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Xo set, Bij(Xp) group of bijections f : Xy — Xo.
X another set, with Bij(Xp, X) # 0.

Bij(Xp) acts transitively on Bij(Xp, X) by composition on the right.
G C Bij(Xy) subgroup

Definition

A G-structure on X modeled on Xj is a subset P of Bij(Xo, X) which is
a G-orbit.
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G-structure on sets

Xo set, Bij(Xp) group of bijections f : Xp — Xp.

X another set, with Bij(Xp, X) # 0.

Bij(Xp) acts transitively on Bij(Xp, X) by composition on the right.
G C Bij(Xy) subgroup

Definition
A G-structure on X modeled on Xj is a subset P of Bij(Xo, X) which is
a G-orbit.

(@) plog: Xo— Xoisin G, forall p,q e P;
(b) pog:Xg— XisinP,forallpe Pandall g € G.

Given a G-structure P on X and a G-structure Q on Y, a map
f: X — Yis G-structure preserving if fop € Qfor all p € P.
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Examples of G-structure

Example (1)

V' n-dimensional vector space

A frameis aniso p: R" — V, FR(V) C Bij(R", V)

GL(n) acts on the right transitively on FR(V), hence FR(V) is a
GL(n)-structure on V.

Conversely, given a GL(n)-structure P C Bij(R", V) on a set V, there
exists a unique vector space structure on V such that P = FR(V).
More generally, FRy, (V) is a GL( Vp)-structure on V.

Example (2)

My, M diffeomorphic differentiable manifolds

Diff(My, M) C Bij(My, M) is a Diff(My)-structure on M.
Conversely, given a Diff(My)-structure P C Bij(My, M) on a set M,

there exists a unique differentiable structure on M such that
P = Diff(My, M).
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Strengthening G-structures

Given a G-structure P C Bij(Xp, X) on X and a subgroup H C G.
An H-structure Q C P is a strengthening of P.

Example
@ Giving an O(n)-structure Q C FR(V) is the same as giving a
positive definite inner product on V.
@ SO(n)-structure Q C FR(V) <= inner product + orientation on V

@ If n=2m, U(m)-structure Q C FR(V) < real positive definite
inner product on V and an orthogonal complex structure on V

@ SL(n)-structure Q C FR(V) <= a volume form on V
@ A 1-structure Q C FR(V) is an identification of V with R".

Given a G-structure P C Bij(Xp, X) and a subgroup H C G, there are
[G : H] strengthening H-structures of P.
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Principal spaces
Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

o F

DA
Paolo Piccione (IME-USP) G-structures and affine immersions



Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9

Paolo Piccione (IME-USP) G-structures and affine immersions

Unicamp, June 2006 8/33



Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9

Example

@ G = V vector space, a principal space with structural group G is
an affine space parallel to V.
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Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9

Example

@ G = V vector space, a principal space with structural group G is
an affine space parallel to V.

@ Any group is a principal space with structural group G (right
multiplication)
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Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9

Example

@ G = V vector space, a principal space with structural group G is
an affine space parallel to V.

@ Any group is a principal space with structural group G (right
multiplication)

@ Given a subgroup H C G, for all g € G the left coset gH is a
principal space with structural group H.

w

Paolo Piccione (IME-USP) G-structures and affine immersions Unicamp, June 2006 8/33



Principal spaces

Definition

A principal space consists of a set P # (), a group G (structural group)
and a free and transitive right action of G on P.

Each p € P gives a bijection 3, : G — P, |3,(9) =p- 9

Example

@ G = V vector space, a principal space with structural group G is
an affine space parallel to V.

@ Any group is a principal space with structural group G (right
multiplication)

@ Given a subgroup H C G, for all g € G the left coset gH is a
principal space with structural group H.

@ FRy, (V) is a principal space with structural group GL( V).

w
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A G-space is a set N carrying a left G-action.
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Fiber products

A G-spaceis a set N carrying a left G-action.

Given a principal space P with structural group G and a G-space N,
there is a left G-action on P x N:|g- (p,n) = (pg~", gn).
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Fiber products

A G-spaceis a set N carrying a left G-action.

Given a principal space P with structural group G and a G-space N,
there is a left G-action on P x N:|g- (p,n) = (pg~", gn).

Definition
The fiber product P x g N is the quotient (P x N)/G. J
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Fiber products

A G-space is a set N carrying a left G-action.
Given a principal space P with structural group G and a G-space N,
there is a left G-action on P x N:|g- (p,n) = (pg~", gn).

Definition
The fiber product P x g N is the quotient (P x N)/G. J

Forallpe P,themap p: N — P xgN,|p(n) = [p, n] |is a bijection.
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Fiber products

A G-space is a set N carrying a left G-action.
Given a principal space P with structural group G and a G-space N,
there is a left G-action on P x N:|g- (p,n) = (pg~", gn).

Definition
The fiber product P x g N is the quotient (P x N)/G. J

Forallpe P,themap p: N — P xgN,|p(n) = [p, n]|is a bijection.

Example

Given a representation p : G — GL(Vp) (i.e., a left action of G on V; by
linear isomorphisms) and a G-principal space P, the set:

ﬁ (- FRVO(P XaG Vo)

consisting of all bijections p : Vo — P xg Vy is a GL(V;)-structure.
Hence, P x g Vy has the structure of a vector space.

4
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Principal fiber bundles

@ aset P (total space)
@ a differentiable manifold M (base space)
@ amap : P — M (projection)
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Principal fiber bundles

@ aset P (total space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)
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Principal fiber bundles

@ aset P (total space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)

@ aright action of G on P that makes the fiber Py = N~1(x) a
principal space, for all x € m
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Principal fiber bundles

@ aset P (total space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)

@ aright action of G on P that makes the fiber Py = N~1(x) a
principal space, for all x € m

@ a maximal atlas of admissible local sections of I1.
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Principal fiber bundles

@ aset P (total space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)

@ aright action of G on P that makes the fiber Py = N~1(x) a
principal space, for all x € m

@ a maximal atlas of admissible local sections of I1.

Lemma

There exists a unique differentiable structure on P that makes the
action of G on P smooth, I a smooth submersion, Py a smooth
submanifold, every admissible local section s : U ¢ M — P smooth,.
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Principal fiber bundles

@ aset P (total space)

@ a differentiable manifold M (base space)
@ amap : P — M (projection)

@ a Lie group G (structural group)

@ aright action of G on P that makes the fiber Py = N~1(x) a
principal space, for all x € m

@ a maximal atlas of admissible local sections of I1.

Lemma

There exists a unique differentiable structure on P that makes the
action of G on P smooth, I a smooth submersion, Py a smooth
submanifold, every admissible local section s : U c M — P smooth,.

Verp, = Ker(dMp) C TP vertical space;

canonical isomorphism dBp(1) : g — VerpP.
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P = M x Py.
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Examples of principal fiber bundles

@ ftrivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P =M x P,.

@ quotient of Lie groups: G Lie group, H C G closed subgroup,
MN: G — G/H projection; for x € G/H, n-1 (x) is a left coset of H
in G. H is the structural group.
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Examples of principal fiber bundles

@ ftrivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P =M x P,.

@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.

@ restriction: 1 : P — M principal fiber bundle, U € M open subset
Ply =N~"(U).
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, P, a principal
G-space, P =M x P,.

@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.

@ restriction: T : P — M principal fiber bundle, U C M open subset
Ply =N~"(U).

@ principal subbundles: 1N : P — M principal fiber bundle with
structural group G, H C G a Lie subgroup, Q C P satisfying:
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P =M x P,.

@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.

@ restriction: T : P — M principal fiber bundle, U C M open subset
Ply =N~"(U).

@ principal subbundles: 1N : P — M principal fiber bundle with
structural group G, H C G a Lie subgroup, Q C P satisfying:

» forall x e M, Qx = Py N Q is a principal subspace of P, with
structural group H;
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, P, a principal
G-space, P =M x P,.

@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.

@ restriction: T : P — M principal fiber bundle, U C M open subset
Ply =N~"(U).

@ principal subbundles: 1N : P — M principal fiber bundle with
structural group G, H C G a Lie subgroup, Q C P satisfying:

» for all x e M, Q, = Py N Qs a principal subspace of P, with
structural group H;

» for all x € M, there exists a smooth local section s: U — P with
x € Uand s(U) C Q.
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Examples of principal fiber bundles

@ trivial principal bundle: M manifold, G Lie group, Py a principal
G-space, P =M x P,.
@ quotient of Lie groups: G Lie group, H C G closed subgroup,
N: G — G/H projection; for x € G/H, N~'(x) is a left coset of H
in G. H is the structural group.
@ restriction: 1 : P — M principal fiber bundle, U € M open subset
Ply =N~"(U).
@ principal subbundles: 1 : P — M principal fiber bundle with
structural group G, H C G a Lie subgroup, Q C P satisfying:
» forall x e M, Q, = Py N Qs a principal subspace of Py with
structural group H;

» for all x € M, there exists a smooth local section s: U — P with
x € Uand s(U) C Q.

@ pull-backs: I : P — M principal fiber bundle, f : M — M smooth
map, F*P = U, cpr ({¥} X Pry))-
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Associated and vector bundles

G Lie group, N : P — M a G-principal bundle, N a differential G-space
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Associated and vector bundles
G Lie group, NN : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycp Px xg N
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Associated and vector bundles

G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycpy Px xg N

Definition
A vector bundle consists of:
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycpy Px xg N
Definition
A vector bundle consists of:
@ a set E (total space)
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Associated and vector bundles
G Lie group, N : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycpy Px xg N
Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifold)
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Associated and vector bundles
G Lie group, NN : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycpy Px xg N
Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifold)
@ amap « : E — M (projection)
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G Lie group, NN : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycpy Px xg N
Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifold)
@ amap « : E — M (projection)
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Associated and vector bundles

G Lie group, NN : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycpy Px xg N

Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifold)
@ amap « : E — M (projection)
@ a finite dimensional vector space Ey (typical fiber)
@ a vector space structure on each fiber E, = 7~ isomorphic to £,
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Associated and vector bundles

G Lie group, NN : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycpy Px xg N

Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifold)
@ amap « : E — M (projection)
@ a finite dimensional vector space Ey (typical fiber)
@ a vector space structure on each fiber E, = 7~ isomorphic to £,

@ a maximal atlas of admissible local sections of the fiber bundle
FREO(E) = UxeM FREO(EX)'
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Associated and vector bundles

G Lie group, NN : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycpy Px xg N

Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifold)
@ amap « : E — M (projection)
@ a finite dimensional vector space Ey (typical fiber)
@ a vector space structure on each fiber E, = 7~ isomorphic to £,

@ a maximal atlas of admissible local sections of the fiber bundle
FREO(E) = UxeM FREO(EX)'

FRE (E) XgL(Ey) Eo Z E, [p, €] — p(eg) € E
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Associated and vector bundles

G Lie group, NN : P — M a G-principal bundle, N a differential G-space
Associated bundle: P xg N = (Jycpy Px xg N

Definition
A vector bundle consists of:
@ a set E (total space)
@ a differentiable manifold M (base manifold)
@ amap « : E — M (projection)
@ a finite dimensional vector space Ey (typical fiber)
@ a vector space structure on each fiber E, = 7~ isomorphic to £,

@ a maximal atlas of admissible local sections of the fiber bundle
FREO(E) = UxeM FREO(EX)'

FRE (E) XgL(Ey) Eo Z E, [p, €] — p(eg) € E

Def.: A G-structure on E is a G-principal subbundle of FR(E).
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Principal connections

M: P — M principal fiber bundle, G structural group
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Principal connections

MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:
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Principal connections

MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

@ TpP = Horp @ Verp
@ Horpg = Horp - g
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Principal connections

MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

@ TpP = Horp @ Verp
@ Horpg = Horp - g
Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wp|ver, = dfp(1 )_1 : Verp =, g
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Principal connections

MN: P — M principal fiber bundle, G structural group

A principal connection on P is a distribution Hor(P) C TP:
@ TpP = Horp @ Verp
@ Horpg = Horp - g

Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wp|ver, = dfp(1 )_1 : Verp =, g

G-principal bundles N : P — M, " : Q — M with connections Hor(P)

and Hor(Q) and a morphism of principal bundles ¢ : P — Q, then ¢ is
connection preserving if:

‘dqf)(Hor(P)) CHor(Q) <= ¢*'(w?) =wP
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Principal connections

MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

@ Horpg = Horp - g
Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wp|ver, = dfp(1 )_1 : Verp =, g

G-principal bundles N : P — M, " : Q — M with connections Hor(P)
and Hor(Q) and a morphism of principal bundles ¢ : P — Q, then ¢ is
connection preserving if:

dg(Hor(P)) C Hor(Q) <= ¢*(w9) =uwP

Properties of principal connections
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Principal connections

MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

@ Horpg = Horp - g
Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wp|ver, = dfp(1 )_1 : Verp =, g

G-principal bundles N : P — M, " : Q — M with connections Hor(P)
and Hor(Q) and a morphism of principal bundles ¢ : P — Q, then ¢ is
connection preserving if:

dg(Hor(P)) C Hor(Q) <= ¢*(w9) =uwP

Properties of principal connections
@ can be pushed forward
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Principal connections

MN: P — M principal fiber bundle, G structural group
A principal connection on P is a distribution Hor(P) C TP:

@ Horpg = Horp - g
Connection form of Hor: g-valued one form w on P:

Ker(wp) = Horp,  wp|ver, = dfp(1 )_1 : Verp =, g

G-principal bundles N : P — M, " : Q — M with connections Hor(P)
and Hor(Q) and a morphism of principal bundles ¢ : P — Q, then ¢ is
connection preserving if:

dg(Hor(P)) C Hor(Q) <= ¢*(w9) =uwP

Properties of principal connections
@ can be pushed forward
@ induce connections on all associated bundles
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Connections on vector bundles
Definition

A connection on the vector bundle E is an R-bilinear map
V:I(TM) xT(E) > (X,e) — Vxe € I[(E)
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Connections on vector bundles

Definition
A connection on the vector bundle E is an R-bilinear map
V:I(TM) xT(E) > (X,e) — Vxe € I[(E)

@ C°(M)-linear in X
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Connections on vector bundles

Definition
A connection on the vector bundle E is an R-bilinear map
V:I(TM) xT(E) > (X,e) — Vxe € I[(E)

@ C®(M)-linear in X

@ Leibnitz rule: Vx(fe) = X(f)e + fVxe
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Connections on vector bundles

Definition
A connection on the vector bundle E is an R-bilinear map
V:I(TM) xT(E) > (X,e) — Vxe € I[(E)

@ C®(M)-linear in X

@ Leibnitz rule: Vx(fe) = X(f)e + fVxe

@ asection s: U ¢ M — FR(E) (trivialization of E) defines a
connection in E|y: | Ve = s(x)(d(sTe)xv) | x € U, v € TLM.
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Connections on vector bundles

Definition
A connection on the vector bundle E is an R-bilinear map
V :I[(TM) xT(E)> (X,e) — Vxe € [(E)

@ C®(M)-linearin X

@ Leibnitz rule: Vx(fe) = X(f)e + fVxe

@ asection s: U C M — FR(E) (trivialization of E) defines a
connection in E|y:| Ve = s(x)(d(s™e)xV) | x € U, v € TyM.
@ the difference V — V*® defines the Christoffel tensor:
T$: TeM x Ex — Ey|
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Connections on vector bundles

Definition
A connection on the vector bundle E is an R-bilinear map
V :I[(TM) xT(E)> (X,e) — Vxe € I[(E)

@ C>®(M)-linear in X

@ Leibnitz rule: Vx(fe) = X(f)e + Ve

@ asection s: U C M — FR(E) (trivialization of E) defines a
connection in E|y: | Ve = s(x)(d(s e)xV) |x € U, v € TyM.

@ the difference V — V' defines the Christoffel tensor:
TS TeM x Ex — Ey|
@ V induces natural connections on all vector bundles obtained with

functorial constructions from E: sums, tensor products, duals,
pull-backs, ...
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Connections on vector bundles

Definition
A connection on the vector bundle E is an R-bilinear map
V :I[(TM) xT(E)> (X,e) — Vxe € [(E)

@ C®(M)-linearin X

@ Leibnitz rule: Vx(fe) = X(f)e + fVxe

@ asection s: U C M — FR(E) (trivialization of E) defines a
connection in E|y:| Ve = s(x)(d(s™e)xV) | x € U, v € TyM.
@ the difference V — V* defines the Christoffel tensor:
75 TeM x Ex — Ey|
@ V induces natural connections on all vector bundles obtained with

functorial constructions from E: sums, tensor products, duals,
pull-backs, ...

° \Connections on E\ = ‘ Principal connections on FR(E) ‘
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Curvature and torsion

Curvature tensor of V: R:T(TM) x I(TM) xT(E) — I (E)

R(X,Y)e=VxVye—VyVxe— V[ny]e

Rx : TxM x TyM x Ex — Ex
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Curvature and torsion
Curvature tensor of V: R:T(TM) x I(TM) xT(E) — I (E)

R(X,Y)e=VxVye—VyVxe— V[va]e

RX:T)(MX TxMXEX—>EX

Given . : TM — E vector bundle morphism, «-torsion tensor.
T :T(TM) x T(TM) — I (E)

TL(Xv Y) - VX(L(Y)) - VY(L(X)) - L([X> Y])

T TuM x TuM — Ey
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Curvature and torsion
Curvature tensor of V: R:T(TM) x I(TM) xT(E) — I (E)

R(X,Y)e=VxVye—VyVxe— V[va]e

RX:T)(MXT)(MXEX—)EX

Given . : TM — E vector bundle morphism, «-torsion tensor.
T :T(TM) x T(TM) — [ (E)

TL(Xa Y) = VX(L(Y)) - VY(L(X)) - L([Xv Y])

T TuM x TuM — Ey

When E = TM, torsion: T(X,Y)=VxY —VyX —[X,Y].

‘ V is symmetricif T =0 ‘

Paolo Piccione (IME-USP)
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Gauss, Codazzi and Ricci equations

71 : E' — M and 7> : E2 — M vector bundle. .
Whitney sum: 7w : E = E; ® E; — M, pr; : E — E' projection
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Gauss, Codazzi and Ricci equations

71 : E' = M and 7> : E2 — M vector bundle. .

Whitney sum: w: E = By & E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):
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Gauss, Codazzi and Ricci equations

71 : E' = M and 7> : E2 — M vector bundle. .
Whitney sum: 7 : E = Ey © E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):

@ Vier = pry(Vxer) connection in E'
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Gauss, Codazzi and Ricci equations

71 : E' = M and 7> : E2 — M vector bundle. .
Whitney sum: 7 : E = Ey © E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):

@ Ve = pry(Vxer) connection in E!

@ Ver = pry(Vxez) connection in E2
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Gauss, Codazzi and Ricci equations

71 : E' = M and 7> : E2 — M vector bundle.
Whitney sum: 7 : E = E; @ E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):

@ Ve = pry(Vxer) connection in E!

@ Ver = pry(Vxez) connection in E2

@ o'(X,e) = pry(Vxen), tensor o} : TyM x EZ — E]
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Gauss, Codazzi and Ricci equations

71 : E' = M and 7> : E2 — M vector bundle.
Whitney sum: 7 : E = E; @ E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):

@ Ve = pry(Vxer) connection in E!

@ Ver = pry(Vxez) connection in E2

e o'(X,e) =pry(Vxen), tensor o} : TyM x EZ — E]

@ a?(X,eq) = pry(Vxey), tensor o : TeM x E} — EZ
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Gauss, Codazzi and Ricci equations

71 : E' = M and 7> : E2 — M vector bundle.
Whitney sum: 7 : E = E; @ E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):

@ Ve = pry(Vxer) connection in E!

@ Ver = pry(Vxez) connection in E2

e o'(X,e) =pry(Vxen), tensor o} : TyM x EZ — E]

@ a?(X,€1) = pry(Vxer), tensor a2 : TyM x E} — E2
Gauss equation:

pry (F?(X, Y)e1) = Ry(X,Y)ey + (X, oa?(Y, 61)) —a' (Y, (X, 61))
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Gauss, Codazzi and Ricci equations

71 : E' = M and 7> : E2 — M vector bundle. .
Whitney sum: 7 : E = Ey © E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):
@ Vker = pry(Vxer) connection in E'
@ Ver = pry(Vxez) connection in E2
e o'(X,e) =pry(Vxen), tensor o} : TyM x EZ — E]
@ a?(X,€1) = pry(Vxer), tensor a2 : TyM x E} — E2
Gauss equation:
pry (R(Xa Y)61) =Ry (Xa Y)€1 + o (Xa a2(Ya €1 )) —a (Y7 QQ(X’ €1 ))
Codazzi equations

pro (R(X, Y)e1) =Va?(X,Y,e1) = Va2(Y, X, e1) + o?
pry (R(X, Y)ez2) = Va' (X, Y, e2) — Va' (Y, X, e2) + o'

)

(T(X,Y),€1)
(T(X,Y),e)

)
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Gauss, Codazzi and Ricci equations

71 : E' = M and 7> : E2 — M vector bundle.
Whitney sum: - E = E; ® E; — M, pr; : E — E' projection.
V connection on E. Given sections ¢’ € T(E'):

@ Vker = pry(Vxer) connection in E'

@ Ver = pry(Vxez) connection in E2

e o'(X,e) =pry(Vxen), tensor o} : TyM x EZ — E]

@ a?(X,€1) = pry(Vxer), tensor a2 : TyM x E} — E2
Gauss equation:

P14 (R(Xa Y)61) = Ry (Xa Y)€1 + o (X7 a2(Y7 €1 )) —a (Y? QQ(X’ €1 ))
Codazzi equations

prz(R(X, Y)e1) =Va?(X,Y,e1) — Va2(Y, X, e) +a2(T(X, ,61)
(T(X

Y)
P14 (R(Xa Y)€2) = Va! (Xa Y, 62) - Voﬂ(Y, X, 62) +a ( ) Y)? 62)
Ricci equation
prz(R(X, Y)Eg) = Ry(X, Y)ea +a? (X, (Y, 62)) — az(Y, ol (X, 62))

Paolo Piccione (IME-USP) G-structures and affine immersions Unicamp, June 2006 18/33



Outline

© Inner torsion of a G-structure
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Inner torsion via principal fiber bundles

m: E — M vector bundle, G C GL(k), P C FR(E) a G-structure
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Inner torsion via principal fiber bundles

m : E — M vector bundle, G C GL(k), P C FR(E) a G-structure
Hor(FR(E)) c T(FR(E)) principal connection.
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Inner torsion via principal fiber bundles

m : E — M vector bundle, G C GL(k), P C FR(E) a G-structure
Hor(FR(E)) c T(FR(E)) principal connection.

If for p € P, Horp (FR(E)) C TpP, Hor|p is a principal connection in P.
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Inner torsion via principal fiber bundles

m : E — M vector bundle, G C GL(k), P C FR(E) a G-structure
Hor(FR(E)) c T(FR(E)) principal connection.

If for p € P, Horp (FR(E)) C TpP, Hor|p is a principal connection in P.

(

ToP C To(FR(E)) = Horp @ Ver, 2% T, M @ gl(RK)
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Inner torsion via principal fiber bundles

m : E — M vector bundle, G C GL(k), P C FR(E) a G-structure
Hor(FR(E)) c T(FR(E)) principal connection.

If for p € P, Horp (FR(E)) C TpP, Hor|p is a principal connection in P.

ToP C To(FR(E)) = Horp & Ver, 25 T,M & gi(RF)

Since dp : T,P — TyM and (dMp, wp)(T,P) N gl(R¥) = g, there
exists L : TyM — gl(R¥)/g linear s.t.:

ToP = {(v.X) € TM® gl(R¥) : L(v) = X + g}
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Inner torsion via principal fiber bundles

m: E — M vector bundle, G C GL(k), P C FR(E) a G-structure
Hor(FR(E)) C T(FR(E)) principal connection.

If for p € P, Horp (FR(E)) C TpP, Hor|p is a principal connection in P.

TpP C T,(FR(E)) = Horp & Verp (d%p) TxM & gl(RK)

Since dp : T,P — TyM and (dMp, wp)(T,P) N gl(RK) = g, there
exists L : TyM — gl(R¥)/g linear s.t.:

ToP = {(v,X) € TM® gl(R¥) : L(v) = X + g}

OBS 1: [L = 0|«= | TpP = T, © g| <= Horp C TpP|
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Inner torsion via principal fiber bundles

m: E — M vector bundle, G C GL(k), P C FR(E) a G-structure
Hor(FR(E)) C T(FR(E)) principal connection.

If for p € P, Horp (FR(E)) C TpP, Hor|p is a principal connection in P.

TpP C T,(FR(E)) = Horp & Verp (d%p) TxM & gl(RK)

Since dp : T,P — TyM and (dMp, wp)(T,P) N gl(RK) = g, there
exists L : TyM — gl(R¥)/g linear s.t.:

ToP = {(v,X) € TM® gl(R¥) : L(v) = X + g}

OBS1:|L=0 @’TPP% Tx®g‘<:>’HorpC TpP‘
OBS 2: Adj, : gl(RK) — gi(Ex), Adp : gl(R¥)/g — gl(Ex)/gx,

3P =AdpoL: TyM — gl(Ey)/gx does not depend on p!  torsion
Unicamp, June 2006  20/33




Inner torsion via vector bundles

@ 7 : E — M vector bundle
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Inner torsion via vector bundles

@ 1 : E — M vector bundle
@ G c GL(RR¥) Lie subgroup
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Inner torsion via vector bundles

@ 1 : E — M vector bundle
@ G c GL(R¥) Lie subgroup
@ P C FR(E) a G-structure on E
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Inner torsion via vector bundles

@ 7w : E — M vector bundle

@ G c GL(R¥) Lie subgroup

@ P C FR(E) a G-structure on E
@ V connectionon E
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Inner torsion via vector bundles

@ 7w : E — M vector bundle

@ G c GL(R¥) Lie subgroup

@ P C FR(E) a G-structure on E

@ V connection on E

@ s: U — P frame of E compatible with P, x € U
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Inner torsion via vector bundles

@ 7w : E — M vector bundle

@ G c GL(R¥) Lie subgroup

@ P C FR(E) a G-structure on E

@ V connection on E

@ s: U — P frame of E compatible with P, x € U
@ Iy : TxM — gl(Ex) Christoffel tensorof V rel. to s
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Inner torsion via vector bundles

@ 7w : E — M vector bundle

G C GL(RX) Lie subgroup

P C FR(E) a G-structure on E

V connection on E

s: U — P frame of E compatible with P, x € U
I'x : TxM — gl(Ex) Christoffel tensor of V rel. to s
w connection form of Hor(FRg,(E)) and & = s*w
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Inner torsion via vector bundles

@ 7 : E — M vector bundle
@ G c GL(R¥) Lie subgroup

@ P C FR(E) a G-structure on E

@ V connectionon E

@ s: U — P frame of E compatible with P, x € U

@ Iy : TxM — gl(Ex) Christoffel tensor of V rel. to s
@ w connection form of Hor(FRg,(E)) and & = s*w

P TyM — gl(Ex)/gx is given by:

%
TeM =5 — al(R¥) — ooy 91(RY) /g gl(Ex)/ax

ox Ady
x l ,, |
quotient

gl(Ex) —

Paolo Piccione (IME-USP) G-structures and affine immersions Unicamp, June 2006
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An example

7 . E — M vector bundle with a Riemannian metric g
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An example

7 . E — M vector bundle with a Riemannian metric g
V connection on E.
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An example

7 . E — M vector bundle with a Riemannian metric g
V connection on E.
O(k)-structure of g-orthonormal frames of E: P C FR(E)

Paolo Piccione (IME-USP) G-structures and affine immersions Unicamp, June 2006 22/33



An example

7 . E — M vector bundle with a Riemannian metric g
V connection on E.

O(k)-structure of g-orthonormal frames of E: P C FR(E)
Lin(Ex)/so(Ex) = sym(Ex) by the map T — %(T + T%).

Paolo Piccione (IME-USP)
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An example

7 . E — M vector bundle with a Riemannian metric g

V connection on E.

O(k)-structure of g-orthonormal frames of E: P C FR(E)
Lin(E)/so(Ex) = sym(Ex) by the map T+ 5(T + T*).

An explicit computation using local sections of E that are constant in
some orthonormal frame s: U — P gives:

3(v) = 3(F(v) + T (v)") = —3Vvg € sym(Ey)

forall x e M, v e TyM.
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An example

7 . E — M vector bundle with a Riemannian metric g

V connection on E.

O(k)-structure of g-orthonormal frames of E: P C FR(E)
Lin(E)/so(Ex) = sym(Ex) by the map T+ 5(T + T*).

An explicit computation using local sections of E that are constant in
some orthonormal frame s : U — P gives:

3(v) = 3(T(v) +T(v)") = =5 Vg € sym(Ey)

forallx e M, v e TyM.

Lemma
P =0 iff g is V-parallel. J
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Affine immersions

Problem. Given objects:
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Affine immersions
Problem. Given objects:

@ M an n-dimensional differentiable manifold
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Affine immersions

Problem. Given objects:
@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold
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Affine immersions

Problem. Given objects:
@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold

@ 7 : E — M a vector bundle over M with typical fiber RX, n = n+ k
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Affine immersions

Problem. Given objects:
@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold
@ 7 : E — M a vector bundle over M with typical fiber RX, n = n+ k
@ V aconnectionon E = TMa@ E

Paolo Piccione (IME-USP) G-structures and affine immersions Unicamp, June 2006 24/33



Affine immersions

Problem. Given objects:
@ M an n-dimensional differentiable manifold

@ M an n-dimensional differentiable manifold

@ 7 : E — M a vector bundle over M with typical fiber RX, 7 = n + k
@ V aconnectionon E = TM @ E

@ V a connectionon TM
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Affine immersions

Problem. Given objects:
@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold
@ 7 : E — M a vector bundle over M with typical fiber RX, n = n+ k
@ V aconnectionon E = TM @ E

@ V aconnection on TM
Definition
An affine immersion of (M, E, V) into (M, V) is a pair (f, L), where

f: M — Mis a smooth map, L : E — f*TM is a connection preserving
vector bundle isomorphism with: ’ Lx|t,m =dfy, VYXxe M. ‘
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Affine immersions

Problem. Given objects:
@ M an n-dimensional differentiable manifold
@ M an n-dimensional differentiable manifold
@ 7 : E — M a vector bundle over M with typical fiber RX, n = n+ k
@ V aconnectionon E = TM @ E
@ V aconnectionon TM

Definition
An affine immersion of (M, E V) into (M, V) is a pair (f, L), where

f: M — Mis a smooth map, L : E — f*TM s a connection preserving
vector bundle isomorphism with: ‘ Ly|rm =dfy, Vxe M.

Uniqueness: If M is connected, given (', L") and (f2, L?) with
f1(x0) = f2(x0) and L'(xp) = L2(x0), then (', L") = (£2, L?).
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Infinitesimally homogeneous manifolds — 1

(M, V) affine manifold
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Infinitesimally homogeneous manifolds — 1
(M, V) affine manifold

G C GL(n) Lie subgroup,
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Infinitesimally homogeneous manifolds — 1

(M, V) affine manifold
G C GL(n) Lie subgroup,

P C FR(TM) a G-structure.
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Infinitesimally homogeneous manifolds — 1

(M, V) affine manifold
G C GL(n) Lie subgroup,

P C FR(TM) a G-structure.

For x € M, Gx C GL(TxM) subgroup of G-structure preserving
endomorphisms, gx = Lie(Gx).
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Infinitesimally homogeneous manifolds — 1

(M, V) affine manifold
G C GL(n) Lie subgroup,
P C FR(TM) a G-structure.

For x € M, Gx C GL(TxM) subgroup of G-structure preserving
endomorphisms, gx = Lie(Gx).

o : TxM — T,M G-structure preserving,
Z, :GL(TyM) 5 T = g0 Too ' € GL(T,M).

Ad, < gI(TuM) — gl(T,M) = [Ad, : gl(TM) /g, — al(T,M) /gy
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Infinitesimally homogeneous manifolds — 2

Definition
(M, V, P) is infinitesimally homogeneous it for all o : TM — T,M
G-structure preserving:

@ Ad, o 3)"? = 3}"3 oo

@ Ty is o-related with T,

@ Ry is o-related to Ry .
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Infinitesimally homogeneous manifolds — 2

Definition
(M, V, P) is infinitesimally homogeneous it for all o : TM — T,M
G-structure preserving:

@ Ad, o 3)"? = 3}",3 oo

@ Ty is o-related with T,

@ Ry is o-related to Ry .

Theorem

(M, V, P) is infinitesimally homogeneous iff 37, T and R are constant
in frames of the G-structure P.
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The immersion theorem — 1

Theorem (part 1)
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The immersion theorem — 1

Theorem (part 1)

o (M", ¥, P) affine manifold with G-structure P infinitesimally
homogeneous;
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The immersion theorem — 1

Theorem (part 1)
° (Vﬁ, V, P) affine manifold with G-structure P infinitesimally
homogeneous;

@ M" differentiable manifold, = : E — M vector bundle with typical
fiber R¥, n = n+ k;
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The immersion theorem — 1

Theorem (part 1)
o (M", ¥, P) affine manifold with G-structure P infinitesimally
homogeneous;
@ M" differentiable manifold, = : E — M vector bundle with typical
fiber R¥, n = n+ k;
@ V connection on E = TM & E with i-torsion T, . : TM® E — TM
inclusion;
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The immersion theorem — 1

Theorem (part 1)
o (M", ¥, P) affine manifold with G-structure P infinitesimally
homogeneous;

@ M" differentiable manifold, = : E — M vector bundle with typical
fiber R¥, n = n+ k;

@ V connection on E = TM & E with .-torsion T, . : TM @ E — TM
inclusion;

@ PcC FR(E) a G-structure on E.
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The immersion theorem — 2

Theorem (part 2)
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The immersion theorem — 2

Theorem (part 2)

Assume that forallx e M,y € M and o : EX — Tyﬁ G-structure
preserving:
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The immersion theorem — 2

Theorem (part 2)

Assume that forallx e M,y € M and o : EX — Tym G-structure
preserving:

() rdgojf:jPoJ’TXM,'
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The immersion theorem — 2

Theorem (part 2)

Assume that forallx e M,y € M and o : EX — Tym G-structure
preserving:

() Ad ojP jPOO'|TXM,

o T, is o-related with Wi
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The immersion theorem — 2

Theorem (part 2)

Assume that forallx e M,y € M and o : EX — Tym G-structure
preserving:

@ Ad, oJP JPOU|TXM,
° TX is o-related with Ty,
® Ry is o-related with R, .
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The immersion theorem — 2

Theorem (part 2)
Assume that forallx e M,y € M and o : Ex — TyM G-structure
preserving:

@ Ad, 03P =3P oo|rm;

° TX is o-related with Ty,

® Ry is o-related with R, .

Then, forall xo € M, yo € M, 09 : Ex — T,,M G-structure preserving,
there exist a locally defined affine immersion (f, L) of (M, E, V) into
(M, V) with f(xo) = Yo, L(X0) = 0o, and such that L is G-structure
preserving.
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The immersion theorem — 2

Theorem (part 2)
Assume that forallx e M,y € M and o : EX — Tyﬁ G-structure
preserving:

0 Ad, 0 3F =3P oo|rm;

o Ty is o-related with T;

o Ry is o-related with R, .
Then, for all x, € M, yy € M, o : Ex — T,,M G-structure preserving,
there exist a locally defined affine immersion (f, L) of (M, E, V) into

(M, V) with f(xo) = o, L(X0) = o0, and such that L is G-structure
preserving.

If M is simply connected and (M, V) is geodesically complete, then the
affine immersion is global.

v
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@ Examples
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Manifolds with constant sectional curvature

Wﬁ,* Riemannian manifold with constant sectional curvature
g
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Manifolds with constant sectional curvature

(Vﬁ, g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames

Paolo Piccione (IME-USP) G-structures and affine immersions Unicamp, June 2006 30/33



Manifolds with constant sectional curvature

(Vﬁ, g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames
V Levi—Civita connection of g = T =0 and 3° =0
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Manifolds with constant sectional curvature

(Vﬁ, g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames
V Levi—Civita connectionof g = T =0and 3° =0

Every isometry preserves the curvature, hence (M, V, P) is
infinitesimally symmetric.
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Manifolds with constant sectional curvature
(V”,g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames

V Levi—Civita connectionof g = T =0and 3° =0

Every isometry preserves the curvature, hence (M, V, P) is
infinitesimally symmetric.

(M", g) Riemannian manifolds endowed with a connection V
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Manifolds with constant sectional curvature

(W”,g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames

V Levi—Civita connection of g = T =0 and 3° =0

Every isometry preserves the curvature, hence (M, V, P) is
infinitesimally symmetric.

(M", g) Riemannian manifolds endowed with a connection V

7 : E — M Riemannian vector bundle with typical fiber R¥, k =7 — n,
and metric g, endowed with a connection vE
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Manifolds with constant sectional curvature

(W”,g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames

V Levi—Civita connection of g = T =0 and 3° =0

Every isometry preserves the curvature, hence (M, V, P) is
infinitesimally symmetric.

(M", g) Riemannian manifolds endowed with a connection V

7 : E — M Riemannian vector bundle with typical fiber R, k = 7 — n,
and metric g, endowed with a congectioAn vE

Metric g = g @ gF and connection Von E=TM & E.
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Manifolds with constant sectional curvature

(W”,g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames

V Levi—Civita connectionof g = T =0and 3 =0

Every isometry preserves the curvature, hence (M, V, P) is
infinitesimally symmetric.

(M", g) Riemannian manifolds endowed with a connection V

7 : E — M Riemannian vector bundle with typical fiber RX, k=n-n,
and metric g, endowed with a congectioAn vE

Metric @A: g ® gF and connection Von E=TM @ E.

P C FR(E) is the O(n)-structure of g-orthonormal frames.
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Manifolds with constant sectional curvature

(W”,g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames

V Levi—Civita connection of g = T =0 and 3° =0

Every isometry preserves the curvature, hence (M, V, P) is
infinitesimally symmetric.

(M", g) Riemannian manifolds endowed with a connection V

7 : E — M Riemannian vector bundle with typical fiber RX, k=n-n,
and metric g, endowed with a congectioAn vE

Metric @A: g ® gF and connection Von E=TM @ E.

P C FR(E) is the O(n)-structure of g-orthonormal frames.

@ relating T and T = 0 means:

» symmetry of the second fundamental form
» V symmetric
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Manifolds with constant sectional curvature

(W",g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames

V Levi—Civita connectionof g = T =0and 3° =0

Every isometry preserves the curvature, hence (M, V, P) is
infinitesimally symmetric.

(M", g) Riemannian manifolds endowed with a connection V

7 : E — M Riemannian vector bundle with typical fiber RX, k =7 — n,
and metric gg, endowed with a connection vE

Metric @A: g @® gF and connection VOonE=TM&E.

P C FR(E) is the O(n)-structure of g-orthonormal frames.

@ relating T and T = 0 means:
» symmetry of the second fundamental form
» V symmetric

e relating 37 with 37 = 0 means: Vg = 0.
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Manifolds with constant sectional curvature

(W”,g) Riemannian manifold with constant sectional curvature
O(n)-structure P C FR(TM) given by orthonormal frames

V Levi—Civita connection of g = T =0 and 3° =0

Every isometry preserves the curvature, hence (M, V, P) is
infinitesimally symmetric.

(M", g) Riemannian manifolds endowed with a connection V

7 : E — M Riemannian vector bundle with typical fiber RX, k=n-n,
and metric g, endowed with a congectioAn vE

Metric QA: g ® gF and connection Von E=TM @ E.

P C FR(E) is the O(n)-structure of g-orthonormal frames.

e relating T and T = 0 means:
» symmetry of the second fundamental form
» V symmetric

e relating 37 with 37 = 0 means: Vg = 0.
@ relating R with R: Gauss, Codazzi and Ricci equations.
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Kahler manifolds

Let M be a manifold and P ¢ FR(TM) a U(n)-structure:
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Kéhler manifolds
Let M be a manifold and P ¢ FR(TM) a U(n)-structure:
@ g Riemannian metric on M
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Kéhler manifolds
Let M be a manifold and P ¢ FR(TM) a U(n)-structure:

@ g Riemannian metric on M
@ a quasi-complex orthogonal structure J on TM
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Kéhler manifolds
Let M be a manifold and P ¢ FR(TM) a U(n)-structure:

@ g Riemannian metric on M
@ a quasi-complex orthogonal structure J on TM

Frames p € P are isometries p : R?™ =~ C™ — T(M that are C-linear.

Paolo Piccione (IME-USP) G-structures and affine immersions Unicamp, June 2006 31/33



Kahler manifolds

Let M be a manifold and P ¢ FR(TM) a U(n)-structure:
@ g Riemannian metric on M
@ a quasi-complex orthogonal structure J on TM

Frames p € P are isometries p : R?™ =~ C™ — T(M that are C-linear.
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Kahler manifolds

Let M be a manifold and P ¢ FR(TM) a U(n)-structure:
@ g Riemannian metric on M
@ a quasi-complex orthogonal structure J on TM

Frames p € P are isometries p : R?™ =~ C™ — T(M that are C-linear.
u(TxM) C so(Ty) C Lin(TxM), hence:

| Lin(TM)/u(TM) = [Lin(T,M) /s0(TM)] & [s0( M) /u(T,M)] |
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Kahler manifolds

Let M be a manifold and P ¢ FR(TM) a U(n)-structure:
@ g Riemannian metric on M
@ a quasi-complex orthogonal structure J on TM

Frames p € P are isometries p : R?™ =~ C™ — T(M that are C-linear.
w(TxM) = {T € so(TxM) : Ty = Jx T}
u(TxM) C so(Ty) C Lin(TxM), hence:

| Lin(TM) /u(TM) = [Lin(TM) /s0(TM)] & [s0( M) /u(TM)] |

Lin(TeM) > T — (555, [I5,J])
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Kahler manifolds

Let M be a manifold and P ¢ FR(TM) a U(n)-structure:
@ g Riemannian metric on M
@ a quasi-complex orthogonal structure J on TM

Frames p € P are isometries p : R?™ =~ C™ — T(M that are C-linear.
w(TxM) = {T € so(TxM) : Ty = Jx T}
u(TxM) C so(Ty) C Lin(TxM), hence:

| Lin(TM) /u(TM) = [Lin(TM) /s0(TM)] & [s0( M) /u(TM)] |
Lin(TeM) > T — (555, [ 55, J])

2 2

jf(v) - (_%vvgv Vyd + % [vvga J])

forallx e M, v e T,yM.
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Kahler manifolds

Let M be a manifold and P ¢ FR(TM) a U(n)-structure:
@ g Riemannian metric on M
@ a quasi-complex orthogonal structure J on TM

Frames p € P are isometries p : R?™ =~ C™ — T(M that are C-linear.
u(TxM) = {T € so(TxM) : Tdy = JXT}
u(TxM) C so(Ty) C Lin(TxM), hence:

| Lin(TM) /u(TM) = [Lin(TM) /s0(TM)] & [s0( M) /u(TM)] |

Lin(TeM) > T — (555, [ 55, J])

jX(V) = ( Vg7 VJ+ 2 [va, J])
forallx e M, v e T,yM.

Theorem
3P = 0iff (M, g,J) is Kéhler.
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Kahler manifolds

Let M be a manifold and P ¢ FR(TM) a U(n)-structure:
@ g Riemannian metric on M
@ a quasi-complex orthogonal structure J on TM
Frames p € P are isometries p : R?™ =~ C™ — T(M that are C-linear.
w(TxM) = {T € so(TxM) : Ty = Jx T}
u(TxM) C so(Tpy) C Lin( TxM), hence:
| Lin(TM) /u(TM) = [Lin(TM) /s0(TM)] & [s0( M) /u(TM)] |

Lin(TeM) > T — (555, [ 55, J])

jX(V) = ( Vg7 VJ+ 2 [va, J])
forallx e M, v e T,yM.
Theorem

3P =0 iff (M, g, J) is Kéhler. (M, V, P) is infinitesimally homogeneous
iff g has constant holomorphic curvature.
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An example with non vanishing inner torsion

(M",g) Riemannian manifold, ¢ € [(TM) unit vector field.

= & - = DA
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An example with non vanishing inner torsion

(M",g) Riemannian manifold, ¢ € [(TM) unit vector field.

G= (SO(H1) >,
1

G-structure P in TM: orthonormal frames ’ er,..., en,1,§‘
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An example with non vanishing inner torsion

(M",g) Riemannian manifold, ¢ € [(TM) unit vector field.

G— (SO(H—1) >7
1

G-structure P in TM: orthonormal frames‘ e,..., e,H,é“

Gy = {A € SO(T, M) : A¢) = ¢}
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An example with non vanishing inner torsion

(M",g) Riemannian manifold, ¢ € [(TM) unit vector field.

G— (SO(H—1) >7
1

G-structure P in TM: orthonormal frames‘ e,..., en,1,§‘

Gy = {AESO(TM): A(€) =&} | |ax = {Lcso(TM): L(¢) =0}
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An example with non vanishing inner torsion

(M",g) Riemannian manifold, ¢ € [(TM) unit vector field.

G— (SO(H—1) >7
1

G-structure P in TM: orthonormal frames‘ e,..., en,1,§‘

Ge = {AcSO(TM): A€) = €}| |gx = {L € so(TM) : L(€) = 0}

gl(TxiM)/gx = sym(TM) & & | | L+ gx — (Z(L+ L¥), 3(L— L¥)€)

Paolo Piccione (IME-USP) G-structures and affine immersions Unicamp, June 2006 32/33



An example with non vanishing inner torsion

(M",g) Riemannian manifold, ¢ € [(TM) unit vector field.

G— (SO(H—1) >7
1

G-structure P in TM: orthonormal frames‘ e,..., en,1,§‘

Ge = {AcSO(TM): A€) = €}| |gx = {L € so(TM) : L(€) = 0}

gl(TxM)/gx = sym(TM) @ & | | L+ gx — (F(L+ L*), F(L— L¥)¢)

FW) = (- 590, V6 + 1V,0) |
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An example with non vanishing inner torsion

(M",g) Riemannian manifold, ¢ € [(TM) unit vector field.

G— (SO(H—1) >7
1

G-structure P in TM: orthonormal frames‘ e,..., en,1,§‘

Ge = {AcSO(TM): A€) = €}| |gx = {L € so(TM) : L(€) = 0}

gl(TxM)/gx = sym(TM) @ & | | L+ gx — (F(L+ L*), F(L— L¥)¢)

jf(V) = ( - %vaa V€ + %va)

Lemma

= 0 iffg and ¢ are parallel.
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An example with non vanishing inner torsion

(M",g) Riemannian manifold, ¢ € [(TM) unit vector field.

G— (SO(H—1) >7
1

G-structure P in TM: orthonormal frames‘ e,..., en,1,§‘

Ge = {AcSO(TM): A€) = €}| |gx = {L € so(TM) : L(€) = 0}

gl(TxM)/gx = sym(TM) @ & | | L+ gx — (F(L+ L*), F(L— L¥)¢)

jf(V) = ( - %vaa V€ + %va)

Lemma

= 0 iff g and ¢ are parallel. (M, ¥, P) is infinitesimally
homogeneous iff R and V¢ can be written in terms of g and & only.

Paolo Piccione (IME-USP) G-structures and affine immersions Unicamp, June 2006 32/33



3-dimensional homogeneous manifolds (B. Daniel)

products $% x R, H? x R)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry
group (includes: Berger spheres, Heisenberg space Nilz, PSL>(R),

= & - = DA
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3-dimensional homogeneous manifolds (B. Daniel)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry
group (includes: Berger spheres, Heisenberg space Nilz, PSL>(R),
products $% x R, H? x R)

Geometrical structure: Riemannian fibrations over a 2-dim. space
form. Fibers are geodesics, the vertical field ¢ is Killing.
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3-dimensional homogeneous manifolds (B. Daniel)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry
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3-dimensional homogeneous manifolds (B. Daniel)

(M, g) 3-dimensional homogeneous manifold with 4-dim. isometry

group (includes: Berger spheres, Heisenberg space Nilz, PSL>(R),
products $% x R, H? x R)

Geometrical structure: Riemannian fibrations over a 2-dim. space
form. Fibers are geodesics, the vertical field € is Killing.

Classified by two constants: « curvature of the base, 7 bundle
curvature: V¢ = 7v x ¢ (Obs.: needs orientation!)
e 7=0,then M = M?(k) x R
e 7#£0:
» k> 0 = Berger spheres
» k=0=—= Nils

» k< 0= PSLQ(R)
R computed explicitly: formula involving only g e ¢ 7
Infinitesimally homogeneous SO(n — 1)-structure with non vanishing 37
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