BIFURCATION AND SYMMETRY BREAKING OF NODOIDS
WITH FIXED BOUNDARY

MIYUKI KOISO, BENNETT PALMER, AND PAOLO PICCIONE

ABSTRACT. We prove bifurcation results for (compact portions of) nodoids in R3, whose
boundary consists of two fixed coaxial circles of the same radius lying in parallel planes.
Degeneracy occurs at an infinite discrete sequence of instants, that are divided into four
classes. Different types of bifurcation and break of symmetry occur at each instant of three
of the four classes; bifurcation does not occur at the degeneracy instants of the fourth class.
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1. INTRODUCTION

The classical Delaunay surfaces of revolution in R3 with constant mean curvature
(CMC for brevity) are divided into six different types: planes, spheres, cylinders, catenoids,
unduloids and nodoids, see [[7]. The nodoids (Figure [2) are immersed surfaces in R3, ob-
tained by rotating around a fixed line ¢ the curve traced by the focus of a hyperbola that rolls
without slipping along ¢. Such generatrix, the nodary (Figure [I)) is a periodic immersed
curve with non vanishing curvature, with loops toward the axis. The nodoids form a two-
parameter family of immersions of the infinite cylinder S* x R. In this paper we study
bifurcation problems with symmetry breaking for CMC immersions in R? of the compact
cylinder C = S! x [—t, to] having fixed boundary. Let us consider two parallel horizontal
planes Iy and IT; in R?, and let Cyy, C; be coaxial circles of the same radius r, > 0 on ITj
and II; respectively. Moreover, let II be a plane parallel to 11y and IT; lying half way be-
tween 11y and I1; (see Figure . The nodoids whose intersection with Il and II; contain
respectively Cp and C and that are symmetric with respect to reflections around II form a
real analytic 1-parameter family ¥ = (3, ), with g > 0. For all ¢y, 3, is a CMC immer-
sion of the cylinder in R? whose symmetry group is the direct product $* x Z,, where $!
is the group of rotations, and the generator of Zs is the reflection around the plane II. The
mean curvature H (tg) of X, is a real analytic function satisfying tolir}rlm H(ty) = —o0,

see Proposition [3.1] The parameterization of the family will be chosen in such a way that
sin ¢y is equal to the component of the unit normal to 3J;, on the boundary in the direction
of the the rotation axis, see Section Thus, when tg is of the form g + km, with k € NN,
the corresponding nodoids X;, intersect Il and II; tangentially at Cyy and C;. Figures
andillustrate the situation. When ¢ is of the form km, k > 1, the corresponding nodoids
3, intersect IIy and II; orthogonally at Cy and C', see for instance Figure E} These
two types of nodoids are degenerate, in the sense that they are degenerate critical points of
the area functional subject to the constraint volume = const. (Propositions [3.5] [3.6). The
main result of the paper is that there is bifurcation of fixed boundary CMC immersions of
the cylinder with break of symmetry at each one of these degenerate nodoids. Rotational
symmetry breaks at the bifurcating branch at the instants § + k7, while at the instants
to = km the reflection symmetry is broken. Moreover, we determine a sequence of other
degenerate instants where no bifurcation occurs. A complete statement of our result is as
follows:

Theorem. The set Deg(X) of degeneracy instants to of the family ¥ = (X,) contains the
set{kg ke ]N} and a sequence sg < 51 < ... < s < ... where km < s, <km+ 3
forall k > 0. Moreover:

(1) There is a bifurcating branch of non axially symmetric CMC immersed cylinders
with fixed boundary Co | J C1 issuing from the family ¥ at each degenerate nodoid
Yty Withty = g + km, k € IN.

(2) At the instants to = km, with k > 1, there is a bifurcating branch issuing from 3,
that consists of fixed boundary nodoids (axially symmetric), that are not symmetric
with respect to reflections around 11.

(3) There is no bifurcation at the degenerate instants ty = sy, for all k > 0.

(4) There are other degenerate instants at large values of the parameter t, and at each
of them bifurcation occurs by a branch of non axially symmetric CMC immersions.
At some of these instants, the bifurcating branch is also not symmetric with respect
to reflections around 11. In all cases, the bifurcating branch consists of CMC
immersions of the cylinder that are invariant by rotation of an angle %’T, with n

arbitrarily large.

(5) For all nondegenerate instants, the nodoid family ¥ is locally rigid, in the sense
that every CMC immersion of the cylinder having boundary Cy|JCy which is
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FIGURE 1. The nodary and the symmetry axis.

FIGURE 2. A portion of nodoid, with boundary on parallel planes or-
thogonal to the axis.

sufficiently close to a nodoid i, with to # k7 for all k > 1 must be isometrically
congruent to a nodoid of the family.

There are some related results in the literature concerning bifurcation of constant mean
curvature curvature submanifolds and nodoids in particular. In [17], the author uses a
general bifurcation result of Crandall and Rabinowitz [6] to produce a symmetry breaking
bifurcation from a family of stable nodoids. We wish to emphasize that this method only
applies to bifurcation from a stable branch while here we consider a much larger class
of bifurcations. In [16] the authors prove a result of bifurcation for infinite nodoids in
R3, see also [I8| [19]. The bifurcation of domains in nodoids has been studied in detail
in the applied mathematics literature (see [20]) but not in a mathematically rigorous way.
Again, only bifurcation from stable equilibria has been treated previously. Our objective
here is to present a theoretical justification of these bifurcations in the framework of global
analysis. In [2] it is proved a bifurcation result for embedded tori in spheres, the bifurcating
branch issuing from the family of CMC Clifford tori with varying radius. More results on
bifurcation and completeness of the bifurcating branch have been announced in [9].

The proof of our theorem uses an abstract bifurcation result of Smoller and Wasserman
in [21]]; for the proof of item @) of our main theorem, we use the equivariant version of the
result, see Subsection [2.8] We set up the appropriate variational framework in Section [2]
where the CMC problem is cast in the language of constrained critical points. Bifurcation
is then reduced to the study of the jumps of the Morse index of the nodoid immersions.
Here, by Morse index we mean the index of the quadratic form given by the CMC Jacobi
operator defined in the space of all variational vector fields vanishing on the boundary.
This is what we call the strong Morse index of the CMC immersion.

The 2-dimensional space of horizontal translations determines two linearly independent
Jacobi fields along the nodoids, that vanish on the boundary of the nodoid precisely when
the nodoid is tangent to the planes IIy and II; at its boundary. This corresponds to the in-
stants tg = g + km, k > 0. Thus, the corresponding CMC immersions are degenerate, i.e.,
the kernel of the second variation of the CMC variational problem is non trivial. We show
that such degeneracy does in fact produce a jump of the Morse index. This, together with a
further assumption of local injectivity of the mean curvature function, implies bifurcation,
see Proposition [2.3] It is interesting to observe here that the mean curvature function fails
to be locally injective at those degeneracy instant at which some Jacobi field has non zero
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FIGURE 3. Circles Cy and C; for the CMC fixed boundary problem,
lying on the planes Il and IT;. In the middle, the symmetry plane II.

average, see Subsection This occurs, for instance, when the degeneracy is produced
by the vanishing of the first eigenvalue of the Jacobi operator. Thus, bifurcation can only
occur when some eigenvalue g, with & > 1, vanishes.

As to the symmetry breaking property, this follows by a direct analysis of all possi-
ble axially invariant CMC immersions of the cylinder having fixed boundary and that are
“close” to the family of nodoids. All such immersions must indeed belong to the fam-
ily of nodoids, which proves that bifurcation must be realized by non axially symmetric
immersions.

Similarly, the one-dimensional space of vertical translations determine a Jacobi field
on each nodoid of the family, that vanishes on the boundary exactly when the normal to
the surface is horizontal at the points of the boundary. This corresponds to the instants
to = km, k > 1. In this case, the Jacobi field is axially symmetric, and that implies that
there is a bifurcating branch of axially symmetric fixed boundary CMC immersions of the
cylinders. Thus, the bifurcating branch consists of nodoids, and they are not symmetric
with respect to the horizontal plane II. We determine an explicit parameterization of each
bifurcating branch in this case, see Subsection@

A third type of degeneracy instant of the nodoid family is given by those instants where
the mean curvature function of the family has vanishing derivative. In this case, a non
trivial Jacobi field vanishing on the boundary along the degenerate nodoid is obtained as
the variational vector field of the family X itself, see Remark Thus, there is no
bifurcation at this type of degeneracy instants.

Finally, a fourth type of degeneracy instants is determined via Sturm-Liouville theory
applied to the Jacobi equation, see Appendix [A] We do not give a geometrical description
of these instants, but we prove that bifurcation occurs, and that all types of symmetry break
in the bifurcating branch.

The local rigidity of the nodoid family at nondegenerate instants is proved using the
Implicit Function Theorem, see also [12, Theorem 1.1].

The paper is organized as follows. In Section [2] we discuss the abstract framework for
the CMC variational problem, and we give criteria for the existence of bifurcations for
families of CMC immersions. Special emphasis is given to equivariant bifurcation, which
is employed in the study of axially symmetric surfaces.

In Section[3|we will describe the family of fixed boundary nodoids; the set of degenerate
instants is divided into four families, and we study the existence of bifurcating branches
and break of symmetry at instants of each class.

Appendix [A] contains a detailed study of the Jacobi field equation, using the method of
separation of variables.
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The bifurcation results for fixed boundary nodoids discussed in this paper can be ex-
tended to the more general case of anisotropic nodoids which arise as critical points for
axially symmetric anisotropic surface energies. Assuming adequate symmetry of the func-
tional, such an extension does not present significative differences from the standard CMC
case. In Section [5] we will present briefly the construction of families of fixed boundary
anisotropic nodoids, for which bifurcation results totally analogous to those for the stan-
dard nodoids hold.

2. THE VARIATIONAL FRAMEWORK

2.1. The manifold of immersed submanifolds. Let C denote the cylinder S! x [0, 1]; this
is a compact manifold with boundary C = S x {0} |JS! x {1}. Fork > 2and « € ]0, 1],
let X denote the Banach space C*:%(C, R?), consisting of all maps = : C — R? of class
Ck-. The set:

Xo = {x € X : z is an immersion, and z|yc is injective }
is an open subset of X.
Proposition 2.1. Given any two C*“-embeddings of the circle ¢; : S' — R3,i = 0,1,
then the subset:

Xo(eg, 1) = {x € Xo:z(,0) =cp, z(-,1) = cl}

is a non empty smooth embedded submanifold of X.
Proof. In order to see that the set Xo(co, ¢1) is non empty, choose any smooth map D :
S x [0,1] — R3 such that D(-,i) = ¢;, for i = 1,2, and such that D is an immersion at
all points of St x {0} [JS! x {1}. Such a function exists, by the assumption that c; is an
embedding for i = 1,2. Then, D can be approximated in the C'*+!-topology by smooth
immersions that coincide with D in a neighborhood of St x {0} |JS* x {1}, see [10]. In

particular, X(co, c1) is non empty
Denote by Y the Banach space C**(St, R?) x C*(S! R?). The map

E:Xy—Y
that carries x € X to the pair of embeddings (x|§1 x {0} x|st ><{1}) is a smooth submer-
sion, and XO(CO,Cl) :E_l{(CO,Cl)}. O

We want to study a bifurcation problem for constant mean curvature immersions in
Xo(co, c1), and to this aim we need to identify immersions that differ by a change of
parameterization. We introduce the following equivalence relation in Xo(cg,c1): « is
equivalent to y if there exists a diffeomorphisnﬂ ¢ : C — C such that x = y o ¢. In this
situation, we write x 2 y; the equivalence class of an immersion x € X (cg, ¢1) will be
denoted by [m] ~.- Let Xp(co, c1) be the set of all equivalence classes [m] o

Xo(co, 1) = {[m]g iz € Xo(co,cl)}.

Thus, Xy (co, c1) is the set of all immersed submanifolds of class C*(IR?3) that are diffeo-
morphic to C, and whose boundary is the union of the images of ¢y and of ¢;.

The geometrical structure of the set of C'**®-embeddings of a compact manifold M
(without boundary) into a differentiable manifold [V has been studied in [2]. The same
analysis carries over verbatim to the case of immersions of a manifold with boundary; let
us briefly recall the main facts here.

INote that the argument does not show the existence of injective immersions of the cylinder with given
boundary values. Of course, injective immersions (embeddings) of the cylinder with arbitrary boundary values
may not exist.

n fact, for our purposes it suffices to consider only diffeomorphisms of C that preserve each connected
component of the boundary 0C.
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(a) Xo(co, c1)is endowed with a family of charts, denote by @, where z € X (co, ¢1)
is a smooth (i.e., C*°) immersion. The domain of the chart @, is a neighborhood
of [:z:] - in Xy(co, c1), and it takes values in a C*k-%_neighborhood of the null sec-
tion of the normal bundle of z vanishing on 8C. For [y] _ € X(co, ¢1) near [z]
®,([y]..) is the unique C**-map V : C — R? such that:

e V(0,t) is orthogonal to z:(C) at 2:(0, ), for all (6,t) € C;
e V(0,0)=V(A,1) =0forall§ € S!,
e x4+ V =y.

(b) As x varies in the set of smooth immersions in X (co,c1), the maps @, form
an atlas of charts that make X'(cp,c1) into an infinite dimensional fopological
manifold, modeled on the (non separable) Banach space C(’f *(C,R).

oY

(c) if F: Xo(co,c1) — R is a smooth function which is invariant by reparameteriza-
tions, i.e., F'(x) = F(x o ¢) for all diffeomorphism ¢ : C — C, then the induced
map F : Xyp(co,c1) — R is such that F o ®_ ! is smooth in its domain. In this
situation, a normal field V' in the image of the chart ®, is a critical point of the
function F o @1 if and only if 2 + V is a critical point of F in Xg(co, ¢1).

It is observed in [2] that the transition maps of the atlas {®, } ,ccon Xo(co,cr) are only
continuous, and not differentiable. This is due to the fact that their expression involves
the operation of taking the inverse of a C'***-diffeomorphism of C, which is not a differ-
entiable map in the group of diffeomorphism of class C**®. We observe however that,
for the purposes of the present paper, a global differentiable structure for the manifold of
unparameterized embeddings will not be needed. The local differentiable structure given
in (c) above will suffice, since we will establish a local bifurcation result for smooth maps
on Xg(cg, c1) that are invariant by diffeomorphisms of C.

Given a smooth immersion x € Xg(co, c1), using the chart ®, centered at = (as de-
scribed above), then the tangent space Ti,). Xo(co, ¢1) will be identified with the Banach
space of all C**-section of the normal bundle z* of x that vanish on OC. Note that
®,(z) = 0, is the null section of x*. Let us assume fixed an orientation of C; then one
has a canonical choice of an orientation of z1. Let 7, denote the unit normal vector field
along = which is positively oriented. Sections of z* are of the form f - 7i,, for some func-
tion f : C — R; thus, when 2 € Xo(co, ¢1) is smooth, the tangent space of Xy(co, c1) at
[x] . can be identified with the Banach space of real valued C**“-maps on C vanishing on
ac.

2.2. Area and volume of an immersion. Let gy denote the Euclidean metric on R?, vols
the canonical volume form of R3, and let 1) be any primitive of vols, i.e., dy = vols. For
x € Xo(ceg,c1), we denote by A(z) the area of the immersed submanifold X (C), given

by:
A(x) :/volgg7
c

where vol,, is the area form of the pull-back metric z*(go).
Similarly, we define the volume of an immersion x € X¢(co, ¢1), denoted by V(z), the
real number defined byE] :

2.1 V(z) = /Cx*(n)

The reason for calling such a number “volume” is that, when z is an embedding in R? of a
closed orientable surface, then the above expression gives (up to a sign) the volume of the
bounded subset of R? whose boundary is the image of x.

3For instance, taking n = %(:L‘lditg A dzg — zodx1 A dzs + x3dz1 A dz2), then is given by
V(z) = % fc T - g volg
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Given an immersion 2 € X(co, ¢1), we will denote by S, its second fundamental form;,
recall that for p € C, S, (p) is a symmetric operator on the tangent space at p to 2(C), whose
trace tr(S,(p)) is twice of the mean curvature of x at p. An immersion z € Xo(co, ¢1)
is said to have constant mean curvature H € R if tr(S,(p)) = 2H forallp € C. If
vy : C — S? is the Gauss map of , then for p € C the second fundamental form S, (p)
can be identified with the differential dv,(p).

Let us recall in the following proposition the main facts about the CMC variational
problem, formulated in the language of the present paper:

Proposition 2.2. The following statements hold.
(1) The functions A and V are smooth on Xy (cg, ¢1).

(2) They are invariant by reparameterization, and thus by (c) above they define smooth
Sfunctions on A and V on Xy(co, c1).

(3) Given [a:] ~ € Xo(co, c1), and identifying the tangent space Ti,), Xo(co, c1) with
the space C’g "*(C,R), then the differential AV ([x]) is given by the linear operator
f— fc f voly. In particular, V has no critical point in Xy(co, ¢1), and for all ¢ in
the image of V, the set ©.. = V~1(c) is an embedded submanifold of Xy(co, c1),
and for all [x]~ € X, the tangent space T, Y. is identified with the closed
subspace ofcg’a(c, R) consisting of functions f such that fc fvol, =0.

4) Given xz € Xgy(co,c1) and a real number ), then [a:]g is a critical point of the
Sunctional §5, = A+\-V in Xy(co, ¢1) if and only if © has constant mean curvature
H= % and in this case [m] ., contains a smooth representative.

(5) If x € Xo(co,c1) is a smooth immersions with constant mean curvature H and
X = 2H, then the second variation d? (b\ o @;1) at 0, is identified with the
quadratic form:

22) Qu(f) = — /C (Jof) - f vl

defined on the space C'(If’o‘((f7 R) of real valued C**-maps f : C — R vanishing
on 9C. Here J, : Co®(C,R) — C*=2(C,R) is the Jacobi operator along z,
which is the strongly elliptic second order linear differential operator defined by:

(2.3) Jof = Anf — IS:) - £,

being A, the (positive definite) Laplacian of the pull-back metric x*(gg), vol,, the
area form of this metric, and || - || is the Hilbert-Schmidt norm (| L||* = tr(L*L)).

Proof. Using local coordinates in X(co, ¢1), the maps A and V are given as composition
of a first order nonlinear differential operator (having smooth coefficients), with the linear
operator of integration. This proves part (T). Part (2)) follows immediately from the formula
of change of variables in a double integral. Parts (3)), @) and () are standard in the classical
literature, see for instance [3} 4]. U

2.3. Degeneracy and Morse index. Let z € X((cg,c1) be a CMC smooth immersion,
with mean curvature equal to H,. A function f € C**(C, R) satisfying J, f = 0 will be
called a Jacobi field along x; by standard elliptic regularity (see [8]]), a Jacobi field, is in fact
smooth. Jacobi fields along a CMC immersion x are variational vector fields corresponding
to variations of x by other immersions having the same constant mean curvature, up to
infinitesimals of first order. More precisely, if |—¢,¢[ > s = z, € CF%(C,R?) is a
C'-variation of z by CMC immersions, with g = z and % s_o®s = V, then setting
f =V -1, one has:
d

(2.4) Lof =2 | HO),
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where H (s) is the mean curvature of 2. If < ’S:OH(S) = 0, then f is a Jacobi field along

x. In particular, if ¥ € R3is any fixed vector, then the functiorﬂ f = v-1n, is aJacobi field
along x.

Definition 2.3. We will say that x is a degenerate CMC immersion in Xo(co, 1), if [z] .
is a degenerate critical point of the functional fapr,, i.e., if there exists a non trivial Jacobi
field f along x such that f vanishes on OC.

There are two distinct notions of Morse index for solutions of the constrained variational
problem above.

Definition 2.4. Let z € X((co, c1) be a smooth immersion having constant mean curva-
ture. The strong Morse index of x, denoted by is(x), is the index of the quadratic form @,
of (2.2) in the space ng(c, R) of real valued C***-maps f : C — R vanishing on OC.
The weak Morse index of x, denoted by iy (x), is the index of the restriction of the qua-
dratic form @, to the closed subspace of Cg "*(C,R) consisting of functions f : C — R
with vanishing integral: fc fvol, =0.

Since the subspace of functions with vanishing integral has codimension 1 (it is the
kernel of the bounded linear functional f +— fc fvol,), then one has the following in-
equalities:

(2.5) iw(x) <is(x) <ig(x) +1,
for all constant mean curvature immersion x € Xo(cg, ¢1).

2.4. Bifurcation of CMC immersions. Let us now assume that / C IR is an interval
and I 3 s — x5 € Xg(co,c1) is a continuous path of (smooth) constant mean curvature
immersions. Let us also assume that the value of the mean curvature of x4, denoted by
H (s), has non vanishing derivative in I. Let 5 € I be fixed; we say that 5 is a bifurcation
instant for the family {z;}sc; if there exists a sequence (s,)nen in I and a sequence
2y € Xo(cg, c1) such that:
1. 8, —Sasn — o0o;

ii. x, has constant mean curvature equal to H (s,,) for all n;

iii. x, — zzin Xo(co,c1) as n — oo;

iv. @, ¢ [x,,] foralln € IN.
In other words, § is a bifurcation instant for the family (x)s¢ if 23 is an accumulation of
constant mean curvature immersions in X (co, ¢1) that are not isometrically congruent to
any of the immersions of the family (x)se;-

This is our first result that gives a sufficient condition for bifurcation:

Proposition 2.5. Let e > 0 and let (v4)se[s—c;54¢) C Xo(co,c1) bea C*-path of constant
mean curvature immersions, such that the mean curvature function s — H(s) has non
zero derivative at s ='S. Assume that:

(a) forall s € [ —¢,5[|J]3,5 + €|, the immersion x, is nondegenerate;

(b) the strong Morse indices is(v3_c) and is(x31¢) do not coincide.
Then, S is a bifurcation instant for the family (x).

On the other hand, if (xs)ser is a C-family in Xo(co, 1) of constant mean curvature

immersions, with injective mean curvature function s — H (s), that are nondegenerate for
all s in the interval I, then there is no bifurcating instant in I for the family (x).

Proof. The result is an application of [21, Theorem 2.1]; Smaller—Wasserman’s result
is used here in the following setup. The Banach spaces By and B, are given respec-
tively by C*~2:%(C, R) and C’g "““(C,R), H is the space L*(C) (Lebesgue space of square-
integrable functions on C relatively to the measure given by the area form vol,_. The

“More generally, if ¥ is any Killing vector field of R3, then f = ¥ - 7, is a Jacobi field along x.
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interval [A1, Ao] is given by [2Hmin, 2Hmax), Where Hyp;, and Hop,.x are respectively the
minimum and the maximum of the mean curvatures of the immersions x; by assump-
tion, there exists a C'!-diffeomorphism [A1, 2] 2 A — s\ € [§ — &,5 + €] such that,
for all A € [A1, A2], the mean curvature of z, is equal to 3. The C''-path (Ux)xe[rr 2o
in By is defined by uyx = @, ([zx].);: if necessary, e will be taken small enough to
guarantee that [x ,\]B belongs to the domain of the chart ®,_. The gradient operator
M,y : Cg “(C,R) — C*=22(C,R) is given by the standard quasi-linear elliptic constant
mean curvature differential operator for value of the mean curvature equal to % For all ),
its differential d M, () at the point u), is the strongly elliptic linear operator Sz, deﬁne(ﬂ
in (2.3). Strong ellipticity here implies the technical assumption on the finite dimension-
ality of the eigenspaces of dM(uy) corresponding to small eigenvalues (recall that the
spectrum of a Fredholm operator near zero consists of eigenvalues of finite multiplicity).

The assumption of nondegeneracy of the immersions x for s # 5 corresponds to as-
sumption (i) in [21, Theorem 2.1].

Finally, the assumption on the jump of the Morse index corresponds to assumption (i)
in [21, Theorem 2.1]; note that the dimension of the “eigenspace” of x) is equal to the
strong Morse index is(xz)) when x is nondegenerate. This concludes the proof of the first
statement in the thesis.

The last statement of the thesis follows immediately from the Implicit Function Theo-
rem, applied to the equation M) (u) = 0. O

Assumption (b) in Proposition 2.5]implies that x5 is a (strongly) degenerate constrained
critical point for the area functional; we will see that, in fact, the assumption that the deriv-
ative of the mean curvature function be non zero implies that zz is also weakly degenerate
(see Proposition[2.7). Here is an alternative statement of the bifurcation result in terms of
weak Morse index jumps.

Corollary 2.6. The statement of Proposition|2.5holds if one replaces assumption (b) with:

(2.6) |iW(x§—€) - iw(l’§+5)| > 2.
Proof. Using inequality (2.5), one sees immediately that (2.6) implies assumption (b) in
Proposition [2.5] O

2.5. Eigenvalues and Morse index. If 2 € X(co, ¢1) is a smooth CMC immersion, then
the Jacobi operator J, is self-adjoint and it has compact resolvent. Thus, .J, has spectrum
which consists of a strictly increasing and unbounded sequence \; < Ay < ... of real
eigenvalues of finite multiplicity, and the corresponding eigenfunctions form an orthogonal
basis of L2. The number of negative eigenvalues (counted with multiplicity) of .J,, is the
strong Morse index of z; = is degenerate if some eigenvalue is equal to 0.

The first eigenvalue A\, which has a special role in the spectral theory of J, is always
simple, i.e., of multiplicity 1. The corresponding eigenfunction f; can be chosen to be
positive in the interior C \ OC. In fact, such property characterizes the eigenfunctions of .J,
corresponding to the first eigenvalue.

Let us recall the following fact. Let f be a (non zero) eigenfunction corresponding to
the eigenvalue )y, for some k > 1. The connected components of the set C \ f~1(0) are
called the nodal domains of f. Then, the number of nodal domains of f is less than or
equal to k; this is known as Courant’s nodal domain theorem.

If (z5)ser is a smooth variation of by CMC immersions, then the corresponding
eigenvalue functions s — \;(s) of the Jacobi operators .J,_ are continuous. If (zs)s is a
variation of  whose dependence on s is real-analytic, then by Kato Selection Theorem, see

SThis is slightly imprecise. In formula ([2-3) we give the expression for the second variation of f at a critical
point x, using the chart &, centered at the same point. Here the critical point and the center of the chart are not
the same. This is really no big deal; the correct expression for dM (uy ) is a conjugate of J,;S)\ .
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(111, the eigenvalues are also real-analytic. Assumption (b) in Proposition[2.5]is equivalent
to the fact that, for a = @, some eigenvalue function \; changes its sign at a. We will see
below that, in fact, our bifurcation result can only be applied when some eigenvalue \;
with ¢ > 2 crosses the value 0.

2.6. On the assumption of injectivity for the mean curvature function. Proposition[2.5]
uses the assumption that the mean curvature function s — H (s) has non vanishing deriv-
ative at the bifurcation instant s. Such an assumption is used in the proof in order to
parameterize the trivial branch of CMC immersions using the value of the curvature. One
can reasonably ask himself whether this assumption is really needed for the result, or not.
The following simple 2-dimensional example shows that the answer to this question is yes,
i.e., bifurcation may not occur otherwise.

Example. Consider the two variable function f(x,y) = 4y3 + 6zy? — 3zy + 322y on the
plane. We can look at it as a family of functions of y, parameterized with the parameter x.
For each fixed x, we look at the critical points of the function y — f(x,y), i.e., we look
for the zeroes of the partial derivative % = 12y? + 122y — 3z + 322, Near (0,0), the
points (z,y) solutions of % = 0 form a smooth curve’|contained in the half-plane = > 0,
tangent to the vertical axis at (0,0). Notice that the Implicit Function Theorem cannot be
used in this situation, as g%(O, 0) = 0. Observe also that the function z is not locally
injective on the points of the curve near (0, 0), as for each = €]0, 1] there are exactly two
solutions of 12y2 + 12zy — 3z + 322 = 0, one with 3y > 0 and the other with y < 0. At all
point (z, y) of this curve where y > 0, the second derivative giyg” = 24y + 12z is positive,
while it is negative at all points (z,y) of the curve with y < 0. Thus, there is a jump of the
Morse index at the point (0, 0), but there is no bifurcation.

Motivated by this observation, let us prove the following result relating the injectivity
property of the mean curvature function and the vanishing of the integral of Jacobi fields.
We will state the result only for CMC immersions of compact surfaces in R3, although an
analogous result clearly holds in the more general context of CMC immersions of hyper-
surfaces in arbitrary Riemannian manifolds.

Proposition 2.7. Let X be a compact oriented surface, let x : ¥ — R3 be a smooth CMC
immersion, and let J,, be the corresponding Jacobi differential operator. Assume that there
exists a smooth 1-parameter variation xs : ¥ — R3 of x by CMC immersions, s € |—¢, €|,
with g = x and xs|ps = x|sx for all s. Assume also that, denoting by H (s) the mean
curvature of x,, the derivative H'(0) = 4 _oH(s) # 0 (and thus H(s) is injective

dsls

around s = 0). Then, every Jacobi field ¢ along x with ¢|ss; = 0 satisfies:

/ ¢vol, =0.
by

In particular, if the first eigenvalue \1 of the Jacobi operator J, is zero, then there is no
such variation x5 of x.

Proof. LetV = %L:Oazs be the variational vector field associated to x4, and set ) =
V - fi,; then, ¥|gx = 0 and (see (2:4)):

Jztp = 2H'(0) # 0.
Now, if ¢ is a Jacobi field on ¥ with ¢|gx; = 0, then:

0= /E D(Jo) vol, = /E 6(Ju1b) vol, = 2H'(0) /Z ¢ vol,,

6By explicit calculation, the curve is the graph of the function z = % (1 —4dy£+/1— Sy).
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/ ¢vol, = 0.
b

The last statement follows from the fact that, when A\; = 0, the non zero eigenfunctions of
J, corresponding to this (simple) eigenvalue do not change sign in the interior of 3, and
thus they have non vanishing integral. O

ie.,

It is useful to give the following:

Definition 2.8. Let x : ¥ — R? be a smooth CMC immersion of an oriented compact
manifold with boundary 9%, and let J, be the corresponding Jacobi differential operator.
A simple eigenvalue A of the Dirichlet problem J,f = —\f, floz = 0 will be called
regular if all its eigenfunctions f # 0 satisfy fz fvol, #0.

For instance, the first eigenvalue \; is always simple and regular. Another interesting
example of regular eigenvalues comes from axially symmetric CMC immersions:

2.9. Example. Let z : ¥ — R? be a CMC immersion which is axially symmetric around
the x3-axis, symmetric with respct to the plane IT := {x3 = 0}, and with H # 0. Assume
that 0 is a simple eigenvalue of J, with corresponding eigenfunction given by an axially
symmetric Jacobi field f vanishing on the boundary, which is also symmetric with respect
to IT. If the position vector x = (x1, z2, x3) is not tangent to z(3) at the boundary, then 0 is
a regular eigenvalue. Namely, in this case |. 5 f vol; # 0 this is proved in Proposition

It is proved in [12| Theorem 1.2] that, given x : ¥ — R? a smooth CMC immersion of
an oriented compact manifold with boundary 0%, if some simple regular eigenvalue of J,,
vanishes, then there is exactly one 1-parameter variation x4 of z by CMC immersions, with
x4|0X = |0 for all s. Proposition says that the mean curvature of such variation
is not monotone. Proposition [2.7|tells us also that our bifurcation result cannot be applied
when it is some simple regular eigenvalue of the Jacobi operator that crosses 0. An example
of this situation is given when z is the standard round embedding of a half-sphere in R?,
and x consists of round spherical caps with the same boundary. The mean curvature has
a strict maximum at the half-sphere, see Figure ] The result of [12, Theorem 1.2] can be
restated as follows:

Proposition 2.10. Given a smooth path of fixed boundary CMC immersions of a compact
surface in R3, then bifurcation of fixed boundary CMC immersions issuing from this family
does not occur at those degenerate immersions of the family for which the degeneracy is
produced by the vanishing of a simple regular eigenvalue of the Jacobi operator.

Remark 2.11. Let ¥ be a compact oriented surface, let x : ¥ — R3 be a smooth CMC
immersion, and let z; : ¥ — R? be a smooth 1-parameter variation of & by CMC immer-
sions, s € |—¢, e[, with g = x and z,|g9x, = z|sx for all s. If the derivative of the mean
curvature function H'(0) = & «—oH (s) vanishes, then denoting by V' = 4 ooTs the
variational vector field associated to x, the function ¢ = V' - i, is a Jacobi field along =

by (2.4)), which vanishes on 9.

2.7. Eigenvalues of the symmetrized problem. What we will discuss can be applied to
more general variational problem in which Schwarz symmetrization method works.
Denote by X the compact manifold

Y =1[0,0] x S" 7,
where [ > 0 is an interval of R, and let 2 : ¥ — R™*! be an immersion whose image is

invariant by the group G = SO(n) of rotations around the x,,1-axis. The hypersurface
can be regarded as an immersion x : ¥ — R"*! which satisfies

z(o,N) = (21(0)N, 2n11(0)), (o,N) e %,
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FIGURE 4. Spherical caps with the same boundary. The half-sphere has
maximal mean curvature. Bifurcation of fixed boundary CMC surfaces
does not occur in this situation.

where o 5 (21(0), 2n41(0)) is the generating curve in the (21, 2y, +1)-plane of z, param-
eterized by arclength o. We denote by v : ¥ — S™ the Gauss map of x. Let

fe =z +e(& +v) + O(?)

be an (n + 1)-dimensional volume-preserving variation of « which fixes the boundary,
where ¢ is a tangent field to # and v is a smooth function. Then, the second variation of
the n-dimensional volume of z is given by the quadratic form:

@7) 116 = = [ 9L] vol.

where vol, is the volume form of the induced metric and L is the elliptic differential
operator

(2.8) L[] := div(Ve) + (dv,dv)y = A + ||dv||?ep.

The quadratic form L admits a continuous extension to the Sobolev space H} (), defined
as the completion of C} with respect to the Hilbert space norm:

1%, = /E [ + (| V[|*] vols.
Let us denote by ||¢|| > the L2-norm of 1, defined by:
12 = [ 10 volo
b

Denote by i, the (k-dimensional) volume of the k-dimensional unit sphere S*. Define
functions ¢ and ( as

1

Mn—1 Jgn—-1

Y Y dO,_1, and (:=v — .

Here, ©,,_ denotes the standard volume form of the (n — 1)-sphere. Then, ¢ is a function
of o; regarding it as a function on ¥ = [0, /] x S"~! that does not depend on the second
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variableﬂ the immersion 27 : ¥ — R"*! defined by
xf =2 +epv+ O(e?)

is the Schwarz symmetrization of the (n + 1)-dimensional volume-preserving variation
r. =z + e+ O(?).

Given a function ¢ : [0, 4] — R, then L[y] takes the following form:

1 d de
2.9 Lel = o (e85 + llavlP?
( ) [SO] x?—l do Ty do + || V” ¥
I dy/ ,ade 2 2
(2.10) - Fg(xl 5) + k2 + (n— 1)k2] o,
where k1, ks, - - -, k,, (ke = - -- = k) are principal curvatures of x.
Denote by A; := A;(x) the i-th eigenvalue of the following eigenvalue problem:
L] = =\ in 3;
=0, in 0%.
The eigenvalues \; have a variational characterization, by the following min-max formula:
1
(2.12) Ai+1 = sup inf (1/)2) ;
VCH(®) YEV L0 ”"/}HLZ
dim(V)=i

here the supremum is taken over all i-dimensional subspaces V of H{ (X), and the infimum
over all v € H}(X) \ {0} such that ¢ is L?-orthogonal to V. Similarly, denote by \; :=
A;(£) the i-th eigenvalue of the following eigenvalue problem:

L[(p] = —Ap, in [076]7
@19 {w(o) =¢(0) =0,

where ¢ = (0) is a function on [0,¢]. We will call 2:13) the symmetrized eigenvalue
problem. Min-max formula for these eigenvalues reads:

) I

(2.14) Msr= sup  inf (“’3 .
Vend(o,e) PEV\O H‘PHH
dim(V)=i

Let e; be the uniquely determined eigenfunction of the eigenvalue \; that satisfies
ez =1, and ei(p) >0 VpeX\I%;

Similarly, define &; the (unique) normalized eigenfunction of (Z.13) corresponding to A;
which is positive on in the interior of 3. Sometimes it is easier to estimate \; than \;.

Proposition 2.12. The following statements hold.
(a) Every eigenvalue A of the symmetrized problem 2.13) is an eigenvalue also of

problem @2.11)).

®) N >\ foralli > 1;

(C) /\1 = 5\1 and e = él.

(d) If \; is a simple eigenvalue of R.I1) (i.e., the dimension of the correspond-
ing eigenspace is equal to 1), then the corresponding eigenfunction is SO(n)-
invariant, so that \; is an eigenvalue also of the symmetrized problem (2.13).

TWe will identify implicitly functions on [0, £] with SO(n)-invariant functions on .



14 M. KOISO, B. PALMER, P. PICCIONE

Proof. Part (a) follows directly from the very definition: eigenvalues of the symmetrized
problem are eigenvalues of whose eigenfunctions are SO(n)-invariant. Part (b) is
proved easily using Rayleigh’s formulas and (2.14). Observe that that the supremum
in (2:T4) is taken over a more restricted collections of subspaces of H}(2); namely, those
consisting only of SO(n)-invariant functions. In order to prove (c), let o be a non trivial
eigenfunction of (2.13) corresponding to the eigenvalue A1. Then, ¢ does not change sign
in ]0, £[. But ¢ is also an eigenfunction of (Z.11)) corresponding to some eigenvalue Ay,
with k£ > 1. Since the only eigenfunctions that do not change sign are those corresponding
to the first eigenvalue, then £ = 1 and we are done. For part (d), observe that if ¢ # 0 is
any eigenfunction of problem and A € SO(n), then ) o A is also an eigenfunction
of with the same eigenvalue as 1. If such eigenvalue is simple, then )0 A = g(A))
for some g(A) € R. An immediate argument shows that g(A) = +1; by continuity, since
g(1) =1, one obtains g(A) = 1 for all 4, i.e., ¢ is SO(n)-invariant. O

Notice, however, that in general the equality \; = \; does not hold for i > 2.

Remark 2.13. As to the question of bifurcation, it is interesting to observe that the result
of Proposition [2.5]admits a formulation for axially symmetric CMC immersions. Assume
in the hypotheses of Proposition that the path (5),e[s—c 5+ consists of axially sym-
metric CMC immersions. Under the same assumptions of Proposition and assuming
in addition that some eigenvalue of the symmetrized problem crosses the value 0 at s = 5,
then there is bifurcating branch issuing at z that consists of axially symmetric CMC im-
mersions with fixed boundary. This is proved by the same argument in the proof of Propo-
sition[2.5] where the abstract bifurcation result of Smoller and Wasserman is applied to the
symmetrized variational problem.

2.8. Equivariant bifurcation. Let us now discuss another bifurcation result for varia-
tional problems invariant by the action of some compact Lie group. For simplicity, we will
assume here that the group in question is the special orthogonal group SO(n), acting by
rotation around the z,,1-axis of R"™!. For g € SO(n), let R, : R"™* — R"™! denote
the corresponding rotation.

In the setup of Subsection [2.7} let us consider the manifold ¥ = [0, /] x S"~!, with
n > 2. Letx : ¥ — R"*! be a CMC immersion which is invariant by the group SO(n) of
rotations around the x,, ; -axis; this mean (Rgoz)(o,N) =xz(o,gN) forall g € SO(n)
and all (o, N) € X. There is an action of SO(n) on the space of (smooth) maps on
3, defined in the obvious way: to each element ¢ € SO(n) one associates the operator
Ty, defined by (T,¢)(c, N) = ¢(o,gN), forall map ¢y : ¥ — R and all (¢, N) € X.
Denote by J; the negative eigenspace of the Jacobi operator J,, i.e., the finite dimensional
vector space of smooth maps on 3 spanned by the eigenfunctions of the Jacobi operator J,,
corresponding to negative eigenvalues. Using the invariance of x and of the area and the
volume functionals, it is easy to see that, given an eigenfunction v of the Jacobi operator
Jz, then T, (1) is another eigenfunction with the same eigenvalue. In particular, J is
invariant by T, for all g, and we obtain a group representation:

SO(n) 3 g — T,ls, € GL(J;)

of SO(n) on the finite dimensional space J , that will be denoted by 7.

Let us recall that, given a group G and representations 7; : G — GL(V;), 7 = 1,2
on the (finite dimensional) vector spaces V; and V5, m; and 75 are said to be equivalent if
there exists an isomorphism L : V3 — V5 such that L o 71(g) = ma(g) o L forall g € G.

We have the following refinement of Proposition

8Up to a choice of a suitable parameterization of . More generally, z is rotation invariant if the images of
the maps = and R4 o x coincide for all g.
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Proposition 2.14. Letc > 0 and let () scs—c 542] - 2 — Rt be a C'-path of constant
mean curvature SO(n)-invariant immersions, such that the mean curvature function s —
H (s) has non zero derivative at s = s. Assume that:

(a) forall s € [ —¢,5[|J]3,5 + €|, the immersion x, is nondegenerate;

(b) the representations w,___ and 7., _ are not equivalent.

Then, 3 is a bifurcation instant for the family (x).

Proof. This is an application of the equivariant result of Smoller and Wasserman [21}
Theorem 3.3]; the assumptions of this theorem are verified as in the proof of Proposi-

tion[2.3] O

In the case of SO(n)-invariant CMC immersions, Proposition generalizes the result
of Proposition[2.5] Namely, the assumption on the jump of the Morse index implies that the
spaces J,_and J, _ do not have the same dimension, hence the representations . .

and m,_, _ are not equivalent.

3. BIFURCATION OF FIXED BOUNDARY CMC NODOIDS

3.1. Description of the nodoids: the family >, . We want to describe by explicit equa-
tions the family of nodoids passing through two given coaxial circles Cy and C; of the
same radius 7, > 0, lying on the parallel planes Il and II; whose distance is h, > O,
and that are symmetric with respect to the reflection around the plane II that lies half-way
between Il and II;. Let (21,22, z3) be the canonical coordinates of R3. Up to a rigid
motion of R3, we can assume that the symmetry axis of the nodoids is the x3-axis, and
that planes ITy and II; are given respectively by 3 = —h,/2 and 3 = h. /2, while I is
given by x3 = 0.

There is a two-parameter family of Delaunay’s surfaces with given symmetry axis. This
family can be indexed using two parameters: H is the value of the mean curvature, and c,
whose interpretation is given below. We may choose the unit normal to the surface so that
H is negative. In the case of nodoids, c is also negative.

An explicit parameterization for the generatrix in the x;x3-plane of these surfaces of
revolution, the nodary curve (Figure[I)), is given by (cf. [13| §5]):

cost 4+ vcos?t+a

B 1 =q):=

2|H| ’
tcosT 4+ Veos2T +a
x3 = qs(t) : cosT dr,
Vo2 7 +a
2\H| Veos2 T +a

where we have seﬂ
3.2) a=2cH > 0.

Here ¢ is a parameter varying in some interval [a,b] to be determined by the boundary
conditions. Note that the unit normal v(t) to the nodary (3.1)) at the instant ¢ is given by:

v(t) = (cost,sint),
independently on the value of the parameters a and H.
There are two 1-parameter families of nodoids satisfying the given boundary conditions
and the symmetry condition. The first family contains nodoids that have an even number

of bulges in the slab —%‘J <z3 < %U, and the second family contains nodoids that have an
odd number of bulges in the slab, see Figure[§] As to the bifurcation problem, the situation

9The constant ¢ is given by the conservation law (Noether’s theorem):
221 (t) cost 4+ 2Hz1 (t)? = c.

This is derived from Noether’s Theorem and the fact that the functional is invariant with respect to vertical
translation. It can also be obtained from Codazzi equation, see (A.3).
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is totally analogous for the two families, and we will only consider the first family. This
will be denoted by X, with £5 > 0, and it can be described as follows.

Given a > 0, H < 0 and ¢y > 0, let us denote by %, s, the immersed surface
parameterized by the equations:

(3.3) x1 =q1(t) cos@, x9=qi(t) sinh, x3=qs(t),

wherﬂ (t,0) € [—to,to] x [0,27]. The boundary of the nodoid ¥, ¢, consists of two
circles of radius z(¢() on the planes x3 = ¢3(to), and thus one has to impose

(3.4) —2Hr, = costyg + v/ cos? ty + a,

and

to / 2
3.5) — Hh, = COST + VeosT7+a cos T dr.

0 Veos? T+ a
Observe that the nodoid >, r7,, has vertical normal on the boundary precisely when
q3(to) = 0, i.e., when £ is of the form 7 + &, for k € IN.
From (3:4) and (3:3), we get the following:

to 2

Ry cos“ T
3.6 costy + v cos2ty +a) — {sint + ——dr| =0.
(36) 2r*( 0 0+ a) ")y Veos’rta
hy

Proposition 3.1. For every value of the constant , equation (3.6) defines implicitly

27,
a real analytic function a = a(ty), taking values in R™, and whose domain consists of
the union of open intervals and an open half-line |t.,+oo[ and it contains all instants
to = 5 + km, k € IN (see Figure . This function satisfies:

(3.7) togrﬂm a(tg) = 400,
and consequently, the function H (ty) = —i [costo + /cos? to + a(to)] satisfies:
(3.8) tOLHEOO H(ty) = —o0.

Proof. Denote by H(to, a) the left-hand side of (3:6). For all to € [0, +o0[:
lim H(tg,a) = +o0;

a——+o0

moreover, for ¢ sufficiently large oﬂ for ¢ near a pointin 5 + wIN:

he fo
H(to,0) = ?(costo + | cos to|) — sintg — / |cosT|dT < 0.
* 0

Finally, the partial derivative:
oH Ry n 1 /to cos? T
da  dr.Jeos2to+a 2 (

is strictly positive in [0, +00[ % |0, +oo[. The domain D of the desired function a con-
sists of all points tg where H(tg,0) < 0, and it depends on the value of the ratio 2};**;
the smoothness of a follows from the Implicit Function Theorem. In fact, since all the
functions involved are real-analytic, then a is a real-analytic function of ¢;.

Let us prove (3.7). By contradiction, assume that there exists an unbounded sequence
t, — oo and a positive real number M such that a(t,,) < M for all n. Then:

tn 2 tn 2
lim inf o8 T dr > lim o T

n—oo Jo  \/cos? T+ a(ty,) n—oo Jo  +/cos? T+ M

10Nodoids having an odd number of bulges in the slab — % <z3< }‘2—0 have the same parametric equations,

dr

3
cos?T+a)?

dr = +o0.

with parameter ¢ varying in [—to, to + 27].
UNamely, H(Z 4 km,0) = (—1)*1 —1 — 2k < 0forall k € IN; moreover, if to is large enough to
guarantee that [;° |cos 7| dr > 1+ 'Tl—:,then H(to,0) < —1 — 2= 4 Je (cos1g 4+ |costo|) —sinto < 0.

T 274
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Then, using (3.6) one would have:

h
lim —= (costn 4+ y/cos?t,, + a(tn)) —sint, =

n—o00 27,

which can only occur if lim a(t,) = +oc. This proves (3.7).
Equality (3.8) follows readlly from (3.4) and (3.7). O

Definition 3.2. The real-analytic family X, ;) 7 (t0),t, Will be denoted by 3 ; it consists
of all nodoids satisfying the boundary conditions, that are symmetric with respect to the
(z122)-plane.

The unit normal vector field to the surface is given by:
v(t,0) = (costcosf,costcosb,sint).

When tg € 5 + N, the nodoid ¥y, is tangent to the planes x3 = +h. /2 at its boundary,
while when ¢y € 7IN, £, is perpendicular to these planes at its boundary. For these values
of the parameter ¢(, the CMC surface X, is a degenerate constrained critical point of the
area functional subject to volume = constant.

3.2. On the mean curvature function. Let us now consider the mean curvature function
tg — H(ty) = H(to,a(to)) of ¥,; let us show that, for tg = 5 + km, k € IN, the
derivative ﬁH (to) is non zero, so that H(tg) is strictly monotone near these instants.
First, observe that, from @ one computes easily:

oH h h

G (/2 + k@) =~ sin(r/2 + k) = (1)1 2,
and so:
o 0 -1
a (m/2+km) = a? (7/2+4 k7, a(m/2+kn))- [;Z(W/Q +kma(n/2+ k)| #0.

From (3:3), we get:

o _
Oto lto=r/2+kr
and
on 1 [T/ cos? T
2+k —————=d7 >0
da (7T/ + kT (Z) Qh*/o (COS2T+Q)3/2 T ,
hence:
d oOH
(39) dtg lto=r/2+kn (0) da (W/ + 7raa(7T/ + 7r)) a(7r/ + k)

-1
1 7/2+km 2 h* 1 7/2+km 2
~ i | sttty [ e mdr] 20
ar, /o (cos2 T+ a)3/ dr.Ja 2 ), (cos2 T+ a)3/

A straightforward analysis of the sign in the above inequalities shows that the function
|H (to)| is increasing for ¢y near 7 +2km and decreasing for ¢y near § + (2k+1)7, k € IN.
We will need the following:

Lemma 3.3. Forall k > 0, there exists (a unique) sy € }kﬂ', kr+ 3 [ such thaﬂ

d

—_— H(ty) = 0.
dly (to) =0

to=sk

12Actually, the proof works only if the entire interval [k, k7 + g} is contained in the domain of the function
a = a(tg) defined in Subsection
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FIGURE 5. Graphs of the implicit function @ = a(ty) defined by the
equation H(tg, a) = for different values of the constant 2}‘7,** . The instants
to = % + km correspond to the degenerate nodoids studied in Subsec-
tions and they belong to the domain of the function a = a(tp)

for all values of the constant %

X3

N v
ho | A

FIGURE 6. Nodary curves that generate nodoids which pass through 2
circles. The bifurcation point is in the middle (thicker/red), it has hor-
izontal tangent at the point of intersection with the circles. The inner
circle is a limit of the family when a — 0.

d d
Proof. Let us check that — H(tp) and — H (to) have opposite sign.
to lto=kn dtg lto=kn+2
A straightforward calculation gives:
oH 1
—(k = (=) - ——;
S a) = (<1 =
and from (3.4):
1 a'(km) %(lma a)

H(ty) = — = - .
to=km (to) dre /T4 a(km)  4r, 2t (kr,a)\/1+ a(kr)

(3.10)

dto
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FIGURE 7. Degenerate nodoids are tangent to the planes containing
their boundary. On the left, nodoids from the family 3, on the right
nodoids that are not symmetric with respect to the reflection around the
plane II.

FIGURE 8. Degenerate nodoid with two bulges.

d
Thus, — H (t() has the same sign as 8_7-[ (km,a): negative if k is even, and positive
dto to=km 6t0

d
if k is odd. On the other hand, from (3.9) we get that prred N H (to) is positive if k is
0 lto=km+3

even, and negative if k is odd.
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FIGURE 9. The two nodal domains of the Jacobi field v; on the first
degenerate nodoid ¥z . The arrow gives the direction of the z1-axis.

d
This shows that there exists sy, € ]Imr, km+ 3 [ such that T H(ty) = 0. Unique-
0 lto=s
ness will be established later using the Jacobi equation of the syomn’;etrized problem, see
Proposition [3.8] part (a). O

3.3. Bifurcation at the instants t, = 7 +k7r. We will now apply Proposition@to show
the existence of a bifurcating branch of fixed boundary CMC immersions issuing from the
family 3 at the instants o = 5 + km, k > 0. Let us prove some preliminary results.

Lemma 3.4. Let \(to) denote the k-th eigenvalue of the CMC immersion ¥, k > 1.
Then, the function to — A (to) is real-analytic. Moreover:

@ X2(3) = As(5) =0;

(b) )\m(g + kﬂ') = Am+1 (% + k7r) = 0 for some m > 2 + 4k.

Proof. The family 3, has real-analytic dependence on ¢y, and so does each A, as it has
been observed in Subsection 2.3

It is known (see [14} Theorem 9.1]) that the first degenerate nodoid Yz is stable, in
the sense that the second variation of the area is nonnegative for all volume preserving
variations that fix the boundary, and this implies )\2(%) > 0. Consider the functions
vi = 7€, 1 =1,2,3, where 7 is the unit normal outward point vector to ¥z and €1,
&, @ is the canonical basis of R3. As we have observed, v; is a Jacobi field for E%,
and clearly ul\ag% = VQ‘@E% = 0. Thus, v; and vy are eigenfunctions of the Jacobi
operator. These two functions have exactly two nodal domains in ¥z, see Figure 9 and
by Courant’s nodal domain theorem, there exists & > 2 such that )\k(Eg) = 0. Thus,
0 < XA(Xz) < A(Xz) = 0, and so, A2(Xz) = 0. Since the first eigenvalue has
multiplicity 1, A1 (X1) < A2(2z) = 0 holds.

Finally, observe that the eigenvalue 0 has multiplicity greater than or equal to 2, which
implies A\2(¥z ) = A3(Xz) = 0, proving (a).

For part (b), observe that the functions v, and 1, are Jacobi fields vanishing on the
boundary of ¥z 1 forall & € IN, and they have exactly 2 + 4k nodal domains. The proof
of (b) follows directly from Courant’s nodal domain theorem. U

A more accurate description of the set of degeneracy instants and of the eigenvalues of
the family ¥ will be given below, see Subsection [3.8]

Proposition 3.5. The instants to = 5 + km, k > 0, are isolated degeneracy instant for the
nodoid family %5, and there is jump of the Morse index at each of these instants.

Proof. Fix k > 0and set t, = % + km; for (s, ) near (t.,t,), letus denote by i(s, to) the
strong Morse index of the nodoid X, 4y, 77(s),, s @ constrained critical point of the fixed
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FIGURE 10. The nodoid E%ﬁ decomposed into six nodal domains of
the function vy.

FIGURE 11. The nodoid X.

boundary CMC variational problem. Note that X4y m(s),t0 & Za(s),H(s),t, 10T Lo < t1,
and for all s. We need to show that i(to, to) has a jump at ¢ty = ¢, and towards this goal
we make the following observations.

€))

@

3

“

For all s, the instant ¢, is an isolated degeneracy instant for the family ¢y +—
Yla(s),H(s),to- Lhis follows easily from the strict monotonicity of the eigenvalues
of the Jacobi operator with respect to inclusions.

If Js 1, denotes the Jacobi operator of X,y 1 (s).4,» then the map (s,t0) = Js 1,
is continuous with respect to the operator topology in the space of bounded linear
operators from C%%(C,R) to C%(C,R). It is real-analytic in both variables s
and %y, and it takes values in the open subset of (essentially positive) Fredholm
operators.

For (s,to) near (t.,t.), the degeneracy of X, is determined by the vanishing
of a finite number of non constant real-analytic functions, namely, some eigen-
value A (s, o) of the Jacobi operator J; ;,. For every fixed s, the function ¢y —
Ak (8, to) has a zero of finite order, hence isolated, at ty = t.; by continuity, one
can find €, > 0 sufficiently small, such that the unique zero of [t — n,t. + 1] 2
to — Ak(s,to), fors € [t. — e, t. + €], is tg = tu.

i(s,t. +n) is constant for s € [t,,t. + ¢]. This follows from the fact that ¥, ; .,
is nondegenerate for all s € [t,, ¢, + ¢]. Recall that the index of a continuous
path of nondegenerate path of essentially positive Fredholm operators is constant.
Similarly, i(s,t, — n) is constant for s € [t. — &, t.].
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(5) i(ts,ts + &) — i(ts,ts —€) = 2. This follows from the strict monotonicity
of the eigenvalues, and from the fact that the nullity of the degenerate nodoid
Ya(t,),H(t,),t. 18 equal to 2.

If ¢’ = min{e, n}, then based on the above observation we compute:

it + &t +&) —i(ts — 't — &)
=ittt + &) —iltu,te + &) + it ts + &) —i(tu, te — &)
+ilte te =) —i(ts — €, ta —€') = 2.
This concludes the proof. O

We can now finalize the proof of the statement on non rotational bifurcation at the
instants tg = 5 + k.

Proof of statement (1)) of Theorem. For all k € N, denote by z* : C — R? any smooth
parameterization of XF := Yz kr By (a) and (b) of Lemma x* is degenerate in the
sense of Definition Observe tha Jevivoly = [, vz vole = 0. Namely, consider
the isometry ¥ of R? defined by ¥ (1, x9,73) = (71,2, —x3); then, ¥ preserves ¥,
e, U(XF) =%F andy; 0¥ = —v;, 0 = 1,2.

Using Proposition the proof of existence of bifurcation at ¥ for the family ¥,
follows by observing that:

e for ¢g near 5 + km and to # 5 + km, the nodoid ¥, is nondegenerate, as proved
in Proposition [3.5}

o there is a jump of the strong Morse index of ¥y, attg = 5 +km, by Proposition

e the function ¢y — H (tg) < 0 of the mean curvature of X, has non zero derivative
atty = g + km, as proved in Subsection

As to the break of symmetry of the bifurcating branch, one simply observes that axially
symmetric CMC surfaces are determined completely by the values of the parameters [
and c¢; the dependence on such parameters is continuous. So, if ¥ = 3(H, ¢) is a nodoid
(H < 0and ¢ < 0), and ¥’ = X(H', ) is an axially symmetric CMC surface with the
same boundary of ¥ and very close to 3, then, H' is close to H. Hence ¢’ is close to ¢, and
therefore ' < 0 and ¢’ < 0 hold. Hence, ¥ is also a nodoid. Since the CMC immersions
of the bifurcating branch are not isometrically congruent to any nodoid, it follows that they
can’t be axially symmetric.

This concludes the proof. O

3.4. Bifurcation at the instants k7w, £ > 1. Let us now study the degenerate nodoids
corresponding to the instants ty = k7, with k£ > 1. At these instants, the function v/ is the
Jacobi field that vanishes on the boundary. Notice that this function is axially symmetric,
and thus it is also a Jacobi field for the symmetrized problem, recall Subsection[2.7] Let us
denote by I5 : R?* — R? the map I5(x1, 2z x3) = (1, T2, —23); note that v3 o [3 = —vs3.

Proposition 3.6. Ler Xk(to) denote the k-th symmetrized eigenvalue of the CMC immer-
sion Xy, k > 1. Then, the function ty — Xk(to) is real-analytic, and strictly decreasing.
Moreover:

(a) ;\Qk(kﬂr) =O0forallk > 1;

(b) the (unique) zero of;\gkﬂ is in |k, (k + 1)x];

(c) if f is an eigenfunction ofj\k(to)for some k > 1, then f o I3 = (—1)k*+1f,
Proof. Part (a) follows from Courant Nodal Domain Theorem, in the form of Sturm Os-

cillation Theorem for the symmetrized 1-dimensional problem. Namely, the function v
has exactly 2k nodal domains in Xy, thus the corresponding eigenvalue is Agy (k). For

13i.e‘, x* is also weakly degenerate
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FIGURE 12. Nodaries of bifurcating branch of nodoids at the instant
to = T.

part (b), observe that by the strict domain monotonicity of the eigenvalues, each eigen-
value has at most one zero. Moreover, the eigenvalues of the symmetrized problem are
simple, thus ng(to) < 5\2k+1(t0) < 5\2k+2(t0) for all ¢y, thus )\2k+1(kﬂ') > 0 and
A2k41 ((k + 1)7r) < 0. Part (c) follows from a general fact on CMC surfaces of revo-
lution. Eigenfunctions of the k-th symmetrized eigenvalues are of the form fy () cos 6,
fx(t) sin @, where f is even if k + 1 is even and odd if k + 1 is odd. This is discussed in
detail in Appendix [A] O

We will show later that, in fact, the unique zero of the function 5\2k+1 coincides with
the instant s, € ]Imr, km+ 35 [ introduced in Lemma see Proposition part (a).

We can now conclude the proof of the statement on bifurcation at the instants ¢y = k.

Proof of statement (2) of Theorem. Tt suffices to apply the abstract bifurcation result of
Smoller and Wasserman to the symmetrized variational problem. By Proposition[3.6] there
is jump of the Morse index of the symmetrized problem at the instants ty = km, k > 1.
Moreover, we have shown in the proof of Lemma [3.3] see formula (3-10), that the deriv-
ative of the mean curvature function H (t9) at tg = k7 is non zero. By Proposition
there is a bifurcating branch of CMC immersions of the cylinder, issuing from Xy, for
all £ > 1, and since the Jacobi field v3 is axially symmetric, then the bifurcating branch
consists of axially symmetric immersions (see Remark 2.13). Arguing as in the proof of
statement (T)) of the Theorem, one proves that the bifurcating branch consists of nodoids
with fixed boundary. Since they do not belong to the family ¥, they fail to be symmetric
with resect to reflections around the plane II. ]

We will now give an explicit description of these bifurcating branches.

3.5. The bifurcating branches of non symmetric nodoids. Each nodoiﬂ Yem k> 1,
belongs to a 1-parameter family of fixed boundary nodoids that are not symmetric with

MAgain, we assume here that k7 belongs to the domain of the function a = a(tp) introduced in Subsec-

tion
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respect to reflections around the plane IT (x3 = 0). Let £ > 1 be fixed; for ¢ > 0 small
enough, there exists a real-analytic function |—¢, e[ 3 s + a”(s) > 0 such that, setting:

H(s) = — [cos(k:ﬂ'fs)+\/COSQ(k:ﬂ'fs)+ak(s) ,

27,
the following equality holds
/’”_S cosT + y/cos? T + aF(s)

—km—s cos? T+ ak(s)

cosTdr = —2H*(s)h,

for all s € |—¢,¢[. The proof of the existence of such function a* is obtained from the
Implicit Function Theorem, in total analogy with the discussion in Subsection[3.T} observe
that for s = 0 we recover the data of the symmetric nodoid ¥, i.e., a*(0) = a(kn) and
H*(0) = H(kn).

For all s € |—¢, ¢[, define NV} ; the surface in R? defined by parametric equations:

cost + /cos? t + ak(s) cost + /cos? t + ak(s)

T = 2 (s) cosf, x9= 2 (s) sin 0
s 1 /t CoST + y/cos? T + ak(s)
T3=—— — 5o cos T dr,
2 2HH(s) J_prs cos? T+ a*(s)

where (¢,0) € [—km — s, km — s] x [0, 27].

This is a real-analytic family of nodoids satisfying the same boundary conditions as the
family X2, and that are not symmetric with respect to the plane x3 = 0 except when s = 0,
see Figure For all k, \V, k,0 = Xgr,and s — N, k,s 1s the bifurcating branch of the family
3 issuing at Y.

3.6. Degeneracy instants where bifurcation does not occur. We will study the instants
sy introduced in Lemma showing that they are degenerate instants, but that there is
no bifurcation at these instants. We prove first a result on the vanishing of the derivative
of the mean curvature function; let us consider the functions H(to) and a(tg) defined in
Subsection 3.1l

Lemma 3.7. If H'(t.) = 0, then a/(t.) # 0.
Proof. Assume H'(t.) = 0; differentiating (3.4) we get:

a'(ty) = 2sint, [cost* + \/cos?t, + a(t*)}.

The right-hand side of this equality does not vanish for all ¢, # km, k € IN; on the other
hand, ¢.. is not an integer multiple of 7, since H'(kw) # 0 for all k € IN (see (3.10))). Thus
a'(ty) # 0. d

Proposition 3.8. The following statements hold.

(a) The mean curvature function H has vanishing derivative only at the instants sy,
introduced in Lemmal[3.3]

(b) Forall k > 0, sy, is a degenerate instant for the family 3. which corresponds to the
vanishing of an eigenvalue of the symmetrized problem.

(c) No bifurcation for the family 3. occurs at sy, unless sy, coincides with one of the
other degeneracy instants described in the paper.

Proof. Let t, be such that H'(¢,) = 0, and denote by 7 the normal to X;,. Consider the
map f = V -1i, where V is the variational vector field of the variation ¢y — X, attg = t,.
Clearly, f vanishes on 9%, and it is an axially symmetric Jacobi field along X, by (2.4).
Let us show that f is not identically zero. Since 72(0, 0) is the first vector of the canonical
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>X1

FIGURE 13. If the position vector z = (21, x3) is tangent to the curve
~ in the first quadrant, then the normal @ = (nq,ng) to  at the point
of tangency satisfies n1 - n3 < 0, i.e., 7 gives the direction of a line
with nonpositive angular coefficient. In the case of the generatrix of
the nodoid ¥, , the normal at the boundary is (cos s, sin sy ), where
si € |km kw4 Z[, and so cossysins, > 0. This implies that the
position vector is not tangent to X5, at its boundary.

basis of R3, the value of f at (¢,6) = (0, 0) is the first component of the variational vector

field V' (0, 0). This is given by the derivative of the map ty — %ﬁ:go) atty =ty
d 14+ /14 a(to) a'(ts)
f(O’O):ilt —¢ = #07
dto o=t —2H(to) 4H (t)\/1+ a(t.)

by Lemma 3.7} This shows that f is not identically zero, hence every instant ¢, at which
H'(t.) = 0is a degeneracy instant for the symmetrlzed problem, proving (b) By Proposi-
tlon | since k7 < s, < (k+1), )\Qk(Sk) < 0and )\2k+2(8k) > 0, thus )\%H(sk) =0.
So, the only degeneracy instants for the symmetrized problem are k7 and sy, and therefore
there are no other instants where H’ vanishes. This proves (a), and the uniqueness claim
in Lemma[3.3]

As to part (c), we observe that the degeneracy at s is produced by the vanishing of
an eigenvalue of the axially symmetric problem, with corresponding Jacobi field which is
even, see Appendix [A] Let us prove that 0 is a regular eigenvalue at si, in the sense of
Definition to this aim, it suffices to show that the position vector x = (1,22, x3) is
not tangent to X5, at 0¥y, , see Example- 2.9] This follows form an elementary geometrlcal
argument (see Flgure , using the fact that s;, € ]lm km+ % [ (see Lemma . Hence,
0 is a regular eigenvalue at sj, and by Proposition[2.10] no bifurcatlon occurs at Sk. O

3.7. Large degeneracy instants. The method of separation of variables provides all pos-
sible Jacobi fields and eigenfunctions of the Jacobi operator, see Appendix [A] We will use
Sturm-Liouville theory to show the existence of arbitrarily large degeneracy instants for
the nodoid family 3, where bifurcation occurs with break of both type of symmetry.

Proposition 3.9. There are arbitrarily large degeneracy instants for the family Y. that do
not belong to the set {1@‘71'/27 Sk—1 : k> 1}. The multiplicity of these degeneracy instants
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is greater than or equal to 2. If tgy is one of these instants, denoting by f1 and fs two
linearly independent Jacobi fields vanishing on 0%, then, for i =1,2:

(@) f; o Is = £ f;, (both possibilities occur);

(b) f; is not axially symmetric, but it is invariant by rotations of an angle 27—? for some

n > 2.

Moreover, bifurcation occurs at tg by a branch of non axially symmetric CMC immersions
of the cylinder C with fixed boundary. The bifurcating branch consists of CMC surfaces that
are not symmetric with respect to reflections around the plane 11 exactly when f;ol3 = — f;,
and that are symmetric with respect to a finite (non trivial) group of rotations around the
axis.

Proof. We use the method of separation of variables in the Jacobi equation, which is dis-
cussed in Appendix [A]l In the notations of the appendix, we will consider an arc-length
parameterization of the nodary curve v, = (z°, %) in the (z;23)-plane which is the
generatrix of X;,. Non axially symmetric Jacobi fields along >, can be obtained of the
form f; = Scos(nh), fo = Ssin(nf), wheren > 1and S : R — R is a solution of the
Sturm-Liouville equation:
G.11) (z08") + (zﬁonduto 2 - %)S —0,

Ty
du, is the second fundamental form of 3;,. Such Jacobi fields are invariant by the rotation
of 27” Moreover, f; o I3 = +f; according to whether S is an even or an odd function;
note that the coefficients of the ODE are even functions, and this implies that such
equation admits a pair of linearly independent solutions consisting of an even and an odd
function, corresponding the the initial values S(0) = 1, S’(0) = 0 and S(0) = 0, S’(0) =
1 respectively. Notice that in the case n = 1, the even solution (3.T1)) is given by the
function sbgo (see Appendix @), and this gives rise to the Jacobi fields v, = 3'330 cos f and
Vg = j:éo sin 6.

A nodal domain inside X, is obtained when either the even or the odd solution of
(3.T1) has a zero in the interval |0, Ly, /2], where L, is the length of ~;,. However, a non
trivial Jacobi field vanishing on the boundary of ¥, is obtained from a solution of (3.11)
only when this has a zero precisely at L;, /2. We claim that statements (a) and (b) will be
proved once we show that, given any n > 2, then for ¢y large enough the odd solution of
(3.T1) has a zero in |0, Ly, /2] (this will imply that also the even solution does, by Sturm
oscillation theorem). Namely, denote by .S, ;, the odd solution of (3.11), and assume that
given n > 2 there exists ¢( large such that the first positive zero of .S, ¢, lies in |0, Ly, /2].
Clearly, such t, is bounded away from zero, i.e., there exists ¢, > 0 such that S, +, does
not vanish in |0, Ly, /2] for all ¢y < t,. Thus, by continuity, there must exist ¢y > ¢, such
that Sn,tg (Lto /2) =0

Let us prove that, for any given n > 2, one can find ¢ sufficiently large such that every
solution of (3.11)) has two consecutive zeroes at distance less than or equal to Ly,. Denote
by ki° and k% the principal curvatures of ¥;,, so that ||dvy,[|? = (k}°)? + (kX°)2; one
computes:

K = H(to) + &3 2y, Ky = =i [ay°,
see Appendix [A] The basic estimates needed for our argument are as follows:

M tolfﬂoo a(to) = +o0, see (3.7);

(2) —H(ty) = 52 a(to)% as tg — 0o, see (3.4);

= or.
3) x’i“ tends to the constant r, uniformly as ) — 400, this is proved using and
formula (3.1));

(4) |#k| < 1, thus |kY| is uniformly bounded as ¢y — oo;

(5) ||y, ||* = alto) A to — +oo;

= 2
4r?
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: t
©) (27 [ldws, |I* — :TZO) = a4(: 0) o to — +00;
1 to COS T to dr.to
L :7/ [1 + }drz )
DTGy oot ) afu)!

as tg — +o0;
Using (3) and (6), Sturm comparison theorem tells us that the distance between two con-
secutive zeroes of a solution of (3.11]) is comparable with the distance between two con-
secutive zeros of the linear ODE with constant coefficient:

S" + (a(t") - ”—2)5 —0.

4r2 r3

For such equation, the distance between two consecutive zeros of any solution is of the
order of a(ty)~2. By (@, for to large enough, L, /2 is larger than this value, which
implies that the odd solution of (3.TT)) must have a zero in |0, L, /2|. This concludes the
proof of (a) and (b).

As to the statement on bifurcation at these degenerate instants, this is obtained as an ap-
plication of the equivariant result of Proposition[2.14] First we observe that the assumption
on the non vanishing of the derivative H' is proved in Proposition The passage through
one of the degenerate instants in question produces eigenfunctions of the Jacobi operator
corresponding to negative eigenvalues, whose stabilizer relatively to the $*-action is a non
trivial cyclic group, say of order n. Thus, passing through such degenerate instant gives a
jump in the dimension of the space spanned by eigenfunctions of the Jacobi operator with
negative eigenvalue and whose $!-stabilizer has finite order n > 1. This implies a jump
of the isomorphism class of the $!-representation on the negative eigenspace of the Jacobi
operator, as discussed in Subsection@ O

3.8. Conclusions. In conclusion, we have found the following sequence of degenerate
instants for the nodoid family >::

S0<F<T<s51<IT<2m<sy <3<
o<kr<sp<krmH+ir<(k+lm<...

The eigenvalues § + km, k > 0, have multiplicities equal to 2, and the corresponding
eigenfunctions are not axially symmetric. All the other eigenvalues are simple, and they
correspond to axially symmetric eigenfunctions. For all k£ > 1:

Am,, (k) = Aap (k) = 0

for some my > k, and at these instants there is bifurcation by axially symmetric nodoids
that are not symmetric with respect to the horizontal plane. For all k£ > 0:

M (km+3) = Nq1(kn+3) =0

for some I, > 4k + 2, and at these instants there is bifurcation by a branch of non axi-
ally symmetric CMC immersions. Note that the Jacobi fields corresponding to A4z 42 and
Ayj+3 at the instants k7 + g have exactly 4k + 2 nodal domains.

A third type of degeneracy instants are the s;’s, where the mean curvature function has
vanishing derivative. They correspond to zeroes of the even axially symmetric Jacobi field.
Forall kK > 0: R

Ani (k) = Azky1(sk) =0
for some n; > 4k + 1, and there is no bifurcation at these degenerate instants.

Although a complete analysis of all the degeneracy instants seems quite involved, the
method of separation of variables and Sturm-Liouville theory allow to prove the existence
of a further class of degeneracy instants. The corresponding Jacobi fields vanishing of the
boundary are of the form S(¢) sin(nf) and S(¢) cos(nf), with n arbitrarily large, and S is
either an even or an odd function.
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4. FINAL REMARKS AND CONJECTURES

Bifurcation at the embedded nodoid Xz is of particular interest. We conjecture that the
non-nodoidal branch at Xz contains surface which minimize area for volume preserving
fixed boundary variations. A proof of this fact requires an analysis of the stability for the
bifurcating branch, which is the subject of an ongoing research project, see [15]. It is
generally believed that absolute minimizers are “as symmetric as possible”. In the case
of one circular boundary component and genus zero surfaces, the only stable equilibria
are axially symmetric ([[L]). This implies that, with one circular boundary component and
surfaces of higher genus, no minimizer exists. So, it is quite interesting that there might be
a non axially symmetric minimizer for 2 circular boundaries.

We also conjecture that, for large volumes, the solutions of the isoperimetric problem
for surfaces bounded by our contour are not axially symmetric.

5. EXTENSIONS TO ANISOTROPIC MEAN CURVATURE

The bifurcation theory of the nodoid discussed above fits into the far more general the-
ory of anisotropic nodoids which arise as critical points for axially symmetric anisotropic
surface energies. The generalization is not only mathematical; the physical problem of
determining the equilibrium shape of a liquid-liquid interface which is tethered to two par-
allel planes along two coaxial circles is a special case of an anisotropic-liquid interface
having the same boundary conditions.

5.1. Constant anisotropic mean curvature surfaces. Let v = v(v3) be a positive, C?
function on S%. We assume the following convexity condition. We define the functions

po =7 —vsy'(vs), 1/pa =1 —v5)"(vs) +1/pz .

We will also assume here that «y is an even function, although most of what is said here
holds when this is not the case. These functions are assumed to be positive. They are the
principal curvatures of a convex surface of revolution W, called the Wulff shape, which is
parameterized over S? as follows. The profile curve of W is given in terms of the vertical
coordinate on S? by

V19— Vg

V3 ’
u=u(vs) = ——, v=uv(r3) = — + v3) .
(v3) 11 (v3) 112 v (v3)

Then W can be parameterized,
5.1 x(vs,0) = (uew,v) .

The positivity of 1/u;, 7 = 1,2 is equivalent to the fact that this surface T is convex, the
w;’s are the principal curvatures of W with respect to the inward pointing normal.

To a smooth, compact surface X : ¥ — R? with normal v, we assign the axially
symmetric energy

F[X] ::/E’y(ug,) dx.

For a smooth variation of the surface X, = X + £(6X) + O(£?), we have the first
variation formula

(5.2) 5}'::—/A5X-1/d2+ X X x-0XdL,

b %
which defines the anisotropic mean curvature A. Above we have used y to denote the
composition of the map given in[5.1with the Gauss map v. For the isotropic case y = 1, we
have A = 2H. The equation A = constant characterizes critical points of the functional F
subject to the constraint that the enclosed three dimensional volume is fixed. The convexity
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condition imposed above insures that the equation A = constant is elliptic. Specifically,
the linearized operator J defined by the equation,

(5.3) 0N =: J]+ VA -,

defines a linear, strongly elliptic self-adjoint differential operator.

The surface W occurs among the critical points of the volume constrained energy func-
tional. In fact, it is the absolute minimizer of F among all surfaces enclosing the same
volume. This is known as Wulff’s Theorem.

The standard examples that occur in applications are the so called Rapini—Papoular
functionals v = 1 + eyg, where e is a constant. The convexity condition is satisfied when
le] < 1.

Assuming that a given surface ¥ is a critical point of a volume constrained anisotropic
energy functional, i.e., that A = const., the second variation of the fixed boundary problem
is given by

52]-":—/2¢J[¢] dy,

where J is given by (5.3)) and ¢ := § X -v. We note that if 6 X is taken to be the infinitesimal
generator of a family of translations, i.e., 0.X = F € R3, then if A = constant, we obtain
from[5.3] J[v- E] = 0. The same argument shows that if §X is taken to be the infinitesimal
generator of a family of rotations around the x3-axis, then J[§X - v] = 0.

5.2. Anisotropic nodoids. The axially symmetric surfaces with constant anisotropic mean
curvature are called anisotropic Delaunay surfaces ([13]). They are exactly the axially
symmetric critical points of the functional JF, subject to a volume constraint. To find these
surfaces explicitly, note that vertical translation is a symmetry of both the functional F and
the volume functional. Assuming a surface of revolution is a critical point and deforming
it by a one parameter family of vertical translations, §X = F3 = EZ + v3v, we obtain
that the first variation, as given by (5.2), vanishes. Writing this out explicitly for the given

variations yields
ET
> o |ET|

where 7) denotes the outward pointing unit conormal to 93,
By applying the divergence theorem to the surface integral and noticing that the inte-
grand is constant in the line integral, we obtain the conservation law

64 2uz + Az? = constant =

As in the isotropic case, the anisotropic Delaunay surfaces fall into six classes. In all cases,
we can assume, through a choice of orientation, that A < 0 holds. The anisotropic nodoids
occur when the scale invariant quantity a := Ac is positive.

In order to parameterize the anisotropic nodoids, we first extend the function w to a
periodic function by defining:

cost
pa(cost)
In this case, an explicit parameterization is given by first defining

U(cost) + +/U?(cost) + a

U(cost) :=

q1(t) :=
Al
/ (cosT) (cos T)+ a, ( )
qs(t) : v(cosT) .
a(t |A\ VU2(cosT) +a
Then the surface can be parameterized X := (q;(t )620, q3(t)). The outward pointing

normal is given by v = [(¢}(t))? + (¢5(¢))?]~ 1/2( 5(0)e?, —gl (t)).
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FIGURE 14. Anisotropic nodoids for the functionals v = 1 + eug, with
e = —0.4 (left), e = 0 (center) and e = 0.4 (right). In all cases A = —1
and a = 0.3.

The boundary of the anisotropic nodoid 3, 4 ;, consists of two circles of radius ¢ (t)
on the planes x3 = g3(to), and thus one has to impose
(5.5) — Ar, = U(costy) + /U?(costy) + a,

and

(5.6) -

Ah, _/to U(cosT) + /U?(cosT) +
0

a
dv(cos 7).
2 U2(cosT) +a ( )

Note that the nodoid X, ¢, has vertical normal on the boundary precisely when ¢5(to) =

0, i.e., when tq is of the form 7 + km, for k € IN.

From (5.3) and (5.6), we get the following:

*

5.7 2}; (Ulcosty) + /U?(costy) + a)

fo U(cosT)

v(cosT)| =0.
U?(cosT)+a

- [v(cos(to)) +
We claim that for every value of the constant 2'17**, equation (3.7) defines implicitly a smooth
function a = af(tg), taking values in R*, and whose domain consists of the union of
open intervals and an open half-line ]¢., +oco[ and it contains all instants ¢y = & + km,
k € IN. In order to prove the claim, denote by H(¢o, a) the left-hand side of (5.7). For all
to € [0, 4o0[:
lim H(tg,a) = +o0;

a——+00

moreover, for ¢y sufficiently large or for ¢y near a point in 7 + 7IN:

H(to,0) =

o (U costo) + U costo)]) — (sfcostol) + [ sign(Uteosm)) dofeos)) < 0.

(Note that u is negative exactly on the part of W where v is decreasing). Finally, the partial
derivative:

to
i = s + L / Ulcos) dv(cos T)
o (U?

da  4r,\/U2%(costy) +a 2 (cosT) + a)?
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is strictly positive in [0, +co[ x ]0, +oco[. The domain D of the desired function a consists
of all points ty where #H(t9,0) < 0, and it depends on the value of the ratio :‘—, the
smoothness of a follows from the Implicit Function Theorem. For example, if W is real-
analytic, then all the functions involved are real-analytic, and so a is a real-analytic function
of to .

Definition 5.1. The real-analytic family ;) Atg to will be denoted by >.;; it consists
of all nodoids satisfying the boundary conditions, that are symmetric with respect to the
(21, x2)-plane.

For tg € 5 + mIN, Xy, is degenerate. The proof of existence of a bifurcating branch
of fixed boundary constant anisotropic curvature issuing from each of these degenerate
anisotropic nodoids is totally analogous to the isotropic case, and it will be omitted. We
will only show that, also for the anisotropic degenerate nodoids, the anisotropic mean
curvature function has non zero derivative at the instants ¢y € 5 + 7IN.

5.3. On the anisotropic mean curvature function. Let us now consider the anisotropic
mean curvature function to — Ay, = A(to,a(to)) of $y,; let us show that, for tg =
5 + km, k € N, the derivative %Ato is non zero, so that A(t) is strictly monotone near
the degenerate instants. One can observe from the Wulff shape that

(5.8) Ulvs==41)=0=uv,,(r3 ==%1), U, (rs==%1)#0#v(rs==1).

Then, observe that, from (5.7), one computes easily:

oH B . h

—(7/2+km,a) = ——=U,, (v3 = £1) sin(r/2+kr) = (=1)* "1 U, (13 = £1) # 0,
Oto 27, 27,

and so:

-1

a'(m/2+kr) = OH 7r/2+k7r,a(7r/2+k7r))'[87{ T/2 + km,a(m/2 + kr)) # 0.

)=, a
From (5.6) and (5.8)), we get:

dA _
dto lto=n/2+kn N
and f24k
OA TieTem U(cosT)
h* =~ 2 k 5 == d 07
% (7/2+ km,a) /o (T2 (cos 1) + a2 v(cos(T)) >
hence:

d oA

il Ay, = =—

dtg to=m/2+km da

A straightforward analysis of the sign in the above inequalities shows that the function
|At,| is increasing for ¢o near 5 4- 2k and decreasing for ¢o near § + (2k + 1), k € IN.

(7/2 + km,a(m/2+ km)) - a'(7/2 + km) # 0.

APPENDIX A. SEPARATION OF VARIABLES IN THE JACOBI EQUATION OF AXIALLY
SYMMETRIC CMC SURFACES

Let us consider a smooth regular (not necessarily injective) curve v = (z, z):

. L L 2
parameterized by arclength, and the corresponding surface of revolution ¥ in R? given by
parametric equations:

1 = x(0) cos b,
X =29 =x(0)sinb, ce[-L L] 0el0,2n]
x3 = z(0),

This is an axially symmetric surfaces in R3, with symmetry axis given by the z3-axis. Let
us assume that:
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(a) x > 0is an even function;
(b) zis an odd function,;
(c) z and Z are periodic functions of period Tj > 0.

Assumptions (a) and (b) mean that ¥ is symmetric with respect to the plane x3 = 0.
Assumption (c) says that 3 is a portion of a periodic infinite surface, and its boundary
consists of two coaxial circles of the same radius lying on the planes x5 = £z(L/2). By
(a), (0) = 0, thus £(0) = £1; we can assume £(0) = 1 (if not, replace z with —z).

An orthonormal basis of the pull-back metric on the cylinder C = [—-L/2, L/2] x [0, 27]
is given by:
0 10
w1 = 5, w2 = 2 00’

and the area form is given by xdo df. The Gauss map v : C — S? is given by v(0,0) =
+(2(0) cosb, 2(c) sinf, —i(c)); we choose the orientation of v outward pointing at the
point X (0,0) = (2(0),0,0), i.e., »(0,0) = ey, thus

v(0,0) = (%(0)cos, 2(o)sin b, —i(0)).

The differential dv (the second fundamental form of X) is written relatively to the basis
{wy,wy} and {ZX LIX1

do ’ x 00
i .
dy(gjg)g< o) _())

The principal curvatures of X are given by:

(A.1) ky =5 — 33, ky=—2.
x
Note that k; is the curvature of the plane curve +, thus:
(AZ) T = k;l,é, and Z = —k‘1j?.

Let us assume that 3 has constant mean curvature H, i.e.:
2H = k1 + ko = 32 — %2 — 2 = constant;
Codazzi equation then gives:
2?(ky — ko) = ¢ (constant),
from which we get the following conservation law:
(A.3) 2%+ 2H2? = ¢;

recall from (3.2) the identity 2¢H = a. This can also be obtained as an application of
Noether’s theorem, using the fact that the area functional is invariant by vertical transla-
tions. From (A.3), a straightforward calculation yields:

c c
(A4) kl—H+ﬁ7 kQ—H_TxQ,
and differentiating we get:

(AS) (3?/61)/ = ]ﬂg.’)'ﬁ7 (,Tkz)/ = k‘1l",

which are the Codazzi equations.
The Hilbert-Schmidt norm ||dv||? is computed easily:

52
. z
|| = fldv(wn)[* + [dv(w2)[* = kT + k5 = |51 + —3:
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observe that k1 and k2 are even periodic functions, and so is ||dv/||?. Using (A3), we obtain
another expression for ||dv||2, as follows:

N 2 SN 2
1 1
A6) [dv2=k2+ k2= (20 +2) +(2) == [2:2+2Hd = —[2:% +a).
T T 72 x2

The Laplacian A of the pull-back metric is computed easily as:

A 10 0 n 1 02
=——|x= —= ==

x 0o \ Jo x? 002
Let J denote the Jacobi operator of X, given by:

1 1 2 32
J=ntfarr=t 2 (¢ 2) LD s g 2
x2

200 \"o0) " 2?96
The corresponding eigenvalue problem is:
(A7) JF = =\F,

with boundary conditions
(A.8) F(-L/2,0) = F(L/2,0) =0, v 0;

we use the method of separation of variables for this linear equation, i.e., we look for
solutions F(o, 0) that are product F' = S(o)T(0). This leads to the following pairs of
boundary value problems for ODE’s:

(A.9) T + kT =0, T(0)=T(2r), T (0)=T(2n),
and
(A.10) — (@8') + (= —wldvl?) § = raS, S(— %) =5(5) =0.

Problem has non trivial solutions when x = n?, n € IN, with corresponding eigen-
functions cos nf and sin n; substituting x = n? in (A.10) we get:

AV 7”L2 2
—(x8") 4+ P z||dv|]? ) S = AzS,

S(- %) =5(%) =0

Solutions of (A:TT) with n = 0 are precisely the axially symmetric solutions of (A.7);
in particular, the axially symmetric Jacobi fields are the solutions of (A:TT) with n = 0 and
A = 0. Observe that the differential equation in (A:T1)) is a Sturm—Liouville equation; an
immediate application of Sturm theory gives the following.

(A.11)

Proposition A.1. The following statements hold:

(a) Foralln > 0, there exists a diverging sequence Aﬁ’” < /\én) < ... of eigenvalues
of the boundary value problem (A1). The corresponding eigensolutions Sy, 1,
Sn,2, ..., can be chosen to form an orthonormal basis of the Lebesgue space
L*([~L/2,L/2)) relatively to the measure dju = xdo. Forall j > 1, S, ; has
exactly j — 1 zeroes in|—L /2, L/2|.

(b) For all eigenvalue X of problem (A7) with boundary conditions F(—L/2,0) =
F(L/2,0) = O, there exists a finite sequence ny(A),...nm, (A\) of nonnegative
integers such that, for n = n;(\), problem (A1) has a non trivial solution S A,
Every eigensolution of (A7) is a linear combination of the functions

S (o) cos (nj(A\)0) and SM(o)sin (n;(N)0),

7=1....,mp.
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Proof. Part (a) is precisely Sturm—Liouville theory of the boundary value problem (A.TT].
For part (b), observe that if the function:

n2
(A.12) — —z|dv|]? = Az =: ¢
X

is strictly positive on [—L/2, L /2], then no nontrivial solution of the ODE in can
have two distinct zeroes in [—L/2, L /2]. This is proved with an elementary argument on
the sign of the second derivative at a critical point of a solution of the ODE. Now, since
x > 0, given any A € R then for n large enough the quantity (A.12) is positive. This
implies that for each given A, there is only a finite sequence of n’s for which (AIT) has
non trivial solutions. Note that, by our periodicity assumptions, an upper bound for the
values of n for which has non trivial solutions can be founcff] independent of the
constant L.

For each n € IN U {0}, let S, ;, be a k-th eigenfunction of (A.TI). {5, ; £k € IN}
can be chosen so that it forms an orthogonal basis of L?([0, 27],df) and for all n, the
functions S, 1, k > 1, form an orthonormal basis of L?([—L/2,L/2],zdo), then the
doubly indexed family

F = {Sn,k(a) cos(nb), Sn,k(cr)sin(nﬁ)}nzo’k21

forms an orthogonal basis of L?(C, z dod#), and it consists of eigenfunctions of (A.7).
Since eigenfunctions of (A.7) corresponding to distinct eigenvalues are orthogonal in
L?(C,x dodf), it follows that every eigenfunction of (A.7) with eigenvalue ) is a linear

combination of those S, j cos(nf) and S, x sin(n#) for which )\,(C") =\ O

Corollary A.2. Let L > 0, A € R be fixed, and assume that every non zero solution F' of
(A7) and (A8) is not axially symmetric. Then, [, Fd¥ = 0.

Proof. By part (b) of Proposition[A.T] every such Fis a linear combination of functions of

the form S-cos(n#) and S-sin(nf), withn > 0, and fo cos(nf) df = f sin(nf) df = 0
for all n > 0. O

A.l. Axially symmetric Jacobi fields. Let us now consider the ODE:
(A.13) (xS’)’+x|\du|\2S:0;

this corresponds to the equation in with n = A = 0. We can extend by periodicity
its coefficients, and we study its solut1ons on the entire real line. Such solutions correspond
to axially symmetric Jacobi fields along ¥. Denote by S,, Se : R — R the solutions of

(AT3) satisfying:
S,(0) =0, S.(0)=1, and S.(0)=1, S.(0)=0
The function .S, is a constant multiple of z:
So(0) = #(0) i (o).
Namely, one checks easily that the function & is a solution of (A13); using (A),
and (A.3) we compute:
(zi) = (xk12) = (xk1)'2 + xk1 3 = $kot — Kiai = —x(k? + k).

This solution is the axially symmetric Jacobi field vs; it is an odd periodic function. Now,
using the fact that z and ||dv||? are even functions, it is easily checked that the function S,
is also even.

Zeroes of the functions .S, and S, correspond to values of L such that the CMC surface
Y is degenerate as a constrained critical point of the area functional. Since z|/dv||* > 0,
both S, and S, have an infinite sequence of zeroes, occurring at points symmetric with

I5For instance, n2? < max @ 2[x+ |ldv|1?].



BIFURCATION OF NODOIDS 35

respect to the origin. It is easily checked that if a linear combination oS, + 5.5, has zeros
at two points symmetric with respect to the origin, then either o or 8 must be zero. In other
words, the only degeneracy instants of X by axially symmetric Jacobi fields occur at the
zeroes of S, and of S,.

If r,, is a zero of Sy, then clearly fijo xS, do = 0. If r, is the first positive zero of S,
then:

Te
/ xSedo # 0.
e
Namely, S, is positive in |—r,, 7o[. Let us give a geometrical condition equivalent to the
non vanishing of the integral of S, between two symmetric zeroes.

Proposition A.3. Assume H # 0, and let v > 0 be a zero of Se. Then, the integral
f_rer xS. do is zero if and only if the position vector (x1(re),z3(re)) is tangent to the

curve v at y(re).

Proof. Consider the support function ¢ : [-L/2, L/2] — R defined by ¢ = X - v. Then,
Jgq = —2H. Namely, q can be written as % |t=1 X+ v, where X; = ¢tX is a CMC variation
of X with mean curvature H(X;) = + H. Using (24), we have:

d
Jg= 2a\t21(%H) = —2H #0.

Partial integration gives:

_om [ 2Sedo = ) Se(Jq)x do

—Te —Te

Te
= [ USam do — 2L alra(r) = ~25L(ra(r)are).
.
Since S/ (7. )x(re) # 0, it follows that flje xSe do = 0 if and only if ¢(r.) = 0, which is
the thesis. O

A.2. Non axially symmetric Jacobi fields. Let us now consider the equation:

2
(8" + z|dv|2S — %s -0, n>1.

Each solution of this equation provides two linearly independent non axially symmetric
Jacobi fields along ¥; if .S is a non zero solution of this equation, the corresponding Jacobi
fields J; = S - sin(nf) and J, = S cos(nf) are invariant by the rotation of 2Z. Moreover,
if S is not even, then J; and J; are not symmetric with respect to reflections around the
plane z3 = 0.

As above, one proves that for all n > 1 this equation admits two linearly independent
solutions, one even and one odd, corresponding to the initial values S(0) = 1, S’(0) = 0
and S(0) = 0, S’(0) = 1, respectively. However, for n large, such solutions may not have
nodal domains, i.e., may not have two distinct zeroes. This is the case, for instance, when
n > max z||dv||?.

When n = 1, the function 2 is the even solution of the equation. This is checked using

again the identities (A.I)), (A.2) and (A.5); setting S = 2:

(28" = (23) = —(kyix) = — (k)& — ki = —koi® — kixz

= —ko(1-2%)—kiws = —ko+ko2®—kinz = —ko— (k] +k3)xz = [2— (k] +K3)z] S.

The functions 2 cos 6 and 2 sin 6 are the Jacobi fields 1 and .
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