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ABSTRACT. In thege short notes we introduce and study a few basic concepts concerning
Riemannian submersions. We exhibit some geometric features of these geometric objects by
looking at the properties of two tensor fields defined in terms of vertical and horizontal sections.
All geometric information concentrated on a Riemannian submersion may be described by those
tensor fields as it can be seen when working with curvature invariants of the ambient spaces.
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1. INTRODUCTION

It is well known that immersions and submersions, both of them viewed as special tools in
differential geometry, also play an important role in Riemannian geometry, especially when
the involved manifolds carry an additional structure. Although submersions are, in a certain
sense, a counterpart of immersions, the corresponding theories are quite different, even from a
historical point of view. The theory of isometric immersions, started with the work of Gauss
on surfaces in the Euclidean 3-dimensional space, is classical and strongly explained in many
books, whereas the theory of Riemannian submersion goes back to four decades ago, when B.

| O'Neill in [8, 9] and A. Gray in [1], independently, formulated the base of such theory, which

VL- . has hugely been developed in the last two decades.

Q)q .hm} Riemannian submersions also appear in physics providing several applications. For instance,
they are useful to explain extensions of important aspects of theoretical particle physics in the
presence of non-Abelian gauge theories. An evidence of this phenomena was given by B. Watson
who studied the relations between Riemannian submersions and instantons, the latter of which
are critical functionals of the Yang—Mills action; see [11]. Other applications in physics where
Riemannian submersions are widely used are generalized nonlinear sigma models in curved
spaces, the Dirac monopole, Einstein equations, among others. See for example [2, c. 8] as well
as the references therein.
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One of our main reasons that encouraged us to study Riemannian submersions is because
they are needed to define a notion of Riemannian stack; visit [5, 6]. These geometric objects
generalize both notions of Riemannian manifold and Riemannian orbifold, thus allowing the
study of Riemannian geometry over more general singular spaces. It can be evidenced with the
recent study of geodesics on Riemannian stacks [4].

The notes are divided as follows. In Section 2 we define Riemannian submersions and introduce
the basic terminology we will be using throughout this work. We also exhibit here three classical
examples. In the spirit of O’Neill seminal papers [8, 10], in Section 3 we define two tensor
fields in terms of vertical and horizontal sections which will essentially determine the geometry
that brings us a Riemannian submersion as well as the foliation determined by its vertical
distribution. To describe the curvature relations of the involved spaces where we are working on
we strongly study horizontal geodesics and holonomy fields. Finally, Section 4 is devoted to cite
a few classical results appearing in this setting. The main references that we will be using to
develop these notes are [3, 2]. We mainly adopt both notation and approach from [3].

2. BASIC NOTIONS AND EXAMPLES

Let us start by defining the geometric object this work is concerned with. Let (M, ¢*) and
(B, g?) be two Riemannian manifolds.

Definition 2.1. A surjective submersion 7 : M — B is said to be Riemannian if dm, is a linear
isometry from (kerdm,)* onto Ty, M for all p € M. Here (kerdm,)* denotes the orthogonal
complement of kerdr, with respect to g™.

For every p € M we define the vertical V' and horizontal H distributions in T'M respectively

as
V, =kerdr, and  H,= (kerdm,)", p€ M.

Note that they are such that TM =V @& H for which each element X € T'M may be written as
X = XV + X" where XV € V and X" € H are respectively called the vertical and horizontal
components of X. It is worth noticing that as every surjective submersion is transverse to any
submanifold in its base then 7 {7 (p)} which implies that 7—!(7(p)) is a submanifold in M of
codimension dim(B) and

Tom(7(p) = dm, (Ten{m(p)}) = dr, " (0) = kerdr,.

Therefore, our vertical distribution V' is integrable since it is tangent to the regular foliation
Fr={r"Y(x): z € B}. This is regular because 7 is a surjective submersion. Nevertheless, the
horizontal distribution may be not integrable.

A vector field X € X(M) is said to be vertical (resp. horizontal) if it is section of the canonical
vector bundle V- — M (resp. H — M). That is, X, € V, (resp. X, € H,) for all p € M. Let us
denote by XU(M) and X"(M) the set of vertical and horizontal vector fields on M, respectively.
Since V' is integrable then as consequence of the Frobenius’ theorem we have that the vertical
distribution is involutive so that X" (M) is actually a Lie subalgebra of X(M).

A vector field X € X(M) is called projectable if there exists a vector field X € X(B) such that
X and X are 7m-related. Moreover, X is defined to be basic if it is horizontal and projectable. It
is important to notice that for all Y € X(B) there exists a unique horizontal vector field Y
such that Y and Y are m-related. This vector field Y is called horizontal lift of Y and it is
defined by using the linear isomorphisms dmp|q, : Hy, — Ty B as

V) =dr, (Yap), pEM (1)

o H‘S
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It is simple to check that Y is indeed smooth by rewriting (1) in local coordinates and by using
the fact that every surjective submersion locally looks like a linear projection; see for instance |3,
p. 10]. Observe that the set of projectable vector fields is a subalgebra of X(M) since if X; and
X, are projectable over X; and X, respectively, then the identity dm o [X;, X5 = [X1, Xo] o7
holds true. Furthermore, X"(M) is actually a Lie algebra ideal of this Lie algebra of projectable
vector fields since any vertical vector field clearly is w-related with the zero vector field on B.

Let us denote by B the set of basic vector fields on M. Using the horizontal lift operation
it is simple to see that B and X(B) are isomorphic only as vector spaces since H may be not
integrable and

[B,X"(M)] Cc ¥*(M) < [X,U]" =0, X e&B, UcZXx’(M). (2)

We also denote by v : TM — V and h : TM — H the canonical vertical and horizontal
projections with respect to the splitting TM = V & H, respectively. Clearly, these two
maps induce canonical vertical and horizontal projections on section v : X(M) — X¥(M) and
h : X(M) — X"(M) which shall be equally denoted by v and h only if there is no risk of
confusion. Finally, let g" = g™ o (h x h) denote the horizontal component of the metric tensor
gM™. We are now in conditions to give an answer to the question: given a surjective submersion
with total space a Riemannian manifold, under what conditions is there a Riemannian metric
on its base making of such submersion a Riemannian submersion?

Proposition 2.2. Let 1 : M — B be a surjective submersion with connected fibers where
(M, g™) is a Riemannian manifold. Then there exists a Riemannian metric on B for which
7 becomes a Riemannian submersion if and only if the Lie derivative Lyg" vanishes at any
vertical direction U.

Proof. Let us first suppose that Lyg" = 0 for all U € X*(M). If X,Y € X(B) with respective
horizontal lifts X,Y € X(M) then we set ¢%(X,Y) = ¢™(X,Y) o 7. More precisely, for all
x € B we define

g2 (X,,Y,) = g;)‘/I(Xp, Y,), forsomep e n ! (x).
To see that this expression is well defined we have to prove that ¢™(X,Y’) is constant along the
fibers of . Note that as consequence of Identity (2) we obtain

0 = (Lug")(X.Y)
= U-g"(XY) = ¢"(Lu(X)Y) = ¢"(X, Lu(Y))
U- gM(X> Y) - gM([U’ X]h7 Y) - gM(X7 [Ua Y]h)
U-g"(X,Y).
since X and Y are horizontal vector fields. Therefore, U - g™ (X,Y) = 0 holds true for every
U € XY(M) but the fibers of 7 are connected so that we get that ¢™(X,Y) is constant
along the fibers. This implies that ¢” is a well defined Riemannian metric on B and from
the defining formula of it we easily see that 7 is a Riemannian submersion. Conversely, if

7 (M, gM) — (B, gP) is a Riemannian submersion then for all p,q € M belonging to the same
fiber of 7 and for all pair of horizontal vector fields X, Y € X(M) we have that

g}]?W(Xp? Yp) = gf(p)(dﬂ-P(Xp)7 dmy(Xp)) = gf(q)<d7Tq<Xq)a dmy(Xy)) = géM<Xq> Yy),

since m(p) = 7m(q). On the other hand, from Equation (2) we get that for every U € X"(M)
it holds (Lyg")(X,Y) = U - g™ (X,Y). But ¢™(X,Y) is constant along the fibers of 7, thus
obtaining that £y ¢" = 0. OJ
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Some interesting examples come in order.

Example 2.3 (Hopf fibration). If we think of S*(1) € C* and 5?(5) C C x R then the smooth
map 7 : S*(1) — S?(3) defined by
1 _
wlzw) = (5wl = 12]P), )

provides us with an example of Riemannian submersion. Indeed, note that the fiber containing
(z,w) consists of the points (¢z, ew) for which i(z,w) is tangent to
tangent vectors that are perpendicular to those vectors are of the for
Let a(t) = (2(t), w(t)) be a smooth curve in S3(1) such that «(0) = (2, w) an = \N—w,z).
Then

() (M=2,0)) = C;it|t=o7r(04(2f))=(Re(<w’(0),w(0)>—<Z’(0),2(0)>),Z’(0)w(0)+Z(0)w’(0))

= (Re((\7,w) + (\w, 2)), =A\W0* + A\2%) = (2Re(Azw), =AW + \2?).

It is simple to check that the previous expression and A\(—w,Z) have the same length || as we
required.

The Hopf fibration is a particular case of a more general example.

Example 2.4 (Equivariant setting). Let (M, g) be a Riemannian manifold and assume that
there exists a Lie group G acting freely, properly, and by isometries on (M, g). If G is compact
the properness of the action is immediate. It is well known that as consequence of Godement’s
theorem there exists a unique structure of smooth manifold for the orbit space M /G making of
the canonical projection 7 : M — M /G a surjective submersion. Besides, as the action is by
isometries we have that M/G can be equipped with a Riemannian metric turning 7 : M — M /G
into a Riemannian submersion. In particular, if H is a closed subgroup® of G then we know that
G/H is a manifold. If we endow G with a metric such that right translation by elements in H
act by isometries, then there is a unique Riemannian metric on G/H making of the projection
G — G/H a Riemannian submersion. If in addition the metric is also left invariant then G acts
by isometries on G/H (by the left) thus making of G/H a homogeneous space. For instance,
if M = S**! is equipped with its canonical Riemannian metric which is induced from C**!
and G = S! is acting on S?"*! by complex multiplication then S?***1/S1 = CP™ admits a
Riemannian metric, called the Fubini-Study metric, such that S?"*! — CP" is a Riemannian
submersion. The case n = 1 is precisely the Hopf fibration.

Example 2.5 (Vertical warping). Any Riemannian submersion can be used to generate new
ones by deforming the metric in the vertical direction. More precisely, let 7 : (M, g) — B be a
Riemannian submersion and let p: M — R be a smooth function. We define a new metric g
on M by setting

GH(X,Y) =P g(X? YY) 4 g(XM YT, X,Y € T,M, p € M.

Note that the horizontal metric g" is unchanged so that 7 : (M, g") — B is still a Riemannian
submersion called vertical warping of m with respect to pu.

An exhaustive study of the geometry immersed in the previous example as well as more
interesting examples can be found for instance in [3, c. 2].

1By the closed-subgroup Cartan’s theorem we know that H is a Lie subgroup of G.
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3. THE FUNDAMENTAL EQUATIONS OF A SUBMERSION

In this section we will see that there are two tensor fields measuring the complexity of a
Riemannian submersion. They will allow us to find relations between the curvature invariants
of the ambient spaces as well as to study the so called horizontal geodesics and holonomy fields,
the latter of which are special cases of projectable Jacobi fields. If 7 : (M, gM) — (B, g®) is a
Riemannian submersion then we denote by VM and V? the Levi-Civita connections on (M, g™)
and (B, gP), respectively. Let us start by establishing a relation between VM and V2.

Lemma 3.1. If X and Y are basics vector fields then so is (VY )"

Proof. Let X and Y be vector fields on B that are m-related with X and Y, respectively. We
claim that (V{Y)" and VLY are 7-related. Firstly, note that g™ (X,Y) = g”(X,Y) o 7 since
7 is a Riemannian submersion. Furthermore, it follows that [ X, Y]" is a basic vector field with
dm o [X,Y]" = [X,Y] ow. This is because

dro[X,Y]" =dro([X,Y]' +[X,Y]") =dro[X,Y]=[X,Y]or.
Secondly, observe that for another basic vector field Z that is 7-related with Z we obtain
g (dm o (V¥ Z o) = ¢P(dm o VY, dr 0 Z) = g™ (VY 7).
Thus, by using the Koszul formula we get
2¢%(dm o (VYY) Zom) = 2¢M(VYY,2)
= X MYV, 2)+Y - ¢M(Z,X)-Z-g™(X,Y)
T+ gM(Z, (X, Y]) + 6 (Y, 12, X]) - g™ (X, [V, Z).
However, we may rewrite
X - MY, 2)=X(¢P(Y,Z)onr)=dro X -¢%(Y,Z)=X - ¢®°(Y,2)om,
and
Mz X, Y])) =gP(dro Zdrno[X,Y))=gP(Zon,[X,Y]or)=¢%(Z,[X,Y]) o
Therefore, after replacing these identities in the expression above we have that
2¢8(dr o (VYY" Zon) = {X-¢°(Y.2)+Y -¢°(Z,X)-Z 4%, X)
+ (2, [X.Y])) +¢°(V,[Z,X]) - " (X, [V, Z])} o
= 293(V§?, Z)om = 2gB(V§? om,Zom).
Hence, as g7 is nondegenerate we obtain that dm o (V¥Y )" = V%? o as desired. OJ
If V=V denotes the Levi-Civita connection on (M, g™) then:

Lemma 3.2. The expression A: H x H —V given by
1
AxY = V%Y = 5[X, Y] XY e XM(M),

defines a skew-symmetric tensor field on M. No Nee d /
Proof. Let X, Y € X"(M) and U € X¥(M) be arbitrary. From the Koszul formula we get that
(VY. 0) 4+ 29V (VYD) = 26V(VxY.0) R

= X -¢MY,U)+Y - ¢"(UX)-U-g"(X,Y)
+ gM(U X Y]) + g (Y. [U,X]) - g"(X, [V, U)).

(Tl 0D= (V¥0) = - ) = =< 5,05 (2 Frorts o)
I CASRE AN E SN (R, X5 2 =<0,p,x)
= ~<U, v, x) st
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Thus, as consequence of Formula (2)~and the fact that g™ (X,Y) is constant along the fibers of
7 we conclude that

M(VYU) = g™ (X, Y],U) = g"([X.Y]", 0).
In particular, for all Z € X(M) we have that 2¢*(V%Y, Z) =g ([ Y], Z) so that V%Y =
$[X,Y]" since g™ is nondegenerate. Now, note that the map [-,-]" : ( ) x XM(M) — %”( )

is C°°(M)-bilinear

XY = (fIXY]+Y()X)" = [IX, Y]+ Y ()X = fFIX, Y],
for all f € C°(M) because of having that X is horizontal. The formula [X, fY]" = f[X,Y]"
follows from the last one since [+, -]V is skew-symmetric. Analogously, by using the same trick with
the Leibniz formula of V, it is simple to check that V¥ : X"(M) x X"(M) — X°(M) is C>(M)-
bilinear. So, the expression AxY = V%Y = %[X ,Y]" actually gives us a skew-symmetric tensor

field on M. 0J
We are now in conditions of setting up the following definition.

Definition 3.3. Let 7 : M — B be a Riemannian submersion. The A-tensor of 7 is defined to
be

1
AxY = VLY = §[X’ Y] XY e X"(M).

The S-tensor of w is the tensor field S': H x V — V given as
SxU=-VyX  XeXxXh(M), UeXx'(M).

Firstly, note that the horizontal distribution H associated to 7 is integrable if and only if
A = 0 in which case the respective foliation is said to be flat. Secondly, by arguing with the
Leibniz formula of V as we did above it is easy to see that S is indeed a tensor field. Observe that
Sx is of course just the second fundamental tensor of a fiber of 7 in direction X. In particular,
S = 0 if and only the fibers of 7 are totally geodesic?; see for instance [10, p. 104]. Thirdly, it is
important to notice that the definition of A-tensor that we are taking under consideration here
differs from that initially introduced in [8] where the author defines

ApgF = V9, F" + Vv, F.
Note that the two expressions only agree on horizontal vector fields. This reference also introduces
a tensor field T instead of S defined by

TpF = Vi F' + Vi, F".

We will study the tensor fields A and S from Definition 3.3 since they essentially determine
the geometry that brings us a Riemannian submersion as well as the foliation determined by
its vertical distribution. So, let us start by exhibiting a relation between the curvature tensors
R := RM and R® associated to V := VM and V&, respectively. Given Ay : H — V we denote
by A% : V — H its adjoint map with respect to g™, that is, the unique map verifying the
formula

MALUY)=g™M(U AxY), X, YeH UcV.
Lemma 3.4. If X is basic then the following identity holds true
AU = -ViEX = —ViU.

2A submanifold ¢ : N < (M, g™) is named to be totally geodesic if any geodesic in (N, *g™) is also a geodesic
in (M, g™).
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Proof. Recall that Identity (2) implies that [X, U] is vertical for all U € V. Thus, as V is torsion
free we get that V4 U = V% X. Therefore, if Y is horizontal

g(AXUY) = ¢M(UAxY) = g"(U, VYY) = ¢ (U, VY + ViY)
= g (VxY.U) =X - ¢g"(Y,U) - g"(VxUY)
= —g"M(VRU+VLUY) = —g"(VIX,Y).
Hence, if Y € T'M is arbitrary then we have obtained that
g (ARUY) = gM(ARUY") = —g"(VEX, Y!) = —g" (VX Y),
so that AU = —VEX = -V U since g™ is nondegenerate. O
With the previous formulas in mind we get:
Proposition 3.5. [1],[8] For everyp € M and z,y,z € H, we have
drR(z,y)z = RP(dnz, dry)drz + dn(24% Ay — ALA,z — AJA).

Proof. If we extend z, y and z locally to basic vector fields X, Y and Z, respectively, and denote
by X, Y and Z their m-related vector fields on B, then the fact that V' = ker(dn) implies

dro R(X,Y)Z = dro(VxVyZ—VyVxZ—VixyZ)
= dro (VAXVyZ = ViVxZ — VixypixypZ)
= dro{ViVLZ + ViYL Z - ViV Z
VYVSZ = VixynZ + VixypZ}-

On the one hand, as consequence of Lemma 3.1 we have that each term of the form dr (V% V% 2)
agrees with (V%VVZ) om. On the other hand, from both Lemma 3.2 and Lemma 3.4 we obtain

VAV Z =VhAyZ = —A%AvZ,

and
VixypZ = —Ay[X,Y]" = =243 AxY.

So, the result follows after replacing these formulas in the first expression we got above. O

3.1. Geodesics and Jacobi fields. Before going further we will introduce some interesting
results addressing relations between geodesics as well as Jacobi fields when we are working with
Riemannian submersions. It is well known that if ¢ : I — B is a smooth curve then for any
to € I and any p € m1(c(ty)) there exist ¢ > 0 and a horizontal lift® ¢ : [to,to + €) — M of

c|[to,to+e) With ©(tg) = p. Moreover, any two of such lifts agree in their common domain. Namely,
[— let us assume that c is regular® and let us choose a vector field X on B such that X oc = ¢ on

some neighborhood of t,. Consider the horizontal lift X on M of X. As X take values in H we
have that the integral curves ¢ of it are horizontal and moreover they project down over integral
curves of X since

(w0 2)(t) = dra (@(t)) = dmen (X (2(1))) = X (w(e(t))).

3By horizontal lift we mean a smooth curve ¢ on M such that 7 o ¢ = ¢ and o(t) € Hzyy for all t where it is
defined.

We may assume it since if it is not so we consider the graph curve ¢y : I — I x B which is defined by
c1(t) = (t,¢(t)). Tt is clear that ¢; is always regular and a TI @ H-horizontal lift of ¢; for the Riemannian
submersion (idy,7) : I x M — I x B has the form ¢1(¢) = (¢,¢(t)) where ¢(¢) is the desired lift of c.

A,SO ‘Fb”()\ﬁ 1(;0\/4—\ ,O(i( g(t‘)r‘h oé q)kélrwe/"St‘ﬂh.
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Therefore, as the restriction of ¢ and 7 o ¢ are integral curves of X with ¢(ty) = m(p) = w(c(to))
they locally agree by uniqueness.

So, we set up our next result which tells us that if M is complete then any Riemannian
submersion is a locally trivial fiber bundle.

Theorem 3.6. [9] Let m: M — B be a Riemannian submersion. If ¢ : I — M is a geodesic with
c(ty) € H for some tg € I, then c(t) € H for allt € I and woc is a geodesic in B. Furthermore,
if M is complete, then
(1) B is complete,
(2) m is a submetry meaning that ™ maps the closure of the metric ball B,(p) onto the closure
of By(x(p)) for any p € M,
(3) fibers of m are equidistant, that is, for any two fibers Fy and Fy with p € Fy, the distance
between p and F equals that between Fy and Fi,
(4) 7 is a locally trivial fiber bundle meaning that any point b in B has a neighborhood U
such that 7=1(U) is diffeomorphic to U x F where F' = 7~1(b).

Proof. Let us suppose that ¢ : I — M is a geodesic and ty € [ is such that ¢(tg) € H. On
the one hand, we know that there exists a geodesic c¢g in B defined on some interval J C [
containing o such that cg(to) = 7(c(to)) and ¢p(to) = dme,)(¢(to)). On the other hand, there
also exists a horizontal lift ¢y in M of ¢g with cpr(tg) = ¢(ty) defined on some subinterval J" C J.
If o : [a,b] - M is another curve on M with the same endpoints as ¢y and we decompose
& = a® + &" then g™ (&, &) > g™ (a",&") so that

b b b b
L(@) = [ fall > [ a"] = [ lama"| = ["lldral = Lz o a) > Lea),
where last inequality holds true because cg is a geodesics and thus it js length-minimizing. Note

that the fact that ¢, is a horizontal lift of cg plus the fact that 7 is a Riemannian submersion
imply that L(cg) = L(cpr). Thus, L(a) > L(cy) meaning that ¢y is length-minimizing. As
consequence, we get that ¢y, is a geodesic and by uniqueness of geodesics ¢y = ¢|;. This
immediately implies that c is horizontal and that moc = m o ¢y = cp is a geodesic.

Let us assume now that M is complete. Firstly, it is clear that items (1) and (2) follows
directly from what we just proved. Secondly, if by = w(Fp) and by = 7w(F}) then there exists a
minimizing geodesic ¢ joining by and b; since B is complete. We may assume that such geodesic
is parametrized by arc length. Note that 7 is distance-decreasing since it is a Riemannian
submersion. Namely, this follows from the inequality

g (&, a) > gM(a" ") = ¢B(dnal, dnah).
Therefore, the distance between any point of Fjy and any point of F} is at least as large as the
length of ¢ and then d(Fy, F}) > L(c). Furthermore, for any p in Fy we have that the horizontal

lift of ¢ starting at p is a curve that ends at some point of F; and has the same length as ¢ so
that d(Foy, F1) < d(p, F1) < L(c). In consequence,

d(Fy, Fy) = d(p, Fy).

Finally, let us take b € B and denote F' = 7 !(b) the fiber of m at b. Consider a normal
neighborhood U, of b in B such that expf|p,0.e) : By(0,€) € T,B — U, C B is a diffeomorphism
for some € > 0. For each x € B,(0,¢) we consider its unique horizontal lift X and set
h: FxBy(0,€) = 71 (Uh) as h(p, z) = exp)’(X). As consequence of (1) this map is well defined
and moreover differentiable. Given ¢ € 771(U;) we consider the unique minimizing geodesic

Jo ca !l



RIEMANNIAN SUBMERSIONS 9

¢ :]0,a] — B from 7(q) to b. If ¢p; denotes the horizontal lift of ¢ starting at ¢, then cy/(a) is
well defined by completeness of M, and m(cp(a)) = c¢(a) = b so that p := cy(a) € F. Note
that c(a — t) is a geodesic from b to m(q) verifying © = ¢(a — t)|4=0 = —¢(a) thus obtaining
X = éml(a —t)e=o = —¢m(a). Then h(p,z) = expp(—énr(a)) = car(a —t)=a = cn(0) = ¢
concluding that A is surjective. Furthermore, h is injective because of the uniqueness of horizontal
lifts. As h is defined in terms of the exponential map it follows that h has maximal rank so that
the composition of idr x expf : F' X By(0,¢) = F x Uy and h™! : 771 (Uy) — F x B,(0,¢) is a
diffeomorphism and we are done. [l

A geodesic curve verifying first part of Theorem 3.6 is called horizontal geodesic. From now
on we assume that M is complete so that every Riemannian submersion 7 : M — B is a locally
trivial fiber bundle. Last property allows us to speak about holonomy. Namely, if ¢: [0,1] — B
is a piecewise smooth curve then we define the holonomy diffeomorphism associated to ¢ as
the map h. : 77 (c(0)) — 7 !(c(1)) sending a point p in the first fiber to the endpoint of the
horizontal lift of ¢ that starts at p. Note that the inverse of h, is h_. where —c(t) = ¢(1 — ).

Definition 3.7. The holonomy group Hol(b) of a Riemannian submersion 7 : M — B at b€ B
is the group of holonomy diffeomorphisms h. : 7=1(b) — 71(b) of the fiber over b where c is a
piecewise smooth closed curve at b.

It is worth noticing that if by and b; are points in B and c is a curve joining by to by, then the
map Hol(by) — Hol(by) defined as h, + h. o h, o h_, is an isomorphism of holonomy groups.

Lemma 3.8. Let m: M — B denote a Riemannian submersion and h : Fy — F| the holonomy
diffeomorphism induced by the geodesic ¢ : [0,1] — B where ¢(0) = w(Fy) and ¢(1) = w(Fy).
Take p € Fy and let ¢, denote the horizontal lift of ¢ starting at p. Then for uw € T,Fy we have

dh(u) = J(1)
where J is the Jacobi field along ¢, with J(0) = u and J'(0) = —A} o u — Se,0)u.

Proof. Set x := ¢(0) and denote by X = ¢,. Let v : I — F; be a curve defined on some
- neighborhood I of 0 such that 4(0) = « and consider the variation along the geodesic ¢,

H:[0,1]xI— M, H(s,t)=exp™(s(Xo~)(t)).
Note that (hov)(t) = exp™ ((X o7)(t)) = H(1,t) so that

dhy(u) = leolho7)(t) = loH(1,1) = dHirg) (;) — dH (;) (1.0) = 2(1.0)

Since the variation H is by geodesics we have that its associated variational vector field along c,

6) =t () 5:0) = Gileo

is a Jacobi field along ¢, verifying dh,(u) = J(1). Furthermore,

v = 0 = 0 :

de(O):J/(O)ZV & OZV%$|1§:0:V“CP:VUX,
and from Definition 3.3 and Lemma 3.4 we get V,X = VX + V!X = =A% U — Se,(0)u as
required. 0

Previous result motivates the following definition.
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Definition 3.9. A Jacobi field J along a horizontal geodesic ¢ : [0,a] — M that is vertical at 0
and satisfies J'(0) = —AZ)J(0) — Se()J(0) is called a holonomy field.

It is important to notice that a holonomy field is always vertical and is identically zero if it
vanishes at only one point. This is because the holonomy transformations defining it, according
with Lemma 3.8, are diffeomorphisms’®. Furthermore, observe that as consequence of this for
to € (0,a), the restriction J|, q is again a holonomy field along c|, q so that

J(t) = —(Aip + Ser) (1), te€[0,a]. (3)

Recall that a submanifold ¢+ : N < (M, g™) is named to be totally geodesic if any geodesic in
(N, *gM) is also a geodesic in (M, g™). So,

Lemma 3.10. If 7 : M — B is a Riemannian submersion with totally geodesic fibers and M is
complete then the holonomy diffeomorphisms between fibers are isometries.

Proof. Consider a holonomy field J along a geodesic ¢ : [0,1] — M with J(0) = u as above.
Since J is vertical and the fibers are totally geodesic (i.e. S = 0) then Formula (3) implies that

;ith(J, ) = 26M (. J) = 2gM (. (J)") = —2gM (J, Sa]) = 0.

thus obtaining that ||.J|| is constant. If h is the associated holonomy diffeomorphism, then the
previous fact implies that

[dh(u)]| = I7 W] = 1O = [fu]-
0

Theorem 3.11. Let m: M — B be a Riemannian submersion with M complete and such that
the fibers are totally geodesic. If the A-tensor is identically zero then w splits. More precisely,
each point b € B has a neighborhood U such that 7=*(U) is isometric to a metric product
U x F where F := 7=Y(b). Moreover, if ® : U x F — 7= 1(U) denotes such a isometry, then
mo®:U x F — U is projection onto the first factor.

Proof. Let U be a normal neighborhood around b. Since U is the diffeomorphic image under
exp? of some ball around 0 in T, B them we directly assume that U is simply connected. Let us
consider the local trivialization (m,¢) : 77 *(U) — U x F from Theorem 3.6 which is defined
as ¢ — (m(q), cq(1)) where ¢, : [0,1] — F' is the shortest geodesic from ¢ to F. It is worth
noticing that if b € U then from what we proved above we know that ¢| _, @) s a holonomy
diffeomorphism so that, as consequence of Lemma 3.10, it is an isometry. As the A-tensor is
identically zero we have that the horizontal distribution H is integrable. Therefore, if p € 7~1(U),
then the restriction of 7 to the connected component V' C 771(U) of the leaf of the associated
foliation on M induced by H that contains p is a covering map and hence a diffeomorphism
since U is simply connected and 7 is a surjective submersion. This implies that V' intersects
F' in exactly one point, namely, ¢(p). Fix x € H, and take a horizontal geodesic v such that
4(0) = x. As ~y is contained in V' then ¢ oy = ¢(p). So,

diy(x) = Sl 01)0) = lo0() = 0

Let z € T,M = H, ® V, be arbitrary. On the one hand, as 7 is a Riemannian submersion we
get that that [|dm,(2)| = ||dm,(z")|| = ||2"||. On the other hand, as ¢|,-1(5) 18 an isometry then

SUniqueness of a Jacobi field given certain initial conditions
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the above identity implies that ||d¢,(2)|| = ||do,(z")|| = ||2"]|. Therefore, ||d(7, ¢),(2)]| = |||
meaning that our trivialization (7, ¢) is an isometry. 0]

An interesting fact derived from the previous result is the following:

Corollary 3.12. Assume that w: M — B is a Riemannian submersion with M complete and
of nonpositive sectional curvature. Then, M splits locally as a metric product. In particular, a
negatively curved manifold admits no Riemannian submersions with totally geodesic fibers.

Proof. 1t J is a Jacobi field along a geodesic ¢ in M, then
g (J )" =2g" (I ) + gt (T ) = 2| TP = gM (R(J,¢)e, T)) = 0.

If the fibers of 7 are totally geodesic, then by Lemma 3.10 the holonomy Jacobi fields have
constant norm so that the preceding inequality implies that they are parallel. Thus, from
Equation (3) we get that that AjJ = 0 for a holonomy field along a horizontal geodesic c.
Since ¢ and J are arbitrary taken we get that A = 0 and therefore M splits locally as a metric
product. 0

Remark 3.13. A similar result holds true if one removes the sectional curvature condition on M
and assumes instead that the fibers are compact and have negative Ricci curvature. A theorem
of Bochner asserts that such a fibers cannot admit nontrivial Killing fields and the previous
assertion follows by proving that AxY is always a Killing vector field. Indeed, as consequence of
Identity (2), if U is a vertical field then we have that the Lie derivative LxU = (LxU)" = VU
since V{; X = —SxU = 0 because of having totally geodesic fibers. Let us further assume that
U is unitary. So, we have to prove that ¢™(VyAxY,U) = 0 or, equivalently, since the A-tensor
-is skew-symmetric and V is torsion free, we may check that

gM(‘C[X,Y]“Uy U) = Q(QM(VAXYU7 U) - QM(VUAXY, U)) = _29M(VUAXK U) =0.
Form the first comment regarding the Lie derivative we obtain that g (LixynU,U) = 0 so that
9" (LixypUU) = ¢"M(LixyU,U) = g"(LxLyU,U) — g" (Ly LxU,U)

= g"(V¥VYU - V3 VU, U)

= MRX, VU, U) - ¢g™(VYVeU — VLVAU,U).
Last equality is obtained by similar computations as those we did before. But ¢™ (R(X,Y)U,U) =
g™ (R(U,U)X,Y) = 0 and therefore

" (LixypUU) = —g" (Vi VYU = ViVRU,U)
= g"((P—P)(U),U)=¢"(PU).U) - ¢" (U PU)) =0,

where —P(U) = V4 VLU = Ax ViU = —Ax A3 (U), that is, P = Ax A} with P* = Ay A%. In
conclusion, ¢¥(VyAxY,U) = 0 thus obtaining that AxY is a Killing vector field. v

Let us return to our initial purpose. In order to investigate the curvature relations for one or
more vertical vector fields we extend the tensor fields A and S on all TM by setting

ApF = Apn F" and SpF = SpnF", E,F ¢ X(M).

The covariant derivative %B of a tensor field B along a curve ¢ will be just denoted by B’. Thus,
for example, in the particular case that B is a tensor field of type (1,1) and E is a vector field,
both of them along ¢, we shall use below the Leibniz rule B'E = (BE)' — BE' without making
any special mention. To relax notation we denote by g := ¢g™. Having in mind Formula (3),
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for a holonomy Jacobi field J and for a vertical vector field T, both of them along a horizontal
geodesic ¢, we get

C9(R(T,¢)e, J) = g(R(J,¢)e,T) = —g(T,J") = (T (AzJ)') + 9(T, (SeJ)')
= g(T, ALY = g(T", ALT) + g(T', Se ) — g(T", SeJ )
= —g(VT, ALJT) + g(SeT, J) — g(SeT", J)
= g(=ViT, ALT) + g((SeT)', J) + g(SeT, J') — g(SeT”, J)
= (AT, ALJ) + g(S.T,J) — g(S:T, ALJ + SiJ)
= g((AcA:+ S.— SHT, J).
Given any tg we assume that the holonomy Jacobi fields may be chosen so that they form an
orthonormal basis of the vertical space at ¢(tp) which immediately implies that the vertical
component of R(T ¢)¢ is given by
R(T, ¢)é = (AeA} + ViS: — SIT.
Equivalently, as the geodesic we are working with-is horizontal, we obtain the formula
R'(u,2)x = (A, A%+ (V2S), — S?)u, re€H ueV.
With similar computations as we did above, if X is a horizontal vector field along ¢ then
g(R(X, ¢)e, J) = g(X, (ALS)') + g(X, (S:T)).
On the one hand,
9(X,(SeJ)) = g(X,S:]) —g(X',Se)) = —g(X', SeJ) = —g(Vi X, SeJ)
= —g(AcX, Se)) = —g(SeA: X, J).
On the other hand, from Identity (3)
g(X (AL))) = g(X, ALT) = g(X', ALT) = (A X, J)" — g(A: X", J)
= g((AeX), J) + g9(A:X, J') — g(A X", J)
= g(A.X,J) — g(A:X, AL J + SeJ)
= g((Vids — SeAe) X, J).
Therefore, by arguing as above we obtain R"(X,¢)¢ = (VYA: —2S:.A:) X or equivalently
R'(y,x)x = (VoA). — 28, 4.)y,  z,ye .
It is simple to check that VYA is skew-symmetric meaning that (V3A),z = (V2A),y. Thus,

by applying polarization identities together with the first Bianchi identity, from the previous
expression we obtain

3R (z,y)z = R'(z,y+2)(y+z)— Ry, x+2)(z+2) — R'(z,y)y — R°(z,2)z
+ R'(y,z)z+ R'(y,2)z '
(VyA)r — (V3 A)y + (VIA)x — (VIA)y — 25, A0 + 2S5, Ay + 45, Agy.
As consequence of the Jacobi identity for the Lie bracket of vector fields, by looking at 0 = % O

(X, Y, Z]]" = 0 after extending x,y, z € H, to basic fields X,Y, Z with vanishing horizontal Lie
bracket at p, it is simple to derive the formula © (VYA),z+ O S; A,z = 0 so that

3R (z,y)z = O (ViA)yz— (ViA)y+2(ViA)x —2S,A.x 4+ 25, Ay +4S. Ay
—3(VYA),y + 35S, Ay — 3S,A,x — 35, A,z.



RIEMANNIAN SUBMERSIONS 13

Therefore
R(z,y)z = —(VIA)y + S, Ay — SyA,x — S; Az, x,y,z € H. Ve

Let us now compute R”(z,u)y for z,y € H and u € V. As usual, we extend these vectors to
basics fields X, Y and vertical field U, respectively. Then, by using Formula (2) and covariant
derivative of tensor fields we get ’

R(X,U)Y = V%VyY — ViVxY = Vix )Y
= VEVLY + VEVEY = ViEVYY — ViEVRY — Vi Y
—V5$SyU — VYA U — VEAXY + SvryU + Sy[X,U)*
—V5SyU — Ax AU — V[ AxY + SyryU 4+ SyViU — SyVygX
= —AxASU — (V$S)yU + Sy SxU — V[ AxY.
Observe that
—(VpA)xY = =V AXY + Ay xY + Ax V(Y = =V AxY + Ay AU — Ax AU,
since A is skew-symmetric. Hence, .
R(X,U0)YY =—~(Vj;A)xY — Ay AU — (V$S)yU + Sy SxU.

Using this expression together the first Bianchi identity R"(z,y)u = R(z,u)y — R"(y,u)z and
the fact that V! A is skew-symmetric we obtain

R(z,y)u = —=2(VyA)y — (ViS)yu + (VyS)ou + [Se, Sylu + (A A} — AyAL)u,

for all z,y € H and v € V, where [S,,S,] denotes the usual commutator. Recall that by
mimicking the de Rham differential, the connection V allows us to define an exterior covariant
differential d¥ which provides us with a cochain complex if and only if V is flat; see for instance
[3]. So, \
(dVS)xY = Vx(Sy) — Vy(Sx) — Sixy; = (VxS)y + (VyS)x.

Summing up, with those computations above we have obtained a complete description of the
curvature tensor in terms of the tensor fields A and S.

Theorem 3.14. [1],[8] Let 7 : M — B be a Riemannian submersion with dimB > 2 and R,
RE, and RY denoting the curvature tensors of M, B, and a fiber F, respectively. Let p € M,
z,y,z € Hy, and u,v,w € V,. Denote by o the second fundamental tensor of the fiber (7 (p))
at p which is defined as o(U,V) = VEV. Then

drR(z,y)z = RP(drw,dry)drz + dr(2A5 Ay — ALAyz — AYA.x)

R'(z,y)z = —(VVA)y+ S. Ay — S,A.x — S, A,z
R'(z,u)y = —(VyA)y — AyAju — (ViS)yu + 5y S5u
R'(z,y)u = —2(VyA)y — ((dV8)ey)(w) =+ [Se, Sylu + (Ap Ay — A A7 )u

R (u,0)w = R°(u,0)W + So(ou)t — So(uw)V «~ 6\"“( equ.
Ri(uw)e = (V5,8),u— (V2S8),w. = Codatn tq
Last two identities are the so-called Codazzi equations for the fibers of mw. Using the fact

that VI A is skew-symmetric we immediately get the following expressions for the sectional
curvatures:
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Corollary 3.15. [1],[8] With the notation of the previous theorem we have

K(drx,dry) = K(z,y)+ 3| Ay?
K (u,v) = K(u,v) +o(u,u)o(v,v) — o*(u,v)
K(zu) = g((ViS)ou, u) + [|Azul* — || Soull”.

The second equation in the previous corollary is nothing but the Gauss equation.

4. SOME MISCELLANY RESULTS

In search of completeness, in this short section we cite some other interesting results concerning
Riemannian submersions. For more details about the assertions we shall present below the
reader is recommended to visit the O’Neill’s seminal papers [8, 9].

e [8] Let m and 7 be two Riemannian submersions of a connected Riemannian manifold M
onto B. If 7 and 7 have the same tensor fields A and S and their derivative maps agree
at one point of M, then 7 = 7.

Note that this result generalizes the well known case in which is required that both 7 and 7 are
local isometries coinciding at least at order 1 at one point of M.

A related result to Theorem 3.11 is the following. The simplest type of submersion is the
projection of a Riemannian product manifold on one of its factors. Motivated by what we
proved in the previous section we say that a submersion 7 : M — B is trivial if it differs for
such a projection only by an isometry of M. Equivalently, 7 : M — B is trivial if there exists a
Riemannian manifold F' and a submersion ¢ : M — F' dual to 7 in the sense that the horizontal
distribution of ¢ is the vertical distribution of 7 (hence vice-versa). So, we have:

e [8] Let 7 : M — B be a Riemannian submersion of a complete Riemannian manifold M.
Then 7 is trivial if and only the tensor A and all holonomy groups of 7 vanish.

Let us now exhibit a comparison of the index forms. Let 7 : M — B be a Riemannian submersion
and let ¢ be a horizontal geodesic in M. If F is a vector field along ¢ then the derived vector filed
of E is defined to be D(E) = E" + S;E* + 2A;E"; compare [9] with [3, p. 32]. As it was shown
in [9], there is a relation of the Jacobi fields along ¢ on M to those along 7 o ¢ on B. Namely, a
Jacobi field E along ¢ projects to a Jacobi field along 7 o ¢ if and only if A%(D(FE)) = 0. Besides:

e [9] Let ¢ be a horizontal geodesic in M. Given a vector field E, along 7o c and a vertical
vector u at ¢(0) there exists a unique vector field E along ¢ such that: dn(E) = E,,
D(E) =0, and E(0) = u. Furthermore, F is a Jacobi field if and only if E, is so.

Note that a piecewise differentiable vector field E along a horizontal geodesic ¢ : [a,b] = M
will have projection E, along 7 o ¢ if and only if E is orthogonal to ¢ and vertical at a and b.
The set £"? of such vector fields constitute the linear space appropriate to the study of ¢ as a
geodesic segment joining the fibers F}, and F} through its end points. Accordingly:

e [9] Let m : M — B be a Riemannian submersion and ¢ a horizontal geodesic in M. If [
denotes the index form of M restricted to £%¥ and Ip is the index form of B then

[(E,F) = [5(E., F.) + /bg(D(E),D(F)) dt.

The numerical invariants concerning both conjugacy and index which may be derived from the
previous results are explained in detail in Theorem 4 from [9].
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Lots of interesting results that appear when studying Riemannian submersions where the in-
volved manifolds carry an additional structure as for instance of contact, Hermitian, quaternionic
type, among others, can be found in [2].
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