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ABSTRACT. We show that for each natural n > 1 it is consistent that there is
a compact Hausdorff space Ko, such that in C (K2, ) there is no uncountable
(semi)biorthogonal sequence (fe, t¢)ecw, Where pg’s are atomic measures with
supports consisting of at most 2n — 1 points of Ka,, but there are biorthogonal
systems (f¢, pe)eew, Where pg’s are atomic measures with supports consisting
of 2n points. This complements a result of Todorcevic that it is consistent
that each nonseparable Banach space C'(K) has an uncountable biorthogonal
system where the functionals are measures of the form 61& — 5y§ for £ < wq
and w¢,ye € K. It also follows that it is consistent that the irredundance
of the Boolean algebra Clop(K) or the Banach algebra C(K) for K totally
disconnected can be strictly smaller than the sizes of biorthogonal systems
in C(K). The compact spaces exhibit an interesting behaviour with respect
to known cardinal functions: the hereditary density of the powers K§n is
countable up to k = n and it is uncountable (even the spread is uncountable)
for k > n.

1. INTRODUCTION

If X is a Banach space and X* its dual, then (z;,2]);e;r C X x X* is called a
biorthogonal system if f(z;) =1 and z}(z,;) = 0if i # j for each 4,j € I. If o is
an ordinal, a transfinite sequence (z;, ¥} )i<o € X x X* is called a semibiorthogonal
sequence if z}(z;) =1, zf(z;) =0if j <i < aand zf(z;) > 0if i < j < c.

Biorthogonal systems have always played an important role in the theory of
Banach spaces ([9]) because all kinds of bases in Banach spaces are in particular
X-parts of biorthogonal systems ([20] and [21]). Semibiorthogonal sequences have
been introduced quite recently ([2]) in the relation with the sets in Banach spaces
supported by all of their points ([17], [13], [8]).

We will mainly deal with biorthogonal systems in Banach spaces C(K) of all
continuous functions on a compact Hausdorff space K with the supremum norm.
Its dual space is isometric to the Banach space M (K) of all Radon measures on K
with the variation norm, and so, we will identify this dual with M(K). If K is a
compact Hausdorff space and z € K, 0, denotes the functional on C(K) defined

by §.(f) = f(x) for all f € C(K).
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This paper is motivated by the following question: If there is an uncountable
biorthogonal system (z¢, ¢ )eew, in C(K) x M(K), is there also one such that

T = Oge — Oy,
for some points x¢,ye € K7 We will follow [4] and call such a biorthogonal system
a nice biorthogonal system.

The origin of this question is that in all concrete situations so far analyzed in the
literature the above question has positive answer. Moreover, it happens for a good
reason, namely, it follows from a recent result of Todorcevic that Martin’s axiom
together with the negation of the continuum hypothesis implies the positive answer
to this question. Indeed, analyzing the proof of Theorem 11 of [24], one gets two
cases: the first when K is hereditarily separable, which is the main part of that
proof and the constructed biorthogonal system is nice; and the second case, when
K is c.c.c. but contains a nonseparable subspace, then the proof of Theorem 10 of
[24] provides the required nice system; if K is not c.c.c., one can easily obtain an
uncountable nice biorthogonal system.

There is one more reason why nice biorthogonal systems appear frequently in the
context of Banach spaces C'(K') and which makes them more meaningful. Namely,
(fa)acer is the X-part of a nice biorthogonal system if and only if (f,)aex is ir-
redundant in the Banach algebra C(K), in the sense that no f, belongs to the
Banach subalgebra generated by the remaining elements. This is a consequence of
the Stone-Weierstrass theorem. If K is totally disconnected and f,’s are character-
istic functions of clopen A, C K, we obtain a well-known notion of an irredundant
set in a Boolean algebra (see e.g., [14]), i.e., a set where no element belongs to
the Boolean algebra generated by the remaining elements. The irredundance of a
Boolean algebra is the supremum of cardinalities of irredundant sets.

To formulate properly our main results we need the following;:

Definition 1.1. Let K be a compact Hausdorff space and n € N. We say that the
functionals of a sequence (fe, pie)ecw, € C(K) x M(K) are n-supported if each pug
is an atomic measure whose support consists of no more than n points of K.

Theorem 1.2. For each natural n > 1, it is consistent that there is a compact
Hausdorff space Ka,, such that in C(Kay,) there is no uncountable semibiorthogonal
sequence whose functionals are 2n — 1-supported, but there are biorthogonal systems
whose functionals are 2n-supported.

Moreover, K%, is hereditarily separable but K5 has an uncountable discrete
subspace. Neither the Banach algebra C(Kay) nor the Boolean algebra Clop(Kay,)
have an uncountable irredundant family. In particular, C(K4) has an uncountable
biorthogonal system but it has no uncountable nice biorthogonal system.

Such a situation suggests many questions about the size of biorthogonal systems
of various types in C'(K) spaces as well as in general Banach spaces. These more
general discussions will appear elsewhere. In particular, we are unable to obtain
K’s such that C(K) contains biorthogonal systems whose functionals are 2n + 1-
supported but does not contain one whose functionals are 2n-supported. The reason
why some fundamental change with the approach must be taken to obtain such a
space is shown in Lemma 3.9.
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On the other hand, if n = 1 one has absolute results. If K is the split interval,
then K is hereditarily separable and so cannot have an uncountable semibiorthog-
onal system whose functionals are l-supported, but C'(K) has an uncountable
biorthogonal system (see [7]).

It seems that our compact space is the first example showing that the hereditary
density or spread of finite powers of a compact space may change its value from
countable to uncountable arbitrarily high in N. Such an example can be only
consistent since, for example, under MA+—-CH if K3 is hereditarily separable for a
compact K, then it is metrizable, and so, all finite powers are hereditarily separable.
This follows from the fact that then there are no compact S-spaces ([22]), from the
Katetov theorem ([10]) and from the fact that Lindel6f regular spaces are normal.

The paper is organized as follows: in the following second section we discuss a
general form of the compact spaces we construct and call them unordered N-split
Cantor sets. They are versions of the split interval whose relation with biorthogonal
systems in Banach spaces was already demonstrated in [7]. Section 3 is devoted to
a generic construction of Boolean algebras whose Stone spaces are the Ks,’s. This
is the only section that requires the knowledge of forcing. The partial order used
is a new modification of that of [11], which produced nonseparable C'(K)’s with
no uncountable semibiorthogonal sequences. Thus our spaces are quite controllable
members of the group of compact spaces constructed in [1], [18], [19], [11]. In this
section we also prove the existence of an uncountable discrete subspace of K3 and
an uncountable biorthogonal system in C'(K) whose functionals are 2n-supported.
The section ends with Theorem 3.8, which expresses the random character of the
constructed compact space. Later on we use this theorem to prove further properties
of the space. Hence a reader not familiar with forcing may use this theorem for
other purposes and read only the following section.

The last, fourth section is devoted to applications of Theorem 3.8, that is the
proof that K72 is hereditarily separable and that C(K3,) has no uncountable
semibiorthogonal sequences whose functionals are 2n — 1-supported.

We use standard notation. In particular [n] = {1,...,n} and n = {0,...,n — 1}
for a positive natural number n. AP denotes the set of all functions from B into
A and so if 2 = {0,1} we have that 2 denotes all infinite sequences with terms in
{0,1}, while 2™ stands for functions from n into {0, 1}; also 2<¢ = [J{2" : n € N}.
(s) ={x €2¥: s Ca}for s € 2" for some n € N. If A, B are sets of ordinals, then
A < B means that a < 3 for any o € A and any § € B.

2. UNORDERED N-SPLIT CANTOR SETS
Fix a sequence of distinct elements X = {z¢ : £ <wi} € 2¥ and N € N. Let
Ky =(2*\X)U (X x [N])

and define
Vo= ((s) N2\ X)) U (({s) N X) x [N]).

Definition 2.1. A family (A¢; : € < w1,i € [N]) of subsets of Ky is called an
N-splitting family if it satisfies the following conditions:

(1) (we,i) € A¢; € Ky for each & < wy and i € [N];

(2) for each & < wy the sets Ag;’s are pairwise disjoint;

(3) for each & < wy we have Ky = A1 U ..U A N;

(4) ifn <&, then thereisk € N and j € [N] such that A, ;,N\V, 1x € Ag jNVa, k5
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(5) if n > & and x = x,, or x € 2* \ X, then there is k € N and j € [N] such
that Vx|k - Agyj.

Definition 2.2. Given an N-splitting family (Ae; : § < wi,i € [N]), we call the
space (Kn,T) an unordered N-split Cantor set if the topology T on Ky is defined
by indicating neighbourhood bases B, at x for every x € Ky in the following way:
if x € 29\ X, then
Ba: = {Vs 18 C I}
and if x = (x¢,j) € Kn, then
By ={VsNA¢g;:sCuae}

The intuitive meaning of the above definitions is as follows: each point z¢ of 2¢
is split into N points (x¢,1), ..., (z¢, N). If we view Ky as constructed inductively,
when at step £ < w; we construct the splitting clopen neighbourhoods A¢ 1, ..., A¢ n
of the points (x¢,1), ..., (z¢, N), then these neighbourhoods split only ¢ and no
other previously constructed (z,%) for n < ¢ (condition 2.1.(4)) nor z, for n > &
nor z € 2\ X (condition 2.1.(5)). Note that, on the other hand, A¢;’s may split
xy for n < ¢, and in this case, by condition 2.1.(4), they do it “the same way” as
the A, ;’s.

Proposition 2.3. Let N € N. If (A¢; : € < wi,i € [N]) is an N-splitting family,
then the corresponding unordered N -split Cantor set is a compact, Hausdorff, totally
disconnected topological space.

Proof. Since Vy = Ky, conditions (1) - (3) of Definition 2.1 imply that A ;’s are
clopen sets. Now using Proposition 1.2.3. of [5], we will prove that the above
families satisfy the axioms for neighbourhood bases BP1-BP3 from [5]. The only
nontrivial part is to prove that given x € V € B, there is U € B, such that
zeUCV.

Suppose z € 2\ X and z € V, € B,. Then s C z and so V; itself is in B,.
If z € VoN Agi, we also have s C z and by (5) of Definition 2.1 there is k € N
such that V|, C A¢ ; for some j € N. Put t = s Uz|k and note that we have that
Vi € Ag j, so by the disjointness (condition 2.1.(2)) we have j = ¢ with x € V; € B,
and V; C Vi N Ag ;.

Now suppose that z = (z,,i) and z € V; € By, hence s C z and so V;N A4, ; € B,
and z € V;NA,,; C V.

Finally, let = (2,,i) and x € Vs N A¢ ; € By, j), then s C z.

First consider n < &, then by (5) of Definition 2.1 there are k& € N and j’ such that
ApiN Ve, ik © Ag jr NV, 1k and by disjointness (2) we get that j' = j. So, if we put
t =sUxzylk, then A, ;NV; C A¢ ;NV; C Ag ;N V5 and of course A, ; NV, € By, 4-

Secondly if n > £ and (x,,,1) € VsNAg j, we also have s C x,, and by 2.1.(4) there
are k € N and j’ such that V,, |, C A¢ ;v for some j'. By the disjointness we have
j=7j". Ift=sUux,lk we have that V; C A¢ ;,sox € V; € By and V; C Vo N A ;.
This completes the proof that B,’s form a local neighbourhood system.

The Hausdorff property is easy since basic sets are clopen.

To prove the compactness, suppose U is an open cover of K. We may assume
that it consists of basic open sets. For each z € 2¥ \ X define s, € 2<% such that
x € Vs, CU €U for some U, and for each { < w; define s¢ € 2<% gsuch that
(we,i) € Vi, N Ag; €U € U for some U, and for each 1 < i < N. This actually
gives by (3) of Definition 2.1 that V, is covered by finitely many U € U.
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Now {(sg), (s¢) : © € 2¥\ X, £ < w } forms an open cover of 2* which is compact
and so it has a finite subcover, which easily yields a finite subcover of U. (]

Definition 2.4. Suppose N € N and Ky is an unordered N-split Cantor set.
Under the notation as above, we define the following:
i RE = {(.Tg, 1)7 cey (x»’fa N)};
o A, is the subalgebra of Clop(Kyn) generated by (Vs : s € 2<%) and {A¢; :
&< a,i€[N]} for a <uws.
o C, is the closure (in the norm) of finite linear combinations of character-
istic functions of elements of A, inside C(K).

Note that Cy can be naturally identified with C'(2¢) inside C(K).

Lemma 2.5. Let N € N and let K be an unordered N-split Cantor set. For every
n € N and for every o € wy and every i € [N] we have

Aaﬂ' \ anm e A,.

Proof. By the properties 2.1.(4) and (5) of A¢;’s any point of Ky \ R, has a
neighbourhood V' such that for every ¢ € [N] it is included in A, ; or disjoint from
A, ; and moreover V € A,.

Since Aqi \ Vg, |n is a compact subspace of K \ Ry, we have a finite subcover
consisting of subsets i.e., Aq i\ V|, is the supremum of a finite family of elements
of A, as required. ]

Let us see the general form of continuous rational simple functions on an un-
ordered N-split Cantor set. By a rational simple function we mean a function
assuming only finitely many rational values.

Lemma 2.6. Suppose that N € N and that Ky is an unordered N -split Cantor set,
e >0, uis a (reqular) Radon measure on Kn and that f is a continuous rational
simple function on K. Then there is a simple rational function g € C(2%), distinct
&1y..,& < wi and there are rationals g; 1, non-negative integers m; and s; € 2™
such that s; = x¢,/m; for 1 <i <k €w and for 1 <1 < N such that

f=9+ Z Z Qi 1XAg, Vs,

1<i<k 1<I<N

and such that

2 121’%(‘%,“)\#“‘@ \sz) <e.
Proof. By induction on £ we prove that any continuous simple rational function in
C¢ can be written in the form as in the lemma. The Stone-Weierstrass theorem and
the uncountable cofinality of w; imply that the union of C¢’s is the entire C(Ky).
The limit stage is trivial. So, suppose we are done for C¢ and we are given a
continuous simple rational function f in C¢4q. Note that

() Vaem = Re.
meN

Hence, the regularity of the Radon measures implies that |u|(Vy,|m \ Re¢)’s converge
to 0. Let my be such that
€

Al f1l

[l (Vagpm \ Re) <
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for m > mq.

Note also that a simple function is a linear combination of characteristic functions
of clopen sets, hence there are &7, ..., &1 < £ < w1 and ms such that preimages un-
der f of each of its finite rational values belong to the subalgebra of A¢1 generated
by Vi’s for [t| < my and Ag, j,..., Ag,_, ;, Aej for 1 < j < N. Now let n > my, my
be such that for every 1 <i < k there is 1 < j < N such that V,,,,, C Ag, ; which
can be obtained by the property (5) (of Definition 2.1) of A¢’s and n = &;.

It follows that f is constant on A¢ ;N V|, for every 1 < j < N. Let ¢i,...,qy €
Q be the corresponding values and note that |g; — ¢y| < 2||f|| for any 1 <1 < N.
So, by conditions (2) and (3) (of Definition 2.1) of A¢ ;’s we have

[= [f'(K \ Vx5|m) + q;vXVthn] + Z (QZI - q?V)XAE,lﬂng‘m'
1<I<N

Note that f|(K \ Vi |m) belongs to C¢ by Lemma 2.5, and so

f=n+ Z QXA 1NVegjm> 1r<nlé?§v ‘QIHM(ng\m \ Re) <
1<I<N =

N ™

where ¢; = ¢ — ¢y and h € C¢. Hence the inductive assumption for £/2 can be
used, which completes the proof of the lemma. O

Definition 2.7. We say that an N-splitting family (Ae; : £ < w1,i € [N]) is
balanced if it satisfies the following additional condition:
(6) for all distinct £,m € w1 and all j € [2n],

|{Z S {1,3,...,271— 1} : (.7/‘77,1') € Agﬂ}‘ = ‘{Z S {2,47,2’[1} : (l’n,i) S Ag’]}l

Lemma 2.8. Suppose that n € N and that Ko, is an unordered 2n-split Cantor

set, where the N-splitting family (Ae; : & < wi,i € [2n]) is balanced. Then we have

that:

(a) KIFY contains an uncountable discrete subspace;

(b) there is an uncountable biorthogonal system in C(Kay) with 2n-supported func-
tionals.

Proof. To prove (a), let us show that the subset {((x¢, 1), (x¢, 2), (z¢, 4), ..., (ze,2n)) :
¢ <wi} of Kyt is relatively discrete.

Let Us = Ag1 x Ag g X Ag 4 X - - X Ag 2y, which clearly is an open neighbourhood
of ((xe, 1), (z¢,2), (e, 4), ..., (x¢,2n)). Now, fix distinct &, < w; and let us prove
that ((xy, 1), (y,2), (2,4),...,(zy,2n)) & Ue.

By contradiction, suppose that ((z,,1), (z,2), (xy,4),. .., (zy,2n)) € U, that
is, (zy,7) € A¢; for each j =1,2,4,...,2n. By condition 2.7.(6), we have that for
each j € [2n],

Hie{L,3,....2n — 1} : (x,,1) € Ae j} = {i € {2,4,...,2n} : (z,, 1) € A¢ ;}].
Hence, each set A¢ o, A¢ 4, ..., A¢ 2, must contain at least one of the (z,,, 1), (x5, 3),
..., (zy,2n — 1). By the disjointness of the A¢ ;’s (Property (2) of Definition 2.1),
(xy,1) has to be in one of the sets A¢ o, Aea,..., A¢2n. But by our assumption,
(2y,1) € A¢ 1 and again by the disjointness of the A¢ ;’s, this is a contradiction.

To show (b), for each § < wy, let fe = xa,.,, and

pe = 2(5(15,21') — O(a¢,2i-1))
k=1
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and note that (fe, pe)e<w, € C(Kan) XM (Ks,). Let us prove that this is a biorthog-
onal system.

For each § < wy, since (x¢,%) € Ae; and these sets are disjoint (Property (2) of
Definition 2.1), we get that

pe(fe) = 2(5(x§,2k) = Oz, 2k—1)) (X A¢ 2)
k=1

n

= > (Ve (@6, 28)) = Xa, (w6, 2k = 1)) = Xag o, (26, 20)) = 1.
k=1

On the other hand, for distinct £,7 < wq, by Property (6), we have that for all
J € [2n],

|{Z S {1,3, o, 2n — 1} : (.’L‘n,i) € Ag,J}‘ = ‘{Z c {2,4, .. ,2’[’L} : (l’n,i) S Ag’]}l
Hence,

n

pe(fn) = (Owe2t) = Oae2b-1)) (XA, 20)

k=1
Z(XAn,2n ((:Cg, 2k)) - XAn,Zn((x£7 2k — 1)))

k=1
= Xy ((16:2K) = > X, (2, 2k — 1))

k=1 k=1
=[{i €{2,4,...,2n} : (z¢,i) € Apan}| — [{i €{1,3,...,2n — 1} : (2¢,1) € Ay an}]
= ()7

concluding that (fe, e)ecw, € C(Kay,) x M(Kay) is a biorthogonal system. O

3. THE GENERIC CONSTRUCTION

This section is devoted to a generic construction of an unordered 2n-split Cantor
set which exhibits quite random features. This type of uncountable structures was
first investigated systematically in [19]. One can describe this random behavior as:
in any uncountable sequence of finite substructures we have two which are related
as we wish (up to constrains). We fix an uncountable sequence (z¢ : & < wq) C 2%
consisting of distinct elements.

Definition 3.1. Let P be the forcing formed by conditions
b= (Fpanpv(fén S Fp))a

where:
1. F, ¢ [W1]<w;
2. ny € w is such that for all £ # n in Fy, xelny # xp|np;
3. for all £ € F,
2220\ {welnp} — [2n]P" x [F, 0 (€ + 1)

1s such that

a) if fg’(s) = (p,&), then ¢ is a constant function;

b) if fgp(s) = (¢,n) for some n < &, then

Vi€ 2n] | t(G)N{1,3,5,....2n -1} = ¢ *(j) N {2,4,...,2n}|.
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We put ¢ < p if Fy O Fp, ng > n, and for all £ € F, all s € 2" \ {z¢|ng} and all
te2m\ {aelny },
tCs= fL(t) = fi(s).

Intuitively, we are, of course, trying to build a 2n-split Cantor set which is
determined by the choice of the balanced 2n-splitting family formed by A¢ ;’s. Thus
the coordinate f{(s) describes the behavior of A¢;’s on V. The formal description
is the subject of Definition 3.3. The value ff(s) = (¢,§), where ¢ has to be a
constant function, say equal to ¢, means that the entire V; is included in A¢ ;. The
value fé’ = (p,n) for some n < ¢ means that A¢;’s divide V; as coded by ¢ i.e.,
Ay NV C Ag (5 for each j € [N]. Note that a condition p € P does not carry
any information about the behavior of A¢;’s on V|, , other than (w¢,i) € Ag ;.
This is the degree of freedom we have and which can be controlled by passing to
an appropriate extension ¢ < p. Condition (b) is to guarantee that the family of
Ag¢i’s is balanced, that is, that is satisfies property (6) of Definition 2.7.

Lemma 3.2. The following subsets of P are dense in P:

(i) {p € P:ny, >k}, for some fized k € N;
(i) {p e P:§ € F,}, for some fized § < ws.

Proof. For (i), fix k € N and let p = (Fj,ny, (ff : £ € Fp)) € P. If n, < k, define
q = (Fy,ng, (f¢ : £ € Fy)) by putting Fy = F,, ny = k and for each § € Fy = F),
fg is any function satisfying condition 3 of the definition of the forcing such that
fE(t) = fE(tiny), if tin, € 2 \ {x¢[n,}; for example, let

F(t) = fg(tlnp) if t{ny € 27\ {z¢|ny },
3 (p,€)  otherwise,

where ¢ is the constant function equal to 1. It is easy to see that ¢ € P and ¢ < p.

For (i1), fix § < wy and let p = (F,ny, (ff : £ € Fp)) € P. By (i), we may assume
that n, is such that z,|n, # z¢|n, for all n € F,. Define ¢ = (Fy,nq, (f¢ : £ € Fy))
by putting Fy = F, U {&}, ng = nyp, f§ = fF for each n € F, and f{ is any
function satisfying condition 3 of the definition of the forcing; for example, let
fg (t) = (p,&), where ¢ is the constant function equal to 1. It is easy to see that
q € Pand g <p. O

Definition 3.3. Given a P-generic filter G over a model V, we define the family
{A¢; € €wr,j € [2n]} as follows: for each & € w1 and each j € [2n], let
Aej= {(ze, ))}UUH{Vs:Tp e G,fgp(s) = (p,&) and ¢ is the constant function equal to j}
UU{Vs N A, : 3p € G, f{(s) = (p,m), for some n # & and ¢(i) = j}.
The following lemma follows directly from the above definition.

Lemma 3.4. Givenp € G, £ € F, and s € 2" \ {z¢|np}, we have that:

(a) if f£(s) = (p,€), then Vs © Agj for j = ¢(1);
(b) if f£(s) = (. m) for some n <&, then Vi € [2n], Vs A,; C Ag oy O

Notice that in case fg(s) = (¢, §), ¢ is the constant function equal to j, so that
we could have taken j = (i) for any ¢ € [2n].

Let us now check that the family {A¢; : £ € w1,j € [2n]} has the desired
properties.
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Theorem 3.5. The family {Ae; : £ € wi,j € [2n]} is a balanced 2n-splitting
family.

Proof. Let us prove that the family satisfies conditions 2.1.(1) - (5) and 2.7.(6).
(1). It follows directly from the definition of Ag ;.

(2). We prove it by induction on £. First notice that by the definition of the forcing
P

)

Vp e PVE € F, Vs € domf! ReNVs =0,

since x¢|n, & domff. Then, (v¢,j1) € Ag j, iff ji = jo.

Now, fix £ < w; and suppose we have that A, ; are pairwise disjoint for each
fixed n < €. Suppose there is @ € A¢ ;, N A¢ j, for some distinct jq,j2 € [2n]. By
the above observation, x # (z¢, j) for any j € [2n].

By the definition of Ag j,, for each k € {1,2} there are p; € G and sj, € domf{*
such that x € V,, and

either fg’“(sk) = (g, &) and ¢y is the constant function equal to jyi

or f¢*(sx) = (k) for some nx < € and z € A,, ; for some i € o5 (Gr)-

Let p € G be such that p < pi,ps and let t € 2" \ {x¢|n,} be such that
x € V;. Then, t D s since x € V,, and hence, by the definition of extension in P,
fE (s1) = fE(t) = f£*(s2), so that 1 = pa.

Now, if fg’(t) = (@, ), this would mean that 1 and o are both constant equal
to j1 and ja, contradicting the hypothesis that j; # jo. Otherwise, if ff(t) = (¢,n),
for some n < £, we would get that z € A, ;, for some iy, € ¢~ 1(ji,). By the inductive
hypothesis we get that i; = is € @~ 1(j1) N ¢~ 1(j2), which implies that j; = jo,
contradicting again the hypothesis that those are distinct.

This concludes the proof that the family satisfies condition (2) of Definition 2.1.
(3). Again we prove it by induction on £. So, let { < wq, suppose K = A, U---U
Ay on for any n < € and let ¢ € K.

If © = (x¢,1) for some ¢ € [2n], then 2 € A¢; by definition.

By Lemma 3.2, let p € G be such that = € V, for some s € 2" \ {z¢|np}.

If fg’(s) = (p,&), by Lemma 3.4.(a) we get that Vi C A¢ (1), which guarantees
that x € A£,<p(1)~

Otherwise, if fg(s) = (¢,n), for some n < &, by the inductive hypothesis, let
i € [2n] be such that € A, ;. Then, by Lemma 3.4.(b), Vs N A, ; € A¢ ,(;), which
implies that x € A¢ ;) and concludes the proof of condition (3) of Definition 2.1.
(4). Fix n < £ <wj and i € [2n]. By Lemma 3.2, let p € G be such that {,n € F,
and x,|n, # x¢np.

If f(xylnp) = (p,€), by Lemma 3.4.(a) we get that V,, |, € A¢ o) (and in
particular V, 1, N Ay SV 1, N Ag.o1))-

If f(zylny) = (¢,n), for some 1 < &, then, by Lemma 3.4.(b), V,, 1, N Ay C
Ag i) (and in particular V, 1, N Ay © Vo i, N Ag o)) and we're done with
condition (4) of Definition 2.1.

(5). Let us prove this by induction on { < wy. Let { < wy and z € 2¢\{z, : n < &}

If x = x,, for some i > £, by Lemma 3.2 there is t p € G be such that &,n € F),.
Otherwise, if z € 2 \ {z,, : » < w1}, by Lemma 3.2 there is p € G be such that
€ € Fp, and z|ny, # x¢|n,. In both cases, put s = x|n,.

If fg(s) = (©,¢), then, by Lemma 3.4.(a), Vi C A¢ ,(1)-
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If fé’(s) = (¢,7n") for some 1’ € F,N¢, by the inductive hypothesis, thereis k € N
and i € [2n] such that V|, € A, ;. By Lemma 3.2, let ¢ € G be such that ¢ < p and
ng > k. Putting ¢ = x[ny, we get that V; C Vyp C Ay and fE(t) = fE(s) = (v, 1),
since t O 5. This implies by Lemma 3.4.(b) that V; = V; N A,y ; € A¢ 4y, which
concludes the proof of condition (5) of Definition 2.1.

Hence, the family formed by A¢;’s is a 2n-splitting family.

(6). Let us prove this by induction on £ < w;. So, fix £ < w; and suppose we know
that for all ( < ¢, all n # ¢ and all j € [2n],

Hie{1,3,....,2n — 1} : (@, i) € AcjH = {i € {2,4,...,2n} : (xy,1) € Ac;}].

Now, fix n # f. Let p € G be such that &, 7 € F),, so that a,|n, € domfg.

If fg(mn|np) = (p,&), then, by Lemma 3.4.(a), V,, |n, € Ag¢ o1y, Which implies
that (x,,i) € Ag 1) for all i € [2n]. By the disjointness of the A¢;’s (3) and
condition (6) of Definition 2.7 holds both for A¢ 1y (which contains all (z,),%))
and for A¢ ;, j # (1) (which contain no (z,,1)).

If fg’(xn\np) = (,¢) for some ¢ < & in F}, then for all i € [2n], V, |,, N A C
Ag o(iy- This means that each A¢ ; contains exactly those (x,, k) which are in A¢;
for some i € ¢~1(j). In particular, we have that

{ke{l 3,. n—l} (.’En, )EA&]'}
={ke{1,3,....2n — 1} : (z,,k) € A, for some i € o~ *(j)}
- U [k {13, 2n— 1} (2 b) € A
i€p=1(4)
and
{ke{2,4,....,2n} : (x,, k) € A¢ ;}
={ke{2,4,...,2n}: (xn, k) € A¢,; for some i € o1 (5)}
= |J {kef24,....2n}: (2, k) € Aci}.
i€p1(j5)
Let us now consider two cases:
If n = ¢, since (acn, k) € A, ., we get that

{ke{1,3,....,2n =1} : (z,,k) € Aej} = {k € {1,3,....2n — 1} : k € o~ (j)}
and
{ke{2,4,....2n} : (w,,k) € A ;} ={k € {2,4,....,2n} : k € o7 *(j)}.

By property 3.b) of the definition of the partial ordering, the sets on the right-hand
side of these two equalities have same size, which guarantees that

Hke{L,3,....2n— 1} : (zy, k) € Ac;}| = {k € {2,4,...,2n} : (zy, k) € A¢ 5},

concluding the proof in this case.
If n # ¢, by the inductive hypothesis we know that for all i € [2n],

Kke{l,3,....2n =1} : (wy, k) € Acitl = Hk €{2,4,... . 2n} : (2, k) € Aci}].
Hence,
{k e {1,3,. — 1} (zy, k) € Ag )|
-1 U (b€ (L3020 1) (o) € )

i€p~1(4)
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=| U {kef24,....2n}: (zp,k) € Aci}
i€p=1(4)
=Nk e{2,4,...,2n} : (x,, k) € A¢ j}],
which concludes the proof of condition (6) of Definition 2.7, that is, the family of
Ag¢ i’s is a balanced 2n-splitting family. |
Proposition 3.6. Let p1 = (Fi,n1, (f¢ 1§ € F1)) and py = (Fa,na, (f2 : € € Fy))
be conditions of P such that:
e FiNF, <F1\F2 <F2\F1,'
e Ny =ng=n;
e there is an order-preserving bijection e : Fy — Fs such that
— forall§ € Fy, x¢n = zoey|n;
— forall§ € Fy and all s € 2™ \ {z¢|ni }(= 272 \ {ze(g)|n2}),

fao)(s) = (w,e(m)  where f¢(s) = (p.m).
Then, given (¢ : € € F1 \ F») C [2n]2" such that for all € € Fy \ Fy
Vie2n] e '()N{1,3,5,...,2n — 1} = |eg ' () N {2,4,6,...,2n}|

and given constant functions (0¢ : § € Fy \ Fy) C [2n])12"), there is ¢ < p1,p2, ¢ €P
such that

(3.1) VEE Fi\ by fg(xe(g)mq) = (0¢,§) and feq(g) (ze|ng) = (ec, §).

Proof. Let ¢ = (Fy,ng, (f{ : § € Fy)) be defined as follows: let Fy, = Fy U Fb; let
ng € N be such n, < nq and for all £ < n € F,, x¢|ng # xy|ng; for each £ € F; and
t € 2™\ {z¢e|ng}, let

fg(t|n) if £ € Fy and t|n # z¢|n (Case 1.)

£90t) = fe(tn) if £ € Fy and t|n # x¢|n (Case 2.)
§ (0¢,&) it € € Fy and tjn = z¢|n (Case 3.)
(€e-1(e),e71(§)) if £ € Fy\ Fy and t|n = x¢|n  (Case 4.)

¢ is well-defined since e(€) = § whenever & € F1 N Fb, so that f¢(s) = 2, (s) =
fE(s) for s € 2™\ {we|n}.

Let us now prove that ¢ € P. Conditions 1 and 2 follow directly from the
definition of F, and n,.

To prove that ¢ satisfies condition 3, fix £ € F; and t € 2™ \ {z¢|n,}. In Case
1 (resp. Case 2), both conditions 3.a) and 3.b) follow from the fact that p; (resp.
pe) is in P.

In Case 3, we only have to check condition 3.a), which is guaranteed by the fact
that (0¢ : € € Fy \ Fy) C [2n]1?") are assumed to be constant.

Similarly, in Case 4, we only have to check condition 3.b), which is guaranteed
by the fact that (e : &€ € Fy \ Fy) C [2n][?") are assumed to be as needed.

Let us now prove that ¢ < pq,ps. Trivially, Fi, Fo C F, and ny,n2 < ng.

Given § € Fy, s € 2"\ {x¢|n} and ¢ € 2™\ {z¢|n,} such that s C ¢, let k € {1,2}
be such that £ € Fj and notice that we are in cases 1 or 2, since t|n = s. Therefore,
ft) = fgk(t|n) = ff(s), which concludes that ¢ < p1, pa.

Finally, notice that the definition of fg(t) in cases 1 or 2 imply (3.1). O

Theorem 3.7. P is c.c.c.
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Proof. For each a < wy, let po, = (Fy, Ny, (f,?‘)nepa) cP.
By the A-system Lemma, we can assume that (Fi,)a<y, forms a A-system with
root A such that for every a < § < wi,
e A<F,\A<Fg\A and |F,| = |Fg|.
Since each n, € N, we can suppose that for every a < g < wy,
® Ny =ng=n.
Also, we may assume that if e, : F, — Fp is the order-preserving bijective func-
tion, then

e for all § € F,, x¢|n = x,_,(¢)|n (since both belong to 27);
e for all £ € Fi, and all s € 2™\ {z¢|n},

12 0(8) = (preap(n)), where f(s) = (¢,m).

Now, fix o < # < w;. Note that p, and pg satisfy the hypothesis of Proposition
3.6. Let, for £ € Fg\ A, ¢¢ be any function satisfying the condition 3 of the definition
of the forcing (for example, e¢ constant equal to 1); and for ¢ € F,,\ A, §¢ € [2n]2"]
be any constant function. Then, by Proposition 3.6, there is ¢ < p,pg in P, which
concludes the proof. O

Theorem 3.8. Let n > 1 be a natural number. It is consistent that there is
a compact Hausdorff totally disconnected space K which is an unordered 2n-split
Cantor set corresponding to a balanced 2n-splitting family (Ae; 1 € < w1,1 € [2n])
such that given any collection of pairwise disjoint sets E, = {€L,...,¢5} C wy for
a < wi, given €: [k] X [2n] — [2n] such that

Hle€{1,3,5,....,2n — 1} : €(i,1) = j}| = {l € {2,4,6,...,2n} : €(i,]) = j}|
and given § : [k] — [n], there are o < B such that for all 1 < i <k,
Rei) © Agi o0
and
(zgi 1) € Agi e(it)-
Proof. By Theorem 3.5, P forces that (A¢; : £ < wn,i € [2n]) as in Definition 3.3 is
a balanced 2n-splitting family. By Proposition 2.3, we get that the corresponding

unordered 2n-split Cantor set is a compact, Hausdorff, totally disconnected space.
Let us now prove the remaining desired property.

In V, suppose (Ea)a<w1 and (ég)a<wl,1§i§k are sequences of names such that P
forces that E, = {£L < --- < €5} and (Fy)a<w, is pairwise disjoint.

For each a < wy, let po = (Fo, o, (f$)ner,) € P, &L, ... &8 € wiand E,, ..., E,
wy be finite such that

palFV1<i<k €& =€ and E,=E,.
By Lemma 3.2, we can assume without loss of generality that for all o < wy,
E C F,.
By the A-system Lemma, we can assume as well that (Fy,)a<w, forms a A-system
with root A such that for every a < 8 < wy,

e A< F,\A<Fg\A and |F,| = |Fg|.
Since each n, € N, we can suppose that for every a < 8 < wq,

® Ny =ng=n.

N
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Also, we may assume that if eqg : Fy — Fj is the order-preserving bijective func-
tion, then

o for all £ € F,, w¢|n = x,_,(¢)|n (since both belong to 27);
e for all £ € F, and all s € 2"\ {x¢|n},

2 e)(8) = (#reap(n)), where f€(s) = (7).
o forall 1 <i<k,eas(&l,) =&h

Finally, we may assume that for all 1 <4 < k we have: either &, = & for all
a < f<wyoré ¢ A forall @ < w; and actually the second case holds by the
assumption that F,’s are pairwise disjoint.

Now, fix o < # < w;. Note that p, and pg satisfy the hypothesis of Proposition
3.6. Taking €¢: = €(i,-) and d¢i = d(i) (and for € € Fg \ (AU Ep), any function e
satisfying the condition 3 of the definition of the forcing; and for £ € F,, \ (AUE,),

any constant function d¢ € [2n] [2”]), by the Proposition 3.6, there is ¢ < p,,ps in
P such that

VEEF\A  fl(@eys(e)lng) = (0,6) and  f o (w¢lng) = (€eanie): §)-
In particular, for all 1 < i < k,
74 (g Ing) = (5(0),€4) and f2, (e Ing) = (e(i, ), €4).
By the definition of A¢ ;, we get that for all 1 <14 <k,
R C Agi oy and (2g,1) € Agt iy,
which concludes the proof. O

The fact that 2n is even is exploited in the above proof. It turns out that there
cannot be an analogue of an unordered N-split Cantor set for N = 3 which behaves
as in Theorem 3.8, as we have the following:

Lemma 3.9. Let N > 3 be a natural number. Suppose that K is an unordered
N-split Cantor set corresponding to an N-splitting family (Ae; : £ < wi,i € [N])
such that given any sequence of distinct ordinals (§4 : @ < wy) and j € [N], there
are o < (8 such that

Rey © Aga g
Suppose that (fuo, ha)a<w, S a biorthogonal system such that f, = xa, for some
clopen subset Ao C K and po = a0z, 1)+ Sal(x,, 2) T tad(z,, 3) for all @ <wi,
for some reals T4, 54,tq and some sequence (N, : a < wi). Then there is an
uncountable nice biorthogonal system in C(K).

Proof. If there is a biorthogonal system of the form (xa,,7a0y,) for o < wy and
Yo € K, we have that ro, =1 for all & < w; and that y, ¢ Ag for any 8 # o and
Yo € Aa. SO (XAuirs0yass — Oy, ), say, for all limit ordinals « is a nice biorthogonal
system.

If there is a biorthogonal system of the form (xa,,7a0y., + Sa0s,) for a < w;
and Yo, 2o € K, and 74, 54,7 + Sa # 0, then ro,5, & Ap for any o # 3 and a
similar argument as above gives a nice biorthogonal system. If r, + s, = 0 and
Ta,Sa # 0, we may assume that r, > 0 and so s, = —r,. It follows from the fact
that (rady, + Sa0s,)(xa,) = 1 that r, =1 and s, = —1, and so we have a nice
biorthogonal system.
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Hence, without loss of generality, we may assume that 7, Sq,te # 0 for all a <
wi. First let us see that there is an uncountable X C w; such that ro +s4 +to =0
for all @ € X. If not, then there is an uncountable X C w; and an € > 0 such that
|Ta 4 Sa + ta| > € for each a € X.

Now note that as fiq(x4,) =1 # 0, we have j € {1,2, 3} such that (z,_,j) € Aq.
We may assume that it is the same j for all @« € X. By the form of the basic
neighbourhoods of points (z,,,j) we have s € 2™ for some m € N such that
(., J) € VsNA,, ; € A,. We may assume that it is the same s for all « € X. It
follows that for some n € N we have s = z,_|n for all « € X an so that R, C V;
for all @« € X. Apply the hypothesis of the lemma and obtain @ < 3 both in X
such that R,, C A, ; and we get that R,, CV,N A, ; € A,. This means that
0= pug(xa,) =rs+ sg+tsz contradicting the choice of § € X. So we may assume
that ro + so +to = 0 for all a < wy.

For three non-zero numbers whose sum is zero, there cannot be any subsum
which is zero, this means, that for oo # (3, as pua(Ag) = 0, we have that either
{ZasYarza} N Ag = 0 or {x4,Ya:2a} € Ag. So, to make an uncountable nice
biorthogonal system out of points {Za, Y, 2o} and functions x4, we need to find
any fixed pair of them which is separated by A, for uncountably many «’s.

But A, must separate some pair as p(Ay) = 1, so choose an uncountable subset
Y of wy on which the same pair is separated, say z, € A, and z, ¢ A,.

Define v, = 6., — 6., and note that (xa,,Va)acy IS an uncountable nice
biorthogonal system. O

4. BIORTHOGONAL AND SEMIBIORTHOGONAL SYSTEMS IN C'(Ks,)’s

Lemma 4.1. Suppose that 0 > p >0, n €N, n>2, ry,...,r9, are reals such that
(1) |Zl§i§2n il < p,
(2) there is 1 <ig < 2n such that r;, >0,
(3) there is 1 < iy < 2n such that r;; = 0.

Then there are 1 <i,j < 2n such that (—1)" = —1 and

Proof. By (1) and (2), since § > p, there must be an iz € {1,...,2n} \ {ip, 1} such
that 0 0 p
- p— 2np —

iy < — = < .

ST m2 T -2 n(2n-2)
So, if there is i3 such that (—1)®2%% = —1, and 7, < 0, then we are done. Oth-
erwise, there are at least n positive numbers r; (at least all r;’s for ¢ of the other
parity than i5) and so, by (3), at most n— 1 negative numbers r;. Let k > 0 be such
that n + k is the number of positive r;’s, let ;, be the smallest positive number

among r;’s and let r;, < — 207;p2 be the smallest negative number (i.e., of the biggest
absolute value) among r;’s.
So we have

n+k)ry, + (n—k—1)r; SZ{TiZT¢>0}+Z{TiZTi<0}</)
So,
0—p
2n — 2

n(ry, +rig) +k(ri, —ri;) <p+ri; <p—
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But r;, — r;, is non-negative, so

H—p)_ 2n—1)p—146
on—2" n@2n-2) "’
as required. O

Tig T Ti5 < (1/n)(p -

Lemma 4.2. Letn > 2. Suppose that (fa)a<w, 1S a sequence of continuous rational
simple functions on Koy, as in Theorem 3.8 and (fa)a<w, S a sequence of (2n—1)-
supported atomic Radon measures on Ko,. Then either there are o < 3 < wy such
that

a) |/fadug| > 0.01/2n%(2n — 2)
or there is a € wy such that

b) /fadua < 0.99

or there are a < 8 < wy such that

c) /fﬁdua < —0.89/2n%(2n — 2).

Proof. By the separability of Cp = C(2*) (see Definition 2.4), Lemma 2.6 and
thinning out the sequence, we may assume that for all & < w; we have

f(x =g § E Qi,lXAE,; Vs,
a’ v
1<i<k 1<i<2n-—1

for some simple rational function g € Cy, F,, = {&},...,6%} C wy, some s; € 2™,
m; € N and some rationals ¢;;, 1 <7 < k and 1 <1 < 2n such that s; = rei |m;
and such that

’ ; i) <0.01/2n*(2n — 2).
1;k(1g%§n|qz,z|)|ua|(‘/}z \ Re;) < 0.01/20%(2n — 2)

By thinning out the sequence (applying the A-system lemma, see [Ku]) and moving
some identical parts to g we may assume that F,’s are pairwise disjoint and g (no
longer in Cj) is fixed. So, we will be allowed to use the following decompositions:

Claim 0. For each o, < wy we have

/faduﬁ :/gdﬂﬁJF >y Giapp(Agi 1 NV Rey NV)+

1<i<k 1<I<2n—1
+ 3 > quns(Ag N Vi \ Rer)
1<i<k 1<i<2n—1

Here, the last term is small by the above application of Lemma 2.6, the first
term will be shown small by the claim below and so the value of the integral will
depend on the relation of the points from RE; 4 with the sets Ag: ; which is “as we

wish” on any uncountable set by Theorem 3.8.

Claim 1. FEither a) holds or for all but countably many «’s in wy we have

| /gd,ua| <0.02/2n%(2n — 2).
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Proof of the claim. If the inequality does not hold for uncountably many as, then
by Theorem 3.8 we can find among them o < 3 < w; such that R% C Agi op for

all 1 <1i < k. By Claim 0 we get that
[ e 21 [odal = 35S lallis(Ae i V)l 2
1<i<k 1<I<2n—1

0.02 —0.01 0.01

> |/gd:u/3| - Z (121[E?§n|qi,l|)|:uﬁ|(‘/si \Rﬁk) > 2n2(2n — 2) = 2n2(2n — 2)
1<i<k ==

obtaining a) of the lemma and concluding Claim 1.

Claim 2. FEither a) holds or for all but countably many a’s in wy we have for each

1<lp<2n—1

| Y Giseta(Rer)

1<i<k
Proof of the claim. Without loss of generality we may assume that the condition
from Claim 1 holds for all @ < 8 < wy. Fix [y as above. Suppose that the condition
above does not hold for uncountably many as, then by Theorem 3.8 we obtain
among them a < § such that for all 1 <i <k

Re,  Agi to-

< 0.04/2n%*(2n — 2)

So by Claim 0 we have

[ fudnal 21 S (R 0 Agan Vi)

1<i<k 1<I<2n—1

Z (1§{r§1%§71 |ql,l|)|uﬁ|(‘/51 \Rfﬁ) -

—\/gdﬂﬁ|—

1<i<k
> Y dslBe) ~| [odusl = 3 ( max lgllual (Vi \ Bey) >
1<i<k 1<i<k =
0.04 — 0.02 — 0.01
=0.01/2n2(2n — 2
2n2(2n — 2) 0.01/2n°(2n = 2),

obtaining a) and concluding Claim 2.

Claim 3. Either a) or b) holds or there is ly € {1, ...,2n} such that for uncountably
many a’s in w; we have

> Gista{(zei,10)}) > 0.96/(2n)

1<i<k

Proof of the claim. Assume that a) does not hold, i.e., the conditions from Claim 1
and Claim 2 hold for all @ < wy. Now, suppose also that the condition from Claim
3 does not hold for any ly € {1,...,2n}. By Claim 0 for a = 8 we have

[tatia<s ¥ Y aunallloe DD+

1<i<k 1<I<2n—1

—0.02/2n2(2n — 2) — 0.01/2n(2n — 2) < (2n — 1)0.96/(2n) — 0.03 < 0.99

that is we obtain b), which concludes the proof of Claim 3.
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To finish the proof of the lemma, we need to assume that a) and b) fail, i.e., the
conditions of all the above claims hold, and we need to get ¢). Fix o < wy, we will
apply Lemma 4.1 for

Mo = Y Giiha({(ze,)})
1<i<k
and [ € {1,...,2n}. By the fact that the supports of the measures p, have at most
2n — 1 elements, one of r; ,’s must be zero. By Claim 3 we have that r;, o > 6 =
0.96/(2n) and by Claim 2 that >, ;.o 7.0 < p = 0.04/(2n)%. So by Lemma 4.1
we find 1 <1j 4,02, < 2n of different parities such that

2np — 6
1§Zi;k%,loﬂa({($§gvll,a)7 (xgg,ZQ,a)}) < m =
_ 2n(0.04/(2n)2) —0.96/(2n) _ 0.92
- n(2n — 2) T m2(2n—2)

We may assume that [ , = {1 and I3 o =[5 for all & < w;. Note that by Theorem
3.8 we can find o < § < wy such that

{(zgr, ), (wei 12)} € Agi g
and
Rei \{(zei, 1), (wg, 12)} € Agi o
for all 1 < < k. This and Claim 0 with o and 3 switched implies that

JE D SN T (CARBNER AN

1<i<k

; ) i <
# 30 s ool (5 \ Re) + N
_/L_

—0.92+ 0+ 0.01 4+ 0.02
- (2n)2(2n — 2)
which completes the proof of the lemma. ([l

= —0.89/(2n)2(2n — 2)

Theorem 4.3. Letn > 2. If Ky, is an unordered 2n-split Cantor set as in Theorem
3.8, then there are no uncountable semibiorthogonal sequences in C(Ka,) whose
functionals are (2n — 1)-supported but there is an uncountable biorthogonal system
whose functionals are 2n-supported.

Proof. Suppose (fao, tha)a<w, C© C(Ka,) X M(Ka,) is a sequence whose functionals
are 2n—1-supported and that [ fodug =0foralla < 8 <wy aswellas [ fodu, =1
for all o < wq.

We may assume without loss of generality that ||us|| < M for some positive
M. By the Stone Weierstrass theorem we can chose f/, € C(K) which is a rational
simple function and

|2, — fall < 0.01/2Mn?(2n — 2).
This means that a) and b) of Lemma 14 do not hold, for f/’s instead of f,’s i.e.,
¢) holds, which implies that (fa, fta)a<w, 1S DOt semibiorthogonal. |

Theorem 4.4. If Ko, is an unordered 2n-split Cantor set as in Theorem 3.8, then
hd(K%)) = w.
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Proof. We will be using the well-known fact that a regular space is hereditarily
separable if and only if it has no uncountable left-separated sequence (see Theorem
3.1 of [16]).

Suppose (Yo )a<w, 1S a left-separated sequence in K3, of cardinality X;. Hence,
for each a < wy, Yo = (yl,...,y"), where each y* € Ky, and, by the definition
of a left-separated sequence, for each oo < wy and each m € [N], there is an open
basic neighbourhood UJ* of y7}' such that

Va<w Vmen] yoeUY

and that
Va<fB<w 3men] y ¢Us.
We may assume without loss of generality that
{men]:yy €2\ {zg: E<w}t={men]:yg €2\ {re: { <wi}}

for every a < 8 < w; and let us call this set [.

For each m € [n] \ I, let £7* be a countable ordinal and j7* be an element of [n]
such that y)' = (zem, i)

Now, for each m € [n], let s7* € 2<% such that

u - ngL n Aggn}j;n if m ¢ I

[
Put B, ={":m e [n]\I}.
Without loss of generality, we may assume that:
e there is j,, € [n] such that j7* = j,, for all @ < wy;
e there is s, € 2<% such that s7 = s,, for all @ < w; (this already guarantees
that each y7" € V5 );
e for all m € [n]\ I, either

Va<f<w & =¢&f,
or
Va<fB<w & <&
o (Ey)a<w, 18 a A-system with root A such that for every a < f < wy,
A<E,\A<Eg\A and |E,| = |E3|.

If E,\ A =0, the left-separated sequence in K%, would lead to a left-separated
sequence in a finite power of 2*, which is not possible since 2“ is hereditarily
separable in all finite powers. Therefore, each E, \ A # () and they are pairwise
disjoint.

For each o < wy, enumerate E, \ A = {n} < --- < nk}. We may assume that
§a' =1, if and only if {7 = ng.

Claim. For each 1 < i <k, it is possible to find I; C [2n] of cardinality N and a
bijection o; : I; — [2n] \ I; such that o;(l) and | have opposite parity and
{j € [2n] : Im € [n] such that j = j,, and €™ =’} C I,.
Proof of the claim. It follows simply from the fact that the set
{j € [2n] : 3m € [n] such that j = j,, and &7 =7’}

has cardinality at most n so that we can find I; containing it and that whenever
we have a partition of [2n] into two sets A and B, both of size n, A has as many
odds as B has evens, and vice-versa. This concludes the proof of the claim.
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Now, let € : [k] x [2n] — [2n] be defined by

W= o) ifle2n)\ L
Notice that for each i € [k], | € I, and j € [2n], €(i,]) = j if and only if
e(i,o(l)) = j. Since o(l) and [ have opposite parities, we get that e has the desired
property, that is,

Hl€{1,3,5,....,2n — 1} : €(3,1) = 5} = [{l € {2,4,6,...,2n} : €(i,1) = j}|.
By Theorem 3.8, there are o < 3 such that for all 7 € [£],
(xﬂf;’l) €A

nhye(isl):

Fix m € [n] and let us prove that y;' € Uj’, contradicting the assumption. If
m ¢ I, then y7 €V, = Ug. It m € I and £ € A, then ' = {5 € U'. Finally,
if m e Iand £ ¢ A, then there is i € [k] such that &' = n/, and £5" = nj. In this
case we have that j,, € I; and so, €(4, ) = jm, which guarantees that

Yo' = (Temsdm) = (Tyi,Jm) € Ang,jm = A¢p jn-

Since also y' € Vs, , we get that y,' € Ug", which concludes the proof. O
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