
hl*hg : [0,1] X F1 — M

hi(2t,z), ift € [0, 3];
hl*hg(t,w) —
ho(2t — 1,0 (1,2)), ifte]i 1].
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The functional F

Consider the following functional 7 : H — R*:

FAD, h)=sup {%@/@Z(:ﬁ,a&) dt : x € h(1,D), [a,b] € f;(p)}
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The functional F

Consider the following functional 7 : H — R*:

F(D, h)=sup {bTa/a;(w,x) dt : x € h(1,D), |a,b] € jxh(D)}

P
Obs. 1: &2 ["g(y,y)dt = 2f0 9(Yaps Yap) ds, Where y,p IS
the affine reparameterization of y|i,; on the interval |0, 1].
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The functional F

Consider the following functional 7 : H — R*:

F(D, h)=sup {bTa/a;(w,x) dt : x € h(1,D), |a,b] € jxh(D)}

P
Obs. 1: &2 ["g(y,y)dt = 2f0 9(Yaps Yap) ds, Where y,p IS
the affine reparameterization of y|i,; on the interval |0, 1].

Obs. 2: forall (D,h) € H, |50 < F(D,h) < M.
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An “outward pushing” deformation
Lemma

zl, = {y c H! ([a, b],¢—1(]—oo,50[)) : Yl[a.s] IS @ OGC,

or Y|4 ] Is @n irregular variational portion of first type}
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An “outward pushing” deformation
Lemma

Prop.: Letr > 0and 0 < ¢; < ¢ < cg be fixed. Then there exists g = gg(r, ¢) > 0 such
that, for all (D, h) € H satisfying:
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An “outward pushing” deformation
Lemma

Prop.: Letr > 0and 0 < ¢; < ¢ < cg be fixed. Then there exists g = gg(r, ¢) > 0 such
that, for all (D, h) € H satisfying:

f(,Dah) S C2,
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An “outward pushing” deformation
Lemma

Prop.: Letr > 0and 0 < ¢; < ¢ < cg be fixed. Then there exists g = gg(r, ¢) > 0 such
that, for all (D, h) € H satisfying:

f(Dah) S C2,

x=h(1,v),vy € D,b_Ta fcl; g(z,z)dt € [c1,c2],

la,b] € T}(D),y € 2,
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An “outward pushing” deformation
Lemma

Prop.: Letr > 0and 0 < ¢; < ¢ < cg be fixed. Then there exists g = gg(r, ¢) > 0 such
that, for all (D, h) € H satisfying:

f(,Dah) S C2,

x=h(1,v),vy € D,b_Ta fcl; g(z,z)dt € [c1,c2],

la,b] € T}(D),y € 2,

and for all € € ]0, eg] there exists a continuous map H: : [0, 1] x h(1,D) — 93t with the
following properties:
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An “outward pushing” deformation
Lemma

Prop.: Letr > 0and 0 < ¢; < ¢ < cg be fixed. Then there exists g = gg(r, ¢) > 0 such
that, for all (D, h) € H satisfying:

f(,Dah) S C2,

x=h(1,v),vy € D,b_Ta fcl; g(z,z)dt € [c1,c2],

la,b] € T}(D),y € 2,

and for all € € ]0, eg] there exists a continuous map H: : [0, 1] x h(1,D) — 93t with the
following properties:

1. (D,H:xh) € H,;
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An “outward pushing” deformation
Lemma

Prop.: Letr > 0and 0 < ¢; < ¢ < cg be fixed. Then there exists g = gg(r, ¢) > 0 such
that, for all (D, h) € H satisfying:

f(,Dah) S C2,

x=h(1,v),vy € D,b_Ta fcl; g(z,z)dt € [c1,c2],

la,b] € T}(D),y € 2,

and for all € € ]0, eg] there exists a continuous map H: : [0, 1] x h(1,D) — 93t with the
following properties:

1. (D,H:xh) € H,;
2. ifc<F(D,h) <cathen F(D,H: xh) < F(D,h) —¢;
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An “outward pushing” deformation
Lemma

Prop.: Letr > 0and 0 < ¢; < ¢ < cg be fixed. Then there exists g = gg(r, ¢) > 0 such
that, for all (D, h) € H satisfying:

f(,Dah) S C2,

inf{||9c|[a’b] . y||a,b} > 7 z = h(1,7)y € D252 [° g(i, &) dt € [e1,cal,

M a,b] € TH(D), y € 2},

and for all € € ]0, eg] there exists a continuous map H: : [0, 1] x h(1,D) — 93t with the
following properties:

1. (D,H:xh) € H,;
2. ifc<F(D,h) <cathen F(D,H: xh) < F(D,h) —¢;

3. there exists T > 0, with T, — 0 as € — 0, such that for all z € h(1, D),
|He (7, 2) — 2|la.p < 7T forall 7 € [0, 1], for all [a, b] € T/ (D).
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An “outward pushing” deformation
Lemma

Prop.: Letr > 0and 0 < ¢; < ¢ < cg be fixed. Then there exists g = gg(r, ¢) > 0 such
that, for all (D, h) € H satisfying:

f(,Dah) S C2,

inf{||9c|[a’b] . y||a,b} > 7 z = h(1,7)y € D252 [° g(i, &) dt € [e1,cal,
M [a7b] e jg(D),yEZ}L,b

and for all € € ]0, eg] there exists a continuous map H: : [0, 1] x h(1,D) — 93t with the
following properties:

1. (D,H:.*h)€e™H,

2. ifc<F(D,h) <cathen F(D,H: xh) < F(D,h) —¢;

3. there exists T > 0, with T, — 0 as € — 0, such that for all z € h(1, D),
|He (7, 2) — 2|la.p < 7T forall 7 € [0, 1], for all [a, b] € T/ (D).

Interpretation : far from crossing OGC'’s and irregular VCP, the functional F decreases
along homotopies of H.
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On the proof of the outward pushing
deformation Lemma

In a small neighborhood of portions of curves that are
far from VCP, one uses integral curves of vector fields
iIn VT, discussed above;
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On the proof of the outward pushing
deformation Lemma

In a small neighborhood of portions of curves that are
far from VCP, one uses integral curves of vector fields
iIn VT, discussed above;

In a small neighborhood of irregular VCP’s of second
type, one uses suitable reparameterization flows;
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On the proof of the outward pushing
deformation Lemma

In a small neighborhood of portions of curves that are
far from VCP, one uses integral curves of vector fields
iIn VT, discussed above;

In a small neighborhood of irregular VCP’s of second
type, one uses suitable reparameterization flows;

one uses the methods of Degiovanni—Marzocchi
(AMPA 1994) to build a global flow using local flows.
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Flows far from VCP of first type

In order to obtain existence and multiplicity results for
crossing OGC'’s in the strictly concave case, we must
construct nonincreasing flows that fasten from the irregular

VCP of first type.
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Flows far from VCP of first type

In order to obtain existence and multiplicity results for
crossing OGC'’s in the strictly concave case, we must
construct nonincreasing flows that fasten from the irregular
VCP of first type.

This can be done thanks to the following crucial regularity
result, due to Marino and Scolozzi (Boll. UMI 1982):.
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Flows far from VCP of first type

In order to obtain existence and multiplicity results for
crossing OGC'’s in the strictly concave case, we must
construct nonincreasing flows that fasten from the irregular

VCP of first type.

This can be done thanks to the following crucial regularity
result, due to Marino and Scolozzi (Boll. UMI 1982):.

THM.: Lety € H*([a, b], Q) be such that
b
/ g(5, 2V)dt >0, ¥V €V (y)with V(a) = V(b) = 0.

Then y € H*>*([a,b],Q), and in particular y is of class C".
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On the class H

Irregular VCP’s of first type are not C!, thus if a
portion of curve is close to one of them it is far to VCP
w.r. to V.
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On the class H

Irregular VCP’s of first type are not C!, thus if a
portion of curve is close to one of them it is far to VCP

W.r. to V.

H consists of pairs (D, k), where D C ¢ is closed, and
h:D x |0,1] — €is such that portions of curves near
cusps of amplitude © > d, are deformed into curves
that remains inside (.
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On the class H

Irregular VCP’s of first type are not C!, thus if a
portion of curve is close to one of them it is far to VCP

W.r. to V.

H consists of pairs (D, k), where D C ¢ is closed, and
h:D x |0,1] — €is such that portions of curves near
cusps of amplitude © > d, are deformed into curves
that remains inside (.

Such homotopies h are constructed using vector
fields in V~: they deform into curves far from irregular
VCP’s of first type, and the functional is not increasing
by concatenation.
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Moving away from irregular VCP’s of
first type.

Prop.: There exist T and 7 > 0 with the following property:
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Moving away from irregular VCP’s of
first type.

Prop.: There exist T and 7 > 0 with the following property:
for all (D, h) € 'H there exists a continuous homotopy
Hy : [0,1] x h(1,D) — 99t such that:
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Moving away from irregular VCP’s of
first type.

Prop.: There exist T and 7 > 0 with the following property:
for all (D, h) € 'H there exists a continuous homotopy
Hy : [0,1] x h(1,D) — 99t such that:

1. (D,Hyxh) € H;
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Moving away from irregular VCP’s of
first type.

Prop.: There exist T and 7 > 0 with the following property:
for all (D, h) € 'H there exists a continuous homotopy
Hy : [0,1] x h(1,D) — 99t such that:

1. (D,Hy*h) € H;
2. F(D, Hyxh) < F(D,h);
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Moving away from irregular VCP’s of
first type.

Prop.: There exist T and 7 > 0 with the following property:
for all (D, h) € 'H there exists a continuous homotopy
Hy : [0,1] x h(1,D) — 99t such that:

1. (D,Hyxh) € H;
2. F(D,Hy*h) < F(D,h);
3. HHO(T, CIZ) — xHO,l < TT, for all x € h(l,D),
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Moving away from irregular VCP’s of
first type.

Prop.: There exist T and 7 > 0 with the following property:
for all (D, h) € 'H there exists a continuous homotopy
Hy : [0,1] x h(1,D) — 99t such that:

1. (D,Hy*h) € H;

2. F(D,Hy*h) < F(D,h);

3. HHO(T, CIZ) — xHO,l < TT, for all x € h(l,D),
4

. for every x € h(1,D), and for every |a, b] € th itis
| Ho(1, 2)|00) — Ylap|| = 7 for any y € 91 such that
Y|a,5 1S @n irregular VCP of first type.
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1st Deformation Lemma

Combining the previous deformation Lemmas, one obtains:

1st Deformation Lemma: Let ¢ be geometrically regular
value. There exists ¢ = ¢(c) > 0 such that, for all (D, ) € H
with | (D, h) < ¢ + ¢, there exists a continuous map
n:[0,1] x h(1, D) — M such that (D, n+ k) € H and
F(D,nxh) <c—e|
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1st Deformation Lemma

Combining the previous deformation Lemmas, one obtains:

1st Deformation Lemma: Let ¢ be geometrically regular
value. There exists ¢ = ¢(c) > 0 such that, for all (D, ) € H
with | (D, h) < ¢ + ¢, there exists a continuous map
n:[0,1] x h(1, D) — M such that (D, n+ k) € H and
F(D,nxh) <c—e|

[; = {D C € closed : catg(D) > z} £0|i=1,2
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1st Deformation Lemma

Combining the previous deformation Lemmas, one obtains:

1st Deformation Lemma: Let ¢ be geometrically regular
value. There exists ¢ = ¢(c) > 0 such that, for all (D, ) € H
with | (D, h) < ¢ + ¢, there exists a continuous map
n:[0,1] x h(1, D) — M such that (D, n+ k) € H and
F(D,nxh) <c—e|

[; = {D C € closed : catg(D) > z} £0|i=1,2

¢ — inf F(D,h)
Del’;
(D,h)EH
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1st Deformation Lemma

Combining the previous deformation Lemmas, one obtains:

1st Deformation Lemma: Let ¢ be geometrically regular
value. There exists ¢ = ¢(c) > 0 such that, for all (D, ) € H
with | (D, h) < ¢ + ¢, there exists a continuous map
n:[0,1] x h(1, D) — M such that (D, n+ k) € H and
F(D,nxh) <c—e|

[; = {D C € closed : catg(D) > z} £0|i=1,2

¢ — inf F(D,h)
Del’;
(D,h)EH

Corollary: Each ¢; Is a geometrically critical value.
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Preparation for the 2nd Def. Lemma

Let 7. > 0 be fixed and (D, h) € H; consider the set:
W =W(D,h,r«) = {x € M: J[a,b] € T"(D) and a crossing OGC v : [a, b] — O

S.t. Sren[gﬁ] dist (z(s),7([a,b])) < ?“*}
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Preparation for the 2nd Def. Lemma

Let 7. > 0 be fixed and (D, h) € H; consider the set:

W =W(D,h,r«) = {x € M: J[a,b] € T"(D) and a crossing OGC v : [a, b] — O

S.t. Sren[gﬁ] dist (z(s),7([a,b])) < ?“*}

W is closed in 9t.
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Preparation for the 2nd Def. Lemma

Let 7. > 0 be fixed and (D, h) € H; consider the set:

W =W(D,h,r«) = {x € M: J[a,b] € T"(D) and a crossing OGC v : [a, b] — O

S.t. Sren[gﬁ] dist (z(s),7([a,b])) < ?“*}

W is closed in 9t. Assume that the number of crossing OGC'’s is finite; then . > 0 can
be chosen small so that the following hold:
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Preparation for the 2nd Def. Lemma

Let 7. > 0 be fixed and (D, h) € H; consider the set:

W =W(D,h,r«) = {x € M: J[a,b] € T"(D) and a crossing OGC v : [a, b] — O

S.t. Sren[gﬁ] dist (z(s),7([a,b])) < ?“*}

W is closed in 9t. Assume that the number of crossing OGC ite; then . > 0 can

be chosen small so that the following hold:

1. forallz € W, for all [a,b] € J9 there exists at most one OGC ~ satisfying
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Preparation for the 2nd Def. Lemma

Let 7. > 0 be fixed and (D, h) € H; consider the set:

W =W(D,h,r«) = {x € M: J[a,b] € T"(D) and a crossing OGC v : [a, b] — O

S.t. Sren[gﬁ] dist (z(s),7([a,b])) < ?“*}

W is closed in 9t. Assume that the number of crossing OGC ite; then . > 0 can

be chosen small so that the following hold:

1. forallz € W, for all [a,b] € J9 there exists at most one OGC ~ satisfying

2. the set {A € Dy : ||A —~(0)|| < 2r. for some OGC ~ from D; to Dg} IS
contractible in Dy.
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The 2nd Deformation Lemma

Prop. 1: Let ¢ be a geometrically critical value. Then, there exists . = e« (c) > 0 such
that, for all (D, h) € ‘H with F(D, h) < ¢ + €4, there exists a continuous map
n:[0,1] X h(1,D) — M such that (D,n +~ h) € ‘H and

F(D\h(1,)" W), nxh) < c— e
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The 2nd Deformation Lemma

Prop. 1: Let ¢ be a geometrically critical value. Then, there exists . = e« (c) > 0 such
that, for all (D, h) € ‘H with F(D, h) < ¢ + €4, there exists a continuous map
n:[0,1] X h(1,D) — M such that (D,n +~ h) € ‘H and

F(D\h(1,)" W), nxh) < c— e

Using the transversality of the OGC’s, and the fact that Q2 can be retracted onto one of
the connected components of its boundary, one proves the following:
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The 2nd Deformation Lemma

Prop. 1: Let ¢ be a geometrically critical value. Then, there exists . = e« (c) > 0 such
that, for all (D, h) € ‘H with F(D, h) < ¢ + €4, there exists a continuous map
n:[0,1] X h(1,D) — M such that (D,n +~ h) € ‘H and

F(D\h(1,)" W), nxh) < c— e

Using the transversality of the OGC’s, and the fact that Q2 can be retracted onto one of
the connected components of its boundary, one proves the following:

Prop. 2: Assume that there are only a finite number of crossing OGC'’s from D; to Do,
and assume that r. > 0 is so small so that properties (1) and (2) in the are

satisfied. Then, for all (D, h) € H there exists an open set A of ¢, with
h(1,-)~1 (W) C A, that is contractible in D.
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The 2nd Deformation Lemma

Prop. 1: Let ¢ be a geometrically critical value. Then, there exists . = e« (c) > 0 such
that, for all (D, h) € ‘H with F(D, h) < ¢ + €4, there exists a continuous map
n:[0,1] X h(1,D) — M such that (D,n +~ h) € ‘H and

F(D\h(1,)" W), nxh) < c— e

Using the transversality of the OGC’s, and the fact that Q2 can be retracted onto one of
the connected components of its boundary, one proves the following:

Prop. 2: Assume that there are only a finite number of crossing OGC'’s from D; to Do,
and assume that r. > 0 is so small so that properties (1) and (2) in the are

satisfied. Then, for all (D, h) € H there exists an open set A of ¢, with
h(1,-)~1 (W) C A, that is contractible in D.

Corollary: Assume that there is only a finite number of crossing OGC's from D; to D-.
Then c¢1 < 9.
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Some old and new results

We will now review some old and new results on periodic
solutions of conservative dynamical systems.
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Euler, Maupertuis, Jacobi , XVIII century:

consider the conservative system:

Principle of least action

Eaj_

VV (x)
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Principle of least action

Euler, Maupertuis, Jacobi , XVIII century:
consider the conservative system:

If « is a solution, then £ = %g(a’:, t) + V (x) is constant: energy of the solution
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Principle of least action

Euler, Maupertuis, Jacobi , XVIII century:
consider the conservative system:

If « is a solution, then £ = %g(a’:, t) + V() is constant: energy of the solution Fix E
andset: Qg ={qe M :V(q) < E},and gg = [E — V(q)]9g.

Variational principle:  Orbits of the conservative system having energy E are
ggr-geodesics in Qg (up to reparameterization).
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Principle of least action

Euler, Maupertuis, Jacobi , XVIII century:
consider the conservative system:

If « is a solution, then £ = %g(a’:, t) + V() is constant: energy of the solution Fix E
andset: Qg ={qe M :V(q) < E},and gg = [E — V(q)]9g.

Variational principle:  Orbits of the conservative system having energy E are
ggr-geodesics in Qg (up to reparameterization).

Obs.: gr degenerate on 00 = V= 1(E).
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Principle of least action

Euler, Maupertuis, Jacobi , XVIII century:
consider the conservative system:

If « is a solution, then £ = %g(a’:, t) + V() is constant: energy of the solution Fix E
andset: Qg ={qe M :V(q) < E},and gg = [E — V(q)]9g.

Variational principle:  Orbits of the conservative system having energy E are
ggr-geodesics in Qg (up to reparameterization).

Obs.: gr degenerate on 00 = V= 1(E).

- : closed geodesics in (g, gg), Or
Periodic solutions <~ _ S
orthogonal geodesic chords in Q.
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Principle of least action

Euler, Maupertuis, Jacobi , XVIII century:
consider the conservative system:

If « is a solution, then £ = %g(a’:, t) + V() is constant: energy of the solution Fix E
andset: Qg = {qe M :V(q) < E},andgg = [E —V(q)]g

Variational principle:  Orbits of the conservative system having energy E are
ggr-geodesics in Qg (up to reparameterization).

Obs.: gr degenerate on 00 = V= 1(E).

- : closed geodesics in (g, gg), Or
Periodic solutions <~ _ S
orthogonal geodesic chords in Q.

The existence of closed geodesics is clear on an intuitive ground: rest position of an
elastic string whose initial position is a non null-homotopic closed curve.
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Curve shortening method

Birkhoff (1917): formalization of the method of curve shortening on a Riemannian
manifold:
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Curve shortening method

Birkhoff (1917): formalization of the method of curve shortening on a Riemannian
manifold:

c closed curve — D(c)= inscribed geodesic polygon;
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Curve shortening method

Birkhoff (1917): formalization of the method of curve shortening on a Riemannian
manifold:

c closed curve — D(c)= inscribed geodesic polygon;

D(c) depends continuously on c.
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Curve shortening method

Birkhoff (1917): formalization of the method of curve shortening on a Riemannian
manifold:

c closed curve — D(c)= inscribed geodesic polygon;
D(c) depends continuously on c.

c is homotopic to D(c), and ¢ = D(c) if and only if c is a closed geodesic.
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Curve shortening method

Birkhoff (1917): formalization of the method of curve shortening on a Riemannian
manifold:

c closed curve — D(c)= inscribed geodesic polygon;
D(c) depends continuously on c.

c is homotopic to D(c), and ¢ = D(c) if and only if c is a closed geodesic.

If ¢ = ¢p is a non null-homotopic curve, then the iterates ¢, +1 = D(cn ) must have a
subsequence converging to co.. By continuity:
D(cx) = D(limey,) = lim D(¢p) = limcp 41 = coo, heNCE ¢ is a closed geodesic.
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Curve shortening method

Birkhoff (1917): formalization of the method of curve shortening on a Riemannian
manifold:

c closed curve — D(c)= inscribed geodesic polygon;
D(c) depends continuously on c.

c is homotopic to D(c), and ¢ = D(c) if and only if c is a closed geodesic.

If ¢ = ¢p is a non null-homotopic curve, then the iterates ¢, +1 = D(cn ) must have a
subsequence converging to co.. By continuity:
D(cx) = D(limey,) = lim D(¢p) = limcp 41 = coo, heNCE ¢ is a closed geodesic.

Minimax method : existence of a closed geodesic on a sphere (with arbitrary metric)
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Curve shortening method

Birkhoff (1917): formalization of the method of curve shortening on a Riemannian
manifold:

c closed curve — D(c)= inscribed geodesic polygon;
D(c) depends continuously on c.

c is homotopic to D(c), and ¢ = D(c) if and only if c is a closed geodesic.

If ¢ = ¢p is a non null-homotopic curve, then the iterates ¢, +1 = D(cn ) must have a
subsequence converging to co.. By continuity:
D(cx) = D(limey,) = lim D(¢p) = limcp 41 = coo, heNCE ¢ is a closed geodesic.

Minimax method : existence of a closed geodesic on a sphere (with arbitrary metric)

apply the shortening method to a family of closed curves that cover simply a
sphere;
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Curve shortening method

Birkhoff (1917): formalization of the method of curve shortening on a Riemannian
manifold:

c closed curve — D(c)= inscribed geodesic polygon;
D(c) depends continuously on c.

c is homotopic to D(c), and ¢ = D(c) if and only if c is a closed geodesic.

If ¢ = ¢p is a non null-homotopic curve, then the iterates ¢, +1 = D(cn ) must have a
subsequence converging to co.. By continuity:
D(cx) = D(limey,) = lim D(¢p) = limcp 41 = coo, heNCE ¢ is a closed geodesic.

Minimax method : existence of a closed geodesic on a sphere (with arbitrary metric)

apply the shortening method to a family of closed curves that cover simply a
sphere;

consider the longest curve of the family after each shortening process;
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Curve shortening method

Birkhoff (1917): formalization of the method of curve shortening on a Riemannian
manifold:

c closed curve — D(c)= inscribed geodesic polygon;
D(c) depends continuously on c.

c is homotopic to D(c), and ¢ = D(c) if and only if c is a closed geodesic.

If ¢ = ¢p is a non null-homotopic curve, then the iterates ¢, +1 = D(cn ) must have a
subsequence converging to co.. By continuity:
D(cx) = D(limey,) = lim D(¢p) = limcp 41 = coo, heNCE ¢ is a closed geodesic.

Minimax method : existence of a closed geodesic on a sphere (with arbitrary metric)

apply the shortening method to a family of closed curves that cover simply a
sphere;

consider the longest curve of the family after each shortening process;

a subsequence to this must converge to a closed geodesic, which is not trivial,
because the sphere is not contractible.
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Topological methods

Fet, Ljusternik (1957). observe that the minimax method
can be used to prove the existence of a closed geodesic on
any closed (i.e., compact with no boundary) manifold M.
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Topological methods

Fet, Ljusternik (1957). observe that the minimax method
can be used to prove the existence of a closed geodesic on
any closed (i.e., compact with no boundary) manifold M.

Let £ > 0 be the first integer such that 7, (M) # 0 (this
exists by Hurewicz’s theorem, £ < dim(M);)
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Topological methods

Fet, Ljusternik (1957). observe that the minimax method
can be used to prove the existence of a closed geodesic on
any closed (i.e., compact with no boundary) manifold M.

Let £ > 0 be the first integer such that 7, (M) # 0 (this
exists by Hurewicz’s theorem, £ < dim(M);)

take an essential map f : S¥ — M and transfer to M a
family of closed curve covering S*;
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Topological methods

Fet, Ljusternik (1957). observe that the minimax method
can be used to prove the existence of a closed geodesic on
any closed (i.e., compact with no boundary) manifold M.

Let £ > 0 be the first integer such that 7, (M) # 0 (this
exists by Hurewicz’s theorem, £ < dim(M);)

take an essential map f : S¥ — M and transfer to M a
family of closed curve covering S*;

apply the curve shortening method to this family, and
obtain a closed geodesic in M which is not trivial, due
to the assumption that f represents a non zero
element in 7, (M).
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Classical Hamiltonian Systems

H:R?™ —R,|H(qg,p) =3 > ¢¥pip; +V(q), |V :R" — R, g¥ positive definite.
i =1
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Classical Hamiltonian Systems

n P P
H:R?™ —R,|H(qg,p) =3 > ¢¥pip; +V(q), |V :R" — R, g¥ positive definite.
1,7=1
: | _eH . _  8H
Hamilton equations: | ¢; = ap, ' Pi = — g,
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Classical Hamiltonian Systems

H:R?>™ - R,|H(qg,p) =% > gYpip; +V(q), |V : R* — R, g% positive definite.

i,j=1
Hamilton equations: | ¢; = g—f, pi = —gf
1 7

A potential well is an open subset D C IR™ with smooth boundary 0D such that for some
FEeR, V<EIND,V=FEondD,anddV # 0in 9dD.
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Classical Hamiltonian Systems

H:R*™ —R,|H(q,p) = 3 > 9Ypipj +V(g), |V : R" — R, g% positive definite.

i,j=1
Hamilton equations: | ¢; = g—f, pi = —gf
1 7

A potential well is an open subset D C IR™ with smooth boundary 0D such that for some
FEeR, V<EIND,V=FEondD,anddV # 0in 9dD.

THM: (Seifert 1948) If D = D | J 8D is homeomorphic to the n-dimensional disk, then
there exists a solution ¢ — (g(¢), p(¢)) of the Hamilton equations with H (q(¢),p(t)) = E
and a number T" > 0 such that:
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Classical Hamiltonian Systems

H:R*™ —R,|H(q,p) = 3 > 9Ypipj +V(g), |V : R" — R, g% positive definite.

i,j=1
Hamilton equations: | ¢; = g—f, pi = —gf
1 7

A potential well is an open subset D C IR™ with smooth boundary 0D such that for some
FEeR, V<EIND,V=FEondD,anddV # 0in 9dD.

THM: (Seifert 1948) If D = D | J 8D is homeomorphic to the n-dimensional disk, then
there exists a solution ¢ — (g(¢), p(¢)) of the Hamilton equations with H (q(¢),p(t)) = E
and a number T" > 0 such that:

fort €10, T, q(t) € D;
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Classical Hamiltonian Systems

H:R*™ —R,|H(q,p) = 3 > 9Ypipj +V(g), |V : R" — R, g% positive definite.

i,j=1
Hamilton equations: | ¢; = g—f, pi = —gf
1 7

A potential well is an open subset D C IR™ with smooth boundary 0D such that for some
FEeR, V<EIND,V=FEondD,anddV # 0in 9dD.

THM: (Seifert 1948) If D = D | J 8D is homeomorphic to the n-dimensional disk, then
there exists a solution ¢ — (g(¢), p(¢)) of the Hamilton equations with H (q(¢),p(t)) = E
and a number T" > 0 such that:

fort €10, T, q(t) € D;

q(0) = q(T') € OD.
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Classical Hamiltonian Systems

n P P
H:R?™ —R,|H(qg,p) =3 > ¢¥pip; +V(q), |V :R" — R, g¥ positive definite.
1,7=1
: | _eH . _  8H
Hamilton equations: | ¢; = ap, ' Pi = — g,

A potential well is an open subset D C IR™ with smooth boundary 0D such that for some
FEeR, V<EIND,V=FEondD,anddV # 0in 9dD.

THM: (Seifert 1948) If D = D | J 8D is homeomorphic to the n-dimensional disk, then
there exists a solution ¢ — (g(¢), p(¢)) of the Hamilton equations with H (q(¢),p(t)) = E

and a number 7" > 0 such that: _ _ _ _ _
Its image in the configuration space oscillates

fort € 10,77, q(t) € D; back and forth along a curve in D with

q(0) = q(T) € &D endpoints in 0D.

Obs.: By the conservation of energy, p(0) = p(7T") = 0. Since H is>even in p, the solution
can be continued to a 27-periodic solution according to the formulas: y(—t) = q(¢),

q(T +t)=q(T —1t), p(—t) = —p), p(T —t) = —P(T —t) |brake orbit
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Classical Hamiltonian Systems

H:R?>™ - R,|H(qg,p) =% > gYpip; +V(q), |V : R* — R, g% positive definite.

Hamilton equations: | ¢; = 5., pi = —

A potential well is an open subset D C IR™ with smooth boundary 0D such that for some
FEeR, V<EIND,V=FEondD,anddV # 0in 9dD.

THM: (Seifert 1948) If D = D | J 8D is homeomorphic to the n-dimensional disk, then
there exists a solution ¢ — (g(¢), p(¢)) of the Hamilton equations with H (q(¢),p(t)) = E
and a number T" > 0 such that:

fort €10, T, q(t) € D;
q(0) = q(T') € 8D.

Proof: apply the shortening method to a family of diameters of D. The main difficulty
here is the fact that gz vanishes on 0D, and a limit procedure is employed to control the

behaviour of geodesics near 9D.
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Hamiltonians of classical type

H is of classical type if for each qq, the map p — H(qo, p) is even and convex.

School in Nonlinear Analysis and Calculus of Variations — p.



Hamiltonians of classical type

H is of classical type if for each qq, the map p — H(qo, p) is even and convex.

Obs.: For all g0, p — H(qo, p) takes its minimum at p = 0. Setting V' (q) = H(q,0), one
has K(q,p) = H(q,p) — V(q) > 0. One can consider also in this case potential wells.
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Hamiltonians of classical type

H is of classical type if for each qq, the map p — H(qo, p) is even and convex.

Obs.: For all g0, p — H(qo, p) takes its minimum at p = 0. Setting V' (q) = H(q,0), one
has K(q,p) = H(q,p) — V(q) > 0. One can consider also in this case potential wells.

THM 1: (Weinstein, 1978) Seifert’s result holds for Hamiltonians of classical type: there
exists a brake orbit in a potential well. (Hamiltonians of classical type are reversible)
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Hamiltonians of classical type

H is of classical type if for each qq, the map p — H(qo, p) is even and convex.

Obs.: For all g0, p — H(qo, p) takes its minimum at p = 0. Setting V' (q) = H(q,0), one
has K(q,p) = H(q,p) — V(q) > 0. One can consider also in this case potential wells.

THM 1: (Weinstein, 1978) Seifert’s result holds for Hamiltonians of classical type: there
exists a brake orbit in a potential well. (Hamiltonians of classical type are reversible)

Weinstein’s result has the following beautiful consequence:
THM 2: For any Hamiltonian H, if ¥ = H~1(FE) is a compact, convex regular energy
surface of H, then there exists a periodic solution of the Hamilton equations in 3.
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Hamiltonians of classical type

H is of classical type if for each qq, the map p — H(qo, p) is even and convex.

Obs.: For all g0, p — H(qo, p) takes its minimum at p = 0. Setting V' (q) = H(q,0), one
has K(q,p) = H(q,p) — V(q) > 0. One can consider also in this case potential wells.

THM 1: (Weinstein, 1978) Seifert’s result holds for Hamiltonians of classical type: there
exists a brake orbit in a potential well. (Hamiltonians of classical type are reversible)

Weinstein’s result has the following beautiful consequence:
THM 2: For any Hamiltonian H, if ¥ = H~1(FE) is a compact, convex regular energy
surface of H, then there exists a periodic solution of the Hamilton equations in 3.

Case n = 2: the result follows from another famous result by Seifert:
THM 3: Every vector field on S3 which has no singularities and which is nowhere
orthogonal to the fibers of the Hopf fibration has a periodic orbit.
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Hamiltonians of classical type

H is of classical type if for each qq, the map p — H(qo, p) is even and convex.

Obs.: For all g0, p — H(qo, p) takes its minimum at p = 0. Setting V' (q) = H(q,0), one
has K(q,p) = H(q,p) — V(q) > 0. One can consider also in this case potential wells.

THM 1: (Weinstein, 1978) Seifert’s result holds for Hamiltonians of classical type: there
exists a brake orbit in a potential well. (Hamiltonians of classical type are reversible)

Weinstein’s result has the following beautiful consequence:
THM 2: For any Hamiltonian H, if ¥ = H~1(FE) is a compact, convex regular energy
surface of H, then there exists a periodic solution of the Hamilton equations in 3.

Case n = 2: the result follows from another famous result by Seifert:
THM 3: Every vector field on S3 which has no singularities and which is nowhere
orthogonal to the fibers of the Hopf fibration has a periodic orbit.

P: Y — S3 radial projection (picture) ,

iH— (aH o _ oH a)’
2 Op; 9q;  0q; Op;

—

dP(H) is nowhere orthogonal to the Hopf vector field 3 <pz-aiq — g aip-)
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Theorem 1 =— Theorem 2

First prove that the solutions of the Hamilton equations only depend on X (not on H):
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Theorem 1 =— Theorem 2

First prove that the solutions of the Hamilton equations only depend on X (not on H):

Lem 1: If X is a regular level surface of the Hamiltonians H and H’, then the solutions of
the Hamilton equations of H and H’ on X only differ by a reparameterization.
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Theorem 1 =— Theorem 2

First prove that the solutions of the Hamilton equations only depend on X (not on H):

Lem 1: If X is a regular level surface of the Hamiltonians H and H’, then the solutions of
the Hamilton equations of H and H’ on X only differ by a reparameterization.

Lem 2: If 3 C R™ is a compact and convex hypersurface of class C'", there exists a C"
convex function H : R™ — R such that ¥ = H~1(1).
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Theorem 1 =— Theorem 2

First prove that the solutions of the Hamilton equations only depend on X (not on H):

Lem 1: If X is a regular level surface of the Hamiltonians H and H’, then the solutions of
the Hamilton equations of H and H’ on X only differ by a reparameterization.

Lem 2: If 3 C R™ is a compact and convex hypersurface of class C'", there exists a C"
convex function H : R™ — R such that ¥ = H~1(1).

“Doubling trick”:  periodic solutions (z, y) of ¢; = g—f, pi = — gf with period 27
correspond to pairs («, 3) and (£, n) of solutions resp. of:
. _ 10H . _10H
QI_Qapia and ql_ 2823@"
. _10H .. 10H
Pi = 73 8q; Pi = 3 9q;
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Theorem 1 =— Theorem 2

First prove that the solutions of the Hamilton equations only depend on X (not on H):

Lem 1: If X is a regular level surface of the Hamiltonians H and H’, then the solutions of
the Hamilton equations of H and H’ on X only differ by a reparameterization.

Lem 2: If 3 C R™ is a compact and convex hypersurface of class C'", there exists a C"
convex function H : R™ — R such that ¥ = H~1(1).

“Doubling trick”:  periodic solutions (z, y) of ¢; = g—f, pi = — gf with period 27
correspond to pairs («, 3) and (£, n) of solutions resp. of:
. _ 10H . _10H
QI_Qapia and ql_ 2823@"
. _10H .. 10H
Pi = 73 8q; Pi = 3 9q;

zi(t/2) = a;(t), zi(—t/2) = £(t), yi(t/2) = Bi(t), yi(—t/2) = n:i(2).
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Theorem 1 =— Theorem 2

First prove that the solutions of the Hamilton equations only depend on X (not on H):

Lem 1: If X is a regular level surface of the Hamiltonians H and H’, then the solutions of
the Hamilton equations of H and H’ on X only differ by a reparameterization.

Lem 2: If 3 C R™ is a compact and convex hypersurface of class C'", there exists a C"
convex function H : R™ — R such that ¥ = H~1(1).

“Doubling trick”:  periodic solutions (z, y) of ¢; = g—f, pi = — gf with period 27

correspond to pairs («, 3) and (£, n) of solutions resp. of: ( £ _
q._laH q.__laH 1 It =1+ n;
1—282%.7 1T T 28})1" L o e . .
. 1bH and . _1oH ;5 $ 1 ifi=j+n;
Pi= 729, Pi = 2 8q; 0 otherwise

zi(t/2) = a;(t), zi(—t/2) = £(t), yi(t/2) = Bi(t), yi(—t/2) = n:i(2).
Qi=5(ai+ &), Qiyn=50Bi+m), =%, [Qz’j(ai — xi3) + Qj4n(Bi — m)},
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Theorem 1 =— Theorem 2

First prove that the solutions of the Hamilton equations only depend on X (not on H):

Lem 1: If X is a regular level surface of the Hamiltonians H and H’, then the solutions of
the Hamilton equations of H and H’ on X only differ by a reparameterization.

Lem 2: If 3 C R™ is a compact and convex hypersurface of class C'", there exists a C"
convex function H : R™ — R such that ¥ = H~1(1).

“Doubling trick”:  periodic solutions (z, y) of ¢; = g—f, pi = — gf with period 27
correspond to pairs («, 3) and (£, n) of solutions resp. of:

. _ 10H . 108H

QI_Qapia and ql_ 2823@"

. 16H . 10H

Pi = 73 8q; Pi = 3 9q;

zi(t/2) = a;(t), zi(—t/2) = £(t), yi(t/2) = Bi(t), yi(—t/2) = n:i(2).
Qi=5(ai+ &), Qiyn=50Bi+m), =%, [Qz’j(ai — xi3) + Qj4n(Bi — m)},

(Q, P) satisfy the Hamilton equations of G(Q, P) = 2 [H(Q — :QP) + H(Q + 5 P)]
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Theorem 1 =— Theorem 2

First prove that the solutions of the Hamilton equations only depend on X (not on H):

Lem 1: If X is a regular level surface of the Hamiltonians H and H’, then the solutions of
the Hamilton equations of H and H’ on X only differ by a reparameterization.

Lem 2: If 3 C R™ is a compact and convex hypersurface of class C'", there exists a C"
convex function H : R™ — R such that ¥ = H~1(1).

“Doubling trick”:  periodic solutions (z, y) of ¢; = g—f, pi = — gf with period 27
correspond to pairs («, 3) and (£, n) of solutions resp. of:

. _ 10H . 108H

QI_Qapia and ql_ 2823@"

. 16H . 10H

Pi = 73 8q; Pi = 3 9q;

zi(t/2) = a;(t), zi(—t/2) = £(t), yi(t/2) = Bi(t), yi(—t/2) = n:i(2).
Qi=5(ai+ &), Qiyn=50Bi+m), =%, [Qz’j(ai — xi3) + Qj4n(Bi — m)},

(Q, P) satisfy the Hamilton equations of G(Q, P) = 2 [H(Q — :QP) + H(Q + 5 P)]

(Q, P) brake orbit for G iff (g, p) is a periodic solution of H.
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Theorem 1 =— Theorem 2

First prove that the solutions of the Hamilton equations only depend on X (not on H):

Lem 1: If X is a regular level surface of the Hamiltonians H and H’, then the solutions of
the Hamilton equations of H and H’ on X only differ by a reparameterization.

Lem 2: If 3 C R™ is a compact and convex hypersurface of class C'", there exists a C"
convex function H : R™ — R such that ¥ = H~1(1).

“Doubling trick”:  periodic solutions (z, y) of ¢; = g—f, pi = — gf with period 27
correspond to pairs («, 3) and (£, n) of solutions resp. of:

. _ 10H . 108H

QI_Qapia and ql_ 2823@"

. 16H . 10H

Pi = 73 8q; Pi = 3 9q;

zi(t/2) = a;(t), zi(—t/2) = £(t), yi(t/2) = Bi(t), yi(—t/2) = n:i(2).
Qi=5(ai+ &), Qiyn=50Bi+m), =%, [Qz’j(ai — xi3) + Qj4n(Bi — m)},

(Q, P) satisfy the Hamilton equations of G(Q, P) = 2 [H(Q — :QP) + H(Q + 5 P)]

(Q, P) brake orbit for G iff (g, p) is a periodic solution of H.

Proof of THM 1. curve shortening method in Finsler geometry.
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The results of Gluck and Ziller (1983)

Observe that the relative Hurewicz’s theorem can be used to generalize the arguments
of Seifert and Weinstein.
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The results of Gluck and Ziller (1983)

Observe that the relative Hurewicz’s theorem can be used to generalize the arguments
of Seifert and Weinstein.

THM 1: Given a classical conservative system and an energy level E such that Qf is
non empty and compact, then there exists a periodic solution with energy E. If 0Q g #,
then there is a brake orbit.

School in Nonlinear Analysis and Calculus of Variations — p.



The results of Gluck and Ziller (1983)

Observe that the relative Hurewicz’s theorem can be used to generalize the arguments
of Seifert and Weinstein.

THM 1: Given a classical conservative system and an energy level E such that Qf is
non empty and compact, then there exists a periodic solution with energy E. If 0Q g #,
then there is a brake orbit.

THM 2: If H : T™ M — R is a Hamiltonian of classical type, and if £ is a regular value of
H such that H—! is non empty and compact, then there is a periodic solution of the
Hamiltonian equation having energy FE.
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The results of Gluck and Ziller (1983)

Observe that the relative Hurewicz’s theorem can be used to generalize the arguments
of Seifert and Weinstein.

THM 1: Given a classical conservative system and an energy level E such that Qf is
non empty and compact, then there exists a periodic solution with energy E. If 0Q g #,
then there is a brake orbit.

THM 2: If H : T™ M — R is a Hamiltonian of classical type, and if £ is a regular value of
H such that H—! is non empty and compact, then there is a periodic solution of the
Hamiltonian equation having energy FE.

Proof. Curve shortening method in Finsler geometry with free boundary.
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The results of Gluck and Ziller (1983)

Observe that the relative Hurewicz’s theorem can be used to generalize the arguments
of Seifert and Weinstein.

THM 1: Given a classical conservative system and an energy level E such that Qf is
non empty and compact, then there exists a periodic solution with energy E. If 0Q g #,
then there is a brake orbit.

THM 2: If H : T™ M — R is a Hamiltonian of classical type, and if £ is a regular value of
H such that H—! is non empty and compact, then there is a periodic solution of the
Hamiltonian equation having energy FE.

Proof. Curve shortening method in Finsler geometry with free boundary. Need a convex
boundary: enlarge M to a larger manifold M constructed by adding a convex collar.
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The results of Gluck and Ziller (1983)

Observe that the relative Hurewicz’s theorem can be used to generalize the arguments
of Seifert and Weinstein.

THM 1: Given a classical conservative system and an energy level E such that Qf is
non empty and compact, then there exists a periodic solution with energy E. If 0Q g #,
then there is a brake orbit.

THM 2: If H : T™ M — R is a Hamiltonian of classical type, and if £ is a regular value of
H such that H—! is non empty and compact, then there is a periodic solution of the
Hamiltonian equation having energy FE.

Proof. Curve shortening method in Finsler geometry with free boundary. Need a convex
boundary: enlarge M to a larger manifold M constructed by adding a convex collar.
Then, take limit as the size of the collar goes to 0.
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The results of Gluck and Ziller (1983)

Observe that the relative Hurewicz’s theorem can be used to generalize the arguments
of Seifert and Weinstein.

THM 1: Given a classical conservative system and an energy level E such that Qf is
non empty and compact, then there exists a periodic solution with energy E. If 0Q g #,
then there is a brake orbit.

THM 2: If H : T™ M — R is a Hamiltonian of classical type, and if £ is a regular value of
H such that H—! is non empty and compact, then there is a periodic solution of the
Hamiltonian equation having energy FE.

Proof. Curve shortening method in Finsler geometry with free boundary. Need a convex
boundary: enlarge M to a larger manifold M constructed by adding a convex collar.
Then, take limit as the size of the collar goes to 0.

They also obtain a multiplicity result in the case that the E-sublevel of the potential is
homeomorphic to a disk, under a certain nonresonance assumption: the maximum
diameter of the disk should have gg-length smaller than twice the length of the shortest
gr-geodesic chord.
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The Hamiltonian problem

Natural Hamiltonian: H € C?(R*™,R),:
H(p,q) =5 .15y a” (@Q)pip; + V(q)

Ve C2(R™, R),
A(q) = (a¥(q)) positive definite quadratic form on R™:

S a’(q)pip; > v(g)lgl*, v:R™ — R* continuous
i =1
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The Hamiltonian problem

Natural Hamiltonian: H € C?(R*™,R),:

H(p,q) = 3 > iim1 @¥(q)pip; + V(q)

Ve C2(R™, R),
A(q) = (a¥(q)) positive definite quadratic form on R™:

S a’(q)pip; > v(g)lgl*, v:R™ — R* continuous
i =1

(. OH
The corresponding p= o
Hamiltonian 3
system (HS) is: G = o

\ Op’
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The Hamiltonian problem

Natural Hamiltonian: H € C?(R*™,R),:

H(p,q) = 3 > iim1 @¥(q)pip; + V(q)

Ve C2(R™, R),
A(q) = (a”(gq)) positive definite quadratic form on R™:

S a’(q)pip; > v(g)lgl*, v:R™ — R* continuous
i =1

(| H
The corresponding pP=— D4 q
Hamiltonian 4 9E o
system (HS) is: = ——. t
\
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Properties of the solutions of (HS)

Assume (p, q) : R — R*™ is a solution of (HS) of class C".
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Properties of the solutions of (HS)

Assume (p, q) : R — R*™ is a solution of (HS) of class C".

H(p(t),q(t)) is constant; the value of such constant is
the energy of the solution.
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Properties of the solutions of (HS)

Assume (p, q) : R — R*™ is a solution of (HS) of class C".

H(p(t),q(t)) is constant; the value of such constant is
the energy of the solution.

Define linear maps L(q) : R™ — R™ whose matrix repr. in
the canonical basis is (a;;) = (a¥)~".
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Properties of the solutions of (HS)

Assume (p, q) : R — R*™ is a solution of (HS) of class C".

H(p(t),q(t)) is constant; the value of such constant is
the energy of the solution.

Define linear maps L(q) : R™ — R™ whose matrix repr. in
the canonical basis is (a;;) = (a¥)~".

p=L(q)q

O

p IS determined by q
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Properties of the solutions of (HS)

Assume (p, q) : R — R*™ is a solution of (HS) of class C".

H(p(t),q(t)) is constant; the value of such constant is
the energy of the solution.

Define linear maps L(q) : R™ — R™ whose matrix repr. in
the canonical basis is (a;;) = (a¥)~".

p=L(q)q

q IS of class 02. p is determined by ¢
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Brake orbits

Def.. A brake orbit is a non constant periodic sol. of (HS)

Rt (p(t),q(t)) € R2™,  with p(0) = p(T) = 0.
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Brake orbits

Def.. A brake orbit is a non constant periodic sol. of (HS)

Rt (p(t),q(t)) € R2™,  with p(0) = p(T) = 0.

Properties:
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Brake orbits

Def.. A brake orbit is a non constant periodic sol. of (HS)

Rt (p(t),q(t)) € R2™,  with p(0) = p(T) = 0.

Properties:

H is even in p, hence
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Brake orbits

Def.. A brake orbit is a non constant periodic sol. of (HS)

Rt (p(t),q(t)) € R2™,  with p(0) = p(T) = 0.

Properties:

H is even in p, hence (p, q) is 2T-periodic,
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Brake orbits

Def.. A brake orbit is a non constant periodic sol. of (HS)

Rt (p(t),q(t)) € R2™,  with p(0) = p(T) = 0.

Properties:

H is even in p, hence (p, q) is 2T-periodic,
p(I'+t)=—p(T —1t), and
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Brake orbits

Def.. A brake orbit is a non constant periodic sol. of (HS)

Rt (p(t),q(t)) € R2™,  with p(0) = p(T) = 0.

Properties:

H is even in p, hence (p, q) is 2T-periodic,
p(I'+t)=—p(T —1t), and
q(T +1t)=q(T —t)forallt € [0,T];
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Brake orbits

Def.. A brake orbit is a non constant periodic sol. of (HS)

Rt (p(t),q(t)) € R2™,  with p(0) = p(T) = 0.

Properties:

H is even in p, hence (p, q) is 2T-periodic,
p(I'+t)=—p(T —1t), and
q(T +1t)=q(T —t)forallt € [0,T];

If £/ is the energy of (p, q), then
V(q(0)) =V (¢(T)) =E.
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Jacobl metric

Choose F > inf V regular value of V; set:

Qp =V '(]—00,E[) ={z € R": V(z) < E} open
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Jacobl metric

Choose F > inf V regular value of V; set:
Qp =V '(]—00,E[) ={z € R": V(z) < E} open

00 = ¢~ 1(0) is a smooth oriented hypersurface
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Jacobl metric

Choose F > inf V regular value of V; set:
Qp =V '(]—00,E[) ={z € R": V(z) < E} open

00 = ¢~ 1(0) is a smooth oriented hypersurface
Jacobl metric In Qg:

ge(r) = (F - % Z r)dz' da?,| (ay;) = (a¥)7L,
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Jacobl metric

Choose F > inf V regular value of V; set:
Qp =V '(]—00,E[) ={z € R": V(z) < E} open

00 = ¢~ 1(0) is a smooth oriented hypersurface
Jacobl metric In Qg:

ge(r) = (F - % Z r)dz' da?,| (ay;) = (a¥)7L,

gr degenerates on 0{)g;
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Jacobl metric

Choose F > inf V regular value of V; set:
Qp =V '(]—00,E[) ={z € R": V(z) < E} open

00 = ¢~ 1(0) is a smooth oriented hypersurface
Jacobl metric In Qg:

ge(r) = (F - % Z r)dz' da?,| (ay;) = (a¥)7L,

gr degenerates on 0{)g;

if (p,q) is a brake orbit of energy E:
q(t) € Qg forallt, ¢(0),q(T) € 0Q.
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Maupertuis—Jacobi principle

Maupertuis integral f,, : H' (25, R) — R:

fap(z) = %/ (E—V(x)) g(z,2)dt.
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Maupertuis—Jacobi principle

Maupertuis integral f,, : H' (25, R) — R:

fap(z) = %/ (E—V(x)) g(z,2)dt.

Euler—Lagrange equations:
(E—-V(z)2i—g(VV,&) &+ 1g(3,2) VV = 0.
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Maupertuis—Jacobi principle

Maupertuis integral f,, : H' (25, R) — R:

fap(z) = %/ (E—V(x)) g(z,2)dt.

Euler—Lagrange equations:
(E—-V(z)2i—g(VV,&) &+ 1g(3,2) VV = 0.

Maupertuis—Jacobi principle:
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Maupertuis—Jacobi principle

Maupertuis integral f,, : H' (25, R) — R:

fap(z) = %/ (E—V(x)) g(z,2)dt.

Euler—Lagrange equations:
(E—-V(z)2i—g(VV,&) &+ 1g(3,2) VV = 0.

Maupertuis—Jacobi principle:

critical points of f,,| <= |[solutions of (HS)
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Maupertuis—Jacobi principle

Maupertuis integral f,, : H' (25, R) — R:

1

fap(z) = 5/ (E—V(x)) g(z,2)dt.

Euler—Lagrange equations:
(E—-V(z)2i—g(VV,&) &+ 1g(3,2) VV = 0.

Maupertuis—Jacobi principle:

critical points of f,,| <= |[solutions of (HS)

We want to extend the MJ-principle to brake orbits.
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Maupertuis—Jacobi principle for
brake orbits

Thm.: E regular value of V', z : |a, b| Lm C% N Hg

b
/ (B-V)g(i, BW) ~ g(&, )9 (VV.W)] dt =0, YW € G,
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Maupertuis—Jacobi principle for
brake orbits

Thm.: E regular value of V', z : |a, b| Lm C% N Hg

b
/ (B-V)g(i, BW) ~ g(&, )9 (VV.W)] dt =0, YW € G,

and V(z(a)),V (z(b)) = E. Then 3¢,, T € R* and a diffeo
o:0,T] — |a,b] with:
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Maupertuis—Jacobi principle for
brake orbits

Thm.: E regular value of V', z : |a, b| Lm C% N Hg

dt

/b[(E—V)g(fc, 2W)—21g(x,2)g(VV, W)}dtzo, VIV € CF°,
and V(z(a)),V (z(b)) = E. Then 3¢,, T € R* and a diffeo
o:0,T] — |a,b] with:

z(a) # z(b) and (E — V(x))g(jf, T) = Cy;
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Maupertuis—Jacobi principle for
brake orbits

Thm.: E regular value of V', z : |a, b| Lm C% N Hg

b
/ (B-V)g(i, BW) ~ g(&, )9 (VV.W)] dt =0, YW € G,

and V (z(a)), V (z(b ) E. Then 3¢,, T € R and a diffeo
0 :10,T] — la,b] with
r(a) # x(b) an (E — V(x))g(jf, T) = ¢,

( ) 0, T] — R™ solution of (HS), ¢ = z o o,
L(q)q;
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Maupertuis—Jacobi principle for
brake orbits

Thm.: E regular value of V', z : |a, b| Lm C% N Hg

b
/ (B-V)g(i, BW) ~ g(&, )9 (VV.W)] dt =0, YW € G,

and V (z(a)),V (z(b)) = E. Then 3¢,, T € R* and a diffeo
o:0,T] b| with:

— [a, b]
z(a) # z(b) and (E — V(x))g(j:,:iz) = c,;

(p,q) : 10, T] — R™ solution of (HS), ¢ = z o o,
p = L(q)¢;

(p, q) can be extended to a 27-periodic brake orbit of
energy L.

a,
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The Lagrangian problem

Let (M, g) be a Riemannian manifold
V : M — R a C?*-map (potential).
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The Lagrangian problem

Let (M, g) be a Riemannian manifold
V : M — R a C?*-map (potential).

The Lagrangian problem (LP) is the 2nd order equation:

%Q'—FVV(Q):O g: R — M.
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The Lagrangian problem

Let (M, g) be a Riemannian manifold
V : M — R a C?*-map (potential).
The Lagrangian problem (LP) is the 2nd order equation:

Di+VV(g =0 ¢:R— M.
g solution of (LP), £ = ¢(q, ) + V(¢) constant (energy).
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The Lagrangian problem

Let (M, g) be a Riemannian manifold
V : M — R a C?*-map (potential).
The Lagrangian problem (LP) is the 2nd order equation:

Di+VV(g =0 ¢:R— M.

g solution of (LP), £ = ¢(q, ) + V(¢) constant (energy).
(HS) <— (LP) (Legendre transform)
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The Lagrangian problem

Let (M, g) be a Riemannian manifold
V : M — R a C?*-map (potential).
The Lagrangian problem (LP) is the 2nd order equation:

%Q'—FVV(Q):O g: R — M.

g solution of (LP), £ = ¢(q, ) + V(¢) constant (energy).

(HS) <— (LP) (Legendre transform)
if M =R™and g=5>"_, ay(r)dz’ da’, then:

g solution of (LP) <= (L(g), q) solution of (HS).
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The Lagrangian problem

Let (M, g) be a Riemannian manifold
V : M — R a C?*-map (potential).
The Lagrangian problem (LP) is the 2nd order equation:

%Q'—FVV(Q):O g: R — M.

g solution of (LP), £ = ¢(q, ) + V(¢) constant (energy).

(HS) <— (LP) (Legendre transform)
if M =R™and g=5>"_, ay(r)dz’ da’, then:

g solution of (LP) <= (L(q), q) solution of (HS).

same energy
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Homoclinic horbits

Consider the Lagrangian problem.
Let x( be a critical point of V: VV (z() = 0.

School in Nonlinear Analysis and Calculus of Variations — p.



Homoclinic horbits

Consider the Lagrangian problem.
Let x( be a critical point of V: VV (z() = 0.

A solution ¢ € C*(IR, M) of (LP) is a homoclinic orbit
Issuing from x If:
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Homoclinic horbits

Consider the Lagrangian problem.
Let x( be a critical point of V: VV (z() = 0.

A solution ¢ € C*(IR, M) of (LP) is a homoclinic orbit
Issuing from x If:

Jim_aft) = lim_aft) =
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Homoclinic horbits

Consider the Lagrangian problem.
Let x( be a critical point of V: VV (z() = 0.

A solution ¢ € C*(IR, M) of (LP) is a homoclinic orbit
Issuing from x If:

Jim_aft) = lim_aft) =

lim ¢(t) = lim ¢(t) = 0.

t——0o0 t——+o0
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Homoclinic horbits

Consider the Lagrangian problem.
Let x( be a critical point of V: VV (z() = 0.

A solution ¢ € C*(IR, M) of (LP) is a homoclinic orbit
Issuing from x If:

lim q(t) = lim q(t) = xg

t——00 t——+o00
Am, ) = I 60 =0,

Observe: V(o) = lim 19(4,¢) + V(q)] = E; moreover, x
must be a critical point of V.
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Homoclinic horbits

Consider the Lagrangian problem.
Let x( be a critical point of V: VV (z() = 0.

A solution ¢ € C*(IR, M) of (LP) is a homoclinic orbit
Issuing from x If:

lim q(t) = lim q(t) = xg

t——00 t——+o00
Am, ) = I 60 =0,

Observe: V(o) = lim 19(4,¢) + V(q)] = E; moreover, x

must be a critical point of V.
We need a Maupertuis—Jacobi principle for homoclinics.
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M-J principle for homocilinics

Thm.: (M, g) Riemannian manifold, V € C?(M,R),
ro € M a nondegenerate max of V, £ = V (x).

School in Nonlinear Analysis and Calculus of Variations — p.



M-J principle for homocilinics

Thm.: (M, g) Riemannian manifold, V € C?(M,R),
ro € M a nondegenerate max of V, E = V(x).
If 2 € C(Ja,b],Qz) N Hie ([a, b], 0p) is s.t.
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M-J principle for homocilinics

Thm.: (M, g) Riemannian manifold, V € C?(M,R),
ro € M a nondegenerate max of V, E = V(x).
If 2 € C(Ja,b],Qz) N Hie ([a, b], 0p) is s.t.

V(z(t)) < Efors € [a,b], z(b) = xo
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M-J principle for homocilinics

Thm.: (M, g) Riemannian manifold, V € C?(M,R),
ro € M a nondegenerate max of V, E = V(x).
If 2 € C°(Ja,b], Q) N Hec[a, b], Q) is s.t.:
V(z(t)) < Efors € [a,b], z(b) = xo
b
fE-V)g(z, 2W)—2g(z,1)g(VV,W)dt=0, VIV € C°,

a
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M-J principle for homocilinics

Thm.: (M, g) Riemannian manifold, V € C?(M,R),
ro € M a nondegenerate max of V, E = V(x).
If 2 € C(Ja,b],Qz) N Hie ([a, b], 0p) is s.t.

V(z(t)) < Efors € [a,b], z(b) = xo
b
fE-V)g(z, 2W)—2g(z,1)g(VV,W)dt=0, VIV € C°,

then Jadiffeo o : [0, +o0| — |a,b] St.gq=xo00iSa
solution of (LP) with:

q(0) = z(a)
im0 = o, T i) = 0.
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Jacobi distance from 0z

If E reg. value of V, Q compact, setdg : Q — [0, +ool:

dp(Q) = inf { [} (E - V)g(d,)2 dt : & € H([0,1],Qp, z(0) = Q, z(1) € 90}.
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Jacobi distance from 0z

If E reg. value of V, Q compact, setdg : Q — [0, +ool:
dp(Q) = inf { [} (E - V)g(d,)2 dt : & € H([0,1],Qp, z(0) = Q, z(1) € 90}.
Lem 1: dg(Q) attained on some vg € H'([0,1],Q2g) N C2( [0, 1]). Such curve
1

satisfies /(E —V)g(ia, W) - Lg(50.50)g(VV, W)dt=0, YW € C5°.
0]
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Jacobi distance from 0z

If E reg. value of V, Q compact, setdg : Q — [0, +ool:
: 1 o1 L —
dp(Q) =inf { [{ (B —V)g(&,2)2 dt : x € H'([0,1],Qg, 2(0) = Q, z(1) € 9Q}.

Lem 1: dg(Q) attained on some vg € H'([0,1],Q2g) N C2( [0, 1]). Such curve
1

satisfies /(E —V)g(ia, W) - Lg(50.50)g(VV, W)dt=0, YW € C5°.

0
Lem 2: The map dg : Qg — [0, o0 is continuous, and it admits a continuous
extension to Qg by setting dg = 0 on 9Q .
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Jacobi distance from 0z

If E reg. value of V, Q compact, setdg : Q — [0, +ool:
: 1 o1 L —
dp(Q) =inf { [{ (B —V)g(&,2)2 dt : x € H'([0,1],Qg, 2(0) = Q, z(1) € 9Q}.

Lem 1: dg(Q) attained on some vg € H'([0,1],Q2g) N C2( [0, 1]). Such curve
1

satisfies /(E —V)g(ia, W) - Lg(50.50)g(VV, W)dt=0, YW € C5°.
0
Lem 2: The map dg : Qg — [0, o0 is continuous, and it admits a continuous

extension to Qg by setting dg = 0 on 9Q .

Lem 3: For @ sufficiently near 02 g, the minimizer ¢ is unique.
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Jacobi distance from 0z

If E reg. value of V, Q compact, setdg : Q — [0, +ool:
: 1 o1 L —
dp(Q) =inf { [{ (B —V)g(&,2)2 dt : x € H'([0,1],Qg, 2(0) = Q, z(1) € 9Q}.

Lem 1: dg(Q) attained on some vg € H'([0,1],Q2g) N C2( [0, 1]). Such curve
1

satisfies /(E —V)g(ia, W) - Lg(50.50)g(VV, W)dt=0, YW € C5°.
0]

Lem 2: The map dg : Qg — [0, o0 is continuous, and it admits a continuous
extension to Qg by setting dg = 0 on 9Q .

Lem 3: For @ sufficiently near 02 g, the minimizer ¢ is unique.
Lem 4: Sety = 1d% : Qg — RT; for y near 9Qp:

Hess(v)y[v,v] > 0, forv # 0 with dy,[v] = 0.
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OGC'’s and the Maupertuis Integral

THM: E reg. value of V', QQp compact. Then, exists ¢, > 0
s.t., setting Q. = {z € Qp : dg(x) > 4.} the following hold:
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OGC'’s and the Maupertuis Integral

THM: E reg. value of V', QQp compact. Then, exists ¢, > 0
s.t., setting Q. = {z € Qp : dg(x) > 4.} the following hold:

09, of class C?,
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OGC'’s and the Maupertuis Integral

THM: E reg. value of V', QQp compact. Then, exists ¢, > 0
s.t., setting Q. = {z € Qp : dg(x) > 4.} the following hold:

o1, of class C?, Q. diffeomorphic to Qpz;
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OGC'’s and the Maupertuis Integral

THM: E reg. value of V', QQp compact. Then, exists ¢, > 0
s.t., setting Q. = {z € Qp : dg(x) > 4.} the following hold:

o1, of class C?, Q. diffeomorphic to Qpz;

(2, Is strongly concave w.r. to gg;
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OGC'’s and the Maupertuis Integral

THM: E reg. value of V', QQp compact. Then, exists ¢, > 0
s.t., setting Q. = {z € Qp : dg(x) > 4.} the following hold:

o1, of class C?, Q. diffeomorphic to Qpz;

(2, Is strongly concave w.r. to gg;

if z:[0,1] — Q. is a gg-OGC, then 3 [o, 3] D [0, 1] and
a unique extension 7 : [a, 8] — Q of 2 such that:
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OGC'’s and the Maupertuis Integral

THM: E reg. value of V', QQp compact. Then, exists ¢, > 0
s.t., setting Q. = {z € Qp : dg(x) > 4.} the following hold:

o1, of class C?, Q. diffeomorphic to Qpz;

(2, Is strongly concave w.r. to gg;

if z:[0,1] — Q. is a gg-OGC, then 3 [o, 3] D [0, 1] and
a unique extension 7 : [a, 8] — Q of 2 such that:

1
JE-Wg@, 2W) - 1g&,2")g(VV,W)dt=0, VW € C5°;
0
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OGC'’s and the Maupertuis Integral

THM: E reg. value of V', QQp compact. Then, exists ¢, > 0
s.t., setting Q. = {z € Qp : dg(x) > 4.} the following hold:

o1, of class C?, Q. diffeomorphic to Qpz;

(2, Is strongly concave w.r. to gg;

if z:[0,1] — Q. is a gg-OGC, then 3 [o, 3] D [0, 1] and
a unique extension 7 : [a, 8] — Q of 2 such that:

1
JE-Wg@, 2W) - 1g&,2")g(VV,W)dt=0, VW € C5°;
0

Z(s) € dg' (]—0.,0[) for s € Ja, O[U]1, B];
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OGC'’s and the Maupertuis Integral

THM: E reg. value of V', QQp compact. Then, exists ¢, > 0
s.t., setting Q. = {z € Qp : dg(x) > 4.} the following hold:

o1, of class C?, Q. diffeomorphic to Qpz;

(2, Is strongly concave w.r. to gg;

if z:[0,1] — Q. is a gg-OGC, then 3 [o, 3] D [0, 1] and
a unique extension 7 : [a, 8] — Q of 2 such that:

1
JE-Wg@, 2W) - 1g&,2")g(VV,W)dt=0, VW € C5°;
0

#(s) € di' (]-6.,0]) for s € Ja, 0] U]1, B[;
V(Z(a)) = V(2(8)) = 0.
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OGC'’s and the Maupertuis Integral

THM: E reg. value of V', QQp compact. Then, exists ¢, > 0
s.t., setting Q. = {z € Qp : dg(x) > 4.} the following hold:

o1, of class C?, Q. diffeomorphic to Qpz;

(2, Is strongly concave w.r. to gg;

if z:[0,1] — Q. is a gg-OGC, then 3 [o, 3] D [0, 1] and
a unique extension 7 : [a, 8] — Q of 2 such that:

1
JE-Wg@, 2W) - 1g&,2")g(VV,W)dt=0, VW € C5°;
0

#(s) € di' (]-6.,0]) for s € Ja, 0] U]1, B[;
V(Z(a)) = V(2(8)) = 0.

if Q0 is centrally symmetric, also (), is cent. symmetric.
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Jacobi distance from a
nondegenerate max

zo nondegenerate max of V, V(zo) = E, E reg. value of V, V~1(]—o0, E] ) compact.
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Jacobi distance from a
nondegenerate max

zo nondegenerate max of V, V(zo) = E, E reg. value of V, V~1(]—o0, E] ) compact.
Choose § > 0 small so that 25 = V! (]E — 6, +o00[ ) has two connected components.
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xo nhondegenerate max of V', V' (xo)
Choose § > O small sothat Qs =V —

Jacobi distance from a
nondegenerate max

= E, Ereg. value of V, V—1(]—o0, E] ) compact.
L(]E — 6, +00[) has two connected components.

@-an{[fie-

(¢, x)dt

1
2

.z € CONHL.(]0,1],95),2(0)=Q, :r;(l)::co}
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Jacobi distance from a
nondegenerate max

zo nondegenerate max of V, V(zo) = E, E reg. value of V, V~1(]—o0, E] ) compact.
Choose § > 0 small so that 25 = V! (]E — 6, +o00[ ) has two connected components.

N[

1
Ap(Q)=inf { [/0 (E —V)g(&,2)dt| :z e CONHL(0,1],),2(0)=Q, :r;(l)::co}

Lem 1: Ag(Q) is attained on some vg, 9 (Yo, ¥¢g) constant, vo ([0, 1]) C Qg \ {zo}-
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Jacobi distance from a
nondegenerate max

zo nondegenerate max of V, V(zo) = E, E reg. value of V, V~1(]—o0, E] ) compact.
Choose § > 0 small so that 25 = V! (]E — 6, +o00[ ) has two connected components.

N[

Q) =inf { [/ (z,z)dt| :z € C’OﬂHkl)C([O, 1],95),z(0)=Q, :r;(l)::co}

Lem 1: Ag(Q) is attained on some vg, 9 (Yo, ¥¢g) constant, vo ([0, 1]) C Qg \ {zo}-

lim Ag(Q) =0, lim [ sup dist(vg(s),z0)] =0;

Q—xg Q—z0 " 5¢[0,1]
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Jacobi distance from a
nondegenerate max

zo nondegenerate max of V, V(zo) = E, E reg. value of V, V~1(]—o0, E] ) compact.
Choose § > 0 small so that 25 = V! (]E — 6, +o00[ ) has two connected components.

N[

Q) =inf { [/ (z,z)dt| :z € C’OﬂHkl)C([O, 1],95),z(0)=Q, :r;(l)::co}

Lem 1: Ag(Q) is attained on some vg, 9 (Yo, ¥¢g) constant, vo ([0, 1]) C Qg \ {zo}-

lim Ag(Q) =0, lim [ sup dist(vg(s),z0)] =0;

Q—xg Q—z0 " 5¢[0,1]

For Q near zo, ¢ ([0, 1]) C Q5, ¢ is of class C? and it satisfies:

1
g’<E —V)g(hg, 2W) — 29(4q,4Q)g(VV,W)dt=0, YW € C§°
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zo nondegenerate max of V, V(zo) = E, E reg. value of V, V~1(]—o0, E] ) compact.
Choose § > 0 small so that 25 = V! (]E — 6, +o00[ ) has two connected components.

N[

Q) =inf { [/ (z,z)dt| :z € C’OﬂHkl)C([O, 1],95),z(0)=Q, :r;(l)::co}

Lem 1: Ag(Q) is attained on some vg, 9 (Yo, ¥¢g) constant, vo ([0, 1]) C Qg \ {zo}-

lim Ag(Q) =0, lim [ sup dist(vg(s),z0)] =0;

Q—xg Q—z0 " 5¢[0,1]

For Q near zo, ¢ ([0, 1]) C Q5, ¢ is of class C? and it satisfies:

1
g’<E —V)g(hg, 2W) — 29(4q,4Q)g(VV,W)dt=0, YW € C§°

Lem 2: Ag : Qg — [0, +o0] is continuous.

Lem 3: 3p > 0s.t, setting ¢ (y) = 3Aq(y)?, for dist(y, zo) < p:

Hess(v)y[v,v] > 0, for v # 0 with dy [v] =
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M-J principle for homocilinics

THM: zo nondegenerate max of V', V(zo) = E, E regular value of V,
V~=1(]—o0, E[) U{zo} homeomorhic to an open ball in R™.
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M-J principle for homocilinics

THM: z¢ nondegenerate max of V', V(xg) = E, E regular value of V,
V=1(]—o0, E[) U{xo} homeomorhic to an open ball in R™.

36, > 0s.t., setting: Q. = {z € R™ : distg (z, V1 (E)) > 6.}
denoting by Dg the connected component of 9€2. near x,

by D; the connected component of Q. near V—1(E) \ {0},

the following hold:
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denoting by Dg the connected component of 9€2. near x,

by D; the connected component of Q. near V—1(E) \ {0},

the following hold:

00N, is of class C?, Q. is homeomorphic to an annulus;

Q. IS gg-strongly concave;

if z : [0,1] — Q. is an OGC with z(0) € Dy, z(1) € D1, then there exists
Ja, B] D [0,1] and a unique extension 7 : [, 8] — Qp, z € C° N H. , satisfying:
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M-J principle for homocilinics

THM: z¢ nondegenerate max of V', V(xg) = E, E regular value of V,
V=1(]—o0, E[) U{xo} homeomorhic to an open ball in R™.

36, > 0s.t., setting: Q. = {z € R™ : distg (z, V1 (E)) > 6.}
denoting by Dg the connected component of 9€2. near x,

by D; the connected component of Q. near V—1(E) \ {0},

the following hold:

00N, is of class C?, Q. is homeomorphic to an annulus;

Q. IS gg-strongly concave;

if z : [0,1] — Q. is an OGC with z(0) € Dy, (1) € D1, then there exists

Ja, B] D [0,1] and a unique extension 7 : [, 8] — Qp, z € C° N H. , satisfying:
Z IS a gg-geodesic;
dist(Z(s), V~1(E)) € ]—84,0[for s € Ja, O[U]1, B];
Z(a) = o, 2(B) € VTHE) \ {zo};
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M-J principle for homocilinics

THM: z¢ nondegenerate max of V', V(xg) = E, E regular value of V,
V=1(]—o0, E[) U{xo} homeomorhic to an open ball in R™.

36, > 0s.t., setting: Q. = {z € R™ : distg (z, V1 (E)) > 6.}
denoting by Dg the connected component of 9€2. near x,

by D; the connected component of Q. near V—1(E) \ {0},

the following hold:

00N, is of class C?, Q. is homeomorphic to an annulus;

Q. IS gg-strongly concave;

if z : [0,1] — Q. is an OGC with z(0) € Dy, (1) € D1, then there exists

Ja, B] D [0,1] and a unique extension 7 : [, 8] — Qp, z € C° N H. , satisfying:
Z IS a gg-geodesic;
dist(Z(s), V~1(E)) € ]—84,0[for s € Ja, O[U]1, B];
Z(a) = o, 2(B) € VTHE) \ {zo};

if V=1 (]—o0, E[) U{zo} and V are centrally symmetric around zo, then so is
Q..
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Final results -1

Theorem 1: Let H € C?(R?™, R) be a natural Hamiltonian.
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Theorem 1: Let H € C?(R?™, R) be a natural Hamiltonian. Let E be a regular value of
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Theorem 1: Let H € C?(R?™, R) be a natural Hamiltonian. Let E be a regular value of
the potential V', and assume

Qp =V~ (]—oo, E)
is homeomorphic to an m-dimensional annulus. Then, the Hamiltonian system (HS) has

at least two geometrically distict brake orbits of energy F, whose endpoints are in
different connected components of V—1(E).
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Final results -1

Theorem 1: Let H € C?(R?™, R) be a natural Hamiltonian. Let E be a regular value of
the potential V', and assume

Qp =V~ (]—oo, E)
is homeomorphic to an m-dimensional annulus. Then, the Hamiltonian system (HS) has

at least two geometrically distict brake orbits of energy F, whose endpoints are in
different connected components of V=1 (E).

Theorem 2: Under the assumptions of THM 1, if the functions a;; and V' are centrally
symmetric w. resp. to some yo ¢ V! (]—o0, E] ), then there are at least m
geometrically distinct brake orbits for (HS) with energy E.
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Final results -2

2
Theorem 3: (M, g) Riemannian manifold, V' : M < R, xo € M a nondegenerate

maximum of V. Assume:
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Theorem 3: (M, g) Riemannian manifold, V' : M < R, xo € M a nondegenerate

maximum of V. Assume:

V=1(]—o0, E[) U{x0} is homeomorphic to an open ball of R™;
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Final results -2

2
Theorem 3: (M, g) Riemannian manifold, V' : M < R, xo € M a nondegenerate

maximum of V. Assume:
V=1(]—o0, E[) U{x0} is homeomorphic to an open ball of R™;

dV(z) £ 0forallz € V-1(E) \ {zo}.

Then, there are at least two geometrically distinct homoclinic orbits for the Lagrangian
problem (LP) emanating from z¢.
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Final results -2

2
Theorem 3: (M, g) Riemannian manifold, V' : M < R, xo € M a nondegenerate

maximum of V. Assume:
V=1(]—o0, E[) U{x0} is homeomorphic to an open ball of R™;

dV(z) £ 0forallz € V-1(E) \ {zo}.

Then, there are at least two geometrically distinct homoclinic orbits for the Lagrangian
problem (LP) emanating from z¢.

Theorem 4: Under the assumptions of THM 3, if (M, g) and V' are centrally symmetric
around xg, then there are at least . geometrically distinct homoclinics of (LP)
emanating from zg.
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Gluing a convex collar to a manifold
with boundary
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