Chapter 2

Surfaces: local theory

2.1 The first fundamental form

Let S C R? be a surface. The first fundamental form of S is just the restriction I
of the dot product of R? to the tangent spaces of S:

I, = (-, )|T,sxT,5-

Ifp:U CR?— pU) =V C S is a parametrization, we already know that
{ou(u,v), pp(u,v)} is a basis of T, ,)S. Then any tangent vector to S at a
point in V' can be written w = ay,, + by, and thus

I(w,w) = a? I(pu, pu) +2ab I(Pu, ) +b° I(pu, pu) -
—— ——— —————
E(u,v) F(u,v) G(u,v)
E, F, G are smooth functions on U, the so called coefficients of the first fun-

damental form. If {du, dv} denotes the dual basis of {p.,, ¢, }, then a = du(w),
b = dv(w) and we can write

I = Edu® + 2Fdudv + Gdv?.

This is the local expression of I with respect to . The matrix associated to this

bilinear form is
E F
n=(E5)

Examples 2.1 1. A plane can be parametrized by p(u,v) = p + uw; + vws,
where p is a point in R?, {w1,ws} is an orthonormal set of vectors in R3, and
(u,v) € R%. Wehave ¢, = w1, ¢, = wy, 50 E =G =1,F = 0and I = du®+dv?.

2. The (right circular) cilinder can be parametrized by ¢(u, v) = (cos u, sinu, v),
where u, < u < up + 27 and v € R. In this case, ¢, = (—sinu,cosu,0),
0, = (0,0,1),s0 E=G =1,F =0and I = du® + dv?.
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12 CHAPTER 2. SURFACES: LOCAL THEORY

3. The helicoid is the union of horizontal lines joining the z-axis to the
points of an helix, namely, it is the image of the parametrization ¢(u,v) =
(vcosu,vsinu, au) (a > 0). We see that I = (a® + v?)du® + dv?.

4. Spherical coordinates p(u,v) = (sinu, cosv, sinusinv, cosu), where 0 <
u < /2,19 < v < v+ 27, yield that I = du? + sin® udv? on the sphere.

Remark 2.2 If two surfaces S;, S2 can be covered by open sets which are im-
ages of parametrizations such that the local expressions of the first fundamen-
tal forms of S, S2 coincide on corresponding open sets (like in the cases of the
plane and the cilinder), then S; and S, are called locally isometric.

Using the first fundamental form, we can define:
Length of a smooth curve v : (a,b) — S by

b
Lmozjmuwmwwfﬂﬁ.

Angle between two vectors wy, we € 1,5 by

Ip(wlaw2)
Ip(wy, wi) /2 Iy (wa, we) /2

cos Z(wy,we) =

Surface integral of a compactly supported function f : § — R. If the
support D of f is contained in the image of a parametrization ¢ : U — S, then

//Dde:/LI(D)f(w(u,v))llwu X || dudv,

where the left hand side is a double integral. Taking another parametrization
¢ : U — S, the change of paramters (u,v) = (¢! o ¢)(u,v) is smooth with
Jacobian determinant 6(? Y Note that

o(u,v) "

e x gl = | Fo-s

X oy || dudv.

The formula of change of variables in the double integral yields that

// F(2(0,9)) |ga x Foll dudo
= // @ﬁﬁ ||50u><50v||‘ ke
71(D)
// o) llgu x ol dudo,

so the definition is independent of the choice of parametrization. In general,
onde needs to cover the support of f by finitely many parametrizations and

dudv
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define the surface integral as a sum of double integrals. The proof of indepen-
dence of the choices involved is more complicated in this case, and we will not
go into details. The relation to the first fundamental form is that

I? 1

lu X @ul 1> = lleulllleul I = (Pus 0o)?,

|lou X ol = VEG — F2.

Area of a compact domain D C S'is

area(D) ://[.) 1dS.

In particular, if D is contained in the image of ¢,

area(D) = // VEG — F? dudv.
e 1(D)

SO

2.2 The Gauss map and the second fundamental form

Let S C R? be a surface. For each p € S, we want to assign a unit vector v (p)
which is normal to 7},S; note that there are exactly two possible choices. If it is
possible to make such an assigment continuously along the whole of S, we say
that S is orientable. The resulting map

v:S— §2

into the unit sphere is called the Gauss map. We will always assume that the
Gauss map is continuous.

Examples 2.3 1.If ¢ : U — S is a parametrization, then we can take

Pu X Py
V=mF"""-
[[ou X @ul|
This construction shows that every surface is locally orientable. It also shows
that the Gauss map is smooth.

2.If S is given as the inverse image under F’ of regular value, then we can

take
VF

~IVE]]

v

The differential
dvp : TS — Tu(p)SQ =1T,5

is an operator on 7},5, since T,,S? is always normal to ¢, for ¢ € S?. The operator
—dv, : 1,8 = T,S

is called the Weingarten operator.
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Proposition 2.4 The Weingarten operator is symmetric:
<dl/p(’w1), w2> = <w15 dup(w2)>,
where w1, wa € T),S.

Proof. By linearity, it suffices to check the relation for a basis of 7,,S. Let
¢ : U — S beaparametrization; then {¢,, ¢, } is a tangent frame. Set N = voep.
Then

dv(py) = dv (%5) = a—i(yogp) = %_1;/'

Similarly dv(p,) = %Y. Since (22 N) = 0 on U, differentiating with respect to

v ?
v,

0%
2 W+ e =0
and similarly
0%
(=2 N)+(32,8%) =0,

Taking the difference of these equations,

(52, 90) — (32, 9) = o,
which says that
(SD’Ua dV(SD’U)) - (Soua dV(SD’U)> = 0’
as we wished. O

The associated symmetric bilinear form
Iy (w1,w2) = —(dvp(wi), wa)
is called the second fundamental form.

Proposition 2.5 Let v : (—e,€) — S be a smooth curve parametrized by arc-length,
¥(0) =p, v'(0) = w € T,,S. Then

(7//(0)a V(p)> = Ilp(wv w)

Proof. Start with the equation (7/(s), v(y(s))) = 0 and differentiateitats = 0
to obtain

(3 (0), () + (- lsor(7(5))) = 0.

Then (v"(0), v(p)) = —(w, dvy(w)) = II,(w, w), as desired. O
There is a geometric interpretation of last proposition (Meusnier). Given a

unit vector w € T),5, the affine plane through p spanned by w and v(p) meets S
transversally along a curve which is called the normal section of S along w. If



2.2. THE GAUSS MAP AND THE SECOND FUNDAMENTAL FORM 15

is a parametrization by arc-length of this normal section as in the proposition,
then the curvature of v at p = v(0) is

Kw = (’71/(0)a V(p)> = IIp(wvw)v

where we view 7 as a plane curve and we view its supporting plane as oriented

by {w, v(p)}.
Since the Weingarten operator —dv, is symmetric, there exists an orthonor-
mal basis {e1, e2} of T}, such that

—dvp(e1) = Kieq, —dvy(e2) = kaes.

The eigenvalues 1, k2 are called principal curvatures at p, and the eigenvectors
e1, ez are called principal directions at p. Of course, I1(e1,e1) = k1, I1(ez,e2) =
ko, II(e1,e2) = 0. It follows that for a unit vector w = cosfe; + sinfey € TS
we have Euler’s formula:

Kw = Ip(w,w) = K1 cos? 0 + ko sin 6.

Since this a convex linear combination (sin?#@ + cos?# = 1), Euler’s formula
also shows that k1, ko are the extrema of the curvatures of the normal sections
through p.

In general, a smooth curve v in S is called a line of curvature if (t) is a
principal direction at y(¢) for all ¢. Note that if 1 (p) # k2(p), then the principal
directions at p are uniquely defined, but not otherwise. If x1(p) = ra(p), we
say that p is an umbilic point of S.

Proposition 2.6 If all the points of a connected surface S are umbilic, then S is con-
tained in a plane or a sphere.

Proof. We first prove the result in case S is the image V' of a parametrization

w:U — V. Set N =vogp. Byassumption, dv = X- I, where A\ : V — Risa
smooth function. It follows that

Nu:d”(@u) = ()‘050)807“
Ny =dv(pn) = (Aop)py.

We differentiate the first (resp. second) of these equations with respect to v
(resp. u) to get

Nuw = (Ao p)upu + (Ao 9)puw,
Nyw = ()‘ © (P)U(Pv + ()‘ © (P)(Pvu-

Taking the difference,

0= (Aow)pu — (Ao p)upy.
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Since {¢., ¢, } is linearly independent, the partial derivatives of A o p on U are
zero. Since U is connected, \ o ¢ is constant.

Next, we consider two cases. If Ao = 0, then N, = N, = 0so N is
constant. This implies a% (p, Ny = % (p, Ny = 0 and hence V is contained in
an affine plane parallel to (N)1. On the other hand, if Ao p = R # 0, then
¢ — £ Nisaconstant ¢ € R? and hence V is contained in the sphere of center
g and radius 1/|R).

In the case of arbitrary S, fix a point p € S and a parametrized neighbor-
hood V; of p. By the previous case, 1 is contained in a plane or a sphere. Given
x € S, by connectedness of S, there exists a continuous curve v : [0,1] — Sjoin-
ing p to z (S is locally arcwise connected, so it is arcwise connected). For any
t € [0, 1], there exists a parametrized neighborhood of ~(¢) which is contained
in a plane or a sphere. By compactness of ([0, 1]), it is possible to cover it by
opensets Vy, V1, ..., V, such that each V; is contained in a plane or a sphere and
Vi N Vi1 # @ (check this!); the latter condition implies that V;; is contained
in the same plane or sphere that contains V;. The result follows. O

2.3 Curvature of surfaces
Let S ¢ R? and consider its Weingarten operator —dv, : T,S — T,S. Re-
call that —dv, is symmetric and its eigenvalues x1(p), k2(p) are the principal

curvatures of S at p. We define:

Gaussian curvature : K (p)

det(—dv,) = k1(p) - K2(p),

1 1
Mean curvature : H(p) = §trace (—dvp) = 3 (k1(p) + Kr2(p)) -

Note that k1, ko = H £ VvV H? — K; we will soon see that H and K are smooth
functions on S, and so it follows from this equation that x;, 2 are continuous
functions on S which are smooth away from umbilic points (points character-
ized by H? = K).

If we change v to —v, then H is changed to —H but K is unchanged. The
next example analyses the meaning of the sign of K.

Examples 2.7 1. Let us compute the Gaussian curvature of the graph S of a
smooth function f : U — R, where U C R? is open. In general, for a
parametrization g and N = v o g,

II((puv(Pu) = _<dl/(§0u)a(pu> = _<Nu7§0u> = <Na @uu)
Similarly,
II(‘JDU7()0U) = _<Nua(pv> = <Na (puv>

and
II(@U;QDU) = _<Nva(pv> = <N7 (}vi>-
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In our case,

ou = (1,0, fu),

e = (0,1, f0),
Puu = (0,0, fuu),
pur = (0,0, fuv),
v = (0,0, foo),

N = (7fu7*fv7 1)

Hence

VIF 2+ 72\ fou foo
1

= i (Hess(f)) -

We specialize to the case p = (0,0,0) = f(0,0) and T},S is the zy-plane. Then
fu(0,0) = £,(0,0) = 0 and I, = Hess(o,0)(f). In particular, if f(u,v) = au® +

bv?, then
20 0
(n)< . Qb).

It follows that K (p) = 4ab is positive (resp. negative) if a and b have the same
sign (resp. opposite signs), and it is zero if one of a, b is zero.

Another interesting case is f(u,v) = u* + v*. We get IT = 0.

2. Consider the sphere S?(R) of radius R > 0. We can take v(p) = — % p, so
—dv, = £idr,s and K(p) = gz > 0, H(p) = +.

A point p in a surface S is called elliptic (resp. hyperbolic, parabolic) if K (p) >
0 (resp. K(p) < 0, K(p) = 0).

2.4 Local expressions for K, H
Fix a parametrization ¢ of S. Then {¢,,, ¢, } is a tangent frame with respect to

which we consider the matrices of the fundamental forms and the Weingarten
operator and introduce a new (index) notation for the coefficients.

o= Gm)-(F8)-(0 o)

=iy e )= (o W)= i),
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We have that

hi1 = I (pu, pu) = —(dv(pu), pu) = <h%90u + h%‘Pva Pu),s

so
hi1 = higi1 + higo:.

Similarly,
hiz = hifhz + h%gzz,

ho1 = hgi1 + h3go1,
hao = higia + h3gas.

h% h% 911 912 _ hi1 hia
hy  h3 921 go2 hor  hay )~
Recall that (I) is invertible since it is positive definite. Thus
( hi h2 ) _ 1 ( hii hio ) ( g22  —G12 )
h% h% 911922 — 912921 ha1 hao —g21 g1 '

Back to the classical notation,

S

B 1 (EGmF €F+mE)

In matrix form.

EG — F? mG —nE —mF +nFE
Hence
o= tn—m?  det(I])
- EG-—-F2  det(])
and (G — 2mF + nE
g (G—2mF +nE

2(EG — F?)

It follows from these expressions that K, H are smooth on S.

2.5 Surfaces of revolution
Consider the parametrized surface of revolution

p(u,v) = (f(u) cos v, f(u) sinv, g(u))

where (u,v) € (a,b) x (vo,vo + 27) and the geratrix v(s) = (f(s),0,9(s)) is
parametrized by arc length. Then

ou = (f' coswv, f'sinv, g'), 0y = (—fsinv, fcosv,0),
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SO
E=f*4+¢?=1, F=0, G=f>
Moreover,
Ouwu = (f"cosv, f"sinv,g"),
Yuww = (—fsinv, f' cosv,0),
Y = (—fcosv,—fsinv,0).

We compute the coefficients of I1.

flcosv  f'sinv g
£ = (N, puu) = (Pu X P, Puu) = 1 5| —fsinv fcosv 0
[l > @l EG-F f"cosv  f"sinv g"”
= flg —f'q.
Similarly,
1 flcosv  f'sinv g
m:(N,apuv):? —fsinv  fcosv 0 |=0

—f'sinv  f'cosv 0

and
flcosv  f'sinv g
n={(N,puw)=~| —fsinv fcosv 0 |=fg.
f —fcosv —fsinv 0

Note that f'g” — f"¢’ is the signed curvature s~ of v, for K, = (", (—¢',0, f')).

NOW 2 (II/ 12 I)I !
_tn—m*  (f'9"—f"9)g g
e 7 —H,yf (2.8)
and )
(G —2mF +nE 1 g
H=——-" 1 ~_ - . i
2BG-F2) 2 ( * f) 29)

It follows that the principal curvatures

R1 = Ry, K9 = 7
The identities F' = m = 0 mean that the fundamental forms are diagonalized
in the frame {yy, ¢, }. In particular, ¢,,, ¢, are always principal directions and
thus the curves u-constant (parallels) and v-constant (meridians) are lines of
curvature.
We can also derive some other useful formulas for K, H. Differentiation of
7?4 g”? =1gives f'f” + ¢g'g” = 0. Substituting this identity into (2.8) yields

*f”

b=
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The identity also gives k1 = Ky = ‘]70—/// if f'#0,s0
1(g" g’) (fg')
= (L +Z)= . 2.10
2 (f’ f (2 210

We use this formula to prove the following theorem. A surface satisfying H = 0
is called minimal. This terminology will be explained in section ??.

Theorem 2.11 The only minimal surfaces of revolution are the plane and the catenoid
(the surface of revolution generated by a catenary, which is the graph of hyperbolic
cosine).

Proof. We use the above notation. If f/ = 0 on an interval, then eqn. (2.9)
gives ¢’ = 0, which is a contradiction to the fact that v is regular. Therefore
we can assume that f’ is never zero. By formula (2.10), we need to solve the

equation fg’ = k, where k is a constant. Using ¢’ = £+/1 — f2, we get

fr==+V1-(k/f)

Note that |f| > |k| is a necessary condition. This equation can be easily inte-
grated by rewriting it as
d
L,
/F2 _ |2
We get
f(s) =VEk2+ (s+ 1)
The constant ¢; can be chosen to be zero by redefining the instant s = 0, and
we recall that f > 0, so we have

f(s) = Vk2+ 2

If k = 0 then f(s) = £s and g is constant, which corresponds to the case of the
plane. Suppose k # 0 and integrate ¢’ = k/ f to get
g(s) = klog(s + VvV k2 + 52) + ca.

We choose the constant ¢c; = —klog|k| so that v(0) = (|k[,0,0). Changing
the sign of k is equivalent to changing the sign of g, which corresponds to a
reflection on the plane z = 0, so we may assume k£ > 0. Finally, we make the
change of variable

t=g(s) = klog(\/1+ (s/k)?+ s/k)

to get
~(t) = (k cosh(t/k),0,t)

which is a catenary. O
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2.6 Ruled surfaces

A ruled surface is a surface generated by a smooth one-parameter family of
lines. More precisely, a (nonnecessarily regular) parametrized surface ¢ : U C
R? — S is called a ruled surface if there exist a smooth curves v : I — R? and
w: I — S? such that

p(u,v) = 7(u) +vw(u)

where (u,v) € I x R = U. The curve 7 is called a directrix and the lines Rw(u)
are called the rulings.

Obvious examples of ruled surfaces are planes, cilinders and cones. Other
examples are the helicoid, the one-sheeted hyperboloid and the hyperbolic
paraboloid (given by the equation z = zy in R?).

We make some local considerations. Assume that w'(u) # 0 for all u, in
other words, w is regular; this condition is sometimes expressed by saying that
the ruled surface is noncylindrical. Then it is possible to introduce the so called
standard parameters on S.

Proposition 2.12 There exists a unique reparametrization

(4,0) =4(u) + 0 w(a)

Ay

such that ||@0'|| = 1 and (¥, @") = 0.

Proof. Since w is regular, we can introduce arc-length parameter % so that
w(t) = w(u(w)), and then ||@'|] = 1. Next, we write ¥(a) = (@) — v(@)w(q)
and impose the condition (7, @) = 0 to get #(@) = — (L, @' (u)). O

The curve 7 is called the striction line of the surface and its points are called
central points of the surface; note that ¥ is not necessarily regular.

Using the standard parametrization, we can compute the curvature of a
ruled surface

o(u,v) = y(u) + vw(u)
where ||w|| = ||w'|]| =1, (v/,w") = 0. We have
‘pu:'}/'*'vwla Yy = W,

SO
E=|I?P+v*, F={(w), G=L1

Since w’ is orthogonal to w and +/, there exists a smooth function A = A(u),
called the distribution parameter, such that

v xw = Aw'. (2.13)
It follows that

lou % @oll = VEG = F2 = ||y'[]* = (¢/,w)* + 0% = A* + 0%
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In particular, the singular points of ¢ occur along the striction line (v = 0)
precisely when A\(u) = 0.
Next, we compute the coefficients of /1. We have

Puu = ’7// + ’lev Puv = ’LU/, Py = 0.

This implies
<(pu X Py, @uv) <)\'LUI +ovw X w’,w’> A
m = = P
|lou X pul| VA2 o2 VAZ 02
and
n =20,

what is sufficient to get the formula for the Gaussian curvature:

_n—m? A(u)?

TEG-F2 " (Aup2+o2)?

Note that K < 0, and K = 0 precisely along the rulings that meet the striction
line at a singular point (A(u) = 0), except of course the singular point itself
(v # 0). If A(u) # 0, this formula also shows the striction line is characterized
by the property that the maximum of K along each ruling occurs exactly at the
central point.

The computation of ¢ is more involved. We have

{Pu X v, Puu) (2.14)
= MNuw',y") + dv(w, w") +olw x w,y") + 0% (w x w,w”).

We analyse separately the four terms on the right-hand side. Introduce the
parameter
J = (wxw,w").

Since {w,w’,w x w'} is an orthonormal frame,
v = wyw+ (Y, wx wYwxw = Fw+ dw x w
and
(W, y" = —w", 7)) = —Flw",w) — Mw",wxw') =F - \J,
where we have used (w”, w) = —(w’, w’) = —1. Equation ||uw'|| = 1 also implies
(w',w"”) = 0. In order to analyse the third term in eqn. (2.14), differentiate
eqn. (2.13) to get
,yll X w_"_,y/ X w/ — )\/’LUI—I—)\’LU”,
and multiply through by w’ to write

(¥ x w,w'y =N,
Now eqn. (2.14) is

(bu X Pu; Pun) = =JV* = Nv+ A(F = \J)
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and
0 AT+ N+ AF = AJ)
Hence

g lG—2mF+nE _ _JP 4+ No+ AN+ F)
- 2(EG-F?) 2(\2 4 v2)3/2

Example 2.15 The standard parametrization of the helicoid has y(u) = (0, 0, bu)
and w(u) = (cosu, sinw, 0). Since v’ x w = bw/’, the distribution parameter A = b
is constant and K = —b%/(b? + v?)2. Note that F' = 0 and, since w” = —w, we
also have J = 0. Hence H = 0.

Proposition 2.16 The only minimal ruled surfaces are the plane and the helicoid.
Proof. We have just seen that H = 0 says that
Ju2 + Nv+ AN + F) =0.

This is a quadratic polynomial in v whose coefficients, being functions depend-
ing only on u, must vanish. It follows that A is constant and J = AF = 0.

Since J = 0, w” is a linear combination of w, w’. But (w”,w’) = 0 and
(", wy = —1,s0 w” = —w and w is a circle.

If X = 0 then I1 = 0, which corresponds to the case of the plane. Suppose
A # 0. Then F' = 0 implying that v/ = Aw x w’. Differentiation of this equation
yields 7" = 0. It follows that  is a line perpendicular to the circle defined by
w. Hence the surface is the helicoid. O

2.7 Minimal surfaces

Let S C R’ be a surface. We say that S is a minimal surface if the mean cur-
vature H = 0. Historically speaking, this concept is related to the problem of
characterizing the surface with smallest area spanned by a given boundary, a
problem raised by Lagrange in 1760. The question of showing the existence of
such a surface is called the Plateau problem, in honor of the Belgian physicist
who performed experiments with soap films around 1850, and it was solved
completely only in 1930, independently by Jesse Douglas and Tibor Radé.

In order to explain the relation between mean curvature and minimization
of surface area, consider a parametrization ¢ : U C R? - S, N =vo ©®
the induced unit normal, and a smooth function f : U — R. Then we can
introduce the normal variation of ¢ along f:

- =¢FefN.
Let us compute the first fundamental form of ¢°:

(Pz:@u"'e(fuN'i'fNu)v @z:@v'i_e(va"'va)-
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Since {(pu, N) = {py, N) = 0 and {(py, Ny} = =€, {ou, Ny) = {0y, Ny) = —m,
{0y, Ny) = —n, we obtain

E¢ = E—2fl+0(?),
F¢ = F —2efm+ O(é?),
G° = G —2efn+0(?),

where O(e?) denotes a continuous function satisfying lim._.o O(e*)/e = 0. It
follows that

E‘G*— (F)* = EG—F?—-2ef({G+nE —2mF) + O(é?)
(EG — F?)(1 — 4efH) + O(€?).

Let now D C U be a compact domain and introduce

A(e) = area(¢*(D)) = / /D E<Ge — (F9)2 dudv.

We have
a0 = 2 // (G — (F9)*)"? dudv
66 e=0 D
0 E<Ge — (F¢ 2
= // Dele=0 () dudv.
b 2(EG—F2)1/?
Hence

A(0) = -2 //DfH\/mdudv.

This formula is called first variation of surface area. As a corollary, we obtain
the following characterization of minimal surfaces as critical points of the area
functional.

Proposition 2.17 A surface S is minimal if and only if A’(0) = 0 for every parametriza-
tion ¢ : U — S, every normal variation of o, and every compact domain D C U.

Proof. If H(p) # 0 for some p € S, we choose a compact neighborhood D of
p in S such that H does not vanish on D and D is contained in the image of a
parametrization ¢ : U — S, set D = ¢~ !(D), and take f = H|y. We get

A(0) = -2 //D H?*\/EG — F2dudv < 0,

so the given condition is suficient for the minimality of S. That it is also neces-
sary is obvious. O
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2.7.1 Isothermal parameters

When studying minimal surfaces, it is useful to introduce special parameters.
A parametrized surface ¢ : U — S is called isothermal if

E=G=)\, F=0,

where A > 0 is a smooth function on U; in this case, the parameters (u,v) € U
are also called isothermal. Note that ¢ is regular if and only if A > 0. An isother-
mal parametrization ¢ is also called conformal or angle preserving because angles
between curves in the surface are equal to the angles between the correspond-
ing curves in the parameter plane.

Note that the mean curvature expressed in terms of isothermal parameters

becomes
- G —2mF +nE B {+n

a= 2(EG — F?2) 227

(2.18)

Proposition 2.19 If o is isothermal, then Ap = 2X\>HN (here N = v o p is the unit
normal along ).

Proof. Here A denotes the Laplacian operator and Ay = ¢, u + ¢,v. Con-
sider the equations (¢, vu) = (pu,¥y) and (@, ¢,) = 0; differentiating the
first one with respect to u and the second one with resptec to v, we obtain

(Puus Pu) = (Pou, Pu) a0 (Puv; Pu) + (Pu, Pov) = 0.

Putting these together yields (Ay, ¢,,) = 0. Similarly, differentiating the first
equation with respect to v and the second one with resptec to u, we get that
(A, py) = 0. This shows that Ay is a normal vector. Finally,

<A<p’N> = <<Puu,N>+ <<)0’U’U7N> :€+n:2>\2H
by eqn. (2.18). O

Corollary 2.20 An isothermal reqular parametrized surface ¢ : U — S is minimal if
and only if the coordinate functions of ¢ are harmonic functions on U.

Isothermal parameters exist around any point in a surface. In the next sec-
tion, we present a proof of their existence in the case of minimal surfaces.

Theorem 2.21 There exist no compact minimal surfaces in R>.

Proof. Suppose, to the contrary, that S is a compact minimal surface. With-
out loss of generality, we may assume S is connected. Consider the coordinate
function = : R* — R. There exists a point p € S where the restriction z|g at-
tains its maximum. Let ¢ : U — ¢(U) be an isothermal parametrization around
p with U connected. Then x o ¢ is a harmonic function on U which attains its
maximum at an interior point p € U. By the maximum principle, z o ¢ is a
constant function on U, or, = z(p) on (U).
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Next, let ¢ € S be arbitrary and choose a continuous curve v : [0,1] —
S joining p to gq. Cover 7([0,1]) by finitely many connected open sets 1, =
o(U), V1,...,V,, each V; equal to the image of an isothermal parametrization
wi,such that V; NV, 41 # @ foralli =0,1,...,nand g € V,,. Since x|g attains
its maximum value along Vp N Vi # &, the maximum principle applied to
x o ¢ yields that this function is constant along V1, namely, = z(p) on V;.
Proceeding by induction, we get that = z(p) on V,, and hence z(¢) = z(p).
Since ¢ is arbitrary, this argument proves that z|.S is a constant function. The
same argument applied to the other coordinate functions y, z : R* — R finally
shows that S must be a point, a contradiction. O

2.7.2 The Enneper-Weierstrass representation

We discuss now an unexpected connection beween minimal surfaces and the-
ory of functions of one complex variable. Let ¢ : U — S be a parametrized
surface. Denote by z1, 22, 3 : U — R the coordinate functions of ¢. We
introduce the complex functions (j = 1, 2, 3):

()= _ 05 Cuti
fi(Q) = 5 " By where ¢ = u + iv. (2.22)

The function f; is smooth as a real function U ¢ R* — R?, so a necessary and
suffcient condition for f; to be holomorphic is given by the Cauchy-Riemann
equations 2R f; = 23 f;, ZRf; = — 23 f;. We deduce that

(a) f; is holomorphic in ¢ if and only if z; is harmonic in u, v.

Note also the identities:
3 2 3 2 3
o0x; o0x; Ox; Ox;
2 2 2 _ 9%\ _ 9%\ _ 5, N 9 9%
fith+is = Z(@u) Z(@U) Qijl ou Ov

and

2 2 2 3 axj 2 3 axj 2 o
APHIRE B =D (22 ) +2(50) =E+G (2.23)
j=1 j=1

It follows from these identities that

(b) ¢ is isothermal if and only if
f+HB+fp3=0 (2.24)
(c) If pis isothermal, then ¢ is regular if and only if

|1l + 12 + 1 f5]* # 0. (2.25)



2.7. MINIMAL SURFACES 27

Proposition 2.26 Let ¢ : U — S be an isothermal regqular parametrized minimal
surface. Then the functions f; defined by (2.22) are holomorphic and satisfy (2.24)
and (2.25). Conversely, if fi, fa, f3 are holomorphic functions defined on an simply-
connected domain U which satisfy (2.24) and (2.25), then (j = 1,2, 3)

¢
zj(() =R i fi(z)dz,  CeU,

(for fixed (o € U) are the coordinates of an isothermal regular parametrized minimal
surface ¢ : U — S such that eqns. (2.22) are valid.

Proof. One direction follows from assertions (a), (b), (c) above and Corol-
lary 2.20. For the converse, note that ¢ — [ é} fj(z) dz is well defined because U

is simply connected and f; is holomorphic, and yields a holomorphic function
on U for which we can apply the Cauchy-Riemann equations:

o, [ 0. [

so eqns. (2.22) are valid; the rest now follows from (a), (b), (c) and Corollary 2.20
applied in the opposite direction. O

Note that the functions x; in the preceding proposition are defined up to an
additive constant so that the surface is defined up to a translation.

Thus we see that the local study of minimal surfaces in R? is reduced to
solving equations (2.24) and (2.25) for triples of holomorphic functions. We
next explain how this can be done. Rewrite (2.24) as

(fr+ifo)(fr —if2) =—f3. (2.27)

Except in case f1 = if> and f3 = 0 (which is easily seen to correspond to the
case of a plane), the functions

__ I
Ji—if2

are such that f is holomorphic and ¢ is meromorphic. Clearly, f; = fg, and it
follows from eqn. (2.27) that

f=f1—1ifa, g

fHitife= —fs = —fg°. (2.28)
Ji—if2

Hence 1 .
hi=5f0=¢), and fo=5f(1+g7).

By (2.28), fg? is homolorphic and this says that at every pole of g, f has a zero
of order at least twice the order of the pole. Further, eqn. (2.25) says that fi, fa,
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f3 cannot vanish simultanelously, and this means that f can only have a zero
at a pole of g, and then the order of its zero must be exactly twice the order of
the pole of g. We summarize this dicussion as follows.

Theorem 2.29 (The Enneper-Weierstrass representation) Every minimal surface
which is not a plane can be locally represented as

0= R[S0 - PO
o= [ L1004 Q) de

no= R [ HOsO .
where: f is a holomorphic function on a simply-connected domain U, g is meromorphic
on U, f vanishes only at the poles of g, and the order of its zero at such a point is exactly
twice the order of the pole of g.

Conversely, every pair functions f, g satisfying these conditions define an isother-
mal regular parametrized minimal surface via the above equations.

Examples 2.30 1. The catenoid is given by f(z) = —e™ %, g(z) = —e*.

2. The helicoid is given by f(z) = —ie™?, g(z) = —e*.

3. The minimal surface of Enneper (discovered in 1863) is given by f(z) = 1,
g(z) = 2. Solving for the parametrization, we obtain z1 = u — 3u® + wv?,
To = —U — w?v + %v3, xr3 = u? — 2.

4. The minimal surface of Scherk (discovered in 1834) is given by f(z) =
4/(1 — 2%), g(z) = iz. It can also be parametrized as the graph of (z,y) —

log £5%

cosy "

The Enneper-Weierstrass representation not only allows us to construct a
great variety of minimal surfaces having interesting properties, but also serve
to prove general theorems about minimal surfaces by translating the state-
ments into corresponding statements about holomorphic functions. Unfortu-
nately, developing this philosophy would take us beyond the scope of these
notes, so we content ourselves with a small remark. Let us express the basic
geometric quantities of an isothermal regular parametrized minimal surface
¢ :U — Sinterms of f, g. We have

E=G=\, F=0,

where

3
o= SY IR by (223)
j=1

— N

1
= IR+ g + 7P+ g + | fol?

_ <|f|(1;|gl2))2_
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Moreover,
oux o = (S{fafs}, S{fsfi}, S{f1f2})
= M (2Rg, 239, [g]> - 1),
and
lpu X @oll = VEG — F2 = X2,
S0

_ ( 2Rg 239  g|* — 1)
S \lgP+ 1 g2+ 17 g2+ 1)
Recall that stereographic projection 7 : 5%\ {(0,0,1)} — C is the map

T1 +iT2

7T($1;$2;$3): 1 T )
— &3

and its inverse is

Cx 2
() = ( 2Rz 28z 7| 1) .

22+ 17 [ +17 |2 +1

Hence
N=nlog. (2.31)

Proposition 2.32 Let ¢ : U — S be an isothermal reqular parametrized minimal
surface, where U is the entire (-plane. Then either S lies in a plane, or the image of the
Gauss map takes on all values with at most two exceptions.

Proof. If S does not lie in a plane, we can construct the function g(¢) which
is meromorphic on the entire (-plane; by Picard’s theorem, it either takes all
values with at most two exceptions, or else it is constant. Eqn. (2.31) shows
that the same alternative applies to NV, and in the latter case S lies in a plane. O

2.7.3 Local existence of isothermal parameters for minimal sur-
faces

Lemma 2.33 Let S be a minimal surface. Then every point of S lies in the image of
an isothermal parametrization of S.

Proof. Let p € S. First all, we can find a neighborhood of p in which S is the
graph of a smooth function which, by relabeling coordinates, can be assumed
in the form z = h(z,y) for (z,y) € U (Check!). The minimal equation for
graphs is easily computed to be

(14 h)hag — 2hahyhay + (14 h2)hy, = 0.

We then have equation
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satisfied on U, where W = /1 + h2 + hZ. Taking U simply-connected, this
implies that we can find a smooth function ¢ on U with

oP  hyh, 0>  1+h;
or W’ oy W

Introduce new coordinates

One checks

dx _ oz _ 9y _
oz =L ;=0 =

and the coeffcients of the second fundamental form with respect to 7, § are

_ _ w?2 _
1+h§7 )

as desired. O



