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EFGHIJKL MN OPIQLRJSTL U
MN VW XQFPRY ZQL[KYW F \ ]W[^_`^RFRY U
a N ][LQRF_YPb c
d N e[f YI^gL h
i N jbIQJIJQF RYbIF kLPL_QFlF h

EFGHIJKL a N mJPRFWYPILb RF ]PnK^bY o^PInI^pF jbIFIHbI^pF q
MN jbIQJIJQFb Y rYGQYbYPIFSsYb MM
a N tYGYPRuPp^F Y ELPbI^IJ ^PIYb MM
d N rYpJQbLb v^P_`HbI^pLb Ma
i N k wILRLb Y xwpP^pFb VI^K^yFRLb Md

EFGHIJKL d N kLRYKLb jbIFIHbI^pLb RY ]PnK^bY o^PInI^pF Mh
MN k YR^RFb RY jlp^uPp^F Mh
a N XQFW nI^pFb v^gQYb RY ELPIYzIL {XvEb| Mh
d N XQFW nI^pFb v^gQYb RY ELPIYzIL ZQL[F[^KHbI^pFb {XvEZb| M}
i N kLRYKL ZQLGLbIL GLQ E~FQP^F� {Mqqh| Mq
U N kLRYKLb �FbYFRLb YW �^bI�Q^F a�
c N XvEZb �TL�vYz ^pFK^yFRFb ai
h N kLRYKL RY ELPIYzIL RY ELPbI^IJ^PIYb aU
} N kLRYKL RY tYGYPRuPp^F Y ELQGL RY ELPbI^IJ^PIYb ac

EFGHIJKL i N t ^bpJbbTL aq
rY�YQuPp^Fb � ^[K^L_QnlpFb d M
]GuPR^pY ] N ] K_LQ^IWL RY xQY^PFWYPIL dd
]GuPR^pY � N ] K_LQ^IWL RY jFQKY� dU
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VW RLb QY�J^b^ILb �JPRFW YPIF^b GFQF L [LW �JPp^LPFW YPIL RY b^bIYW Fb RY
GQLpYbbFW YPIL RY K^P_JF_YW � YbG Yp^FKW YPIY �JFPRL w PYpYbbnQ^F F ^PIYQGQY�
IFSTL {pLW L YW b^bIYW Fb RY jzIQFSTL RY OP�LQW FSTL � xQFRJSTL ]JILWnI^pF �
LJ rYpLP~Yp^W YPIL RY mFKF| � w F Ylp^uPp^F PF QYpJGYQFSTL RF YbIQJIJQF b^P�
InI^pF RFb bYPIYPSFb N jW bJF �LQW F WF^b b^WGKYb � L GQL[KYW F RF FPnK^bY
b^PInI^pF YPgLKgY F RYlP^STL RY JW FK_LQ^IWL �JY FbbLp^F F JWF bYPIYSF RY
YPIQFRF bJF pLQQYbGLPRYPIY YbIQJIJQF RY nQgLQY b^PInI^pF � N

jbIF FPnK^bY b^PInI^pF w QYFK^yFRF GYKL ���������� ���������� � �JY IYW GLQ
�JPSTL QYpJG YQn�KF pLW F Ff JRF RY JWF _QFW nI^pF � LJ FIQFgwb RY FGQYPR^yF_YW
FJILWnI^pF JI^K^yFPRL JW [FPpL RY bYPIYPSFb � IFW[wW p~FWFRL RY p�QGJb LJ
������� N VW p�QGJb w JWF pLKYSTL {_QFPRY| RY bYPIYPSFb FJIuPI^pFb FPLIFRFb
W FPJFKWYPIY pLW ^P�LQW FSsYb b^PInI^pFb Y WLQ�Lbb^PInI^pFb {gYf F bYSTL d| N
jzYWGKLb RY p�QGJb bTL L ¡ ��� ¢������  £¤¤¥ � GFQF L ^P_Kub � Y L ¢¦�§ � ¨ ��§ �£©ª¥ � GFQF L GLQIJ_Jub RL �QFb^K N

�L pFbL RF FPnK^bY b^PInI^pF pLWL JW GQL[KYW F RY FGQYPR^yFRL RY Wn�J^PF �
JW F �JPSTL � �����«�

−→
��¬��� w ^PRJy^RF F GFQI^Q RY JW pLPf JPIL RY IQY^PF�

W YPIL L[I^RL RL p�QGJb N ] FgFK^FSTL RF GQYp^bTL RL WLRYKL w �Y^IF JbFPRL�bY
JW pLPf JPIL RY IYbIY pLPIYPRL bYPIYPSFb PTL GFQI^p^GFPIYb RL IQY^PFWYPIL N �L
pFbL RLb W wILRLb YbIFIHbI^pLb � L FGQYPR^yFRL bY ILQPF JWF IFQY�F RY YbI^W FI^gF
RY gFKLQYb RY GFQWYIQLb F GFQI^Q RY RFRLb RY IQY^PFWYPIL N ] pLW[^PFSTL RLb
W YK~LQYb GFQWYIQLb �LQW F F nQgLQY W F^b GQLgngYK GFQF JW F RFRF bYPIYPSF N

©® ¯° ±²³´µ¶ ·²¸¹ º¶°³ » ¼°¹½¾¿½µ³µ¶
]W[^_`^RFRY w JW _QFPRY GQL[KYW F PF FPnK^bY b^PInI^pF � Y JW F RFb GQ^Pp^�

GF^b W LI^gFSsYb GFQF F YbpLK~F RLb W wILRLb YbIFIHbI^pLb N ] K_JPb GLJpLb pFbLb
RY FW[^_`^RFRY b^PInI^pF � RYPIQY Lb WJ^ILb Yz ^bIYPIYb � bTL Lb bY_J^PIYb \
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•
]W[^_`^RFRY RY pFIY_LQ^F b^PInI^pF N ZLQ YzYWGKL � F GFKFgQF [FPpL
GLRY bYQ IFPIL JW gYQ[L �JFPIL JW bJ[bIFPI^gL ò

•
]W[^_`^RFRY PF K^_FSTL RY b^PIF_WFbó GQYGLb^p^LPF^b N ] bYPIYPSF
ô] WYP^PF g^J L WYP^PL RY [^P�pJKLõ IYW PL W HP^WL RJFb nQgLQYb
b^PInI^pFb \ JW F pLW L b^PIF_W F RY [^P�pJKL WLR^lpFPRL W YP^PL {LJ
bYf F � L W YP^PL w �JY YbIFgF RY [^P�pJKL| � Y LJIQF W LR^lpFPRL W YP^PF
{LJ bYf F � F W YP^PF YbIFgF RY [^P�pJKL Y g^J L WYP^PL| N

•
]W[^_`^RFRY YW pLLQRYPFSTL N �F bYPIYPSF ôJW GQL_QFW F GFQF GQL�
WLgYQ bY_JQFPSF YW pFW ^P~sYb Y G YQJFbõ � F GFKFgQF G YQJFb GLRY bYQ
pLLQRYPFRF pLW pFW ^P~sYb � bY_JQFPSF LJ GQL_QFW F � _YQFPRL gnQ^Fb
nQgLQYb b^PInI^pFb GLbbHgY^b N

] FW[^_`^RFRY b^PInI^pF _YQF JWF YzGKLbTL YzGLPYPp^FK RY FPnK^bYb GFQF
JWF bYPIYPSF N oY_JPRL ELKK^Pb {Mqqq| £©ö¥ � L GQL[KYW F pLW YbIYb Y LJIQLb
I^G Lb RY FW[^_`^RFRY w F^PRF F_QFgFRL �JFPRL bY IQFIF RY bYPIYPSFb KLP_Fb �
ILQPFPRL PYpYbbnQ^F JWF _QFW nI^pF [FbIFPIY FWGKF N jbIYb �FILb WLI^gFQFW
Fb GYb�J^bFb GLQ WLRYKLb YbIFIHbI^pLb � �JY JbFW GQL[F[^K^RFRYb L[bYQgFRFb RY
JW pLPf JPIL RY IQY^PFWYPIL GFQF Ff JRFQ F ILW FQ RYp^bs Yb RY K^_FSsYb YPIQY
Fb GFKFgQFb N
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¤ ®©® ¼¹¸²µ³¾¶´÷ ø³÷¶³µ³÷ ¶° ù¶¾²³÷ ® VW F F[LQRF_YW GFRQTL FL

GQL[KYW F RF FPnK^bY b^PInI^pF £©¥ w pLPbIQJ^Q JW F _QFW nI^pF W FPJFKW YPIY � pLW
FK_JW I^GL RY �LQW FK^bWL � LJ pLW JWF _QFPRY �JFPI^RFRY RY ^P�LQW FSTL Yb�
G YpHlpF KYz ^pFK^yFRF N ] FW[^_`^RFRY w QYbLKg ^RF FIQFgwb RY ������«ú�� � �����¬��
{GLQ YzYWGKL � JW Kwz ^pL GLRY {M| YbG Yp^lpFQ �JY ��û �� RYgY ILW FQ JW L[f YIL
pLW F pFQFpIYQHbI^pF ü��û ���� Y {a| YbG Yp^lpFQ �JF^b PLW Yb PL Kwz ^pL GLbbJYW
F pFQFpIYQHbI^pF ü��û ���| N ]GYbFQ RY g^ngY^b YW JW RLW HP^L K^W ^IFRL � pLWL
IFQY�Fb RY pLPbJKIF F [FPpLb RY RFRLb � QYbIQ^Ss Yb bYKYI^gFb YP�QYPIFW gnQ^Lb
GQL[KYW Fb �JFPRL FGK^pFb F IFQY�Fb W F^b _YQF^b N ZQ^W Y^QL � L IFW FP~L RL gL�
pF[JKnQ^L bY ILQPF _QFPRY RYWF^b N oY_JPRL � bF[ Y�bY �JY RL GLPIL RY g ^bIF
RF K^P_`HbI^pF YKFb FGQYbYPIFW GQL[KYW Fb IY�Q^pLb N jP�JFPIL YbIYb GQL[KYW Fb
GLRYW PTL FGFQYpYQ YW JW RLW HP^L QYbIQ^IL � YKYb bTL �QY�`YPIYW YPIY YPpLP�
IQFRLb YW JW RLW HP^L W F^b FWGKL N ZLQ ýKI^W L � ^bIL ^WGK^pF �JY QYbIQ^Ss Yb
bYKYI^gFb RYgYW bYQ pQ^FRFb pLWL GQY�YQuPp^Fb KYgYb FL ^Pgwb RY QYbIQ^Ss Yb RJQFb N

¤ ®¤ ® þ ÿ�¸µ¸÷ � ÷�³��÷� ½�¸÷ ® jW QYbGLbIF F YbIFb R^lpJKRFRYb � G Yb�J^bF�
RLQYb pLW YSFQFW F ^PgYbI^_FQ F[LQRF_YPb [FbYFRFb YW FGQYPR^yFRL RY W n�J^PF �
GQ^Pp^GFKWYPIY FIQFgwb RY W wILRLb YbIFIHbI^pLb � W Fb pLW FK_JW Fb PLIngY^b Yz�
pYSsYb � pLW L Lb W wILRLb RY FGQYPR^yFRL [FbYFRLb YW QY_QFb RY �Q^KK {Mqqd|
£�¥ LJ �YQWf F�L[ FPR kLLPY� {Mqqh| £©� ¥ N e FGQYPR^yFRL YbIFIHbI^pL bY ^PbYQY
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PJW pLPIYzIL pJf F K^P~F RY GYb�J^bF w p~FWFRF RY YWG^Q^p^bIF � JW F gYy �JY
bY [FbY^F YW YzYWGKLb f n GQLPILb {JW p�QGJb FPLIFRL| Y FGQYPRY pLWL K^RFQ
pLW F�JYKYb F^PRF PTL g ^bILb N

tY FpLQRL pLW kFPP^P_ Y op~`IyY £¤� ¥ � F K^P~F YWG^Q^p^bIF � �JY YPIQY Fb
RwpFRFb RY c� Y }� lpLJ PFb bLW[QFb RY pQYPSFb QFp^LPFK^bIFb YPpF[YSFRFb GLQ
E~LW b�� {MqcU| � pJf L QY�YzL RYPIQL RF OPIYK^_uPp^F ] QI^p^FK pFQFpIYQ^yFgF�bY
G YKF pQ^FSTL RY b^bIYW Fb ^PIYK^_YPIYb pLW _QFPRY �JFPI^RFRY RY pLP~Yp^W YPIL
^P^p^FK pLR^lpFRL � WTL � QYbbJQ_^J PF RwpFRF RY q� � pLW F ^Rw^F RY �JY L pLP�
~Yp^W YPIL GLRY bYQ ^PRJy^RL F GFQI^Q RY FK_JWFb LGYQFSsYb [nb^pFb RY FbbLp^�
FSTL Y _YPYQFK^yFSTL {k ^Ip~YKK Mq}� £¤ª¥| N ] bb^W � bY_JPRL L YWG^Q^p^bWL � JWF
Wn�J^PF GLRYQ^F FGQYPRYQ F YbIQJIJQF RY JWF K^P_JF_YW FGYPFb L[bYQgFPRL
JWF _QFPRY �JFPI^RFRY RY YzYWGKLb � JbFPRL GQLpYR^W YPILb YbIFIHbI^pLb _YQF^b
Y W wILRLb RY FbbLp^FSTL Y _YPYQFK^yFSTL ^PRJI^gF � pLW L FGQYPR^yFRL ^PRJI^gL
RY QY_QFb {�Q^KK Mqqd £�¥| N

� ® �¹� ¶� ½�¸
jW[LQF gnQ^Lb WLRYKLb JbFRLb PL OP_Kub IYP~FW b^RL [FbIFPIY RYbpQ^ILb

GLQ oLJbF £©©¥ Y �LP�FPIY £ª¥ � PLbbL L[f YI^gL lPFK w W F^b YbG YpHlpL \ �JYQYW Lb
KYgFPIFQ W wILRLb YbIFIHbI^pLb RY FPnK^bY b^PInI^pF IYPRL YW g^bIF F pLPbIQJSTL
RY JW FPFK^bFRLQ b^PInI^pL GFQF L ZLQIJ_Jub N �TL ^QYWLb GQLGQ^FW YPIY pLP�
bIQJ^Q JW FPFK^bFRLQ � W Fb RYbYf FW Lb L[IYQ ^P�LQW FSTL Y pLP~Yp^W YPIL bJl�
p^YPIYb GFQF GLRYQ RYp^R^Q W F^b pKFQFW YPIY �JFK WLRYKL RY FPnK^bY b^PInI^pF
GLRYQ^F bYQ W YK~LQ FRFGIFRL GFQF L ZLQIJ_Jub � pLPb^RYQFPRL L YbIFRL�RF�
FQIY Y Lb FIJF^b QYpJQbLb R^bGLPHgY^b {GQ^Pp^GFKWYPIY �JFPIL F p�QGJb FPLIFRL
b^PIFI^pFW YPIY| N

� ® � ÷�²���²³ µ¶÷�³ þ¸´¸¾²³ ³
�L GQ�z ^WL pFGHIJKL RYbpQYgYW Lb Lb �JPRFWYPILb RF FPnK^bY b^PInI^pF � bYG�

FQFPRL Lb GFbbLb PYpYbbnQ^Lb GFQF F WLRYKF_YW RY JW FPFK^bFRLQ b^PInI^pL
Y WLbIQFPRL Fb RYp^bs Yb F bYQYW ILW FRFb �JY R^�YQYPp^FW Lb FPFK^bFRLQYb
b^PInI^pLb Yz ^bIYPIYb N �L pFGHIJKL d W LbIQFWLb Y RYbpQYgYW Lb Lb GQ^Pp^GF^b
WLRYKLb RY FPFK^bFRLQYb b^PInI^pLb Yz ^bIYPIYb � Y PL pFGHIJKL i pLWGFQFWLb Lb
QYbJKIFRLb RY ILRLb YKYb Y FPFK^bFWLb GLIYPp^F^b FRFGIFSsYb GFQF L ZLQIJ_Jub N
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e GQLpYbbL RY FPnK^bY b^PInI^pF YbIFIHbI^pF w bYGFQFRL YW RL^b pLWGLPYPIYb \
¸ * +,-.+ » �JY w F �JPSTL �JY RYlPY L YbGFSL RY YgYPILb Y Lb GFQW YI�
QLb F bYQYW FbbLp^FRLb F pFRF YgYPIL ò

¶ ¸ /0/.12/,+3 210 45416+ » �JY GQLGQ^FW YPIY R^IL � w L FK_LQ^IWL �JY
^WGKYW YPIF F [JbpF G YKF W YK~LQ nQgLQY b^PInI^pF GFQF pFRF bYPIYPSF N

�YbbY pYPnQ^L � bY L YbGFSL RY YgYPILb GLbbHgY^b �LQ FbbLp^FRL FLb W FGYFWYPILb
YPIQY Fb bYPIYPSFb {

S
| Y bJFb QYbG YpI^gFb nQgLQYb b^PInI^pFb {

A
| � L FGQYPR^yFRL

GFbbF F bYQ F ^PRJSTL RY JW F �JPSTL GQL[F[^KHbI^pF
¡ ���7�«8�

: A × S → [0, 1],
YW �JY ¡ ���7�«8�

(A, S)
GLRY bYQ IFPIL JWF GQL[F[^K^RFRY pLPf JPIF

P (A, S)
�

�JFPIL JWF GQL[F[^K^RFRY pLPR^p^LPFK
P (A|S)

N ] nQgLQY W F^b GQLgngYK GFQF
JWF bYPIYPSF RY YPIQFRF

S
w YPITL RYlP^RF pLWL

{M|
Amelhor(S) = arg max

A

¡ ���7�«8�
(A, S)

tYbIY W LRL � Lb RL^b pLWGLPYPIYb RF FPnK^bY b^PInI^pF GLRYW bYQ RYlP^RLb
pLWL \

¸ °¸µ¶º¸ » w F �JPSTL �JY RYlPY F GQL[F[^K^RFRY ¡ ���7�«8�
(A, S)

GFQF
pFRF GFQ

(A, S)
ò

¸ ³´³º½÷³µ¸² ÷½´�9� ½�¸ » w L FK_LQ^IWL �JY ^WGKYW YPIF F [JbpF GLQ
Amelhor

GFQF �JFK�JYQ bYPIYPSF RY YPIQFRF
S
N

ZFQF �JY L WLRYKL IYP~F JW PýW YQL IQFIngYK RY GFQWYIQLb � JW GFQ
(A, S)

GQYp^bF bYQ �JY[QFRL YW JW pLPf JPIL RY YgYPILb
〈Evento1 . . . Eventon〉

N
¡ ���7�«8�

(A, S)
w YPITL pFKpJKFRF pLWL JW GQLRJIL RY IYQWLb � pFRF

EventoIYPRL bJF GQL[F[^K^RFRY pLQQYbGLPRYPIY \
{a| ¡ ���7�«8�

(A, S) =
∏

i=1...n

¡ ���7�«8�
(Eventoi)

] YbpLK~F RF :���û ����;�«8� w F YbpLK~F RY pLWL �JY[QFQ JWF nQgLQY N jW
LJIQFb GFKFgQFb � w F YbpLK~F RY GFQF �JF^b YgYPILb FbbLp^FQ GFQWYIQLb N jz ^b�
IYW WJ^IFb W FPY^QFb GLbbHgY^b RY �JY[QFQ JWF nQgLQY N eb WwILRLb YbIFIHbI^pLb
PF K^IYQFIJQF R^�YQYW GYKL WLRL pLWL �FyYW ^bIL � LJ bYf F � pLWL RYIYQW ^PFW

<
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�JF^b L[f YILb K^P_`HbI^pLb bTL pLPb^RYQFRLb GFQF YbI^W FQ Lb GFQWYIQLb RY bYJ
WLRYKL N CYQYW Lb ^bIL PL pFGHIJKL d N

] YbpLK~F RF GFQFW YIQ^yFSTL w pYPIQFK GFQF L bJpYbbL RY JW WLRYKL RY
FPnK^bY b^PInI^pF N VWF [LF GFQFW YIQ^yFSTL RYgY QYGQYbYPIFQ pLPp^bFW YPIY Lb
RFRLb N oY_JPRL ELKK^Pb £©ö¥ � RL^b pQ^IwQ^Lb bTL ^WGLQIFPIYb \

·¸µ¶² D ½÷�²½° ½´³� ½�¸ » Lb GFQW YIQLb RYgYW ^PpKJ^Q ^P�LQW FSTL pLP�
IYzIJFK PYpYbbnQ^F GFQF RYp^bs Yb RY RYbFW[^_JFSTL N eb WLRYKLb W F^b
b^WGKYb �FK~FW PYbbY bYPI^RL � GLQ bYQYW ^PbYPbHgY^b RYW F^b F ^P�LQ�
W FSsYb KYz ^pF^b Y GQY�YQuPp^Fb YbIQJIJQF^b {GLQ YzYWGKL \ Fb GQY�YQ�
uPp^Fb YbIQJIJQF^b RY K^_FSsYb YPIQY Lb b^PIF_W Fb RYGYPRYW RY ^P�LQ�
W FSsYb KYz ^pF^b {pLW L Fb GFKFgQFb �JY YbITL bYPRL K^_FRFb| GFQF bYQYW
QYFK^yFRFb| ò

·¸µ¶² µ¶ �¸°E³��³FG¸ » L WLRYKL RYgY IYQ L W YPLQ PýWYQL GLbbHgYK
RY GFQWYIQLb N e PýW YQL RY GFQW YIQLb RL WLRYKL RYIYQW ^PF F
�JFPI^RFRY RY RFRLb RY IQY^PFWYPIL PYpYbbnQ^F GFQF IQY^Pn�KL N ObbL
b^_P^lpF �JY L GLRYQ RY pLWGFpIFSTL RL WLRYKL RYIYQW ^PFQn L �JTL
GYQIL YKY p~Y_F RL bYJ GLIYPp^FK W nz^WL � RFRF F �JFPI^RFRY {�JFbY
pYQIFW YPIY| K^W ^IFRF RY RFRLb GFQF IQY^PFW YPIL N

jbIYb RL^b pQ^IwQ^Lb YgLKJYW YW bYPI^RLb LGLbILb N HJFPIL WF^b GFQWYIQLb
JW WLRYKL GLbbJ^ � W F^LQ w � YW IYLQ^F � bYJ GLRYQ R^bpQ^W ^PFI^gL � Y W YPLQ bYJ
GLRYQ RY pLWGFpIFSTL N jW JW PHgYK W F^b YzIQYWL � GLQ YzYWGKL � F _YQFSTL
RY JWF nQgLQY GLRYQ^F bYQ pLWGLbIF GLQ JW ýP^pL GFbbL � L RF GQ�GQ^F _YQFSTL
RY ILRF F nQgLQY N jbIY pFbL G YpFQ^F G YKF pLWGFpIFSTL � f n �JY L PýW YQL RY
GFQWYIQLb F bYQ YbI^W FRL bYQ^F RL IFW FP~L RL RLW HP^L RY bYPIYPSFb GLb�
bHgY^b RF K^P_JF_YW � LJ bYf F � YzIQYW FW YPIY _QFPRY N ] �JFPI^RFRY RY RFRLb
RY IQY^PFWYPIL GQYp^bFQ^F bYQ ^_JFKW YPIY YzIYPbF {Y GLQIFPIL ^Pg ^ngYK| N tYbIY
WLRL � JW [LW WLRYKL RYgY bYQ L[I^RL GYKL Y�J^KH[Q^L RLb RL^b pQ^IwQ^Lb � bYW �
GQY g^bFPRL YK^W ^PFQ GFQW YIQLb QYRJPRFPIYb {�JY R^�YQYPp^FW Fb W YbW Fb FW�
[^_`^RFRYb| N

ZFQF ^bIL � JW WLRYKL GFQFW YIQ^yngYK GLbbJ^ JW FQ_JW YPIL FR^p^LPFK PF
�JPSTL ¡ ���7�«8�� RFRL GLQ JW gYILQ RY GFQW YIQLb

Θ
N ] �JPSTL w YPITL

YbpQ^IF pLWL ¡ ���7�«8�
(A, S|Θ)

� Y L GQL[KYW F RL FGQYPR^yFRL pLPb^bIY YW
bY Ff JbIFQ F YbI^W FI^gF RY

Θ
F GFQI^Q RL pLPf JPIL RY YzYWGKLb RY IQY^PF�

W YPIL N ObIL GLRY bYQ �Y^IL RY RJFb W FPY^QFb \ RY W LRL bJGYQg^b^LPFRL LJ
PTL�bJGYQg ^b^LPFRL N jbIYb RL^b W wILRLb bTL YzGK^pFRLb PF bYSTL i Ni N

ZLQIFPIL � F IFQY�F RY WLRYKF_YW RF FPnK^bY b^PInI^pF w R^g ^R ^RF YW IQub
YIFGFb \

{M| tYlP^STL RL WLRYKL RY YbIQJIJQF \ F �JPSTL ¡ ���7�«8�
(A, S|Θ)

ò
{a| tYlP^STL RL WLRYKL GFQFWYIQ^yngYK ò
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{d| tYlP^STL RL FK_LQ^IWL RY [JbpF GFQF YPpLPIQFQ

AKLMN OP(S) = arg max
A

¡ ���7�«8�
(A, S|Θ)

N

©® � ÷�²���²³÷ ¶ ù¶E²¶÷¶´�³FQ¶÷
] YbIQJIJQF _YQFKW YPIY JbFRF GFQF pLR^lpFQ Lb gnQ^Lb PHgY^b RY ^P�LQW FSTL

b^PInI^pF RY JWF bYPIYPSF w p~FWFRF RY ��¬��� ���������N VW YzYWGKL RY
nQgLQY b^PInI^pF GLRY bYQ g^bIL PF l_JQF MN �YbIF l_JQF � Fb �LK~Fb RF nQgLQY bTL

RSTUVW XY VW YzYWGKL RY nQgLQY b^PInI^pF N

Fb GFKFgQFb RY JWF bYPIYPSF � Y Lb P�b ^W YR^FIFWYPIY Fp^W F RY pFRF GFKFgQF bTL
bJFb pFIY_LQ^Fb WLQ�Lbb^PInI^pFb {gYf F £©Z¥ GFQF JWF RYbpQ^STL RYIFK~FRF bL[QY
F FIQ^[J^STL RY pFIY_LQ^Fb WLQ�Lbb^PInI^pFb F GFKFgQFb| N ] bb^W � Fb GFKFgQFb
[� �û ����� \ Y [�] ���� \ bTL ��û �� {^ | � [_ \ w JW �����û ������ {D | � [��û �«� \
w JW ¬���� {`ø| Y [�û \ w JWF : ��: ���«8� {· | N xFW[wW IYWLb F RYbpQ^STL
b^PInI^pF RY F_QJGFWYPILb RY GFKFgQFb � pLWL [_ � �û ����� \� �JY w JW �����]û�
��û ���� {a^ | � [�û �] ���� \� �JY w JW �����]û� : ��: ��������� {a· |� Y W YbWL
a � F bYPIYPSF N

¤ ® D ¶E ¶´µb´� ½³ ¶ c¸´÷� ½�� ½´�¶÷
VWF ^Rw^F �JPRFWYPIFK w �JY pYQILb F_QJGFWYPILb RY GFKFgQFb bY pLW �

GLQIFW pLWL �������7 �����N ELPbI^IJ^PIYb GLRYW bYQ RYIYpIFRLb GLQ bYQYW
pFGFyYb RY LpLQQYQ YW gnQ^Fb GLb^SsYb � Y WLbIQFQYW GLbb^[ ^K^RFRYb b^PInI^pFb
JP^�LQW Yb RY YzGFPbTL N ZLQ YzYWGKL � JW pLPbI^IJ^PIY �JY F_QJGF PLWYb Y
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bYJb W LR^lpFRLQYb � pLW L ôL bYW YbIQYõ N xLRLb YKYW YPILb �JY GLRYW bYQ bJ[�
bI^IJ HRLb JW GYKL LJIQL YW JWF pYQIF GLb^STL b^PInI^pF bTL W YW[QLb RY JW
:�����]û�N tJFb GFKFgQFb GLbbJYW JWF ����«8� �����]û����� bY GLRYW �LQ�
W FQ JW �����]û�� pLWL � � �û ����� {JW b^PIF_W F PLW ^PFK| N

eJIQF ^WGLQIFPIY PLSTL w L pLPpY^IL RY ��: ���d� ���N jW JWF bYPIYPSF
pLWL \

e bYWYbIQY pLW YSF YW F_LbIL N
� �û ����� Y �] ���� bTL RYGYPRYPIYb RY JW YgYPIL RY pLWYSL N CFWLb R^yYQ �JY
YKYb bTL RL^b FQ_JW YPILb RL gYQ[ L ��û �«��N �LQW FKW YPIY � b^PIF_W Fb PLW ^PF^b
bTL FQ_JWYPILb RY gYQ[Lb N VW ^KJbIQFSTL RYbIF PLSTL RY RYGYPRuPp^F w RFRF
PF l_JQF a N

RSTUVW e Y jbIQJIJQF pKnbb^pF RY RYG YPRuPp^F N

� ® ù ¶��²÷¸÷ f ½´¾¿ �÷� ½�¸÷
VW pLPf JPIL RY IYzILb w p~FW FRL RY p�QGJb g N VW p�QGJb GLRY bYQ FPL�

IFRL WFPJFKW YPIY pLW ^P�LQW FSsYb K^P_`HbI^pFb N ] b W F^b pLWJPb JbFRFb bTL
^P�LQW FSsYb QY�YQYPIYb F pFIY_LQ^Fb {YI^�JYIFb| WLQ�Lbb^PInI^pFb RFb GFKFgQFb �
Y F YbIQJIJQFb b^PInI^pFb RFb bYPIYSFb N

VW p�QGJb �JY pLPIwW FPLIFSTL b^PInI^pF IFW[wW w p~FWFRL RY ��� ��
�� ��¬���� h N ]IJFKW YPIY PTL Yz ^bIY JW _QFPRY PýWYQL RY p�QGJb FPLIFRLb �
Y WJ^IFb KHP_JFb PYW R^bGsYW RY JW N ObIL bY RYgY FL ^W YPbL Yb�LQSL ~J�
W FPL PYpYbbnQ^L GFQF bY FPLIFQ JW p�QGJb N k YbWL Fbb^W � Yz ^bIYW FK_JPb
R^bGLPHgY^b � Y �JY bTL [FbIFPIY JI^K^yFRLb YW K^_`HbI^pF pLWGJIFp^LPFK N ZFQF
L OP_Kub � JW [LW YzYWGKL w L ¡ ��� ¢������  £¤¤¥ � �JY pLPIwW IYzILb FPLIF�
RLb RL i�� � j ����� k �7���� {l om| N ZFQF L ZLQIJ_Jub � Yz ^bIYW GLJpLb p�QGJb
FPLIFRLb b^PIFI^pFW YPIY N jW GFQI^pJKFQ � L p�QGJb ¢¦�§ � ¨ ��§ � £©ª¥ GLbbJ^ FP�LIFSTL WLQ�Lbb^PInI^pF � W Fb F^PRF GLbbJ^ GLJpF FPLIFSTL b^PInI^pF N VW RLb

gn ÎÈÙÈÎÄÃ ÅÁ ÂÊÄÓÆÃ ÈÊÒÈ ÈÁÒÈ ÒÈÎÃÅ ÆÅ ÄÊÔÛÁ ÇÅ ÁÄÊØÂÐÆÎ �
á� oâ È ÍÐÂÎÆÐ �
á� 
áàhpÅ ÄÊØÐäÁ �áããqà�r Ü
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L[f YI^gLb RYbIY IQF[FK~L w ^PgYbI^_FQ W LRYKLb Yz ^bIYPIYb RY FPnK^bY b^PInI^pF
g^bFPRL F FPLIFSTL RL ¢¦�§ � ¨ ��§ �N

� ® þ ÿ�¸µ¸÷ ¶ uÿ�´½�³÷ ¯ � ½º½v³µ¸÷
eb WLRYKLb RY FPnK^bY b^PInI^pF bY R^�YQYPp^FW YW GYKL W YPLb JWF IwpP^pF

LJ WwILRL YWGQY_FRL N HJFPRL R^bGLPHgYK Y pKFQFW YPIY WLbIQFRL PFb �LPIYb
RY QY�YQuPp^F � gFWLb bFK^YPIFQ pFRF WLRYKL �JFPIL � ��w �����;�«8� RFb nQgLQYb �
L W wILRL RY ] ���«8� YWGQY_FRL � F JI^K^yFSTL RF IwpP^pF RY �] ��û ���«8�� Y F
�LQW F RY �: �����;��� JbFRF N

� ®©® f¶x ½�³º½v³FG¸ ® jW JWF _QFWnI^pF ��w �����;���� pFRF P� RF nQgLQY
�JY QYGQYbYPIF JW b^PIF_WF w WFQpFRL pLW bYJ ^IYW Kwz ^pL PýpKYL N ] bb^W �
F nQgLQY RF l_JQF M w KYz ^pFK^yFRF pLWL F nQgLQY YW d N ObIL �LQPYpY WJ^IL

RSTUVW y Y VW YzYWGKL RY nQgLQY b^PInI^pF KYz ^pFK^yFRF N
W F^b ^P�LQW FSTL FL FPFK^bFRLQ b^PInI^pL bL[QY L �JY bTL QYFKW YPIY Fb GFKFgQFb
PF bYPIYPSF PL WLWYPIL RY RYp^R ^Q bL[QY F YbIQJIJQF RF nQgLQY b^PInI^pF N
ZLQ LJIQL KFRL � YbIF ^P�LQW FSTL F W F^b RY_QFRF F Ylp^uPp^F pLWGJIFp^LPFK RL
FPFK^bFRLQ � �JY IFW[wW YP�QYPIF GQL[KYW Fb RY RFRLb YbGFQbLb N

ZFQF JW FPFK^bFRLQ b^PInI^pL PTL�KYz ^pFK^yFRL � F bYPIYPSF RY YPIQFRF F bYQ
FPFK^bFRF w PF gYQRFRY bLW YPIY JW F K^bIF RY YI^�JYIFb W LQ�Lbb^PInI^pFb N VWF
gFPIF_YW RYbIY I^G L RY FPFK^bFRLQ w �JY L GY�JYPL FK�F[ YIL RY IYQW ^PF^b L
ILQPF �np^K RY pLPbIQJ^Q N �TL w GQYp^bL bY GQYLpJGFQ WJ^IL pLW Ylp^uPp^F
pLWGJIFp^LPFK LJ �JYbIsYb RY bJFg^yFSTL RY RFRLb YbGFQbLb N jPIQYIFPIL � ^bIL
pKFQFW YPIY �LQPYpY WJ^IL W YPLb ^P�LQW FSTL GFQF bYQ JbFRF RL �JY JWF bYP�
IYPSF pLW GFKFgQFb QYF^b N
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� ®¤ ® ±¶²³FG¸ ® VW FPFK^bFRLQ b^PInI^pL GLRY _YQFQ F YbIQJIJQF RY JWF

nQgLQY RY [F^zL GFQF p^W F � GFQI^PRL RLb ^IYPb Kwz ^pLb RF bYPIYPSF FIw F QF^y � QY�
pLP~YpYPRL bJ[ YbIQJIJQFb � LJ FL pLPIQnQ^L � GFQI^PRL RF QF^y Y RYQ^gFPRL bJ[Y�
bIQJIJQFb � FIw Lb ^IYPb Kwz ^pLb N jbIY bY_JPRL WwILRL RY _YQFSTL RY JWF nQgLQY
w p~FWFRL RY ] �����¬�� Y [Fb^pFW YPIY PTL FGQYbYPIF gFPIF_YPb LJ RYbgFPIF�
_YPb YW QYKFSTL FL GQ^W Y^QL � �8�z] �����¬�N ] R^�YQYPSF YbIn � PF gYQRFRY � PF
�LQW F pLWL L WLRYKL RL FPFK^bFRLQ pQ^F Fb R^bIQ^[J^SsYb RY GQL[F[^K^RFRY N VW
WLRYKL ] �����¬� pQ^F R^bIQ^[J^SsYb RY GQL[F[^K^RFRY ���{ 7��� {

P (A, S)
| � Y JW

WLRYKL �8�z] �����¬� pQ^F R^bIQ^[J^SsYb RY GQL[F[^K^RFRY ����������� {
P (A|S)

| N
� ®� ® ¼¾º¸°¶²³FG¸ ® ] IwpP^pF RY �] ��û ���«8�ó pLPb^bIY YW pKFbb^lpFQ Fb

GFKFgQFb RY JW p�QGJb YW pFIY_LQ^Fb RY bYW YK~FPSF N tYbIY W LRL � GFKFgQFb
RY FK_JW I^GL YbpLK~^RL bTL QY�YQYPp^FRFb pLWL JW ýP^pL _QJGL N ObIL w Jb�
FRL GQ^Pp^GFKWYPIY GLQ WLRYKLb PTL�KYz ^pFK^yFRLb RY FPnK^bY b^PInI^pF � LJ �JY
JI^K^yFW FGQYPR^yFRL PTL�bJGYQg^b^LPFRL N t ^�YQYPIYb WLRLb RY RYp^R ^Q �JF^b
GFKFgQFb bTL RY FK_JWF �LQW F bYW YK~FPIYb � Y F_KLW YQn�KFb f JPIL � bTL WYK~LQ
RYbpQ^ILb YW op~`IyY {MqqU| £¤|¥ N

� ®� ® a�E ¶²� ½÷G¸ µ¸ ¼E²¶´µ½v³µ¸ ® VW RLb ^IYPb GQ^Pp^GF^b YW �JY
WLRYKLb RY FPnK^bY b^PInI^pF GLRYW bY R^�YQYPp^FQ w �JFPIL FL I^GL RY FGQYP�
R^yFRL RY Wn�J^PF �JY JI^K^yFW GFQF Ff JbIFQ L GFQWYIQL

Θ
� RYlP^RL PF bYSTL

a � RF W YK~LQ �LQW F GLbbHgYK N ] IFQY�F RL FGQYPR^yFRL IFW[wW w p~FWFRF RY
������û ���� RL WLRYKL N

e �: �����;��� �7: ��¬�������� JI^K^yF p�QGJb GQw�FPLIFRL � Y YbI^W F Fb GQL[�
F[^K^RFRYb RFb nQgLQYb b^PInI^pFb FIQFgwb RF knz^W F�CYQLbb^W ^K~FPSF {kC |}
{k FPP^P_ Y op~`IyY � Mqqq £¤� ¥| N �JW WLRYKL b^WGKYb � F GQL[F[^K^RFRY ¡ ��z
�7�«8�

(A, S|Θ)
w ^_JFK � GQL[F[^K^RFRY RY

A
RFRL

S
Y

Θ
�
P (A|S, Θ)

� PF �JFK
L GFQW YIQL

Θ
RL WLRYKL K^bIF JWF GQL[F[^K^RFRY GFQF pFRF WYW[QL RL pLP�

f JPIL
S×A

N jbIYb GFQWYIQLb � YPITL � w �JY bTL YbI^W FRLb JbFPRL F YbI^W FI^gF
kC � �JY Rn F YbI^W FI^gF RY

Θ
\

¡ ���7�«8�
(A, S|Θ) = P (A|S, Θ) =

Cont(A, S)

Cont(S)
.

Cont(S)
w F �QY�`uPp^F pLW F �JFK F bYPIYPSF

S
w g^bIF PL IQY^PFWYPIL � Y

Cont(A, S)
w F �QY�`uPp^F pLW F �JFK F bYPIYPSF

S
w g^bIF PL IQY^PFWYPIL

FbbLp^FRF � nQgLQY
A
N � YbIY WLRYKL � YPpLPIQFQ

Amelhor

GFQF JWF YPIQFRF
SpLPb^bIY YW GQLpJQFQ bJF nQgLQY W F^b �QY�`YPIY \

AKLMNOP(S) = arg max
A

¡ ���7�«8�
(A, S|Θ).
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e GQL[KYW F RYbIY W wILRL RY FGQYPR^yFRL � YPITL � w �JY bY GQYbbJGsY �JY

JWF YPIQFRF
S
g^bIF PL pLPf JPIL RY IYbIY IYQn b^RL g^bIF G YKL W YPLb JW F gYy

PLb RFRLb RY IQY^PFWYPIL N ObIL pKFQFW YPIY PTL w gYQRFRY � Y GLQ ^bbL W LRYKLb
�JY JbFW YbIY I^G L RY FGQYPR^yFRL IuW �JY bY GQYLpJGFQ pLW �JYbIsYb RY
bJFg^yFSTL RY GQL[F[^K^RFRYb N

ZLQ YbIY ýKI^W L WLI^gL L FGQYPR^yFRL �8�z�7: ��¬�������� w GQY�YQHgYK � PF
WYR^RF YW �JY QYWLgY F PYpYbb^RFRY RL FKIL pJbIL RY FPLIFSTL WFPJFK RY JW
p�QGJb N ObIL GLQ�JY L FGQYPR^yFRL PTL�bJGYQg ^b^LPFRL JbF IYzIL PTL�FPFK^bFRL
pLWL RFRL RY IQY^PFWYPIL � GQLpJQFPRL ^RYPI^lpFQ YbIQJIJQFb Y bJ[YbIQJIJQFb
pLWJPb N jPIQYIFPIL � w _YQFKW YPIY QYpLP~Yp^RL �JY YbIY w JW GQL[KYW F WJ^IL
W F^b R^�Hp^K � G YKL W YPLb GFQF L L[f YI^gL RY FGQYPRYQ YbIQJIJQFb K^P_`HbI^pFb
GKFJbHgY^b N

jbIQJIJQFb RY W LRYKL �JY RYlPYW R^bIQ^[J^SsYb RY GQL[F[^K^RFRY pLPf JPIF
P (A, S|Θ)

GLRYW bYQ IQY^PFRLb RY W FPY^QF PTL�bJGYQg^b^LPFRF JbFPRL L FK�
_LQ^IWL RY � �w �û �;�«8� �� � �: ����«� {kj|� £©¤¥ N �L IQY^PFWYPIL PTL�
bJGYQg ^b^LPFRL Lb RFRLb RY IQY^PFWYPIL bTL JWF bY�`uPp^F RY YgYPILb

X =
x1 . . . xn

I^QFRLb RY
X

{
(X) = 〈w1, . . . , wn〉

�
w1,n

Fb GFKFgQFb RY JW F bYP�
IYPSFb RY IFW FP~L

n
| N �L FGuPR^pY ] RYbpQYgYW Lb L FK_LQ^IWL RY IQY^PFWYPIL

������ �z�w ���� �� �JY w JWF gFQ^FSTL RL FK_LQ^IWL kj N

�pÅ ÄÊØÐäÁ ��� ã��à��
��� à� �� ��à��
� ���� à~	 
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CFWLb YzFW ^PFQ pLWL FK_JWFb ^Rw^Fb IuW b^RL pLW[^PFRFb YW FPFK^bFRLQYb
b^PInI^pLb YbIFIHbI^pLb � Y WLbIQFQ FK_JPb RLb WLRYKLb �JY YbITL bYPRL JbFRLb Y
L FIJFK YbIFRL RF FQIY N

©® þ ¶µ½µ³÷ µ¶ � � ½b´� ½³
ZFQF GLRYQWLb pLWGFQFQ R^�YQYPIYb W LRYKLb RY FPnK^bY b^PInI^pF � GQYp^bFWLb

RY FK_JWF WYR^RF � R^QYIFW YPIY pLWGFQngYK N ] WF^LQ^F RLb IQF[FK~Lb bL[QY
FK_JW WLRYKL JI^K^yF Fb W YR^RFb RY E²¶� ½÷G¸ � �¸¹¶²��²³ � Y ° ¶µ½µ³�� pLWL
�LQW F RY WYPbJQFQ bJF Ylp^uPp^F N ELPb^RYQFPRL�bY Fb nQgLQYb _YQFRFb GLQ FK�
_JW FK_LQ^IWL RY [JbpF Y Fb QYbG YpI^gFb nQgLQYb LQ^_^PF^b L[I^RFb RL pLPf JPIL
RY IYbIY � YbIFb W YR^RFb bTL pFKpJKFRFb RF bY_J^PIY W FPY^QF \

GQYp^bTL
= ������ �� ��� �������� �� ������ ������������ ����  �� ��� �� ������ ������pL[ YQIJQF
= ������ �� ��� �������� �� ������ ������������ ����  �� ��� �� ������ ��¡�¡�� WYR^RF��
= 2 × ¢���¡�£�×��¤���¥��¢���¡�£�+��¤���¥��

jz^bIYW LJIQFb W YR^RFb RY Ylp^uPp^F � W Fb PYW ILRFb GJ[K^pFSsYb JI^K^yFW
Fb W YbW Fb N ] bb^W � gFWLb pLWGFQFQ R^�YQYPIYb IQF[FK~Lb [Fb^pFW YPIY FIQFgwb
RFb W YR^RFb Fp^W F N

¤ ® ±²³° 9� ½�³÷ f ½�²¶÷ µ¶ c¸´�¶x�¸ ¦±fc÷§
VWF XQFWnI^pF v^gQY RY ELPIYzIL {XvE| w _YQFKW YPIY RYlP^RF pLWL JWF

�JnRQJGKF
G = (N, Σ, R, I)

� LPRY \
• N

w JW pLPf JPIL lP^IL RY PTL�IYQW ^PF^b ò
• Σ

w JW pLPf JPIL lP^IL RY bHW[LKLb IYQW ^PF^b � ^bIL w � w L FK�F[ YIL �JY
RYlPY Fb pFRY^Fb RF K^P_JF_YW ò

• R
w JW pLPf JPIL lP^IL RY GQLRJSsYb RF �LQW F

α → β
� LPRY

α ∈ N
Y

β ∈ (Σ ∪ N)∗
ò

• I ∈ N
w L bHW[LKL ^P ^p^FK N

] K^P_JF_YW RYlP^RF GLQ
G

w L pLPf JPIL RY pFRY^Fb RY IYQW ^PF^b �JY
GLRYW bYQ RYQ^gFRFb F GFQI^Q RY JW bY�`uPp^F RY LGYQFSsYb RY QYYbpQ^IF pLW

ç�
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L bHW[LKL ^P ^p^FK

I
N ] b LG YQFSsYb RY QYYbpQ^IF bTL RYlP^RFb G YKFb GQLRJSsYb

RF �LQW F
α → β

� LPRY
α
w bJ[bI^IJ HRL GLQ

β
N

] b XvEb bTL RY _QFPRY JI^K^RFRY GQnI^pF N �Fb^pFW YPIY ILRFb Fb K^P_JF_YPb
RY GQL_QFW FSTL bTL RYlP^RFb GLQ XvEb g N j KFb bTL QYpLP~Yp^RFb GLQ �7 �©û����
�� : ��§ �� RY Ylp^YPIY ^W GKYW YPIFSTL PL pLWGJIFRLQ N

jPIQYIFPIL � PYbIYb pFbLb � L IFW FP~L RF _QFWnI^pF w QYKFI^gFWYPIY G Y�JYPL N
mn PL pFbL RY K^P_JF_YPb PFIJQF^b � L IFW FP~L RF _QFW nI^pF w WJ^IL W F^LQ �
L �JY RY_QFRF bYPb^gYKW YPIY F Ylp^uPp^F RLb FK_LQ^IWLb IQFR^p^LPF^b N ] KwW
R^bbL � JW _QFPRY GQL[KYW F RL JbL RY XvEb PF FPnK^bY b^PInI^pF RY K^_JF_YPb
PFIJQF^b w L �FIL RL WLRYKL bYQ WJ^IL GLJpL bYPbHgYK FL pLPIYzIL RF bYPIYPSF �
L �JY FpF[F _YQFPRL GQL[KYW Fb PF QYGQYbYPIFSTL RY RYIYQW ^PFRFb QYKFSsYb RY
pLPpLQRPp^F N eJIQL GQL[KYW F w L �FIL RY �JY L IQY^PFWYPIL FJILWnI^pL RY
JWF XvE GQYp^bF bYQ �Y^IL pLW F JI^K^yFSTL RY YzYWGKLb PY_FI^gLb � GFQF �JY
F XvE _YQFRF PTL bYf F G YQW ^bb^gF � ^bIL w � FpY^IY WJ^IFb bYPIYPSFb �JY PTL bTL
_QFW FI^pFKWYPIY pLQQYIFb N

� ® ±²³° 9� ½�³÷ f ½�²¶÷ µ¶ c¸´�¶x�¸ ·²¸¹³¹½º�÷� ½�³÷ ¦±fc·÷§
VWF XQFWnI^pF v^gQY RY ELPIYzIL ZQL[F[^KHbI^pF {XvEZ| w bYW YK~FPIY F

JWF XvE PLQW FK � W Fb pLPIwW � FR^p^LPFKW YPIY � JW F GQL[F[^K^RFRY FbbLp^FRF
F pFRF QY_QF RF _QFW nI^pF N jbpQYgYW Lb F GQL[F[^K^RFRY FbbLp^FRF � QY_QF

α →
β
pLWL

P (α → β|α)
N ObIL w ^PIYQGQYIFRL pLWL F GQL[F[^K^RFRY pLPR^p^LPFK RY

YbpLK~YQ F QY_QF
α → β

� RFRL �JY
α
w L PTL�IYQW ^PFK bYPRL QYYbpQ^IL YW JWF

RYQ^gFSTL N oY
D
w JW �JPSTL �JY FIQ^[J^ JW F GQL[F[^K^RFRY F pFRF WYW[QL

RY
R
� JW F XvEZ w JW �JHPIJGKF

G = (N, Σ, R, I,D)
N

t FRF JW F XvEZ� F GQL[F[^K^RFRY GFQF �JFK�JYQ nQgLQY K^gQY RY pLPIYzIL
YW JWF K^P_JF_YW w L GQLRJIL RFb GQL[F[^K^RFRYb RFb QY_QFb �JY YKF pLPIwW N
ObIL w � bY

A
w JWF RYQ^gFSTL K^gQY RY pLPIYzIL �JY YPgLKgY

n
QY_QFb RF �LQW F

αi → βi

�
{d|

P (A) =
∏

i=1...n

P (αi → βi|αi)

VWF XvEZ IFW[wW RYlPY JWF R^bIQ^[J^STL RY GQL[F[^K^RFRY bL[QY bYP�
IYPSFb N oY

A(S)
w L pLPf JPIL RY nQgLQYb �JY GLbbJYW pLWL bJGYQ�Hp^Y F bYP�

IYPSF
S
� YPITL

{i|
P (S) =

∑

A∈A(S)

P (A)

gª Á ��� 
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j GQ^Pp^GFKW YPIY � RFRL �JY YbIFWLb IYPIFPRL RYlP^Q WLRYKLb RY FPnK^bY

b^PInI^pF � JW F XvEZ IFW[wW RYlPY F nQgLQY W F^b GQLgngYK GFQF pFRF bYP�
IYPSF

S
�
Amelhor(S)

{gYf F Y�JFSTL M| \
{U|

Amelhor(S) = arg max
A∈A(S)

P (A)

VW RLb WwILRLb W F^b b^W GKYb �JY ^WGKYW YPIF YbIF �JPSTL w JWF YzIYP�
bTL RL FK_LQ^IWL E±² {�LGpQL�I Y V KKW FP � Mqhq| £©� ¥ ³ LQ^_^PFKW YPIY RY�
bYPgLKg ^RL GFQF _QFW nI^pFb K^gQYb RY pLPIYzIL ³ GFQF XvEZb N eJIQL WwILRL
[FbIFPIY JbFRL w L FK_LQ^IWL RY jFQKY� £|¥ � �JY RYbpQYgYWLb PL FGuPR^pY � N

] GQ^Pp^GFK gFPIF_YW RFb XvEZb bL[QY L WLRYKL FPIYQ^LQ w �JY GLRY�bY
R^bI^P_J^Q YPIQY nQgLQYb pFPR^RFIFb RY W FPY^QF R^QYIF N eJIQF gFPIF_YW w �JY
PTL w PYpYbbnQ^L L JbL RY YzYWGKLb PY_FI^gLb GFQF L IQY^PFW YPIL N

] b GQ^Pp^GF^b RYbgFPIF_YPb RFb XvEZb bTL F �FKIF RY bYPb^[ ^K^RFRY F RY�
G YPRuPp^Fb Kwz ^pFb Y F �FKIF RY bYPb^[^K^RFRY F GQY�YQuPp^Fb YbIQJIJQF^b N ]
GQ^W Y^QF RYlp^uPp^F b^_P^lpF �JY F RYp^bTL YPIQY RJFb YbIQJIJQFb RYG YPRY FGY�
PFb RFb GQL[F[^K^RFRYb RFb QY_QFb JI^K^yFRFb � Y PTL IYW PYP~JWF QYKFSTL pLW
Lb ^IYPb KYz ^pF^b YW �JYbITL � GL^b Fb XvEZb JbFW nQgLQYb ´G¸� º¶x ½�³º½v³µ³÷ N
] bY_JPRF RYlp^uPp^F GLRY bYQ gYQ^lpFRF �JFPRL Yz ^bIYW RJFb GLbbHgY^b �LQ�
W Fb RY QFW ^lpFSTL � � R^QY^IF LJ � Yb�JYQRF N j KFb GLbbJYW Fb W YbW Fb QY_QFb
_QFW FI^pF^b � Y GLQIFPIL JWF XvEZ PTL bF[Y R^bI^P_J^Q F pLQQYIF N

] K_JPb QYbJKIFRLb GJ[K^pFRLb bL[QY L JbL RY XvEZb GFQF FPnK^bY b^PInI^pF
bTL QYKFI^gFWYPIY QJ^Pb N E~FQP^F� {Mqqh| £´¥ IQY^PLJ Y IYbILJ JW F XvEZ
JbFPRL L [FPpL RY nQgLQYb l om � Y L[IYgY JWF GQYp^bTL RY h� �cµ Y JWF
pL[YQIJQF RY hi �}µ {JW F WYR^RF�� RY ha �cµ | N

� ® þ ¸µ¶º¸ ·²¸E ¸÷�¸ E¸² c¶³²´½³· ¦©||Z§
e WLRYKL GQLGLbIL GLQ E~FQP^F� £´ ¥ K^W ^IF F _YQFSTL RY nQgLQYb F FGYPFb

JI^K^yFQ Fb QY_QFb _QFW FI^pF^b g ^bIFb PLb RFRLb RY IQY^PFWYPIL RL FK_LQ^IWL N
]b QY_QFb bTL º¶x ½�³º½v³µ³÷ � Y bJF FGK^pFSTL w R^g ^R ^RF YW RJFb GFQIYb N ]
GQ^W Y^QF FIQ^[J^ JW F GQL[F[^K^RFRY GFQF F JI^K^yFSTL RF QY_QF YW b^ � Y F bY�
_JPRF FgFK^F F GQL[F[^K^RFRY RLb ^IYPb KYz ^pF^b �JY GQYYPp~YW Fb �LK~Fb N

E~FQP^F� YP�LpF L FGQYPR^yFRL FJILWnI^pL RY _QFW nI^pFb K^g QYb RY pLP�
IYzIL F GFQI^Q RY RFRLb RY IQY^PFWYPIL PTL FPLIFRLb W FPJFKW YPIY � LJ bYf F �
GQLGsY JW WLRYKL RY FGQYPR^yFRL ´G¸�÷�E ¶²� ½÷½¸´³µ¸ N jW bYJ IQF[FK~L �
YKY FGQYbYPIF IwpP^pFb RY ³¾º¸°¶²³FG¸ RY GFKFgQFb � GFQF R^W ^PJ^Q L GQL[�
KYW F RLb RFRLb YbGFQbLb � Y IFW[wW FGQYbYPIF IwpP^pFb GFQF RYp^R ^Q L bYPI^RL
RY JWF GFKFgQF RY WýKI^G KLb bYPI^RLb � FIQFgwb RL pLPIYzIL LJ RY ^P�LQW FSsYb
YzIYQPFb N

ELW YbIY WLRYKL � E~FQP^F� FKpFPSF }h �iµ RY GQYp^bTL Y }h �Uµ RY pL[YQ�
IJQF {Y }h �iµ RY W YR^RF�� | PL p�QGJb ijk N
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jPIQYIFPIL � Fb ~^G�IYbYb RY ^PRYG YPRuPp^F RY E~FQP^F� � RY �JY F YzGFPbTL

RY JW bHW[LKL PTL RYGYPRY RY PYP~JW bHW[LKL Fp^W F Y PYP~JW bHW[LKL RLb
KFRLb � bTL �LQIYb RYW F^b N ] K_JPb WLRYKLb W F^b FR^FPIY PYbIY IQF[FK~L gTL
FlQW FQ ^bIL � Y FQ_JWYPIFQ �JY w PYpYbbnQ^L pLPb^RYQFQ L pLPIYzIL RLb bHW[LKLb N

ª ® þ ¸µ¶º¸÷ ø³÷¶³µ¸÷ ¶° ¸ ½÷�¹²½³
]GYbFQ RY GQLRJy^QYW [LPb QYbJKIFRLb � Lb WLRYKLb RYbpQ^ILb PFb bYSsYb

FPIYQ^LQYb PTL pLPbY_JYW pFGIJQFQ ^P�LQW FSsYb bJlp^YPIYb GFQF K^RFQ WJ^IL
[ YW pLW F FW[^_`^RFRY N ] b XvEZb IQFR^p^LPF^b pLPIFW pLW JWF pYQIF
PLSTL RY pLPIYzIL � W Fb F^PRF QYbIQ^IF F pFQFpIYQHbI^pFb KL pF^b N �F FPnK^bY
b^PInI^pF � bJGsY�bY �JY F ^P�LQW FSTL KYz ^pFK RY KLP_F R^bIPp^F w pQJp^FK GFQF
RYbFW[^_JFSTL � Y PYbIY pFbL W LRYKLb KL pF^b pLW L Fb XvEZb bTL ^PbJlp^YPIYb N

VW kLRYKL �FbYFRL YW �^bI�Q^Fh {k��| w JW WLRYKL ¾¶²³� ½�¸ GQL[�
F[^KHbI^pL pFGFy RY pLPb^RYQFQ ^P�LQW FSTL pLPIYzIJFK YW �JFK�JYQ GLb^STL RF
~^bI�Q^F RL R^bpJQbL N mL^ GQLGLbIL F GQ^W Y^QF gYy GLQ � KFp� YI FK N {Mqqa|
£� ¥ GFQF L GQLpYbbFW YPIL RY K^P_JF_YW PFIJQFK N xQF[FK~Lb GLbIYQ^LQYb pLWL
£©� º ¤� º ¤Z º ¤�¥ L JbFQFW GFQF GQL[KYW Fb RY FPnK^bY b^PInI^pF Y YI^�JYIF_YW
WLQ�Lbb^PInI^pF N

] ^Rw^F w RYlP^Q JW WFGYFWYPIL JW �GQF�JW �JY FbbLp^F pFRF WYW[QL RL
YbGFSL RY YPIQFRF Y bFHRF

S×A
{bYPIYPSF Y nQgLQY| F JW F bY�`uPp^F RY RYp^bs Yb

〈d1, d2, . . . , dn〉
N ] GQL[F[^K^RFRY pLPf JPIF RY JW WYW[QL

(s, a) ∈ S × A
{
sJWF bYPIYPSF Y

a
JWF nQgLQY| w RFRF GLQ

{c|
P (s, a) = P (〈d1, d2, . . . , dn〉) =

∏

i=1...n

P (di|d1, . . . , di−1).

e pLPIYzIL pLPR^p^LPFPIY GFQF pFRF
di

�
〈d1, d2, . . . , di−1〉

� w QY�YQ^RL pLWL F
ô~^bI�Q^Fõ � Y w Y�J^gFKYPIY F FK_JWF YbIQJIJQF GFQp^FKW YPIY pLPbIQJHRF N

] bbLp^FQ JW GFQWYIQL
P (di|d1, . . . , di−1)

F pFRF GLbbHgYK GQYlzL
〈d1, d2, . . . ,

di〉
KYgFQ^F F JW PýW YQL WJ^IL _QFPRY RY GFQWYIQLb N ] bb^W � JbF�bY JWF

�JPSTL
Φ
GFQF F_QJGFQ ~^bI�Q^Fb YW pKFbbYb RY Y�J^gFKuPp^F � L �JY PLb Rn

{h|
P (s, a) = P (〈d1, d2, . . . , dn〉) =

∏

i=1...n

P (di|Φ(d1, . . . , di−1)).

] �JPSTL
Φ
GLRY bYQ RYlP^RF IFPIL W FPJFKW YPIY �JFPIL FJILWFI^pFW YPIY

FIQFgwb RY IwpP^pFb RY FGQYPR^yFRL pLWGJIFp^LPFK N
e W FGYFWYPIL YPIQY YgYPILb YW

S×A
Y bY�`uPp^Fb RY RYp^bTL w FKpFPSFRL

RYlP^PRL�bY JW GQL_QFW F YbILpnbI^pL �JY _YQF YgYPILb YW
S × A

N VW GQL�
_QFW F YbILpnbI^pL w JW FK_LQ^IWL �JY YW pYQILb GLPILb �Fy JWF YbpLK~F
FKYFI�Q^F YPIQY RYp^bs Yb FKIYQPFI^gFb � RY FpLQRL pLW FK_JWF R^bIQ^[J^STL RY
GQL[F[^K^RFRY N e IQFSL RL GQL_QFW F GLRY bYQ QYGQYbYPIFRL pLWL F bY�`uPp^F

hpÅ ÄÊØÐäÁ » �â�
á¼�½ àâã� � 
�ã~â
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RY RYp^bs Yb �Y^IF � Y F GQL[F[^K^RFRY RYbIF bY�`uPp^F w L GQLRJIL RFb GQL[F�
[^K^RFRYb RFb R^�YQYPIYb RYp^bs Yb N e GQL_QFW F � YPITL � RYlPY JWF R^bIQ^[J^STL
bL[QY bY�`uPp^Fb RY RYp^bTL � Y JW F R^bIQ^[J^STL bL[QY

S × A
N

oY
Φ(d1, . . . , di−1) = α

� LPRY
α
w L PTL�IYQW ^PFK W F^b � Yb�JYQRF PF nQgLQY

GFQp^FK RYlP^RF GLQ
〈d1, . . . , di−1〉

� YPITL L GQL_QFW F YbILpnbI^pL w Y�J^gFKYPIY F
JWF XvEZ� PL bYPI^RL YW �JY YKY _YQF nQgLQYb pLW F R^bIQ^[J^STL RYlP^RF GYKF
XvEZ pLW GFQWYIQLb

P (α → β|α)
N ZLQ LJIQL KFRL �

Φ
GLRY bYQ YbIYPR^RF

GFQF ^PpKJ ^Q pLPIYzILb FQ[^IQnQ^Lb FR^p^LPF^b PF nQgLQY GFQp^FK RYlP^RF GLQ
d1, . . . , di−1

{GLQ YzYWGKL � L GF^ RY
α
PF nQgLQY � L bHW[LKL R^QYIFW YPIY �

Yb�JYQRF RY
α
PF nQgLQY � Y Fbb^W GLQ R^FPIY| N ] bb^W � �JY[QF�bY Fb �LQIYb

~^G�IYbYb RY ^PRYG YPRuPp^F pLPb^RYQFRFb PFb XvZEb N � KFp� YI FK N £� ¥ RYbpQYgY
JW WwILRL �JY JbF nQgLQYb RY RYp^bTL GFQF [JbpFQ gFKLQYb RY

Φ
�JY ^PpKJFW

pLPIYzIL FR^p^LPFK N tYbIY WLRL � YP�JFPIL YbIY W LRYKL [FbYFRL YW ~^bI�Q^F
^PpKJ ^ XvEZb � YKY IFW[wW w GLRYQLbL L bJlp^YPIY GFQF YbIYPRu�KLb RY gnQ^Fb
W FPY^QFb N

rYbJW ^PRL � F R^bI^PSTL pLW XvEZb LpLQQY PL bYPI^RL RY �JY pFRF YbIQJ�
IJQF RY b^PIF_WF RYGYPRY PTL bLWYPIY RF YPIQFRF � W Fb IFW[wW RF ~^bI�Q^F
^PIY^QF PF�JYKY GLPIL RF bYPIYPSF N ] ~^bI�Q^F w ^PIYQGQYIFRF pLWL �JFK�JYQ
YKYW YPIL RF nQgLQY �JY f n �L^ RYIYQW ^PFRL � ^PpKJ ^PRL GFKFgQFb FPIYQ^LQYb � PTL�
IYQW ^PF^b � YbIQJIJQFb RY b^PIF_WFb � Y �JFK�JYQ LJIQF ^P�LQW FSTL K^P_`HbI^pF
�JY w _YQFRF pLWL GFQIY RF YbIQJIJQF RF FPnK^bY N

ª ®©® þ ¸µ¶º¸÷ ø³÷¶³µ¸÷ ¶° ¸ ½÷�¹²½³ c¸´µ½� ½¸´³½÷ ® kLRYKLb [FbYF�
RLb YW ~^bI�Q^F IFW[wW GLRYW bYQ JbFRLb GFQF RYlP^Q R^bIQ^[J^SsYb pLPR^�
p^LPF^b

P (a|s)
GFQF

a ∈ A
Y

s ∈ S
N xQF[FK~Lb pLWL £¤Zº ¤� º ©�¥ RYbpQYgYW

WLRYKLb pLPR^p^LPF^b GFQF FPnK^bY b^PInI^pF ò £¤�¥ RYbpQYgY JW WLRYKL Fbb^W
GFQF YI^�JYIF_YW WLQ�Lbb^PInI^pF N jW WLRYKLb pLPR^p^LPF^b � L GFQ

s, a
w QYG�

QYbYPIFRL PLgFWYPIY pLWL JWF bY�`uPp^F RY RYp^bs Yb � W Fb F YPIQFRF
s
w JWF

gFQ^ngYK pLPR^p^LPFPIY \
{}|

P (a|s) = P (〈d1, d2, . . . , dn〉|s) =
∏

i=1...n

P (di|d1, . . . , di−1, s).

U NMNMN _ À��������� j �������� j¡À¢¢�Á Â kF_YQW FP {MqqU| £¤�¥ RYbYP�
gLKgYJ JW FPFK^bFRLQ b^PInI^pL p~FWFRL j¡À¢¢�Á {JW F YzIYPbTL RL IQF�
[FK~L RYbpQ^IL YW £©�¥| � �JY JI^K^yF JW WLRYKL RY GQL[F[^K^RFRY pLPR^p^LPFK N
e FPFK^bFRLQ �L^ pLWGKYIFW YPIY L[I^RL F GFQI^Q RY JW [FPpL RY nQgLQYb � bYW
F PYpYbb^RFRY RY JWF _QFW nI^pF YbpQ^IF � WTL N Ã � G LQIFPIL � RY FGQYPR^yFRL
÷�E ¶²� ½÷½¸´³µ¸ N ] YbpLK~F RF �JPSTL

Φ
GFQF RYlP^Q Lb pLPIYzILb RY RY�

p^bTL {bYSTL U| �L^ ^WGKYW YPIFRF FIQFgwb RY nQgLQYb RY RYp^bTL GFQF GQLpJQF
RY ~^G�IYbYb RY ^PRYG YPRuPp^F N e FPFK^bFRLQ IQF[FK~F RY [F^zL GFQF p^W F FIw
�JY JW F nQgLQY W HP^W F bYf F pLPbIQJHRF � Y F GFQI^Q RFH bYKYp^LPF F WYK~LQ N

ELPb^RYQFPRL Fb IQub YIFGFb GFQF L GQLf YIL RY JW FPFK^bFRLQ b^PInI^pL {gYf F
Gn_^PF MM| � k F_YQW FP JbLJ JW YbG Yp^FK^bIF YW K^P_`HbI^pF GFQF RYlP^Q JW F
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QYGQYbYPIFSTL {YIFGF M| �JY pLPI^gYbbY ILRLb Lb YKYW YPILb RY nQgLQY�bYPIYPSF
�JY GJRYbbYW bYQ ýIY^b GFQF F QYbLKJSTL RY FW[^_`^RFRYb ò Y YPITL YbpLK~YJ
JbFQ nQgLQYb RY RYp^bTL GFQF ^RYPI^lpFQ �JF^b pFQFpIYQHbI^pFb bYQ^FW QYFKW YPIY
b^_P^lpFI^gFb pLW L pQ^IwQ^L RY RYp^bTL {YIFGF d| N

e GQL[KYW F RYbIF YbIQFIw_^F w F GLJpF ^WGLQIPp^F RFRF � YIFGF a {RY
GFQFWYIQ^yFSTL � LJ RYpLWGLb^STL| RL WLRYKL N e oZ]xxjr YbpLK~Y GFQW YI�
QLb �JY FK_JW Fb gYyYb G YQRYW ^P�LQW FSsYb RY R^bI^PSTL ^WGLQIFPIYb � Y LJIQFb
gYyYb �QF_WYPIFW RYbPYpYbbFQ^FW YPIY Lb RFRLb RY IQY^PFWYPIL PFb QFW ^l�
pFSsYb RFb nQgLQYb RY RYp^bTL N

�F bYSTL U Na FGQYbYPIFWLb L IQF[FK~L RY ELKK^Pb £©ö¥ � �JY [FbY^F L QYKFI^gL
bJpYbbL RY bYJ FPFK^bFRLQ b^PInI^pL � ^WGLQIPp^F RFRF � YIFGF a � YW �JY w
ILW FRL YbG Yp^FK pJ^RFRL PF YbpLK~F RLb GFQWYIQLb �JY �JY[QFW Y pKFbb^lpFW
Fb nQgLQYb N

e IQY^PFW YPIL RL oZ]xxjr w �Y^IL FIQFgwb RL FK_LQ^IWL ¡��] �����¬�z
Á �] �����¬�ó £� º Z¥ � �JY QYlPF L WLRYKL FJWYPIFPRL L GYbL RFb RYp^bs Yb �JY
pLPIQ^[JYW WF^b � pLPgYQ_^PRL YW JW WLRYKL �JY W YK~LQ QYGQYbYPIF Lb RFRLb N
jbIY FK_LQ^IWL w JWF gFQ^FSTL RL FK_LQ^IWL RY kFz^W ^yFSTL RY jbGYQFPSF
{kj| £©¤¥ � Y GFQYp^RL pLW L FK_LQ^IWL OPIYQPL�jzIYQPL � RYbpQ^IL PL FGuPR^pY
] N

jbIY IQF[FK~L FGQYbYPIFRL GLQ kF_YQW FP QYGQYbYPILJ JWF WFIJQFSTL RFb
IwpP^pFb RY FPnK^bY b^PInI^pF GQL[F[^KHbI^pF N j KY QYGQYbYPILJ JW FgFPSL PF
YbpFKF RFb IFQY�Fb �Y^IFb GLQ FPFK^bFRLQYb b^PInI^pL N xLRFb bYPIYPSFb pLW FIw i�
GFKFgQFb �LQFW FPFK^bFRFb � YW JW RLW HP^L W F^b FWGKL {ijk | RL �JY IYbIYb
FPIYQ^LQYb N e FPFK^bFRLQ L[IYgY QYbJKIFRLb RY }i �cµ RY pL[YQIJQF Y }i �qµ
RY GQYp^bTL {Y }i �hµ RY WYR^RF�� | N ZQLgFgYKW YPIY WJ^IL RF WYK~LQF L[I^RF
YW QYKFSTL FLb W wILRLb [FbYFRLb YW XvEZb {JWF XvEZ ´G¸� º¶x ½�³º½v³µ³
FKpFPSF YW WwR^F haµ RY GQYp^bTLÄpL[ YQIJQF � pLP�LQW Y bYSTL d| bY RYgY FL
�FIL RL WLRYKL JbFQ GFQWYIQLb �JY bY [FbY^FW �LQIYW YPIY YW ^P�LQW FSsYb
Kwz ^pFb N

U NMNa N � ����� ¨ �� ���� �û � �w �û � �����: �� Â rFIPFGFQ�~^ GQLGsY JW WLR�
YKL RY FPFK^bFRLQ b^PInI^pL [FbYFRL YW JWF IwpP^pF RY FGQYPR^yFRL RY Wn�J^PF
p~FWFRF RY knz^W F jPIQLG^F £¤´ ¥ N e WLRYKL w IQY^PFRL pLW JW [FPpL RY
nQgLQYb FPLIFRL W FPJFKW YPIY � Y GLQIFPIL w ÷�E ¶²� ½÷½¸´³µ¸ N

] pLPbIQJSTL RF nQgLQY b^PInI^pF w �Y^IF pLW FSsYb bYW YK~FPIYb �b RY JW
FPFK^bFRLQ RY YWG^K~FQ�QYRJy^Q N ] bY�`uPp^F RY FSsYb

a1, . . . , an

GFQF pLPbIQJ^Q
JW F nQgLQY pLWGKYIF w p~FWFRF RY RYQ^gFSTL RY

A
N e FPFK^bFRLQ GFQIY RY

JWF RYQ^gFSTL
d = a1, . . . , an

Y GQYR^y FK_JWF FSTL
an+1

GFQF pQ^FQ JW F PLgF
RYQ^gFSTL �

d′ = a1, . . . , an+1

N � TL ~n JW F _QFWnI^pF �JY R^IF �JF^b FSsYb bTL
GLbbHgY^b N
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xLRFb Fb FSsYb �JY KYgFW F nQgLQYb [ YW��LQW FRFb bTL GYQW ^I^RFb Y L

WwILRL RY Wnz^W F YPIQLG^F w JbFRL GFQF GLPIJn�KFb N ] GLPIJFSTL RY pFRF
FSTL PF RYQ^gFSTL w JbFRF GFQF pLWGJIFQ F GLPIJFSTL RF RYQ^gFSTL ^PIY^QF N
e FPFK^bFRLQ JbF JW °¸µ¶º¸ �¸´µ½� ½¸´³º ¹³÷¶³µ¸ ´³ ¶ ½÷�¹²½³ � PF �JFK
JW F GQL[F[^K^RFRY

px(a|d)
w JbFRF pLWL F GLPIJFSTL RY JWF FSTL

a
� RYG YP�

RYPRL RF RYQ^gFSTL GFQp^FK
d
{IFW[wW p~FWFRF RY pLPIYzIL LJ ~^bI�Q^F| �JY

YbIn R^bGLPHgYK PL WLW YPIL RF RYp^bTL N e WLRYKL pLPR^p^LPFK
px

w YbI^W FRL
JbFPRL�bY W nz^W F YPIQLG^F � �JY GLRY JbFQ R^gYQbFb ^P�LQW FSsYb PL pLPIYzIL
d
GFQF pLWGJIFQ F GQL[F[^K^RFRY RY JWF FSTL

a
N

ZFQF FPFK^bFQ JWF bYPIYPSF � L FPFK^bFRLQ JbF JWF QLI^PF RY [JbpF �JY
YzGKLQF L YbGFSL RY ILRFb Fb nQgLQYb GLbbHgY^b Y IYPIF YPpLPIQFQ F RY W F^LQ
GQL[F[^K^RFRY N

ELW YbbY WLRYKL � rFIPFGFQ�~^ FKpFPSF QYbJKIFRLb RY }h �UµÄ}c �dµ RY GQY�
p^bTLÄpL[ YQIJQF {Y }c �qµ RY WYR^RF�� | PL l om N

ª ®¤ ® þ ¸µ¶º¸ �²½¶´�³µ¸ ³¸ ^Ç� º¶¸ fÿx ½�¸ ® e IQF[FK~L RYbYPgLKg ^RL
GLQ ELKK^Pb £©ö¥ GQ^W Y^QL GFQI^J RY JW WLRYKL GJQFW YPIY [FbYFRL YW RY�
G YPRuPp^Fb Kwz ^pFb � �JY ~Fg^F b^RL RYbYPgLKg ^RL YW MqqU N ELW YbIY WLRYKL
f n L[I^F�bY JWF GQYp^bTL YW ILQPL RY }Uµ PL l om N ] GFQI^Q RFH � PLgLb YKY�
W YPILb K^P_`HbI^pLb �LQFW ^PbYQ^RLb PL WLRYKL � PF IYPIFI^gL RY ILQPn�KL W F^b
YzFIL {W Fb pLW ^bbL ILQPFPRL�L IFW[wW WF^b pLWGKYzL| N

ELKK^Pb FQ_JWYPIF �JY RYgY�bY RFQ WJ^IF ^WGLQIPp^F � GFQFW YIQ^yFSTL RL
WLRYKL {F YIFGF a RL GQLf YIL RY JW WLRYKL RY FPnK^bY b^PInI^pF � �JY RYbpQYgY�
WLb PF Gn_^PF MM| N ZLQ ^bIL YKY pLPb^RYQF RL^b GLPILb pQHI^pLb \

{M| ELWL Fb nQgLQYb b^PInI^pFb GLRYW bYQ �JY[QFRFb YW �QF_WYPILb W Y�
PLQYbÈ

{a| ELWL YbIF YbpLK~F GLRY bYQ �Y^IF GFQF bY L[IYQ JW WLRYKL YbIFIHbI^pLÈ
jbIF uP�FbY PF GFQFW YIQ^yFSTL w YzGK^pFRF GLQ ELKK^Pb pLWL RYg^RF � GQL�

GQ^YRFRY RF KLpFK^RFRY �JY Fb GFKFgQFb YW JWF bYPIYPSF GLbbJYW � �JY RYlPY L
RLW HP^L PL YbGFSL bL[QY L �JFK F GFKFgQF PýpKYL ^P�JYPp^F Fb RYW F^b GFKFgQFb
RF bYPIYPSF N ] bb^W � L GQLG�b^IL w YbpLK~YQ JWF GFQFW YIQ^yFSTL �JY QY� ^IF
W YK~LQ F ^P�JuPp^F KL pFK RLb ^IYPb KYz ^pF^b PýpKYLb N ZLQIFPIL � L ^IYW KYz ^pFK
PýpKYL RYgY bYQ _YQFRL FPIYb RF YbIQJIJQF �JY RYGYPRY RYKY � PJW F RYQ^gFSTL
p~FWFRF RY ����] ��� �� �É ����} N ELW YbIF RYpLWGLb^STL � FGK^pF�bY ~^G�IYbYb
RY ^PRYG YPRuPp^F bL[QY QYKFp^LPFWYPILb �JY YbITL �LQF RL RLW HP^L RY ^P�JuP�
p^F {KL pFK^RFRY| N

] bb^W � PYbIY WLRYKL GQLGLbIL GLQ ELKK^Pb � JW F nQgLQY b^PInI^pF w QYGQYbYP�
IFRF pLWL JW F bY�`uPp^F RY RYp^bs Yb YW JW F LQRYW RY p^W F GFQF [F^zL � pLW

}pÅ ÄÊØÐäÁ » ãà���á�Êã� Ü
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JWF RYQ^gFSTL pYPIQFRF PL PýpKYL � YW �JY pFRF RYp^bTL IYW JWF GQL[F[^K^�
RFRY FbbLp^FRF N e WLRYKL � YPITL � p~FWFRL RY kLRYKL eQ^YPIFRL FL �ýpKYL
vwz ^pL � w ¾¶²³� ½�¸ � R^Q^_^RL FL PýpKYL � Y GQL[F[^KHbI^pL N

�Lb IYbIYb �Y^ILb PF bYSTL ad RL l om � L W LRYKL GQLGLbIL GLQ ELKK^Pb pLP�
bY_J^J JWF IFzF RY }} �dµÄ}} ��µ RY pL[YQIJQFÄGQYp^bTL {Y }} �Mµ RY WYR^RF�� |
PF QYpJGYQFSTL RLb b^PIF_WFb N ObbL QYGQYbYPIF JWF IFzF QYKFI^gF RY QYRJSTL
RY YQQL YW ILQPL RY aUµ bL[QY Lb QYbJKIFRLb RL oZ]xxjr � �JFPRL IQY^PFRLb
Y IYbIFRLb pLW L WYbWL pLPf JPIL RY RFRLb N

U Na NMN � ������ À��: ����� :��� � ¡ ���7]7 d� Â e IQF[FK~L QYFK^yFRL GLQ ELKK^Pb
PFIJQFKW YPIY �L^ FGK^pFRL FL OP_Kub � W Fb oLJbF £©©¥ Y �LP�FPIY £ª¥ FGQYbYPIFW
FPFK^bFRLQYb b^PInI^pLb GFQF L ZLQIJ_Jub [FbYFRLb PL IQF[FK~L RY ELKK^Pb N

jPIQYIFPIL � Lb QYbJKIFRLb L[I^RLb G YKLb RL^b bTL ^P�YQ^LQYb FLb L[I^RLb GFQF
L OP_Kub N ]W[Lb IQF[FK~Lb p~Y_FW F pLPpKJbsYb bYW YK~FPIYb �JFPRL FGQY�
bYPIFW FK_JWFb QFysYb GFQF �JY ^bIL IYP~F FpLPIYp^RL \ L �FIL GQ^Pp^GFK RY
IYQYW pLPIFRL pLW GLJpLb RFRLb RY IQY^PFW YPIL {�b gYyYb M� gYyYb W YPLQYb
�JY GFQF L OP_Kub| ò Y L �FIL RY Yz ^bI^Q JW F GY�JYPF _FWF RY pLP~Yp^W YPIL
pLKYIFRL bL[QY L GQL[KYW F RF FPnK^bY b^PInI^pF RL ZLQIJ_Jub N

eb RL^b IQF[FK~Lb YzGK^pFW F FRFGIFSTL RL WwILRL RY ELKK^Pb GFQF L ZLQ�
IJ_Jub � Y pLPIQ^[JYW GFQF L pLP~Yp^W YPIL RF nQYF �JFPRL QYKFp^LPFW Fb R^�
lpJKRFRYb Y Lb GQL[KYW Fb YPpLPIQFRLb PL RYbYPgLKg ^W YPIL RY FPFK^bFRLQYb
b^PInI^pLb GFQF L ZLQIJ_Jub N

� ® ±fc·÷ ^G¸�f¶x ½�³º½v³µ³÷
± KY^P Y kFPP^P_ {a��d| £¤ö¥ FGQYbYPIFW JW FPFK^bFRLQ b^PInI^pL [FbYFRL

YW XvEZb ´G¸� º¶x ½�³º½v³µ³÷ N ]b bJGLb^SsYb RY K^[ YQRFRYb RY pLPIYzIL �Y^IFb
GLQ XvEZb bTL WJ^IL �LQIYb � Y YP�QF�JYpu�KFb PYbIY bYPI^RL W YK~LQF [FbIFPIY
L W LRYKL N ELKK^Pb {Mqqq| £©ö¥ {bYSTL U Na| �Fy ^bIL � FL JbFQ gnQ^Fb bJ[ pFIY_L�
Q^yFSsYb pJ^RFRLbFW YPIY GQLf YIFb � WTL Y WLI^gFRFb K^P_`^bI^pFW YPIY GFQF
�JY[QFQ Fb W n bJGLb^SsYb RY K^[ YQRFRY RY pLPIYzIL N ± KY^P Y kFPP^P_ JI^K^yFW
JWF û ��  �¬�;�«8� RFb QY_QFb � pLPb^RYQFPRL L pLPIYzIL gYQI^pFK Y ~LQ^yLPIFK
RY JW P� N

jbIF XvEZ �8�z��w �����;��� bJGYQF F XvEZ ��w �����;��� RY kF_YQW FP
{MqqU| £¤� ¥ � JbFRF PL FPFK^bFRLQ b^PInI^pL oZ]xxjr {FGQYbYPIFRL PF bYSTL
U NMNM| � W Fb PTL bJGYQF WLRYKLb W F^b QYpYPIYb � pLWL E~FQP^F� {Mqqh| £´¥ {bYSTL
i| Y ELKK^Pb {Mqqq| £©ö¥ N ] K_JW Fb gFPIF_YPb RY JW F XvEZ PTL�KYz ^pFK^yFRF
bTL \ w W F^b �np^K RY ^PIYQGQYIFQ Y W YK~LQFQ RL �JY WLRYKLb KYz ^pFK^yFRLb W F^b
pLWGKYzLb ò F QYGQYbYPIFSTL RF _QFWnI^pF w WJ^IL W F^b pLWGFpIF � PTL PYpYbb^�
IFPRL WF^b RY _QFPRYb YbIQJIJQFb GFQF FQW FyYPFQ GQL[F[^K^RFRYb KYz ^pFK^yFRFb ò
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Lb FK_LQ^IWLb RY FPnK^bY IuW pLWGKYz ^RFRY Fbb^PI�I^pF W F^b [F^zF� Y IuW pLP�
bIFPIYb RY _QFW nI^pF WJ^IL W YPLQYb ò Y JW F XvEZ PTL�KYz ^pFK^yFRF w W F^b
b^WGKYb RY pLPbIQJ^Q Y LI^W ^yFQ N

e WLRYKL JbF FGQYPR^yFRL ÷�E ¶²� ½÷½¸´³µ¸ � FIQFgwb RY YbI^W FSsYb RY
knz ^W F�CYQLbb^W ^K~FPSF N ZFQF F FPnK^bY � L FPFK^bFRLQ JbF L FK_LQ^IWL E±²
£©� ¥ � bYW YK~FPIY FL FK_LQ^IWL RY jFQKY� RYbpQ^IL PL FGuPR^pY � N VbFPRL L
l om pLW bYPIYPSFb RY FIw i� GFKFgQFb � L WLRYKL L[IYgY }c �qµ RY GQYp^bTL �
}U �hµ RY pL[YQIJQF Y }c �dµ RY WYR^RF�� N ZFQF bYPIYPSFb pLW FIw M�� GFKFgQFb �
F GQYp^bTL �L^ RY }c �dµ � F pL[ YQIJQF }U �Mµ Y F WYR^RF�� }U �hµ N

Z ® þ ¸µ¶º¸ µ¶ c¸´�¶x�¸ µ¶ c¸´÷� ½�� ½´�¶÷
± KY^P Y kFPP^P_ {a��a| £©|¥ FGQYbYPIFW JW WLRYKL R^bIQ^[Jp^LPFK ¾¶²³�

� ½�¸ GFQF ^PRJSTL ´G¸�÷�E ¶²� ½÷½¸´³µ³ RY b^PIFzY RY K^P_JF_YW PFIJQFK N ]
[JbpF RY GFQWYIQLb w �Y^IF JI^K^yFPRL kFz ^W ^yFSTL RY jPIQLG^F N �F W F^LQ^F
RLb YzGYQ^W YPILb � bY�`uPp^Fb RY YI^�JYIFb WLQ�Lbb^PInI^pFb bTL ILW FRFb pLWL
YPIQFRF � W Fb IFW[wW IYbIF�bY pLWL YPIQFRF YI^�JYIFb ^PRJy^RFb R^bIQ^[J^RF�
W YPIY N

] [JbpF RY GFQWYIQLb w KL pFK � Y GLQ ^bIL GFQW YIQLb �JY bTL �I^WLb KL�
pFKW YPIY GLRYW bYQ QJ^Pb _KL[FKWYPIY N kFb YKF IYW F gFPIF_YW GLIYPp^FK
RY � GLQ F_QY_FQ bLW YPIY YbIQJIJQFb b^PInI^pFb gnK^RFb Y pLWGKYIFb RY pFRF bYP�
IYPSF � ^PpLQGLQFQ PFIJQFKW YPIY F QYbIQ^STL RY �JY pLPbI^IJ^PIYb PTL GLRYW bY
pQJyFQ N

ZFQF YzGKLQFQ YbIY Y LJIQLb [ YPY�Hp^Lb RF [JbpF RY GFQWYIQLb � ± KY^P Y
kFPP^P_ JbFW JW WLRYKL PLgL �JY w GQLf YIFRL YbG Yp^lpFWYPIY GFQF G YQ�
W ^I^Q JW YbGFSL RY [JbpF W F^b FGQLGQ^FRL N ] bJGLb^STL �JPRFW YPIFK w �JY
pLPbI^IJ ^PIYb FGFQYpYW YW pLPIYzILb RY pLPbI^IJ ^PIYb N VW �YPÌWYPL K^_`Hb�
I^pL GFQI^pJKFQ �JY L b^bIYW F YzGKLQF w �JY pLPbI^IJ ^PIYb KLP_Lb _YQFKW YPIY
IuW Y�J^gFKYPIYb pJQILb Y pLWJPb � �JY FGFQYpYW YW pLPIYzILb b^W ^KFQYb Y
pJf Lb ôpLQGLb RY pLPbI^IJ^PIYbõ Í bTL �Fp^KW YPIY RYbpL[ YQILb N e WLRYKL w GQL�
f YIFRL GFQF IQFPb�YQ^Q L pLQGL RY pLPbI^IJ ^PIYb RY JW F bY�`uPp^F R^QYIFW YPIY
GFQF L pLPIYzIL �JY L pLPIwW � �JY YPITL IYPIF GQYbb^LPFQ PLgFb bY�`uPp^Fb
�JY LpLQQYW PYbbY pLPIYzIL F bYQYW FPFK^bFRFb pLWL pLPbI^IJ ^PIYb PF QLRFRF
bY_J^PIY N e WLRYKL IFW[wW w GQLf YIFRL GFQF YzGKLQFQ Fb gFPIF_YPb RF ôF_KLW�
YQFSTL R^bIQ^[JHRFõ Î � Y GLRY ^_JFKWYPIY bYQ g^bIL pLWL YzYpJIFQ F_KLW YQFSTL
R^bIQ^[JHRF PF GQYbYPSF RY QYbIQ^Ss Yb RY PTL�bL[QYGLb^STL N e FK_LQ^IWL RY
^PRJSTL pLW[^PF Lb [ YPY�Hp^Lb RF [JbpF RY GFQWYIQLb [FbYFRF YW knz^W F
jPIQLG^F Y RLb W wILRLb RY F_KLW YQFSTL R^bIQ^[JHRF N

�
O(n3)

ÔÁ Ü
O(n5) ÏÅÂ ÔÁ Ü O(n4)

ÍÆÎÆ ÂÃ Æ ÄÃÍÐÈÃ ÈÊÒÆËÌÅ Ã ÈÐÚÅÎÐ ÜÍpÅ ÄÊØÐäÁ �
�â���oã��¼ Ö ÇÈ ÇÄÙÑÓÈÐ ÒÎÆÇÂËÌÅ ÜÎpÅ ÄÊØÐäÁ ��â�á�qo��
�à~ �~oâ�ãá ��	 Ü
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eb YzGYQ^W YPILb �LQFW �Y^ILb JI^K^yFPRL Fb bYPIYPSFb RL l om �JY GLbbJHFW

PTL WF^b �JY M� GFKFgQFb RYGL^b RF QYWLSTL RY GLPIJFSTL Y YKYW YPILb PJKLb
{l om� M�| N ELPbI^IJ ^PIYb �JY PTL GLR^FW bYQ YQQFRLb {pLW L JWF b� GFKFgQF
Y bYPIYPSFb ^PIY^QFb| �LQFW RYbpFQIFRLb N VI^K^yFPRL YI^�JYIFb WLQ�Lbb^PInI^pFb
pLWL YPIQFRF � L W LRYKL FKpFPSLJ cd �}µ RY GQYp^bTL � }� �aµ RY pL[YQIJQF Y
hM�Mµ RY WYR^RF�� N ObIL QYRJy F YbGFQb^RFRY RLb RFRLb � Y ILQPF W F^b �np^K
YPzYQ_FQ JW Yb[LSL RF _QFWnI^pF � W Fb IFW[wW K^W ^IF L W nz ^WL �JY YbIY
WLRYKL GLRY FKpFPSFQ N k YbW L Fbb^W � FK_JW Fb YI^�JYIFb W LQ�Lbb^PInI^pFb RTL
R^pFb RY pLP~Yp^W YPIL GLbIYQ^LQ RF YbIQJIJQF � ^bIL w � pFQQY_FW R^bI^PSsYb �JY
bLW YPIY GLRYQ^FW bYQ �Y^IFb b^PIFI^pFW YPIY N ± KY^P Y kFPP^P_ YPITL �FyYW Lb
YzGYQ^W YPILb JI^K^yFPRL pLWL YPIQFRF YI^�JYIFb ^PRJy^RFb R^bIQ^[J^RFWYPIY N
ELW ^bIL � F GQYp^bTL gF^ GFQF Uc �}µ � F pL[ YQIJQF GFQF hM�Mµ Y F WYR^RF�� GFQF
cd �aµ N

´ ® þ ¸µ¶º¸ µ¶ D ¶E ¶´µb´� ½³ ¶ c¸²E¸ µ¶ c¸´÷� ½�� ½´�¶÷
± KY^P Y kFPP^P_ {a��i| £¤ ©¥ FGQYbYPIFW JW WLRYKL ¾¶²³� ½�¸ GFQF L

FGQYPR^yFRL ´G¸�÷�E ¶²� ½÷½¸´³µ¸ RY YbIQJIJQFb RY RYG YPRuPp^F N e WLR�
YKL w p~FWFRL RY kLRYKL RY tYGYPRuPp^F pLW CFKuPp^F {ktC | � Y JI^K^yF Fb
^Rw^Fb GQ^Pp^GF^b �JY ILQPFQFW Lb WLRYKLb RY RYG YPRuPp^F bJGYQg^b^LPFRF Yl�
pFyYb PF FPnK^bY b^PInI^pF YbIFIHbI^pF N e IQY^PFWYPIL w �Y^IL pLW L FK_LQ^IWL
������ �z�w ���� � £¤¥ {gYf F FG uPR^pY ] | N

jbIY WLRYKL L[IwW ic �cµ RY GQYp^bTL � Uq �aµ RY pL[YQIJQF Y Ua �Mµ RY
WYR^RF�� N jbIYb gFKLQYb bTL [F^zLb � W Fb bTL Lb GQ^W Y^QLb QYbJKIFRLb GJ[K^pFRLb
F bJGYQFQ F ~YJQHbI^pF RF GFKFgQF FRf FpYPIY {RY dd �cµ PYbIY p�QGJb| N

± KY^P Y kFPP^P_ {a��i| Y ± KY^P {a��U| £©´¥ YPITL RYWLPbIQFW pLWL YbIY
WLRYKL GLRY bYQ pLW[^PFRL pLW L {W YK~LQ| W LRYKL RY ^PRJSTL RY pLPbI^IJ�
^PIYb Yz ^bIYPIY £©| ¥ � YzGK^pFRL PF bYSTL h � GFQF GQLRJy^Q JW F pLW[^PFSTL �JY
bJGYQF bJ[bIFPp^FKW YPIY �JFK�JYQ JW RLb WLRYKLb ^PR^g ^RJF^b � YW �JFK�JYQ
W YR^RF N ] b gFPIF_YPb RY pFRF WLRYKL bTL pLWGKYW YPIFQYb N e WLRYKL RY
pLPbI^IJ ^PIYb {kEE| w W YK~LQ PF QYpJGYQFSTL RY pLQG Lb RY pLPbI^IJ ^PIYb � Y
L W LRYKL RY RYG YPRuPp^F {ktC | w W YK~LQ PF QYpJGYQFSTL RY YbIQJIJQFb RY
RYG YPRuPp^F N �L WLRYKL pLW[^PFRL � F G LPIJFSTL {FgFK^FSTL| RY pFRF nQgLQY
w RFRF GYKL GQLRJIL RFb GQL[F[^K^RFRYb RY pFRF WLRYKL Fp^W F N

ELPb^RYQFPRL YI^�JYIFb WLQ�Lbb^PInI^pFb pLWL YPIQFRF � L WLRYKL pLW[^�
PFRL {ktCÒkEE| L[IwW cq �dµ RY GQYp^bTL � }} ��µ RY pL[YQIJQF Y hh �cµ
RY WYR^RF�� � PL p�QGJb l om� M� N e WLRYKL IFW[wW �L^ IYbIFRL pLW pKFbbYb
RY GFKFgQFb ^PRJy^RFb FJILW FI^pFWYPIY � JbFPRL L WwILRL RY F_KLW YQFSTL R^b�
IQ^[JHRF WF^b b^WGKYb RY op~`IyY {MqqU| £¤|¥ N ELW YbIFb pKFbbYb pLWL YPIQFRF �
L WLRYKL FGQYbYPILJ JW F RY_QFRFSTL � L[IYPRL cU �aµ RY GQYp^bTL � }a �}µ RY
pL[YQIJQF Y ha �qµ RY WYR^RF�� N jPIQYIFPIL � w ^PIYQYbbFPIY PLIFQ �JY YbIYb
PýWYQLb bTL ILIFKW YPIY PTL�bJGYQg ^b^LPFRLb N
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e WLRYKL pLW[^PFRL IFW[wW w IYbIFRL GFQF L ] KYW TL {PL p�QGJb �jXr]�

M�| Y GFQF L E~^Pub {Ex��M�| � Y IFW[wW L[IwW [LPb QYbJKIFRLb N ELW L p�QGJb
�jXr]�M� � F W YR^RF�� L[I^RF w RY cd �qµ N ELW L Ex�� M� � YKF gFKY id �dµ N
�YbIY pFbL � L WLRYKL RY RYG YPRuPp^Fb {ktC | bYGFQFRL FGQYbYPILJ WYK~LQ
QYbJKIFRL \ ic �hµ RY WYR^RF�� N

VWF QFyTL GQ^Pp^GFK GFQF YbIYb WLRYKLb bYQYW pFGFyYb RY QYpJGYQFQ Yb�
IQJIJQFb W F^b GQYp^bFW YPIY �JY IQF[FK~Lb FPIYQ^LQYb w �JY YKYb W ^P^W ^yFW F
�JFPI^RFRY RY YbIQJIJQFb LpJKIFb �JY GQYp^bFW bYQ ^PRJy^RFb N eb QYbJKIFRLb
L[I^RLb RYWLPbIQFW �JY F FWGKF YbIQJIJQF RY pLPbI^IJ ^PIYb Y RYG YPRuPp^Fb
RY JWF K^P_JF_YW GLRY bYQ QYpJGYQFRF pLW [FbIFPIY bJpYbbL F GFQI^Q RY JWF
�JFPI^RFRY WJ^IL W LRYbIF RY RFRLb RY IQY^PFWYPIL N





E]ZHxVve i

Ó C$'?$$�D

�F IF[YKF M bTL WLbIQFRLb Lb QYbJKIFRLb FKpFPSFRLb G YKLb FPFK^bFRLQYb �JY
FGQYbYPIFWLb N ] b YPIQFRFb YW ^InK^pL bTL Lb W LRYKLb PTL�bJGYQg^b^LPFRLb N ]
pLKJPF · ^PR^pF F GQYp^bTL � Y F c F pL[YQIJQF N eb gFKLQYb PF pLKJPF

≤
^PR^pFW

GFQF bYPIYPSFb RY FIw �JFPIFb GFKFgQFb Lb W LRYKLb �LQFW IYbIFRLb N ] FPLIFSTL
¡ �j ^PR^pF �JY WLRYKL JbF pLWL YPIQFRF YI^�JYIFb WLQ�Lbb^PInI^pFb � Y F FP�
LIFSTL Ô ���� Â ^PR^pF �JY L WLRYKL ^PRJy {R^bIQ^[J^RFWYPIY| F_KLW YQFSsYb RY
GFKFgQFb N k YbW L �JY Lb WLRYKLb �JY JbFW FGQYPR^yFRL PTL�bJGYQg^b^LPFRL
þ¸µ¶º¸ Õ · Õ c

≤
E�QGJb

XvEZ h� �c hi �}
kF_YQW FP {MqqU| oZ]xxjr }i �q }i �c i� l om
E~FQP^F� {Mqqh| W YK~LQ }h �i }h �U i� l om
rFIPFGFQ�~^ {Mqqq| jk }h �U }c �d l om
ELKK^Pb {Mqqq| ke�v }} �h }} �c i� l om
Ö ����� �����] ×ØÙÙØÚ � ÛÛ ×¡ �jÚ ÜÝÞß ßÙÞØ àÙ ijk
Ö ����� �����] ×ØÙÙØÚ � ÛÛ ×Ô ���� ÂÚ áÜÞß âàÞà àÙ ijk
± KY^PkFPP^P_ {a��d| XvEZ PTL�KYz N }c �q }U �h i� l om
± KY^PkFPP^P_ {a��d| XvEZ PTL�KYz N }c �d }U �M M�� l om
Ö ����� �����] ×ØÙÙãÚ �Ô ä ã ÜÞÜ áåÞØ àÙ ijk
Ö ����� �����] ×ØÙÙáÚ �Ô äü� ÛÛ ×¡ �jÚ ÜåÞÝ ßß àÙ ijk
Ö ����� �����] ×ØÙÙáÚ �Ô äü� ÛÛ ×Ô ���� ÂÚ ÜáÞØ ßØÞß àÙ ijk
Ö ����� �����] ×ØÙÙáÚ �Ô äü� ÛÛ ã åÞÜ ßåÞ â àÙ æ� çÁÀ
Ö ����� �����] ×ØÙÙáÚ �Ô äü� ÛÛ ÝÝÞÝ ÜØÞÙ àÙ Û¢¨
èWéêëW XY rYbJKIFRLb RLb gnQ^Lb WLRYKLb RY FPnK^bY b^PInI^pF WLbIQFRLb N

GLbbJFW GQYp^bTL [FbIFPIY F[F^zL RLb WLRYKLb bJGYQg^b^LPFRLb � YKYb bTL Lb
W YK~LQYb QYbJKIFRLb GJ[K^pFRLb FIw ~Lf Y � Y WLbIQFW �JY L GLIYPp^FK RYbbY I^G L
RY FGQYPR^yFRL w QYFK Y g^ngYK N ObIL ^PpYPI^gF G Yb�J^bFb PYbIF nQYF GFQF L
ZLQIJ_Jub � �JY FIJFKW YPIY pLPIF pLW WJ^ILb GLJpLb p�QGJb FPLIFRLb b^PIFI^�
pFW YPIY GFQF pLPbY_J^Q L[IYQ JW RYbYWGYP~L bFI^b�FI�Q^L PF FPnK^bY b^PInI^pF
bJGYQg ^b^LPFRF N

ZYKLb W LRYKLb RY FPnK^bY b^PInI^pF FGQYbYPIFRLb � g ^W Lb �JY L YbIFRL�RF�FQIY
GFQF L OP_Kub YbIn GQL_QYR^PRL N mn GFQF L ZLQIJ_Jub � IYWLb GLJpLb W LRYKLb

><
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{[YW | FRFGIFRLb � �JFPIL WF^b pQ^FRLb YbG Yp^lpFWYPIY N eb GLJpLb QYpJQbLb
K^P_`HbI^pLb R^bGLPHgY^b IFKgYy YbIYf FW RYbYPpLQFf FPRL W F^b G Yb�J^bFb PYbIF
nQYF N jbIY IQF[FK~L bYQgY pLWL _J^F GFQF �JIJQFb G Yb�J^bFb � WLbIQFPRL L
FgFPSL RLb WLRYKLb RY FPnK^bY b^PInI^pF � GQ^Pp^GFKW YPIY �JFPIL � JI^K^yFSTL
RY WLRYKLb PTL�bJGYQg^b^LPFRLb GFQF L FGQYPR^yFRL K^P_`HbI^pL N ] bb^W � GFQF
�JY WF^b Yb�LQSL RY G Yb�J^bF PYbIF nQYF bYf F YWGQY_FRL GFQF L ZLQIJ_Jub �
YbIYb WLRYKLb GLRYW bYQ F p~FgY ^P^p^FK N ELPb^RYQFPRL Lb QYbJKIFRLb L[I^RLb �
L W YK~LQ WLRYKL PTL�bJGYQg^b^LPFRL FGQYbYPIFRL GFQYpY bYQ pFGFy RY �LQPYpYQ
IFK p~FgY N eb IQF[FK~Lb �JIJQLb bTL � GLQIFPIL � FPFK^bFQ F �JPRL YbIY WLRYKL Y
FRFGIn�KL GFQF L ZLQIJ_Jub N ][Q^W Lb W TL RY FPFK^bFQ F JI^K^yFSTL RY pFRY^Fb
RY kFQ�Lg RY FKpFPpY gFQ^ngYK R ^QYIFW YPIY YW FK_JW WLRYKL � FL pLPIQnQ^L RL
�JY ~Fg HFWLb GQLGLbIL PL Z KFPL RY jbIJRLb RYbIF R^bp^G K^PF � GLQ�JY ^bIL b^_�
P^lpFQ^F �JY GQYp^bFQHFW Lb JI^K^yFQ W LRYKLb RY FGQYPR^yFRL bJGYQg ^b^LPFRL � L
�JY PTL GFQYpY bYQ F W YK~LQ ^Rw^F GFQF L ZLQIJ_Jub ~Lf Y N jPIQYIFPIL � W YbWL
�JY WJ^IL Yb�LQSL bYf F PYpYbbnQ^L GFQF FRFGIFQ JW WLRYKL PTL�bJGYQg^b^LPFRL
ì GLQ pFJbF RFb R^�YQYPSFb YPIQY K^P_JF_YPb ì � JW F gYy �JY bY FKpFPpY QYbJKIF�
RLb bFI^b�FI�Q^Lb F _YQFSTL RY p�QGJb FPLIFRL b^PIFI^pFW YPIY GFQF L ZLQIJ_Jub
lpFQn [FbIFPIY b^WGK^lpFRF Y QnG^RF N j pLW ^bIL � FPFK^bFRLQYb b^PInI^pLb W F^b
Ylp^YPIYb GLRYQTL bYQ pQ^FRLb N
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VW FK_LQ^IWL [FbIFPIY JbFRL GFQF IQY^PFQ JW F XvEZ w L p~FW FRL À �] �z
���û � a����� �z�w ���� �� £¤¥ � �JY w JW F ^PbIPp^F RL FK_LQ^IWL RY kFz^W ^yFSTL
RY jbGYQFPSF {kj| £©¤¥ N j KY JI^K^yF JW p�QGJb RY IQY^PFWYPIL Y Fb nQgLQYb
b^PInI^pFb RY IQY^PFW YPIL GFQF IYPIFQ FJWYPIFQ F GQL[F[^K^RFRY RFb QY_QFb
W F^b JI^K^yFRFb RYbIFb nQgLQYb N ZQ^W Y^QL L FK_LQ^IWL pFKpJKF Fb GQL[F[^K^RFRYb
^PIYQPF Y YzIYQPF RY JWF bYPIYPSF N

oYf F
w1,n

JWF bYPIYPSF RL pLQGJb RY IQY^PL � LPRY
wi

RYPLIF F
i
�wb^W F

GFKFgQF RF bYPIYPSF N e bHW[LKL IYQW ^PFK
i
QYGQYbYPIF

wi

N
] GQL[F[^K^RFRY ^PIYQPF

βX(k, l)
w F GQL[F[^K^RFRY RL PTL�IYQW ^PFK

X
RLW �

^PFQ Lb IYQW ^PF^b RY
k
F

l
{
[k, l]

| � LJ bYf F � w F GQL[F[^K^RFRY RLb IYQW ^PF^b õRYP�
IQLõ RY

Xk,l

N oYf F
S
JW bHW[LKL ^P ^p^FK RF _QFW nI^pF N jPITL � �JFPRL I^gYQWLb

pFKpJKFRL Fb GQL[F[^K^RFRYb ^PIYQPFb RF bYPIYPSF � IYQYWLb F GQL[F[^K^RFRY RF
bYPIYPSF \

βS(1, n) = P (w1,n)ZFQF pFKpJKFQ Fb GQL[F[^K^RFRYb ^PIYQPFb Ylp^YPIYW YPIY � pLW YSFWLb pLW L
pFbL [FbY \

βX(k, k) = P (X → wk)j YPITL � pLPb^RYQFPRL L pLPf JPIL RFb QY_QFb JbFRFb GFQF pQ^FQ
Xk,l

� ^IYQ�
FWLb GLQ \
{q|

βX(k, l) =
∑

Xk,l→Yk,...···Y...,l

P (Xk,l → Yk,... · · ·Y...,l)
∏

Yp,q∈Yk,...···Y...,l

βY (p, q)

] GQL[F[^K^RFRY YzIYQPF w RYlP^RF GLQ
αX(k, l) = P (w1,k1

, X, wl+1,n)
� LJ

bYf F � w F GQL[F[^K^RFRY RY GQLRJy^Q L W FIYQ^FK ô�LQFõ RY
X
YP�JFPIL

X
RLW ^PF

L QYbIL RL W FIYQ^FK N ] GQL[F[^K^RFRY YzIYQPF w pFKpJKFRF RL ILGL RF nQgLQY
GFQF [F^zL N ] bb^W L pFbL [FbY w \

αS(1, n) = P (S1,n) = 1.0ELPI^PJFWLb L GQLpYbbL GLQ \

αX(k, l) =
∑

Za,b→[···Xk,l··· ]

αZ(a, b)
P (Za,b → [· · ·Xk,l · · · ])

∏
Yp,q∈[···Xk,l··· ]

βY (p, q)

βX(k, l)

�pÅ ÄÊØÐäÁ ��â ��ã�^o�â ��ã 	 ~	 
á���� Ü
��
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m^PFKW YPIY � GFQF QYYbI^W FQW Lb Fb GQL[F[^K^RFRYb RFb QY_QFb � JI^K^yFWLb F

Y�JFSTL

Pe(X → Y 1 · · ·Y m) =
C(X → Y 1 · · ·Y m)∑

C(X → · · · ))LPRY
C(X → Y 1 · · ·Y m) =

bLW FI�Q^L RF GQL[F[^K^RFRY RY �JY
X

�L^ pLP�
bIQJHRL JbFPRL F QY_QF

X → Y 1 · · ·Y m
bL[QY ILRFb Fb FGK^pFSsYb RF QY_QF � LJ

bYf F �
C(X → Y 1 · · ·Y m) = 1

P (w1,n)

∑
� ����� X→Y 1···Y m αX(k, l)P (X → Y 1 · · ·Y m)

βY 1(k, · · · ) . . . βY m(· · · , l).
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e FK_LQ^IWL RY jFQKY� gYQ^lpF bY JWF bYPIYPSF w QYpLP~Yp^RF GYKF _QFW nI^pF
RFRF N ELW FK_JWF YbIQJIJQF F WF^b � G LRYWLb �Fyu�KL YPpLPIQFQ Fb nQgLQYb
b^PInI^pFb RF bYPIYPSF N j JI^K^yFPRL JW F _QFWnI^pF GQL[F[^KHbI^pF � YPpLPIQFQ
FG YPFb F nQgLQY b^PInI^pF pLW WF^LQ GQL[F[^K^RFRY N

ZQ^W Y^QL � L FK_LQ^IWL GQYp^bF RY IQub YbIQJIJQFb RY RFRLb \
{M| VW F WFIQ^y RY GQL[F[^K^RFRY pLPIYPRL Fb QY_QFb ^PbIFPp^FRFb f n �Y�

p~FRFb Y F GQL[F[^K^RFRY RF nQgLQY F GFQI^Q RY pFRF JWF RYbbFb QY_QFb ò
{a| VW F G^K~F RY YPIQFRFb RY bHW[LKLb ^PbIFPp^FRLb F bYQYW FPFK^bFRLb ò
{d| VW pLPf JPIL RY QY_QFb ^PbIFPp^FRFb GFQp^FKW YPIY N
] GQ^W Y^QF YbIQJIJQF w ^WGKYW YPIFRF JI^K^yFPRL cde � Y pLPIwW Fb QY_QFb

^PbIFPp^FRFb �JY f n �LQFW �Yp~FRFb � f JPIL pLW bJFb QYbG YpI^gFb GQL[F[^K^�
RFRYb N j KF w ^PRYzFRF GLQ

[
HPR^pY bJGYQ^LQ

−
HPR^pY ^P�YQ^LQ

][
HPR^pY ^P�YQ^LQ

]
N

ZLQ YzYWGKL � pLPb^RYQFPRL L bHW[LKL � Yb�JYQRF RF JWF QY_QF ^PbIFPp^FRF
NP1,2 → D1,1N2,2

� F QY_QF w FQW FyYPFRF PF GLb^STL
[2 − 1][1]

N ] IYQpY^QF Yb�
IQJIJQF w �LQPYp^RF GYKL L[f YIL RF _QFW nI^pF GFbbFRL FL FK_LQ^IWL � Y w ^WGKY�
W YPIFRF YW GFQIY G YKF pKFbbY RY QY_QF {fg hi| \ pFRF QY_QF ^PbIFPp^FRF GLbbJ^
F GLb^STL PL KFRL R^QY^IL YW �JY FIJFKW YPIY bY YPpLPIQF L FQpL N

VW FQpL WLbIQF FIw �JY GLPIL JWF QY_QF �L^ YzGFPR^RF � ^PR^pFPRL F
GLb^STL f n QYpLP~Yp^RF RF bYPIYPSF N tYbbF �LQW F � L FQpL RF QY_QF

SV1,j →
V T1,2 • SN2,j

� G LQ YzYWGKL � WLbIQF �JY Lb IYQW ^PF^b YPIQY
1
Y

2
f n �LQFW

QYpLP~Yp^RLb N
ZFQF YPpLPIQFQ F GQL[F[^K^RFRY RY pFRF nQgLQY b^PInI^pF � pFKpJKFWLb F GQL[�

F[^K^RFRY ^PIYQPF RL bHW[LKL � Yb�JYQRF RY pFRF QY_QF ^PbIFPp^FRF �JY bY �Yp~F N
VI^K^yFWLb GFQF ^bbL JWF gFQ^FSTL RF Y�JFSTL q RF GQL[F[^K^RFRY ^PIYQPF � bJ[�
bI^IJ ^PRL L pnKpJKL RL bLW FI�Q^L G YKL RL Wnz^WL \
{M�|

βX(k, l) = max
Xk,l→Yk,...···Y...,l

P (Xk,l → Yk,... · · ·Y...,l)
∏

Yp,q∈Yk,...···Y...,l

βY (p, q)

e FK_LQ^IWL QYFK^yF F FPnK^bY b^PInI^pF GFQF pFRF bYPIYPSF RL pLQGJb RY
IYbIY � RF bY_J^PIY W FPY^QF \

•
ELKL�JY PF G^K~F � YW LQRYW ^PgYQbF � Lb bHW[LKLb IYQW ^PF^b RF bYP�
IYPSF bYPRL FPFK^bFRF � ^PbIFPp^FRLb GLQ bJFb QYbG YpI^gFb GLb^SsYb PF
bYPIYPSF

�å
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•
jP�JFPIL ~LJgYQ bHW[LKLb PF G^K~F \
{M| rYWLgF L bHW[LKL PL ILGL RF G^K~F
{a| oY YKY f n YbIn PF G^K~F � gn GFQF F GQ�z ^W F ^IYQFSTL
{d| ZFQF ILRF QY_QF RF _QFW nI^pF � PTL�^PbIFPp^FRF � �JY pLWYSF pLW

YbbY bHW[LKL � pLG^Y YbIF QY_QF Y F ^PbIFPp^Y � �FyYPRL�F YzGFPR^Q
bYJ FQpL JWF GLb^STL GFQF F R^QY^IF � FIJFK^yFPRL L HPR^pY ^P�YQ^LQ
RL bHW[LKL � Yb�JYQRF Y RL GQ^W Y^QL � R^QY^IF pLW L HPR^pY ^P�YQ^LQ
RL bHW[LKL bL[ L �JFK bY YzGFPR^J L FQpL � LJ bYf F � RL bHW[LKL
QYI^QFRL RF G^K~F

{i| ZFQF ILRF QY_QF ^PbIFPp^FRF RF _QFWnI^pF � YW �JY L bHW[LKL �
R^QY^IF bY_J^PIY FL bYJ FQpL w ^_JFK FL bHW[LKL QYI^QFRL RF G^K~F �
pLW YzpYSTL RL HPR^pY bJGYQ^LQ � pLG^Y YbbF QY_QF Y �FSF�F YzGFPR^Q
bYJ FQpL JWF GLb^STL GFQF F R^QY^IF � FIJFK^yFPRL L HPR^pY bJGYQ^LQ
RL bHW[LKL pL[ YQIL G YKL FQpL Y L HPR^pY ^P�YQ^LQ RL bHW[LKL �JY
lpLJ FG�b L FQpL � bY Yz ^bI^Q

{U| EFbL L FQpL RY FK_JWF QY_QF bYf F IYQW ^PFRL � �Yp~Y F QY_QF Y
k ]IJFK^yY L HPR^pY bJGYQ^LQ RL bHW[LKL � Yb�JYQRF pLW L
HPR^pY bJGYQ^LQ RL ýKI^W L bHW[LKL � R^QY^IF {L W YbWL RL
bHW[LKL QYI^QFRL RF G^K~F|

k EFKpJKY F GQL[F[^K^RFRY ^PIYQPF RF QY_QF pLP�LQW Y F Y�JFSTL
M� N oY YKF �LQ W F^LQ �JY F GQL[F[^K^RFRY f n YPpLPIQFRF PF
W FIQ^y RY GQL[F[^K^RFRYb � FIJFK^yY F W FIQ^y pLW F QY_QF Y
bJF GQL[F[^K^RFRY

k ]R^p^LPY L bHW[LKL � Yb�JYQRF RF QY_QF � G^K~F
•
ZQLpJQY PF WFIQ^y L bHW[LKL ^P ^p^FK pLW WF^LQ GQL[F[^K^RFRY � Y pLP�
bIQJF F nQgLQY b^PInI^pF RY W F^LQ GQL[F[^K^RFRY F GFQI^Q RYKY

•
]QWFyYPY YbbF nQgLQY YW JW pLPf JPIL � �JY RYGL^b bYQn JbFRL GFQF
gYQ^lpFQ bY Fb nQgLQYb YPpLPIQFRFb bTL Fb pLQQYIFb

EFbL JW bHW[LKL IYQW ^PFK PTL bYf F pLP~Yp^RL GYKF _QFW nI^pF � ^bbL w � pFbL
PTL Yz ^bIF PYP~JW F QY_QF RYQ^gFPRL YbbY bHW[LKL � F _QFW nI^pF QYILQPF JW
pLPf JPIL RY QY_QFb YbG Yp^F^b N jbbFb QY_QFb bTL FIJFK^yFRFb GFQF pFRF IYQW ^PFK

tYGL^b �JY L FK_LQ^IWL QYFK^yF YbIYb GFbbLb GFQF pFRF bYPIYPSF � YKY QYILQPF
FL FPFK^bFRLQ b^PInI^pL L pLPf JPIL RY nQgLQYb b^PInI^pFb YPpLPIQFRFb N


