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G-structure on sets

Xo set, Bij(Xp) group of bijections f : Xy — Xp.

X another set, with Bij(Xp, X) # 0.

Bij(Xp) acts transitively on Bij(Xp, X) by composition on the right.
G C Bij(Xy) subgroup

Definition

A G-structure on X modeled on Xj is a subset P of Bij(Xp, X) which is
a G-orbit.
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Definition
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Definition
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G-structure on sets

Xo set, Bij(Xp) group of bijections f : Xy — Xp.

X another set, with Bij(Xp, X) # 0.

Bij(Xp) acts transitively on Bij(Xp, X) by composition on the right.
G C Bij(Xy) subgroup

Definition
A G-structure on X modeled on Xj is a subset P of Bij(Xp, X) which is
a G-orbit.

(@) plog: Xo— Xoisin G, forall p,q € P;
(b) pog:Xg— XisinP,forallpe Pandall g € G.

Given a G-structure P on X and a G-structure Q on Y, a map
f: X — Yis G-structure preservingif fop € Qfor all p € P.
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A frameis aniso p: R" — V, FR(V) C Bij(R", V)

GL(n) acts on the right transitively on FR( V), hence FR(V) is a
GL(n)-structure on V.

Conversely, given a GL(n)-structure P C Bij(R", V) on a set V, there
exists a unique vector space structure on V such that P = FR( V).
More generally, FRy, (V) is a GL(Vp)-structure on V.
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My, M diffeomorphic differentiable manifolds
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A frameis aniso p: R" — V, FR(V) C Bij(R", V)

GL(n) acts on the right transitively on FR(V), hence FR(V) is a
GL(n)-structure on V.

Conversely, given a GL(n)-structure P C Bij(R", V) on a set V, there
exists a unique vector space structure on V such that P = FR( V).
More generally, FRy, (V) is a GL(Vp)-structure on V.
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My, M diffeomorphic differentiable manifolds
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Examples of G-structure

Example (1)

V n-dimensional vector space

A frameis aniso p: R" — V, FR(V) C Bij(R", V)

GL(n) acts on the right transitively on FR(V), hence FR(V) is a
GL(n)-structure on V.

Conversely, given a GL(n)-structure P C Bij(R", V) on a set V, there
exists a unique vector space structure on V such that P = FR( V).
More generally, FRy, (V) is a GL(Vp)-structure on V.

Example (2)

My, M diffeomorphic differentiable manifolds

Diff(My, M) C Bij(My, M) is a Diff(My)-structure on M.
Conversely, given a Diff(My)-structure P C Bij(My, M) on a set M,

there exists a unique differentiable structure on M such that
P = Diff(My, M).

y
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@ Giving an O(n)-structure Q C FR(V) is the same as giving a
positive definite inner product on V.
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Given a G-structure P C Bij(Xp, X) on X and a subgroup H C G.
An H-structure Q C P is a strengthening of P.

Example

@ Giving an O(n)-structure Q C FR(V) is the same as giving a
positive definite inner product on V.
@ SO(n)-structure Q C FR(V) <= inner product + orientation on V

@ If n=2m, U(m)-structure Q C FR(V) <= real positive definite
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Strengthening G-structures

Given a G-structure P C Bij(Xp, X) on X and a subgroup H C G.
An H-structure Q C P is a strengthening of P.

Example
@ Giving an O(n)-structure Q C FR(V) is the same as giving a
positive definite inner product on V.
@ SO(n)-structure Q C FR(V) <= inner product + orientation on V

@ If n=2m, U(m)-structure Q C FR(V) <= real positive definite
inner product on V and an orthogonal complex structure on V

@ SL(n)-structure Q C FR(V) <= a volume form on V
@ A 1-structure Q C FR(V) is an identification of V with R".

Given a G-structure P C Bij(Xp, X) and a subgroup H C G, there are
[G : H] strengthening H-structures of P.
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Principal spaces
Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.
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Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9
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Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9

Example

@ G = V vector space, a principal space with structural group G is
an affine space parallel to V.

Paolo Piccione (IME-USP) G-structures and affine immersions Santa Maria, RS, Oct. 2006 8/33



Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9

Example
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Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9

Example

@ G = V vector space, a principal space with structural group G is
an affine space parallel to V.

@ Any group is a principal space with structural group G (right
multiplication)

@ Given a subgroup H C G, for all g € G the left coset gH is a
principal space with structural group H.

Paolo Piccione (IME-USP) G-structures and affine immersions Santa Maria, RS, Oct. 2006 8/33



Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9

Example

@ G = V vector space, a principal space with structural group G is
an affine space parallel to V.

@ Any group is a principal space with structural group G (right
multiplication)

@ Given a subgroup H C G, for all g € G the left coset gH is a
principal space with structural group H.

@ FRy, (V) is a principal space with structural group GL( Vj).

Paolo Piccione (IME-USP) G-structures and affine immersions Santa Maria, RS, Oct. 2006 8/33



Outline

0 Principal fiber bundles

= & - = DA
Paolo Piccione (IME-USP) G-structures and affine immersions



Principal fiber bundles

@ aset P (total space)

= & - = DA
Paolo Piccione (IME-USP) G-structures and affine immersions



Principal fiber bundles
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@ a differentiable manifold M (base space)
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Principal fiber bundles

@ a set P (fotal space)
@ a differentiable manifold M (base space)

@ amap I : P — M (projection)
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Principal fiber bundles

@ a set P (fotal space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)
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Principal fiber bundles

@ a set P (fotal space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)

@ aright action of G on P that makes the fiber P, = N~1(x) a
principal space, for all x € m
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Principal fiber bundles

@ a set P (fotal space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)

@ aright action of G on P that makes the fiber P, = N~1(x) a
principal space, for all x € m

@ a maximal atlas of admissible local sections of I1.
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Principal fiber bundles

@ a set P (fotal space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)

@ aright action of G on P that makes the fiber P, = N~1(x) a
principal space, for all x € m

@ a maximal atlas of admissible local sections of I1.

Lemma

There exists a unique differentiable structure on P that makes the
action of G on P smooth, 1 a smooth submersion, Py a smooth
submanifold, every admissible local section s : U ¢ M — P smooth,.
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Principal fiber bundles

@ a set P (fotal space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)

@ aright action of G on P that makes the fiber P, = N~1(x) a
principal space, for all x € m

@ a maximal atlas of admissible local sections of IM.

Lemma

There exists a unique differentiable structure on P that makes the
action of G on P smooth, I a smooth submersion, Py a smooth
submanifold, every admissible local sections: U C M — P smooth,.

Verp = Ker(dMp) C TP vertical space;
canonical isomorphism d3,(1) : g = VerpP.
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P =M x P,.
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P = M x Py.

@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P = M x Py.

@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.

@ restriction: 11 : P — M principal fiber bundle, U C M open subset
Ply =N""(U).
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P =M x P,.

@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.

@ restriction: 1 : P — M principal fiber bundle, U C M open subset
Ply=n"1(V).

@ principal subbundles: N : P — M principal fiber bundle with
structural group G, H C G a Lie subgroup, Q C P satisfying:
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P =M x P,.

@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.

@ restriction: 1 : P — M principal fiber bundle, U C M open subset
Ply =N""(U).

@ principal subbundles: T : P — M principal fiber bundle with
structural group G, H C G a Lie subgroup, Q C P satisfying:

» forall x e M, Qy = Py N Q is a principal subspace of P, with
structural group H;
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Examples of principal fiber bundles

@ ftrivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P =M x P,.
@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.
@ restriction: 1 : P — M principal fiber bundle, U C M open subset
Ply =N~ (V).
@ principal subbundles: T : P — M principal fiber bundle with
structural group G, H C G a Lie subgroup, Q C P satisfying:
» forall x e M, Qx = P, N Q is a principal subspace of P, with
structural group H;

» for all x € M, there exists a smooth local section s: U — P with
x € Uand s(U) C Q.

Paolo Piccione (IME-USP) G-structures and affine immersions Santa Maria, RS, Oct. 2006 11/33



Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P =M x P,.
@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.
@ restriction: 1 : P — M principal fiber bundle, U ¢ M open subset
Ply =N~"(U).
@ principal subbundles: 1 : P — M principal fiber bundle with
structural group G, H C G a Lie subgroup, Q C P satisfying:
» for all x e M, Q, = Py N Qs a principal subspace of Py with
structural group H;

» for all x € M, there exists a smooth local section s: U — P with
xe Uands(U) Cc Q.

@ pull-backs: N : P — M principal fiber bundle, f : M’ — M smooth
map, f*P = UyeM’ ({y} X Pf(y))
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Associated and vector bundles

G Lie group, N : P — M a G-principal bundle, N a differential G-space
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space

Associated bundle: P xg N = Jycpy Px xg N
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Associated and vector bundles

G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = Jycp Px xg N

Definition

A vector bundle consists of:
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = Jycp Px xg N
Definition
A vector bundle consists of:
@ a set E (total space)
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = Jycp Px xg N
Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifolad)
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = Jycp Px xg N
Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifolad)
@ amap « : E — M (projection)
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = Jycp Px xg N
Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifolad)
@ amap « : E — M (projection)
@ a finite dimensional vector space E; (typical fiber)
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = Jycp Px xg N
Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifolad)
@ amap « : E — M (projection)
@ a finite dimensional vector space E; (typical fiber)
@ a vector space structure on each fiber E, = 7~ isomorphic to £,
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = Jycp Px xg N

Definition
A vector bundle consists of:
@ a set E (total space)
a differentiable manifold M (base manifold)
amap 7 : E — M (projection)
a finite dimensional vector space Ey (typical fiber)
a vector space structure on each fiber E, = 7~ isomorphic to £,

a maximal atlas of admissible local sections of the fiber bundle
FREO(E) = UXGMFREO(EX)
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = Jycp Px xg N

Definition
A vector bundle consists of:
@ a set E (total space)
a differentiable manifold M (base manifold)
amap 7 : E — M (projection)
a finite dimensional vector space Ey (typical fiber)
a vector space structure on each fiber E, = 7~ isomorphic to £,

a maximal atlas of admissible local sections of the fiber bundle
FRE,(E) = Uyem FRE, (Ex)-

FRE, (E) xgL(gy) Eo = E, [P, €] — p(eo) € E
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = Jycp Px xg N

Definition
A vector bundle consists of:

a set E (total space)

a differentiable manifold M (base manifold)

amap 7 : E — M (projection)

a finite dimensional vector space Ey (typical fiber)

a vector space structure on each fiber E, = 7~ isomorphic to £,

a maximal atlas of admissible local sections of the fiber bundle
FRE,(E) = Uyem FRE, (Ex)-

FRE,(E) xXgL(g) Eo = E, [p, €] — p(eo) € E

Def.: A G-structure on E is a G-principal subbundle of FR(E).
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Outline

0 Connections

= & - = DA
Paolo Piccione (IME-USP) G-structures and affine immersions



Principal connections

MN: P — M principal fiber bundle, G structural group
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Principal connections
MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:
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Principal connections
MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

® TP = Horp @ Verp
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Principal connections
MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

@ TpP = Horp @ Verp
@ Horpg = Horp - g

Paolo Piccione (IME-USP) G-structures and affine immersions Santa Maria, RS, Oct. 2006 14/33



Principal connections

MN: P — M principal fiber bundle, G structural group

A principal connection on P is a distribution Hor(P) C TP:
@ TpP = Horp @ Verp
@ Horpg = Horp - g

Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wpl|ver, = dfp(1 )7t Ver, — g
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Principal connections

MN: P — M principal fiber bundle, G structural group

A principal connection on P is a distribution Hor(P) C TP:
@ TpP = Horp @ Verp
@ Horpg = Horp - g

Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wpl|ver, = dBp(1 )_1 : Verp — g

G-principal bundles I : P — M, " : Q — M with connections Hor(P)
and Hor(Q) and a morphism of principal bundles ¢ : P — Q, then ¢ is
connection preserving if:

d¢(Hor(P)) C Hor(Q) <« ¢ (w9) = WP
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Principal connections
MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

o TpP = Horp D Verp
@ Horpg = Horp - g
Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wpl|ver, = dfp(1 )~ Ver, — g

G-principal bundles N : P — M, " : Q — M with connections Hor(P)
and Hor(Q) and a morphism of principal bundles ¢ : P — Q, then ¢ is
connection preserving if:

dg(Hor(P)) C Hor(Q) <= ¢*(w9) =uwP

Properties of principal connections
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Principal connections
MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

o TpP = Horp D Verp
@ Horpg = Horp - g
Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wpl|ver, = dfp(1 )~ Ver, — g

G-principal bundles N : P — M, " : Q — M with connections Hor(P)
and Hor(Q) and a morphism of principal bundles ¢ : P — Q, then ¢ is
connection preserving if:

dg(Hor(P)) C Hor(Q) <= ¢*(w9) =uwP

Properties of principal connections
@ can be pushed forward
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Principal connections
MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

o TpP = Horp D Verp
@ Horpg = Horp - g
Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wpl|ver, = dfp(1 )~ Ver, — g

G-principal bundles N : P — M, " : Q — M with connections Hor(P)
and Hor(Q) and a morphism of principal bundles ¢ : P — Q, then ¢ is
connection preserving if:

dg(Hor(P)) C Hor(Q) <= ¢*(w9) =uwP

Properties of principal connections
@ can be pushed forward
@ induce connections on all associated bundles
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Connections on vector bundles
Definition

A connection on the vector bundle E is an R-bilinear map
V:I(TM) xT(E) > (X,e) — Vxe € I[(E)
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Connections on vector bundles
Definition
A connection on the vector bundle E is an R-bilinear map
V :I[(TM) xT(E)> (X,e) — Vxe € [(E)
@ C°(M)-linearin X
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Connections on vector bundles
Definition
A connection on the vector bundle E is an R-bilinear map
V :I[(TM) xT(E)> (X,e) — Vxe € [(E)
@ C®(M)-linearin X
@ Leibnitz rule: Vx(fe) = X(f)e + Ve
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Connections on vector bundles

Definition
A connection on the vector bundle E is an R-bilinear map
V I[(TM) xT(E)> (X,e) — Vxe € I[(E)

@ C®(M)-linearin X

@ Leibnitz rule: Vx(fe) = X(f)e + Ve

@ asection s: U ¢ M — FR(E) (trivialization of E) defines a
connection in E|y: | Ve = s(x)(d(s Te)xv) | x € U, v € T,M.
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Connections on vector bundles

Definition
A connection on the vector bundle E is an R-bilinear map
V I[(TM) xT(E)> (X,e) — Vxe € I[(E)

@ C®(M)-linearin X

@ Leibnitz rule: Vx(fe) = X(f)e + Ve

@ asection s: U C M — FR(E) (trivialization of E) defines a
connection in E|y:| Ve = s(x)(d(s e)xV) | x € U, v € TyM.
@ the difference V — V*® defines the Christoffel tensor.
T$: TeM x Ex — E|
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Connections on vector bundles
Definition
A connection on the vector bundle E is an R-bilinear map
V :I[(TM) xT(E)> (X,e) — Vxe € [(E)
@ C®(M)-linearin X
@ Leibnitz rule: V x(fe) = X(f)e + fVxe

@ asection s: U ¢ M — FR(E) (trivialization of E) defines a
connection in E|y:| Ve = s(x)(d(s e)xV) | x € U, v € TyM.

@ the difference V — VS defines the Christoffel tensor:
75 TeM x Ex — Ey|

@ V induces natural connections on all vector bundles obtained with
functorial constructions from E: sums, tensor products, duals,
pull-backs, ...
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Connections on vector bundles

Definition
A connection on the vector bundle E is an R-bilinear map
V I[(TM) xT(E)> (X,e) — Vxe € I[(E)

@ C®(M)-linearin X

@ Leibnitz rule: Vx(fe) = X(f)e + Ve

@ asection s: U C M — FR(E) (trivialization of E) defines a
connection in E|y:| Ve = s(x)(d(s e)xV) | x € U, v € TyM.

@ the difference V — V* defines the Christoffel tensor:
T TeM x Ex — Ey|
@ V induces natural connections on all vector bundles obtained with

functorial constructions from E: sums, tensor products, duals,
pull-backs, ...

° \Connections on E\ = ‘ Principal connections on FR(E) ‘
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Curvature and torsion

Curvature tensor of V: R: T(TM) x I(TM) xT(E) — I (E)

R(X,Y)e=VxVye—VyVxe— V[X7y]€

Ry : TxM x TyM x Ex — Ex
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Curvature and torsion
Curvature tensor of V: R:T(TM) x I(TM) xT(E) — I[(E)

R(X,Y)e=VxVye—VyVxe— V[va]e

Ry : TxM x TyM x Ex — Ex

Given . : TM — E vector bundle morphism, .-torsion tensor:
T :T(TM) x I(TM) — I (E)

TH(X,Y)=Vx(«Y)) = Vy(«(X)) —([X, Y])

T TuM x TuM — Ey
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Curvature and torsion
Curvature tensor of V: R:T(TM) x I(TM) xT(E) — I[(E)

R(X,Y)e=VxVye—VyVxe— V[va]e

Ry : TxM x TyM x Ex — Ex

Given . : TM — E vector bundle morphism, .-torsion tensor:
T :T(TM) x I(TM) — I (E)

THX,Y)=Vx(«Y)) = Vy(«(X)) = ([X, ¥])

Te: TuM x TuM — Ey

When E = TM, torsion: T(X,Y) =VxY —VyX —[X,Y].

’V is symmetricif T = 0‘
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Gauss, Codazzi and Ricci equations

m : E' — Mand 7z : E2 — M vector bundle.
Whitney sum: n : E = Ey ® Ep — M, pr; : E — E' projection.
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Gauss, Codazzi and Ricci equations

71 : E' - M and 7 : E2 — M vector bundle.

Whitney sum: = : E = Ey & E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢ € T(E'):
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Gauss, Codazzi and Ricci equations
71 : E' - M and 7 : E2 — M vector bundle.
Whitney sum: = : E = Ey & E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):
@ Vier = pry(Vxer) connection in E!
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Gauss, Codazzi and Ricci equations
71 : E' - M and 7 : E2 — M vector bundle.
Whitney sum: = : E = Ey & E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):
@ Vker = pry(Vxer) connection in E!
@ Ver = pry(Vxe) connection in E2
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Gauss, Codazzi and Ricci equations
71 : E' - M and 7 : E2 — M vector bundle.
Whitney sum: = : E = Ey & E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):
@ Ve = pry(Vxer) connection in E!
@ Ver = pry(Vxez) connection in E2
@ o'(X,e) = pry(Vxez), tensor o} : TyM x EZ — E]
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Gauss, Codazzi and Ricci equations
71 : E' - M and 7 : E2 — M vector bundle.
Whitney sum: = : E = Ey & E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):
@ Vker = pry(Vxer) connection in E!
@ Ver = pry(Vxez) connection in E2
e o'(X,e) =pry(Vxen), tensor o : TyM x EZ — E]
@ o?(X,e1) = pry(Vxer), tensor o4 : TyM x E} — E2
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Gauss, Codazzi and Ricci equations
m : E' — Mand 7z : E2 — M vector bundle.
Whitney sum: n : E = Ey ® E, — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):

@ Ve = pry(Vxer) connection in E!

@ Ver = pry(Vxez) connection in E2

e o'(X,e) =pry(Vxen), tensor o : TyM x EZ — E]

@ o?(X,e1) = pry(Vxer), tensor o : TyM x E} — E2
Gauss equation:

pry (R(X, Y)q) = Ry(X,Y)ey +a (X7 oa?(Y, 61)) —a' (Y, a?(X, 61))
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Gauss, Codazzi and Ricci equations
m : E' — Mand 7z : E2 — M vector bundle.
Whitney sum: n : E = Ey ® E, — M, pr; : E — E' projection.
V connection on E. Given sections ¢ € I['(E'):

@ Vker = pry(Vxer) connection in E!

@ Ver = pry(Vxez) connection in E2

(*] oz1(X, 62) = pry (Vxeg), tensor Oé;](  TeM x E)% — E)1(

@ o?(X,e1) = pry(Vxer), tensor o : TyM x E} — E2
Gauss equation:

pry (R(X, Y)er) = Ri(X, Y)er + o' (X, 02(Y, 1)) — o' (Y, a?(X, 1))
Codazzi equations

pro(R(X, Y)er) = Va2(X, Y, e1) — VAa2(Y, X, eq) + o2
Pry (R(X> Y)62) = Va! (Xv Y, 62) - va1(ya X, 62) + a

(T(X,Y), &)
(T(X,Y), e2)
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Gauss, Codazzi and Ricci equations
m : E' — Mand 7z : E2 — M vector bundle.
Whitney sum: n : E = Ey ® E, — M, pr; : E — E' projection.
V connection on E. Given sections ¢ € I['(E'):

@ Vker = pry(Vxer) connection in E!

@ Ver = pry(Vxez) connection in E2

(*] a1(X, 62) = pry (Vxeg), tensor Oé;](  TeM x E)% — E)1(

@ o?(X,e1) = pry(Vxer), tensor o : TyM x E} — E2
Gauss equation:

pry (R(X, Y)er) = Ri(X, Y)er + o' (X, 02(Y, 1)) — o' (Y, a?(X, 1))
Codazzi equations

pro (R(X, Y)er) = Va?(X,Y,e1) = Va2(Y, X, er) + az(T(X, Y), e1)
pry (R(X, Y)ez2) = Va' (X, Y,e2) = Va' (Y, X, e2) + o' (T(X, Y), e2)

Ricci equation
prZ(Fw’(X, Y)Gg) = Ro(X, Y)es + (X, a'(Y, 62)) — az(Y, o' (X, 62))
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© Inner torsion of a G-structure
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Definition

@ 7 : E — M vector bundle

= & - = DA
Paolo Piccione (IME-USP) G-structures and affine immersions



Definition

@ 7 : E — M vector bundle
@ G C GL(RRK) Lie subgroup
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Definition
@ 7 : E — M vector bundle
@ G c GL(RK) Lie subgroup
@ P C FR(E) a G-structure on E
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Definition

@ 7w : E — M vector bundle

@ G C GL(RK) Lie subgroup

@ P C FR(E) a G-structure on E
@ V connection on E
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Definition
@ 7 : E — M vector bundle
@ G C GL(RK) Lie subgroup
@ P C FR(E) a G-structure on E
@ V connection on E

P is compatible with V if parallel transport of frames of P remain in P
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Definition
@ 7w : E — M vector bundle
@ G C GL(RK) Lie subgroup
@ P C FR(E) a G-structure on E
@ V connection on E
P is compatible with V if parallel transport of frames of P remain in P

The lack of compatibility is measured by a tensor, called the inner
torsion of (M,V, P) :
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Definition
@ 7 : E — M vector bundle
@ G C GL(RRK) Lie subgroup
@ P C FR(E) a G-structure on E
@ V connectionon E

P is compatible with V if parallel transport of frames of P remain in P

The lack of compatibility is measured by a tensor, called the inner
torsion of (M, V,P) :

@ s: U — P frame of E compatible with P, x € U
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Definition
@ 7 : E — M vector bundle
@ G C GL(RRK) Lie subgroup
@ P C FR(E) a G-structure on E
@ V connectionon E

P is compatible with V if parallel transport of frames of P remain in P

The lack of compatibility is measured by a tensor, called the inner
torsion of (M,V, P) :

@ s: U — P frame of E compatible with P, x € U
@ I, : TxM — gl(Ex) Christoffel tensorof V rel. to s
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Definition
@ 7 : E — M vector bundle
@ G C GL(RRK) Lie subgroup
@ P C FR(E) a G-structure on E
@ V connectionon E

P is compatible with V if parallel transport of frames of P remain in P

The lack of compatibility is measured by a tensor, called the inner
torsion of (M,V, P) :

@ s: U — P frame of E compatible with P, x € U
@ Iy : TxM — gl(Ex) Christoffel tensorof V rel. to s
@ Gy={T€GL(Ey): Tope Py, Vp e Py}, gx = Lie(Gy).
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Definition
@ 7 : E — M vector bundle
@ G C GL(RRK) Lie subgroup
@ P C FR(E) a G-structure on E
@ V connectionon E

P is compatible with V if parallel transport of frames of P remain in P

The lack of compatibility is measured by a tensor, called the inner
torsion of (M,V, P) :

@ s: U — P frame of E compatible with P, x € U

@ Iy : TxM — gl(Ex) Christoffel tensorof V rel. to s

®© Gy={T €GL(Ex): Tope Py, Vp € Px}, gx = Lie(Gx).
The inner torsion 3% : T,M — gl(Ey)/gx is:

/ i T
<M Y gl(Ex) gl(Ex)/ax

quotient
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Example 1: 1-structures

smooth global frame.

Let E be a trivial vector bundle over M and let s : M — FR(E) be a
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Example 1: 1-structures

Let E be a trivial vector bundle over M and let s : M — FR(E) be a
smooth global frame.

P = s(M) is a G-structure on E, with G = {Idg« }
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Example 1: 1-structures

Let E be a trivial vector bundle over M and let s : M — FR(E) be a
smooth global frame.

P = s(M) is a G-structure on E, with G = {Idg« }

Gx = {IdEX}, gx = {0}
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Example 1: 1-structures

Let E be a trivial vector bundle over M and let s : M — FR(E) be a
smooth global frame.

P = s(M) is a G-structure on E, with G = {Idg« }
Gx = {IdEX}! gx = {0}

3P coincides with the Christoffel tensor ', : TyM — gl(Ey).

Paolo Piccione (IME-USP) G-structures and affine immersions Santa Maria, RS, Oct. 2006 20/33



Example 1: 1-structures

Let E be a trivial vector bundle over M and let s : M — FR(E) be a
smooth global frame.

P = s(M) is a G-structure on E, with G = {Idg« }
Gx = {IdEX}s gx = {0}
3P coincides with the Christoffel tensor I'y : TyM — gl(Ey).

Lemma
P = 0iff V is flat. J
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Example 2: O(k)-structures

7 : E — M vector bundle with a Riemannian metric g

= & - = DA
Paolo Piccione (IME-USP) G-structures and affine immersions



Example 2: O(k)-structures

7 : E — M vector bundle with a Riemannian metric g
V connection on E.
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Example 2: O(k)-structures

7 : E — M vector bundle with a Riemannian metric g
V connection on E.
O(k)-structure of g-orthonormal frames of E: P C FR(E)
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Example 2: O(k)-structures

7 : E — M vector bundle with a Riemannian metric g
V connection on E.

O(k)-structure of g-orthonormal frames of E: P C FR(E)
Lin(Ex)/so(Ex) = sym(Ex) by the map T — %(T + T%).
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Example 2: O(k)-structures

7 : E — M vector bundle with a Riemannian metric g

V connection on E.

O(k)-structure of g-orthonormal frames of E: P C FR(E)
Lin(E)/so(Ex) = sym(Ex) by the map T+ 5(T + T*).

An explicit computation using local sections of E that are constant in
some orthonormal frame s: U — P gives:

I(v) = 3(F(v) + T(v)") = —3Vvg € sym(Ey)

forallx e M, v e T,yM.
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Example 2: O(k)-structures

7 : E — M vector bundle with a Riemannian metric g

V connection on E.

O(k)-structure of g-orthonormal frames of E: P C FR(E)
Lin(E)/so(Ex) = sym(Ex) by the map T+ 5(T + T*).

An explicit computation using local sections of E that are constant in
some orthonormal frame s : U — P gives:

3(v) = 3(T(v) +T(v)*) = = Vg € sym(Ex)

forallx e M, v e T,yM.

Lemma
P =0 iff g is V-parallel. J
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Example 3: O(k1) x O(kz)-structures

7 : E — M vector bundle with a Riemannian metric g
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Example 3: O(kq) x O(ky)-structures

7 : E — M vector bundle with a Riemannian metric g

F c E vector subbundle
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Example 3: O(kq) x O(ky)-structures
7 : E — M vector bundle with a Riemannian metric g
F C E vector subbundle

P set of frames adapted to the orthogonal sum E = F® Flis a
G-structure on E, where G = O(kq) x O(ko).
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Example 3: O(kq) x O(ky)-structures
7 : E — M vector bundle with a Riemannian metric g
F c E vector subbundle

P set of frames adapted to the orthogonal sum E = F& F- is a
G-structure on E, where G = O(kq) x O(ko).

Gy is the group of linear isometries of E, that preserve Fy, gx is the Lie
algebra of anti-symmetric endomorphisms of E, that preserve Fy.
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Example 3: O(kq) x O(ky)-structures
7 : E — M vector bundle with a Riemannian metric g
F c E vector subbundle

P set of frames adapted to the orthogonal sum E = F& F- is a
G-structure on E, where G = O(kq) x O(ko).

Gy is the group of linear isometries of E, that preserve Fy, gx is the Lie
algebra of anti-symmetric endomorphisms of Ey that preserve Fy.

gl(Ex)/ax = sym(Ex) @ Lin(Fy, Fy")
T+ gx+— (%(T—&— ), %Clx o(T — T*)‘Fx)

T (v) = (- %vav ax(v,-) + %q °Vvglr,)
q: E — F* projection, « is the 2nd fundamental form of F.
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Example 3: O(kq) x O(ky)-structures
7 : E — M vector bundle with a Riemannian metric g
F c E vector subbundle

P set of frames adapted to the orthogonal sum E = F& F- is a
G-structure on E, where G = O(kq) x O(ko).

Gy is the group of linear isometries of E, that preserve Fy, gx is the Lie
algebra of anti-symmetric endomorphisms of Ey that preserve Fy.

9l(Ex)/ax = sym(Ey) @ Lin(Fy, Fy")
T+ gx+— (%(T—{— T*)7 %Clx o (T — T*)’FX)

I (v) = (—3Vvg ax(v,-) + 340 VvglF,)
q: E — F* projection, « is the 2nd fundamental form of F.

Lemma

P = 0 iff g is V-parallel and F is parallel (i.e., covariant derivative of
sections of F are in F).
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Example 4: O(k — 1)-structures

E vector bundle with Riemannian metric g
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Example 4: O(k — 1)-structures
E vector bundle with Riemannian metric g
e smooth section of E, with g(e, e) = 1
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Example 4: O(k — 1)-structures

E vector bundle with Riemannian metric g
e smooth section of E, with g(e, e) = 1

P c FR(E) set of orthonormal frames of E whose first element is ¢ is a

G-structure on E, where:
1 0
G= (o o(k — 1))
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Example 4: O(k — 1)-structures

E vector bundle with Riemannian metric g
e smooth section of E, with g(e, e) = 1

P c FR(E) set of orthonormal frames of E whose first element is ¢ is a
G-structure on E, where:

G= (2) O(ko— 1))

Gy is the set of isometries of Ey that fix ¢(x), gx is the set of
endomorphisms T of Ey such that T (e(x)) = 0.

al(Ex)/ax = sym(Ey) @ e(x)*
T+ gx— (3T + T, 5T = T%) - ¢(x))
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Example 4: O(k — 1)-structures

E vector bundle with Riemannian metric g
e smooth section of E, with g(e,¢) = 1

P c FR(E) set of orthonormal frames of E whose first element is ¢ is a
G-structure on E, where:

G= (2) O(ko— 1))

Gy is the set of isometries of Ey that fix ¢(x), gx is the set of
endomorphisms T of Ey such that T (e(x)) = 0

ol(Ex)/gx = sym(Ex) @ e(x )
T+gx+— (Q(T—i— ), §(T LK e(x))

Jx(v) = ( - %Vga Vye + %(va)e)
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Example 4: O(k — 1)-structures

E vector bundle with Riemannian metric g
e smooth section of E, with g(e,¢) = 1

P c FR(E) set of orthonormal frames of E whose first element is ¢ is a
G-structure on E, where:

G= (2) O(ko— 1))

Gy is the set of isometries of Ey that fix ¢(x), gx is the set of
endomorphisms T of Ey such that T (e(x)) = 0

ol(Ex)/gx = sym(Ex) @ e(x )
T+gx+— (Q(T—i— ), §(T LK e(x))

IR(W) = (- 1Vg, Ve + 5(Vvg)e)
Lemma
= 0 iffg is V-parallel and Ve = 0. J
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Example 5: U(/)-structures

k = 2/, E vector bundle with a Riemannian metric g and an almost
complex anti-symmetric structure J.
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Example 5: U(/)-structures

k = 2/, E vector bundle with a Riemannian metric g and an almost
complex anti-symmetric structure J.

P c FR(E) set of complex orthonormal frames, is a U(/)-structure on E
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Example 5: U(/)-structures

k = 2/, E vector bundle with a Riemannian metric g and an almost
complex anti-symmetric structure J.

P C FR(E) set of complex orthonormal frames, is a U(/)-structure on E
Gy is the set of complex isometries of E, gx is the Lie algebra of of
complex linear gyx-antisymmetric endomorphisms of Ey.
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Example 5: U(/)-structures

k = 2/, E vector bundle with a Riemannian metric g and an almost
complex anti-symmetric structure J.

P c FR(E) set of complex orthonormal frames, is a U(/)-structure on E
Gy is the set of complex isometries of Ey, gx is the Lie algebra of of
complex linear gx-antisymmetric endomorphisms of Ey.

al(Ex)/gx = sym(Ex) @ Liny(Ex)
T—l—gx —_— (%(T—I— T*), %[T— T*,JX])

Lin,(Ey) is the space of gy-antisymmetric endomorphisms of E, that
anti-commute with Jy.

Paolo Piccione (IME-USP) G-structures and affine immersions Santa Maria, RS, Oct. 2006 24/33



Example 5: U(/)-structures

k = 2/, E vector bundle with a Riemannian metric g and an almost
complex anti-symmetric structure J.

P c FR(E) set of complex orthonormal frames, is a U(/)-structure on E
Gy is the set of complex isometries of Ey, gx is the Lie algebra of of
complex linear gx-antisymmetric endomorphisms of Ey.

al(Ex)/gx = sym(Ex) ® Lin,(Ex)
T+gx— (%(T—i— ), %[T — T*,JX])

Lin,(Ey) is the space of gy-antisymmetric endomorphisms of Ey that
anti-commute with Jy.

jf(V) — (_ %va, V\/J - [va, Jx])

Paolo Piccione (IME-USP) G-structures and affine immersions Santa Maria, RS, Oct. 2006 24/33



Example 5: U(/)-structures

k = 2/, E vector bundle with a Riemannian metric g and an almost
complex anti-symmetric structure J.

P c FR(E) set of complex orthonormal frames, is a U(/)-structure on E
Gy is the set of complex isometries of Ey, gx is the Lie algebra of of
complex linear gyx-antisymmetric endomorphisms of Ey.

gl(Ex)/gx = sym(Ey) @ Lin,(Ex)
T+ gy — (%(T+ "), %[T - T*,JX])
Lin,(Ey) is the space of gy-antisymmetric endomorphisms of Ey that

anti-commute with Jy.
IEWV) = (= 3Vve, Vod — [Vvg. k])
Lemma

3P =0 iffg and J are V-parallel. J
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G Infinitesimally homogeneous affine manifolds with G-structure
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Infinitesimally homogeneous manifolds
(M, V) affine manifold,
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Infinitesimally homogeneous manifolds

(M, V) affine manifold, G ¢ GL(n) Lie subgroup,
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Infinitesimally homogeneous manifolds

(M, V) affine manifold, G C GL(n) Lie subgroup, P C FR(TM) a
G-structure.
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Infinitesimally homogeneous manifolds

(M, V) affine manifold, G C GL(n) Lie subgroup, P C FR(TM) a
G-structure.

Definition

(M, ¥V, P) is infinitesimally homegeneous if 37, T and R are constant in
frames of the G-structure P.
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Infinitesimally homogeneous manifolds

(M, V) affine manifold, G C GL(n) Lie subgroup, P C FR(TM) a
G-structure.

Definition

(M, ¥V, P) is infinitesimally homegeneous if 37, T and R are constant in
frames of the G-structure P.

4

Definition

(M, V, P) is locally homogeneous if for all x, y € M and every
G-structure preserving map o : TyM — T,M there exists
neighborhoods U > x, V > y and a smooth G-structure preserving
affine diffeomorphism f : U — V with f(x) = y and dfy = o.
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Infinitesimally homogeneous manifolds

(M, V) affine manifold, G ¢ GL(n) Lie subgroup, P C FR(TM) a
G-structure.

Definition

(M, V, P) is infinitesimally homegeneous if 37, T and R are constant in
frames of the G-structure P.

Definition

(M, V, P) is locally homogeneous if for all x, y € M and every
G-structure preserving map o : TxM — T,M there exists
neighborhoods U > x, V > y and a smooth G-structure preserving
affine diffeomorphism f : U — V with f(x) = y and dfy = o.

Theorem

(M, V, P) infinitesimally homogeneous — (M, V, P) locally
homogeneous. If (M, V) is geodesically complete and M is simply
connected, then (M, V, P) is globally homogeneous.
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Infinitesimally homogeneous manifolds

(M, V) affine manifold, G C GL(n) Lie subgroup, P C FR(TM) a
G-structure.

Definition

(M, ¥V, P) is infinitesimally homegeneous if 37, T and R are constant in
frames of the G-structure P.

4

Definition

(M, V, P) is locally homogeneous if for all x, y € M and every
G-structure preserving map o : TyM — T,M there exists
neighborhoods U > x, V > y and a smooth G-structure preserving
affine diffeomorphism f : U — V with f(x) = y and dfy = o.

Proof.
An application of the Cartan—Ambrose—Hicks theorem! Ol

v
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Examples of infinitesimally homogeneous manifolds
@ (M, g) Riemannian manifold, V Levi—Civita connection of g, P the
O(n)-structure of orthonormal frames is infinitesimally
homogeneous iff g has constant sectional curvature.
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Examples of infinitesimally homogeneous manifolds

@ (M, g) Riemannian manifold, V Levi—Civita connection of g, P the
O(n)-structure of orthonormal frames is infinitesimally
homogeneous iff g has constant sectional curvature.

@ (M, g,J) a Kahler manifold, V Levi—Civita connection of g, P the
U(n)-structure given by the complex orthonormal frames. Then,
(M, V, P) is infinitesimally homogeneous iff (M, g, J) has constant
holomorphic curvature.
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Examples of infinitesimally homogeneous manifolds

@ (M, g) Riemannian manifold, V Levi—Civita connection of g, P the
O(n)-structure of orthonormal frames is infinitesimally
homogeneous iff g has constant sectional curvature.

@ (M, g,J) a Kahler manifold, V Levi—Civita connection of g, P the
U(n)-structure given by the complex orthonormal frames. Then,
(M, V, P) is infinitesimally homogeneous iff (M, g, J) has constant
holomorphic curvature.

@ M Lie group, V left invariant connection, P a 1-structure on M
given by the choice of a left invariant frame. (M, V, P) is
infinitesimally homogeneous.
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Examples of infinitesimally homogeneous manifolds
@ (M, g) Riemannian manifold, V Levi—Civita connection of g, P the

O(n)-structure of orthonormal frames is infinitesimally
homogeneous iff g has constant sectional curvature.

(M, g,J) a Kéhler manifold, V Levi—Civita connection of g, P the
U(n)-structure given by the complex orthonormal frames. Then,
(M, V, P) is infinitesimally homogeneous iff (M, g, J) has constant
holomorphic curvature.

M Lie group, V left invariant connection, P a 1-structure on M
given by the choice of a left invariant frame. (M, V, P) is
infinitesimally homogeneous.

(M;, g;) Riemannian, i = 1,2, M = My x M, endowed with the
product metric g, V Levi—Civita connection of g, P the

O(nq) x O(no)-structure given by the orthonormal frames adapted
to the product. Then, (M, V, P) is infinitesimally homogeneous iff
(M;, gi) has constant sectional curvature, i = 1, 2.
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Examples of infinitesimally homogeneous manifolds
@ (M, g) Riemannian manifold, V Levi—Civita connection of g, P the

O(n)-structure of orthonormal frames is infinitesimally
homogeneous iff g has constant sectional curvature.

(M, g,J) a Kéhler manifold, V Levi—Civita connection of g, P the
U(n)-structure given by the complex orthonormal frames. Then,
(M, V, P) is infinitesimally homogeneous iff (M, g, J) has constant
holomorphic curvature.

M Lie group, V left invariant connection, P a 1-structure on M
given by the choice of a left invariant frame. (M, V, P) is
infinitesimally homogeneous.

(M;, g;) Riemannian, i = 1,2, M = My x M, endowed with the
product metric g, V Levi—Civita connection of g, P the

O(nq) x O(no)-structure given by the orthonormal frames adapted
to the product. Then, (M, V, P) is infinitesimally homogeneous iff
(M;, gi) has constant sectional curvature, i = 1, 2.

More generally, product of infinitesimally homogeneous manifolds
is infinitesimally homogeneous.
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3-dimensional homogeneous manifolds (B. Daniel)

products $2 x R, H? x R)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry
group (includes: Berger spheres, Heisenberg space Nilz, PSL>(R),

—_——
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3-dimensional homogeneous manifolds (B. Daniel)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry

—_—

group (includes: Berger spheres, Heisenberg space Nilz, PSL>(R),
products $% x R, H? x R)

Geometrical structure: Riemannian fibrations over a 2-dim. space
form. Fibers are geodesics, the vertical field ¢ is Killing.
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3-dimensional homogeneous manifolds (B. Daniel)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry

—_—

group (includes: Berger spheres, Heisenberg space Nilz, PSL>(R),
products $% x R, H? x R)

Geometrical structure: Riemannian fibrations over a 2-dim. space
form. Fibers are geodesics, the vertical field ¢ is Killing.

Classified by two constants: « curvature of the base, 7 bundle
curvature: V£ = v x £ (Obs.: needs orientation!)
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3-dimensional homogeneous manifolds (B. Daniel)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry

—_—

group (includes: Berger spheres, Heisenberg space Nilz, PSL>(R),
products $2 x R, H? x R)

Geometrical structure: Riemannian fibrations over a 2-dim. space
form. Fibers are geodesics, the vertical field ¢ is Killing.

Classified by two constants: « curvature of the base, + bundle
curvature: V£ = v x £ (Obs.: needs orientation!)
@ 7=0,then M = M2(x) x R
@ 7#0:
» x> 0 = Berger spheres
» k=0= Nils
» k<0 = PS/L;(/]R)
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3-dimensional homogeneous manifolds (B. Daniel)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry

—_—

group (includes: Berger spheres, Heisenberg space Nilz, PSL>(R),
products $2 x R, H? x R)

Geometrical structure: Riemannian fibrations over a 2-dim. space
form. Fibers are geodesics, the vertical field ¢ is Killing.

Classified by two constants: « curvature of the base, + bundle
curvature: V£ = v x £ (Obs.: needs orientation!)
@ 7=0,then M = M2(x) x R
@ 7#0:
» x> 0 = Berger spheres
» k=0= Nils
» k<0 = PS/L;(/]R)
R computed explicitly: formula involving only g e £
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3-dimensional homogeneous manifolds (B. Daniel)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry

—_—

group (includes: Berger spheres, Heisenberg space Nilz, PSL>(R),
products $2 x R, H? x R)

Geometrical structure: Riemannian fibrations over a 2-dim. space
form. Fibers are geodesics, the vertical field ¢ is Killing.

Classified by two constants: « curvature of the base, + bundle
curvature: V£ = v x £ (Obs.: needs orientation!)
@ 7=0,then M = M2(x) x R
@ 7#0:
» x> 0 = Berger spheres
» k=0= Nils
» k<0 = PS/L;(/]R)
R computed explicitly: formula involving only g e £

Infinitesimally homogeneous SO(n — 1)-structure with non vanishing 3P
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ﬂ Immersion theorems
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Affine immersions

Problem. Given objects:

= & - = DA
Paolo Piccione (IME-USP) G-structures and affine immersions



Affine immersions

Problem. Given objects:

@ M an n-dimensional differentiable manifold
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Affine immersions
Problem. Given objects:

@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold
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Affine immersions
Problem. Given objects:

@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold

@ 7 : E — M a vector bundle over M with typical fiber RX, i = n + k
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Affine immersions
Problem. Given objects:
@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold
@ 7 : E — M a vector bundle over M with typical fiber RX, n = n+ k
@ V aconnectionon E=TMa E
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Affine immersions
Problem. Given objects:
@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold
@ 7 : E — M avector bundle over M with typical fiber RX, i = n+ k
@ V aconnectionon E=TMa E
@ V aconnection on TM
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Affine immersions
Problem. Given objects:
@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold
@ 7 : E — M avector bundle over M with typical fiber RX, i = n+ k
@ V aconnectionon E=TMa E
@ V aconnectionon TM
Definition
An affine immersion of (M, E, V) into (M, V) is a pair (f, L), where

o~

f: M — Mis asmooth map, L: E — f*TM is a connection preserving
vector bundle isomorphism with: ’ Lx|t.m =dfy, Vxe M. ‘
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Affine immersions
Problem. Given objects:
@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold
@ 7 : E — M avector bundle over M with typical fiber RX, i = n+ k
@ V aconnectionon E=TMa E
@ V aconnectionon TM
Definition
An affine immersion of (M, E, V) into (M, V) is a pair (f, L), where

o~

f: M — Mis a smooth map, L: E — f*TM is a connection preserving
vector bundle isomorphism with: ‘ Ly|t,m =dfy, Yxe M.

Lemma (Uniqueness)

If M is connected, given (f', L") and (2, L?) with f'(xo) = f?(xo) and
L' (x0) = L2(xo), then (f1, L") = (2, L2).

v
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The immersion theorem — 1

Theorem (part 1)
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The immersion theorem — 1

Theorem (part 1)

° (Vﬁ, V, P) affine manifold with G-structure P infinitesimally
homogeneous;
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The immersion theorem — 1

Theorem (part 1)
° (Vﬁ, V, P) affine manifold with G-structure P infinitesimally
homogeneous;

@ M" differentiable manifold, = : E — M vector bundle with typical
fiber R¥, n = n+ k;
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The immersion theorem — 1

Theorem (part 1)
° (Vﬁ, V, P) affine manifold with G-structure P infinitesimally
homogeneous;

@ M" differentiable manifold, = : E — M vector bundle with typical
fiberR¥, n = n+ k;

@ V connection on E = TM & E with .-torsion ?, t: TME—TM
inclusion;
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The immersion theorem — 1

Theorem (part 1)
° (Wﬁ, V, P) affine manifold with G-structure P infinitesimally
homogeneous;
@ M" differentiable manifold, = : E — M vector bundle with typical
fiberR¥, n = n+ k;

@ V connection on E = TM & E with .-torsion T, . : TM® E — TM
inclusion;

@ PcC FR(E) a G-structure on E.
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The immersion theorem — 2

Theorem (part 2)
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The immersion theorem — 2

Theorem (part 2)

Assume that forallx e M,y € M and o : Ex — T,M G-structure
preserving:
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The immersion theorem — 2

Theorem (part 2)

Assume that forallx e M,y € M and o : Ex — TyM G-structure
preserving:

(*] m003523500|7'x/\//,'
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The immersion theorem — 2

Theorem (part 2)

Assume that forallx e M,y € M and o : Ex — TyM G-structure
preserving:

@ Ad, oj” 3POU|TXM,

o T, is o-related with 0y
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The immersion theorem — 2

Theorem (part 2)

Assume that forallx e M,y € M and o : Ex — TyM G-structure
preserving:

@ Ad, oj” 3” ool T, m;
o Ty is o-related with Vs
o Ry is o-related with Ry.
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The immersion theorem — 2

Theorem (part 2)
Assume that forall x e M, y € M and o : Ex — T,M G-structure
preserving:

o Ad, 03P = 3 oolnm;

o Ty is o-related with Vs

® Ry is o-related with R, .

Then, for all x, € M, yy € M, o¢ : Ex — T,,M G-structure preserving,
there exist a locally defined affine immersion (f, L) of (M, E, V) into
(M, V) with f(xo) = Yo, L(X0) = 0o, and such that L is G-structure
preserving.
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The immersion theorem — 2

Theorem (part 2)
Assume that forallx e M,y € M and o : Ex — TyM G-structure
preserving:

® Ad, 03P = 3 oolnm;

o Ty is o-related with Vs

® Ry is o-related with R, .
Then, for all xo € M, yo € M, o9 : EX — Tyom G-structure preserving,
there exist a locally defined affine immersion (f, L) of (M, E, V) into

(M, V) with f(xo) = Yo, L(X0) = 00, and such that L is G-structure
preserving.

If M is simply connected and (M, V) is geodesically complete, then the
affine immersion is global.

V.
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Isometric immersions

@ relating R with R: Gauss, Codazzi and Ricci equations.
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Isometric immersions

@ relating R with R: Gauss, Codazzi and Ricci equations.

@ relating 7 and T = 0 means:

» symmetry of the second fundamental form
» V symmetric
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Isometric immersions

@ relating R with R: Gauss, Codazzi and Ricci equations.

@ relating T and T = 0 means:

» symmetry of the second fundamental form
» V symmetric

@ relating 3P with 3P = 0 provide additional geometrical
assumptions.
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Isometric immersions

@ relating R with R: Gauss, Codazzi and Ricci equations.

@ relating 7 and T = 0 means:

» symmetry of the second fundamental form
» V symmetric

@ relating 3P with 3P = 0 provide additional geometrical
assumptions.
Applications: isometric immersion theorem into:
@ space forms,
@ Kahler manifolds with constant holomorphic curvature,
@ all homogeneous geometries in dimension 3,
@ Lie groups,
@ products, etc.
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