Chapter 1

Surfaces: basic definitions

A regular parametrized surface is a smooth mapping ¢ : U — R?, where U is

an open subset of R?, of maximal rank. This is equivalent to saying that the

rank of ¢ is 2 or that ¢ is an immersion. Such a ¢ is called a parametrization.
Let (u,v) be coordinates in R?, (z,v, z) be coordinates in R®. Then

@(uv U) = (J’J(u, ’U)’ y(u’ 1}), Z(u7 ’U)),

x(u,v), y(u,v), z(u,v) admit partial derivatives of all orders and the Jacobian
matrix
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has rank two. This is equivalent to
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A surface is a subset S of R? satisfying:

(1) S = Ujes, where V; is an open subset of S and ¢ : U; € R? — ¢;(U;) = V;
is a parametrization. In other words, every point p € S lies in an open
subset W C R? such that W N S is the image of a smooth immersion of
an open subset of R? into R?.

(2) Each ¢; : U; — V; is a homeomorphism. The continuity of <pi_1 means
that for any V;, given € > 0, there exists d > 0 such that

¢ '( Blg,0) NV;) C By '(q)e€).
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1.1 Examples

1. The graph of a smooth function f : U — R, where U C R? is open, is a
regular parametrized surface, where the parametrization is given by ¢(u,v) =
(u, v, f(u,v)). Note that
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has rank two.

2. If S ¢ R? is a union of graphs as in (1) (with respect to any one of the
three coordinate planes), then S is a surface. It only remains to check that the
parametrizations constricted in (1) are homeomorphisms. But this follows from
the fact that =1 = 7|, (vy is continuous, where 7(z,y, 2) = (z,y) is continuous.

3. The unit sphere is defined as

S? = {(z,y,2) e R*|2® + ¢ + 2% = 1}.

It is clearly a union of (six) graphs: z = +/1 — 22 — y2, y = £/ 1 — 22 — 22,
T =21 —9y2 - 22

1.2 Inverse images of regular values

Let F : W — R? be a smooth map, where W C R? is open. A point p € W is
called a critical point of F' is dF, = 0; otherwise, it is called a regular point. A
point g € R is called a critical value of F' if there exists a critical point of F' in
F~1(q); otherwise, it is called a regular value.

Theorem 1.1 If q is a regular value of F and F~1(q) # @, then S = F~1(q)
is a surface.

Proof. Tt suffices to show that S is a union of graphs. Let p = (20, Yo, 20) €
7@
So(p) | # 0. Without loss of generality, asssume that
oF

92 (p) ~
%—f(p) # 0. By the implict function theorem, tehre exist open neighborhoods V'

S. Then dF, =

of (zo, Yo, 20) in R? and U of (w0, y0) in R? and a smooth function f: U — R
such that F(x,y,2) = ¢, (z,y,2) € V if and only if z = f(z,y), (z,y) € U.
Hence p € V =V N S is the graph of f. O

1.3 More examples

5. Spheres cam also be seen as inverse images of regular values. Let F(z,y,2) =
2% +y? + 22, Then (dF(,,.))" = (22 2y 22) = (0 0 0) if and only if (z,y,2) =
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(0,0,0). Since (0,0,0) ¢ F~1(r?) for » > 0, we have that the spehre F~1(r?)
of radius r > 0 is a surface. Similarly, the ellipsoides 2—2 + %2 + i—; =1 (a, b,
¢ > 0) are surfaces.

6. The hyperboloids #2 + y? — 22 = 72 (one sheet) and 22 + y? — 22 = —r?
(two sheets) are surfaces, 7 > 0. The cone 22 + y? — 22 = 0 is not a surface in
a neighborhood of its vertex (0, 0,0).

7. The tori of revolution are surfaces given by the equation 22+ (y/22 + y2 —
a)? = r%, where a, r > 0.

8. More generally, one can consider surfaces of revolution. Let v(t) =
(f(t),0,9(t)) be a regular parametrized curve, t € (a,b). Define

p(u,v) = (f(u) cosv, f(u)sinv, g(u))

where (u,v) € (a,b) x (v, vg + 27). One can cover the surface by varying vg in
R. But there are conditions on 7 for ¢ to be an immersion. One has

d(z,y) d(y, z) d(z,x)

Sw ) I Gy = I ose Gl =~ sine,
[ggﬁ;r * BH ¥ [gﬁuﬂ = FIKIP,

and ¢ is an immersion if and only if f > 0. Note also that ¢ is injective if
and only if 7 is injective. One also checks that ¢~! is continuous by writing its
explicit expression.

1.4 Change of parameters

Theorem 1.2 Let S C R? be a surface and let ¢ : U — o(U), ¥ : V — (V)
be two parametrizations of S, where U, V. C R? are open. Then the change of
parameters h = ¢ Lo : v L(p(U)) — o~ L (v(V)) is a diffeomorphism between
open sets of R

Proof. h is a homeomorphism because it is the composite map of two home-
omorphisms. Note that a similar argument cannot be used to say that h is
smooth, because it does not make sense (yet) to say that p~! is smooth.

Let p = (up,v0) € U, g € V, v(p) = ¥(q). Since ¢ is an immersion, dy

has rank two and we may assume WLOG that ggﬁzg (p) # 0. Write p(u,v) =

(x(u,v),y(u,v), z(u,v)), (u,v) € U and define

O (u,v,w) = (z(u,v),y(u,v), z(u,v) + w),

where (u,v,w) € U x R. Then ® : U x R — R? is smooth and

ox ox
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gu G (z,y)
det(d®(yy,00,0)) = %Z %Z 0 = B, v) (p) £ 0.

(u0,v0,0)
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Since d® (y,4,,0) is non-singular, by the inverse function theorem, &~ is defined
and is smooth on some open neighborhood W of ¢(p) in R®. Since Q| ioy = ¥,
we have that q);(lU)mW = o pynw- Since WN(U) is open in S and 1 is a

homeomorphism, ¢ ~*(W N ¢(U)) C V is open. Now

hly—1wy = ¢~ oYl wney) = @71 0 Yly—1(wnpw))

is smooth, because it is the composite map of smooth maps.
Similarly, one sees that h~! is smooth by reversing the réles of ¢ and v in
the argument above. Hence h is a diffeomorphism. O

Corollary 1.3 Let S € R? be a surface and suppose f : W — R> is a smooth
map defined on the open subset W C R"™ such that f(W) C S. Then ¢~ lo f:
W — R? is smooth for every parametrization ¢ : U — o(U) of S.

Proof. If ® is as in the proof of the theorem, we have that o ~lo f = ® 1o f
is the composite of smooth maps between Euclidean spaces. O

As an application of the smoothness of change of parameters, we can make
the following definition. Let S be a surface. An application f : S — R" is
smooth at a point p € S if fo e : U — R" is smooth at p~1(p) € U, for some
parametrization ¢ : U — ¢(U) of S with p € o(U). Note that if ¢ : V — (V)
is another parametrization of S with p € ¢(V), then f o is smooth at ¢~ (p)
if and only if f o ¢ is smooth at ¢ ~1(p), because

fov ™t =(fop o(ptoy)

and the change of parameters ¢!

o 1) is smooth.

Example 1.4 If S is a surface and F : R* — R is smooth, then the restriction
F|s : S — R is smooth. In fact, fop = Fop is smooth for any parametrization
p of S. As special cases, we can take the height function relative to a, F(x) =
(z,a), where a € R? is a fixed vector; or the distance function from ¢, F(z) =
||z — ¢||?, where ¢ € R? is a fixed point.

In particular, if f: S5 — R? is smooth at p €S and S c R? is a surface
such that f(S) C S, then we say that f:.S — S is smooth at p.

1.5 Tangent plane

Let S ¢ R? be a surface. Recall that a smooth curve v: I C R — S is simply
a smooth curve v : I — R? such that v(I) ¢ S. Fix a point p € S. A tangent
vector to S at p is the tangent vector 4(0) to a smooth curve v : (—¢,¢) — S
such that v(0) = p. The tangent plane to S at p is the collection of all tangent
vectors to S at p.



1.5. TANGENT PLANE 3

Proposition 1.5 The tangent space T,,S is the image of the differential
dp, : R* — R3, (1.6)
where ¢ : U — o(U) is any parametrization of S with p = ¢(a) and a € U.

Proof. Any vector in the image of (1.6) is of the form dp,(wg) for some wq €
R? and therefore is the tangent vector at 0 of the smooth curve ¢ — ¢ (a + twp).

Conversely, suppose w = 4(0) is tangent to a smooth curve v : (—€,e) — S
such that 4(0) = p. By Corollary 1.3, n := ¢ ' oy : (—e,€) - U C R*is a
smooth curve in R? with 7(0) = a. Note that v = ¢ o 7. By the chain rule

v = dipq (1(0)) (L.7)
lies in the image of (1.6). O

Corollary 1.8 The tangent plane T,S is a 2-dimensional vector subspace of
R?. For any parametrization ¢ : U — o(U) of S with p = ¢(a), a € U,

{52(a), 52(a)} (1.9)
is a basis of T),S.

It is also convenient to write ,, 1= g—u and ¢, := 2.

Consider a tangent vector w € T,S5, say w = 4(0) where 7 : (—¢,e) — S
is a smooth curve with (0) = p, as in the proof of Proposition 1.5. Then
n = ¢ oy is asmooth curve in R? which we may write as 7(t) = (u(t), v(t)).
Since 7(0) = (u'(0),v'(0)), eqn. (1.7) yields that

w = (0)pu(a) +v'(0)pu(a),

namely, v/(0), v(0) are the coordinates of w in the basis (1.9). This remark also
shows that another smooth curve % : (—e, €) — S represents the same w if and
only if 7j(t) = ¢~ o H(t) = (u(t), v(t)) satisfies (@ (0),v'(0)) = (u'(0),v'(0)).
With the same notation as above, suppose now that f: S — S is a smooth
map at p € S. Note that f o~ is a smooth curve in S. The differential of f at
p is the map
dfp : TpS — TS

that maps w = ¥(0) € T},S to the tangent vector 7(0), where 4 = foy. We check
that df,(w) does not depend on the choice of curve v. Let ¢ : U — ¢(U) =V,
@ : U — @(U) = V be parametrizations of S, S, resp., with p = p(a), a € U,
f(p) = ¢(a), @ € U, and such that f(V) C V. Consider the local representation

of f, }
g=¢ 'ofop:U—T,

and write
g(u, U) = (gl(uv U)v 92(“" U))
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for (u,v) € U C R®. Then

() = ¢ (g1 (u(t), v(t)), g2(u(t), v(?)) ) ,

SO
30) = (52 /(0)+ 32 (0)) @a+ (32 /(0) + 32 (0)) @

This relation shows that 4(0) depends only on «'(0), v'(0) and hence has the
same value for any smooth curve representing w. This relation can also be

rewritten as B 5
(B (v
dfp(w) - < % % ) ( 7)I(O) ) )

which shows that df, is a linear map whose matrix with respect to the bases
{Ous o}, {Pa, s} is the 2 by 2 matrix above.

Example 1.10 If S is a surface given as the inverse image under ' : R®* — R of
a regular value, then 7,5 = ker(dF,) for every p € S. In fact, if v : (—¢,e) — S
is a smooth curve with v(0) = p, then F(v(t)) is constant for ¢ € (—e,¢€). By
the chain rule, dF,(¥(0)) = 0. This proves the inclusion T,,S C ker(dF,) and
hence the equality by dimensional reasons.



