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Abstract

We analyse the correlation and limit behaviour of partial sums for the
stationary stochastic process (f(T*(x)), u),t = 0, 1, ..., for functions f of

superpolynomial variation, the class SP defined below (which includes the
Holder functions), where T’ : £* — X7 is the left shift map on ©* = I15°{0, 1}
and p is the non-atomic equilibrium measure of a non-Holder potential g = g,
belonging to a one-parameter family, indexed by y > 2.
First, using the renewal equation, we show a polynomial rate of
convergence for the associated Ruelle operator for cylinder set observables.
We then use these estimates to prove the following theorems:

e We extend the polynomial convergence for the Ruelle operator to functions
feSP.

e We show that the measure is weakly Bernouilli and the bounds are
polynomial.

e We calculate the decay of correlation of the stationary stochastic process
described above, for f € SP. This decay is polynomial with #: we show
in theorem 4.1 an upper bound of the order of Ct>~7 when y > 2; this
estimate is sharp in the sense that for each y there exist functions f (in
fact f = Ijo; gives an example) for which one has the lower bound of
ct*77 for the decay of its autocorrelation (see theorem 2.8). For the lower
bound we use Tauberian theorems. For this example the coefficients decay
monotonically, which is important for proving the lower bound.

e Again using Tauberian theorems together with the upper—lower bounds we
show that for each 3 > y > 2 one has the phenomenon of 1/f noise for
the spectral density of the function /g (see theorem 2.8).
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e We prove the central limit theorem (CLT) and functional CLT for the case
where f isin SP and for y > 3 (theorem 6.5). For this we apply Gordin’s
method in the setting of a polynomial rate of convergence.

From the perspective of differentiable dynamical systems u is the unique
invariant measure which is absolutely continuous with respect to the Lebesgue
measure for an associated doubling map of the circle with an indifferent fixed
point. This map 7y = T, is a piecewise linear version of the Manneville—
Pomeau map, and the potential g, is equal to —log DTj .

We emphasize that our class SP is larger than the classes studied elsewhere.

Mathematics Subject Classification: 37E05

1. Introduction

This work is related to that in ‘Invariance principles in log density and convergence to stable
flows’ (see [FLa]) and ‘Self-similar return sets for some maps with an indifferent fixed point’
(see [FLb]). We refer the reader to those companion papers for general background, exposition
and motivation, and for further references.

We analyse the correlation and limit behaviour of partial sums for the stationary stochastic
process (f(T'(x)),u),t = 0,1,..., for functions f of superpolynomial variation, the
class SP defined at the start of section 2 (which includes the Holder functions), where
T : X" — X% is the left shift map on X¥* = TI{°{0, 1} and p is the non-atomic equilibrium
measure [Wal75, Lop93] of a non-Hélder potential g = g, belonging to a one-parameter
family, indexed by y > 2 and described below. These potentials are also not of summable
variation (cf [Pol]).

Using renewal theory we calculate the decay of correlation of the stationary stochastic
process described above. This decay is polynomial with z: we show in theorem 4.1 for f € SP
an upper bound of the order of C;#27" in the case y > 2; this estimate is sharp in the sense
that for each y there exist functions f (in fact Ijo; is an example) for which we show the lower
bound of C#277 (see theorem 2.8). In proving the lower bound we make use of Tauberian
theorems.

This generalizes some results in [Lop93] (see the appendix of [Lop90]).

Note that, in principle, having a polynomial upper bound does not preclude that the decay
is exponential. Indeed, for the expanding map 7 one can find a Holder function f such that
the stochastic process X, = f(T'(x)) is independent for the measure w and therefore the
correlation is zero for all #. This is the reason for considering in the exact bound ‘some’ f and
not ‘any’ f.

For y > 3 we prove the central (CLT) limit theorem for functions f in SP with respect
to these equilibrium measures (theorem 6.5). We use a Gordin-Liverani-type argument
(see [Via97,Bra88, Liv95]).

The potential g, can be viewed as the log-derivative —log DT; of a transformation
T, = T, which is a piecewise linear version of a one-dimensional smooth doubling map
T, = T,, for y > 2 with an indifferent fixed point [Lop90, Lop93, CF90, CG93, CGS92,
Bro94, Bro96,Man80]. For further explanation see [FLa]. In figure 1 we show the graphs of
the transformations 7} and 7>. The map 7, depicted in figure 1 is the Manneville-Pomeau
map T»,: X > x +x'™ (mod 1) where s = 1/(y — 1).
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Figure 1. T is the linear by part version of 75.

Some papers which have results related to those presented here are [BFG99a, BFG99b,
Che95, You99, KMS97,Pol, PY, PS92,Mor93, Yur97, Bro94, Bro96, CF90, BG95, FS79, FS88,
CG93, CGS92, Pop79, LSVI3, LSV9I9, Lop90, Lop93, LSVI9, 1s099, Aar97, ADF92, AF,
ADU93].

We mention especially the nice paper [You99] where exact bounds for the convergence
to equilibrium (for observables and the Gibbs measure) for maps of Manneville-Pomeau type
are proved. Here in order to prove the exact bounds for the correlation coefficients we need a
more delicate estimate, see theorem 2.8. We note that this part of the proof makes use of some
form of monotonicity.

We refer the reader to [Hof77, Lop90, Lop93] for general properties of the potentials like
those studied here. Hofbauer’s work was part of the original inspiration for this paper.

In section 6 we show the central limit theorem (with Gaussian limiting distribution;
theorem 6.5), for y > 3. The method breaks down for y < 3.

There is a good reason for this: for the cases 2 < ¥y < 3 and 1 < y < 2 one obtains
as limiting distributions the completely asymmetric stable laws of index « = y — 1 and the
Mittag—Leffler laws, respectively (see [FLa, FLb] and also [Fel49]). In fact, for the transition
value y = 3 the central limit theorem also holds (see [FLa]); however, we are not able to prove
this using the techniques of the present paper.

For these potentials (for y > 2), unlike the classical (Holder) case, there is no unique
equilibrium state: there are two such probability measures, the measure we are interested in,
denoted p, and point mass at the point (111...) € £* [Hof77,Lop93].

From our point of view, for y € (1, 2), the natural measure is infinite and sigma-finite;
it is the unique invariant absolutely continuous measure (up to multiplication by a constant),
however, it no longer fits the usual definition of an equilibrium state (of which only one now
exists, the point mass [Hof77]). For this natural measure, logarithmic averages are known to
exist [ADF92], as well as invariance principles in log density (for all y > 0) (see [FLa]); in
this paper we restrict attention to the finite measure case and hence to y > 2.

A key tool we use in obtaining our principal estimates is renewal theory [KT75]; in one part
of the proof we also need a more delicate control via Tauberian theorems (see the comments
before theorem 2.8).

An application of the polynomial decay of correlation is the following: a classical result
in trigonometric series relates the rate of decay to the zero of the Fourier coefficients a, of a
function F(A) = Z@o a, cos(nir), A € [—m, w] with the property of F being Holder or at
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least in class L? as a function of the variable A. In [Bar], section 10 and [Pos79] this question
is studied.

Consider a function # with pu-mean zero and a,,n > 0 the correlation coefficients
of the stationary stochastic process X, = h(T") with respect to u, that is a, =
fh(T"(x))h(x) du(x). In this case the function F() = 2@0 a, cos(n)) is called the
spectral density function associated with & and u (see, for example, [KT75]). From the
precise estimates obtained for our example and Tauberian theorems we show that for each
3 > y > 2 then for the function A(x) = Ijg)(x) — w[0], the spectral density F () has the
‘lf-noise’ property. Precisely, we show that F(A) is of the order of A™#, 8 = 3 —y > 0,
for A approaching zero. For full details see theorem 2.8. The terminology 1/f used in
the literature is perhaps a bit confusing; f there denotes frequency, which in our notation
is denoted instead by A; in that other notation, we are, in fact, showing the ‘1/ f 3=7_noise’

property.

2. Polynomial convergence of the Ruelle operator

Shift space; superpolynomial variation

We introduce a new class of functions more general than the Holder functions.

We define * = TI°{0, 1} and denote the left shift map on X* by 7. We write z =
(zoz1 . . .) for a point in X* and define [wow; ... wr] = {z: 20 = wo, 21 = Wy, ..., Zx = Wi};
this is called a k-cylinder set. The collection of all k-cylinder sets will be denoted by C;. We
give the space X" the product topology, and define the (compatible) metric d(x, y) = 27",
where 7 is the greatest integer such that x, y lie in the same n-cylinder set. The Borel o-algebra
of 7 is denoted by B. We write C(Z*) for the set of continuous real-valued functions on *.
We define the kth variation of f € C(X7),

varg (f) = sup{|f(x) = fF(D]: x,y € C € C}.

For « € (0, 1), we define the class of functions whose variation is exponentially small as a
function of k, for base «o:

Hy = {f: 3¢ > 0 withvar, f < ca¥}, for all k > 0}.

These are the Holder functions with exponent — log o/ log 2 with respect to the metric d. We
write || - ||« for the sup norm on C(X*), and define a norm on H, € C(X*) by

[ flle =N flloc +c

where c is the inf of the possible Holder constants for that exponent (or equivalently, for that
base «); thus,

¢ = sup{vary [ -a*}.
k

In the standard setting [Bow75], Holder functions appear in two ways: as potential functions,
which are then used to define a Ruelle operator and from that the relevant invariant measure on
the space (the Gibbs or equilibrium state), and as an observable, making a measurement
on the system and for which one wants to study time averages, correlations and so on.
In our case, the potential will come from a specific one-parameter family of non-Holder
potentials g = g, for y > 2. Our allowed observables will come from a class SP, the
functions with superpolynomial variation, defined as follows. First, for a > 0, we define
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cq = ¢q(f) = limsupy (vary f/k™“) and write for the functions with polynomial variation of
exponent a

Py =1{f: ca(f) < 00}

Thus for f € Py we have that for every § > 0, vary f < ¢,(1 +8)k™¢, for all k larger than
a number which depends on é and f. For the choice § = 1, we will write k, = k,(f) for this
number. o

We define a norm on P, by

I/l = ”f”oo"'c_a

Next, we write

SP={f eC(X%): Sulg{llfllao} < oo}

This is larger than the collection of all Holder functions; one has
Use©,hHa € SP C NusoPla-
We define on SP

I fllsp = sup{ll fll@}
a>0

which is clearly a norm.
Note that we have for f € SP, foreacha > 0,

varg f < 2| fllspk™® ey
for all k > ka(f)-

Invariant measures and the Ruelle operator

Notation. We write a, ~ b, if lim,,_.» a,/b, = 1.
We will also use the following notation: the statement, a, < Czna+ means ‘for § + ¢, for
everye > 0’, and a, > Con’” means ‘for § — ¢, for every e > 0’.
We write 1, for the indicator function of a set A; thus [,(z) = 1ifz € A and = 0 if
7 ¢ A.
We denote by M; C X*, for k > 1, the cylinder set [111...110] and by M, the cylinder
—

k
set [0]. The ordered collection (M)72,, is a partition of X*; in other words these sets are

disjoint and their union is the whole space (minus the point (111...)). Note that T maps
M, bijectively onto M;_; for k > 1, and onto X* for k = 0. This partition therefore
gives a second nice symbolic dynamics for the map 7, as a countable state Markov chain
(see [FLa]).

For y > 1 a fixed constant, we consider the potential g(x) such that g(111...) =0,

© a = —y log (&) for x € My with k #0
X) =
¢ ao = —1og(¢ (1)) for x € My

where ¢ is the Riemann zeta function. Note that g is a continuous function on X*, since
gx) > 0asx — (111...)in Z*.
We observe that 0 < e¥™) < 1 for all x € X* except for (111...), where ™ = 1.
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By definition, ¢(y) = (177 + 277 + -..) and so the reason for the above apparently
mysterious value of ay becomes clear: this choice just guarantees that the a; are normalized
in the following sense. Defining s, = ap +a; + - - - + ai, note that

k+1)77
ot = e+ 1y = EFDT @)
¢
hence ) ;2 e* = 1. This normalization has a geometrical meaning: it implies that the

potential can be derived in a natural way from a piecewise linear map of the interval (see [FLa]).

These potentials are not Holder and, in fact, are not of summable variation. It is
known [Hof77] that the pressure P(g) = 0 and that there exist two equilibrium states for
such a potential g: point mass (the Dirac delta) at (111...), and a second measure which
we shall denote by . Note that in [FLa] the roles of 0 and 1 have been reversed, to make
the correspondence with Manneville-Pomeau maps clearer; here we are sticking closer to the
usage of [Hof77].

We write partial sums as

Sop(x) =0, S1¢(x) = P(x), ..., S, p(x) = $(X) + ST (X)) +- -+ $(T" "' (x)).

We recall that the Ruelle operator Ly is defined by £ f(z) = Y. u(y=. €Y f ().

The dual operator ,Cj; acts on a measure m by (,Cj;m)( ) =mLyf) = f Ly fdm. One
knows that the following are equivalent for a measure p and a measurable function ¢ on X*
(see [Kea72,Led74,PP90])).

(a) w is invariant;

(b) the local Radon-Nikodym derivative (du o 0)/du = €™ = 1/p is normalized, i.e.
Zy: T (y)=z p(y) = 1 (this is a g-measure in the terminology of Keane, for g = p);

(c) for a normalized potential ¢, L; () = .

We shall need the following:

Lemma 2.1. Let ¢ be a continuous non-zero potential which is constant on the sets

Mo, My, .. .. Assume m is a probability measure such that Lym = m. Then for any cylinder
set [wy ... wi] =[wp...wr-10],

mlwg . .. we_10] = e*®Wo-wi10) 1) )
and forallt >k,

Ly Iy 0] = eSk‘p(w‘)”'wk"O)Cgfk1[0]~ (ii)

Proof. Note that any set of the form [wy ... w;_;0] is completely contained in some M;,
hence by the assumption ¢ is constant there. Now for y = (yoy;...), T*(y) = z iff
(Ve Vkst - - -) = (2021 - - .), s0 therefore Iy, w1 (¥) = land T¥(y) = ziffy = (wp ... wizy...)
and zo = wy. Hence

k y
£¢I[w0~~~wk](z) = Z eSk(p())I[womwk](y) = eSk¢(w0 ke )I[U’k](z)

y: Th(y)=z2
— eSkd)(u)o...wk,]O)I[wk] (Z) — eSkd)(u)o...u)k,]O)I[O](Z).
Therefore, m[wy ... wi] = (Lim)[wo ... wel = m(Lyluy.w) = e5P@010m[0],
giving statement (a).

The above includes a proof of (b) for the case r = k; for r > k the result then follows,
since £}, = L}, o LE. 0
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Theorem 2.2 (Perron-Frobenius theorem for the potentials g.,). Assume y > 2. There
exists a unique probability measure v on ¥* which satisfies Loy =v.

There is a unique continuous extended-real-valued function h with L,h = h, normalized
so v(h) = 1; h is finite except at (111 ...) where it has value +00.

Proof. First we prove uniqueness of a measure satisfying the above conditions. As a first step
we show that such a v can have no atomic part, i.e. can contain no point masses. We write
v = v, + v, for the atomic and continuous parts; we want to show v, = 0.

L acts on point masses as

L5(8,) =efV8y +e5Ms5, 3)

where T7'(x) = {y, w}. Now v = Lo() = Lo +ve) = Ly(ve) + Ly(ve), hence L
preserves v, and v.. If v, has some mass at the point w = (wow; . ..), it also has mass at all
points in the grand orbit of w, all the pre- and forward images of w, by 1. Now from lemma 2.1
since 8@ < 1 forall z % (111...) in X*, where the value is 1, the measures of cylinders
v[wg ... wx_10] = 0as k — oo, unless w; is eventually 111..., i.e. unless w is in the grand
orbit of (111...). Therefore, if v, # 0, it has positive mass at that fixed point. We have

va(111..) = Livg (111 .. = #0111 .. ) + 80y, (111..)
=e8OULIy O111.. ) +v,(111...)

yet we know e$©!!) > 0 and v,(0111...) > 0, giving a contradiction. Hence v, = 0 and
the measure is purely continuous.
From lemma 2.1, for any cylinder set of the form [wy . .. w;_;0], we have

v[wo . .. w_10] = eSsWo-w=i0y0],

Hence (since all cylinders are unions of sets of that form) we will know that v is unique if we
can show that v[0] is uniquely defined by the conditions. Now in particular the above equation
says that, writing for k > 0,
Vi EV(Mk) = V[]l 10]
k
we have
Ve = exp {Sk+1g(ll o 10)}v[0] — efaoy,,
k=1

By assumption, v is a probability measure; we have equivalently (since, as we now know, there
isnomass at (111...)), Y ;o vk = 1. Hence

[e¢] o0
1= (Z exk"“)vo +vy = vo<2 esk)e”".

k=1 k=0
Therefore,
1
Vo = I)(MQ) = =e® = ——.
<)
Hence v is determined and the eigenmeasure is unique. Note that the above formula therefore
tells us that, using (2),

_k+ D)7

v = v(My) =¢e¥* = o) for k>0. @)
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Next we prove existence. We define v as above on cylinder sets of the form [wy . . . wx_10];
for sets ending in a 1, i.e. of the form [wy ... wr_; 1], we note that

[wo...wk_ll] = [wo...wk_llo]U[wo...wk_lllo]U~-~

and define the measure to be the sum of these. To prove existence it is sufficient to show
that this definition is additive on k-cylinder sets, for each k. In fact, the argument just given
contains the proof that v[0] + v[1] = v[0] + v[10] + v[110] + --- = 1, so v is additive on
1-cylinders. One can show inductively that this calculation applies to the case k > 1; we leave
details to the reader (see also [FLa]).

Next we construct an eigenfunction & for L, with eigenvalue 1. We will write iy for the
value of 1 on M. From the equation L4 = h we know that / is an eigenfunction iff it satisfies
this sequence of equations: e“hy+e“ hy = hy, e“ho+e“h, = hy,e“ho+e“h; = hs,...and
sohy = (hg — e“hg)e™ ™, and f~or k>1,h = (hg_y —e®hy)e %,

We define such a function 4 by choosing arbitrarily

ho= (177427 +..)=e“=¢(y) > |
and then setting

fl] =2'Q7V 4377 +..)

hy =373 +477 +..)

and so on. This defines / on Et\ {(111...)}; we set ﬁ(lll ...) = oo. Then h is an
eigenfunction, satisfying £,(h) = h; what we need to check at the point (111...) is that

(L)(111..) =efOMIh0111 .. ) +es MR, ) = h(111..).

This is indeed valid, since ﬁ(l 11..)) = o0.

Next we will verify that h is a continuous extended-real-valued function; for this we
estimate its values near (111 ...); we will also need these computations later on.

Our formula for fz(x), for x € M;, is

fz(x) = ﬁt = v,_l Zv,-. 5

one has

1 1—y e 1—y
u < Zl’—y < ! <l ©6)
y —1 — y—1

with the last inequality holding for y > 2.
Since (t + 1)/t — 1, we have that

e 1—y 1—y
Zi_y% t ~ (t+1) . N
par y—1 y—1

Therefore,

r+1
y—1

o0
he=@+1) Y i7"~

i=t+l

®)
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Thus fl(x) —oo0asx — (111...),so his continuous, as claimed. Finally, we note that
the integral ffz(x) dv(x) is finite if and only if y > 2 (since fz,,vn ~m+ 1)) Fory > 2,
one can normalize &, multiplying by a constant u to obtain & = uh with [hdv=1.

This completes the proof of the theorem. ]

The value of the above constant is

S S <¢'2 N 12
YZitve X Ly =1
Note that u¢(y) = ho = h(x), Vx € M,.

Consider now the invariant probability measure 1 = hv. We have, from (4), (5) and (9),
that for¢t > 0,

u

©))

~ o0 ] o)
wy = pu(M;) = u[l11... 110l =v,uh, =u V= —— i, (10)
t t _;_J t t ; t(y — 1) i;l
Note that
<)
w(Mo) = ————.
NI
From (6) we have therefore the following upper and lower bounds: forall ¢ > 1,
(t+2)1 (t+ D= t=r
— < < < : (1D
(y =Diy =D y=Diy—D ~(y—=Dsly—-1
For y > 2 the constant is < 1 so this gives
e < @+ DT (12)
As L, (h) = h, then
> efWh(x) = h(y)
T(x)=y
and therefore
h h
» eg<X>_h(x) = 3 ew T T(x) _1. (13)
Ty O &2, (T'(x))
We define a second potential i by:
¥ (x) = g(x) +logh(x) —log h(T (x)) (14)
where we define oo — oo = 0, and write
h(x)
(x) = eV — o8 (15)
g H(T (x))

we note that p(111...) = 1and p(0111...) =0.

Replacing the potential g by the cohomologous potential ¥ does not change the equilibrium
state (Gibbs state). This makes some of our calculations easier, but some also harder, as the
potential now depends on two symbols of the process generated by the partition (M)72,.

Theorem 2.3. Let y > 2. The measure ;u = h - v is an invariant probability measure. It is the
unique normalized eigenmeasure for eigenvalue 1 for L}, and is a p-balanced measure for

p = eV, There is a unique normalized eigenfunction for eigenvalue 1, the constant function 1.
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Proof. A simple computation using lemma 2.1 shows . = hv is invariant. (For other proofs
see lemma 1.13 in [Bow75], or for the present case, [FLa].) U

Theorem 2.4 (See [Hof77]). There are exactly two equilibrium states for the potential g,
y > 2 : the measure ( and point mass at (111...).

Remark 2.1. The point mass at (111...) is T-invariant and does satisfy the definition of an
equilibrium state, but it is not invariant for £, as a consequence of theorem 2.2 above.

Note that #(x) and g(x) are constant in each interval M, and that the value 1 (x) depends
on g(x), h(x) and h(T (x)).

Lemma 2.5. For the potential , for any cylinder set [wy . .. wi_10] where k > 1,
plwo ... w1 0] = 3019 0] )

and forall t > k,

Ei/lllw()mwk—lol = eskw(wo"'wkflo)ﬁi;kll()]. (ll)
Hence
o Wi—10
mlwo M[Oq)k 10] — SV (wo..wi10) (iii)
and
; M[wo...wk,IO] —k .
LYy Ty 01 = lwo - .. wy10] = ——————— (L} " L1o) — n([0D)). @iv)

ul[0]

We now calculate explicitly ¥ (x), which now depends on which element of (M;)g° the
point x lies in at time 1 as well as at time 0.

Recall that for x € M,, where n > 1, we know that T'(x) € M,_,. Therefore, ¥ (x) is
constant on M,, when n > 1; we shall write ¥, = ¥ (x) in this case. For x € M, on the
other hand, all possible future states M, M1, ... can occur. There we write 1//6‘ = ¥ (x) for
this value, when x € My N T~ (M) where k # 0. We shall also use a second notation for
these values: since [00] = My N T~'M,, [010] = Mo N T~ 'M;,[0110] = My N T~'M>,
and [10] = M, [110] = M,, ..., we write, for example, ¥ (110) = ¥, = ¥ (110...), and
¥ (0110) = ¢§ = (0110...).

Assume first that x € M,, where n > 1. Since

ho h
hOT—fon

we have, using (7):

h n+1\7 h n+1\'"7
Vi — — ol L
e _exp{l/f(ll...lo)}_e o (n> i (n ) . (16)

n

For x € My N T~ (My) with k # 0 we have

r h
Vo — — ad0_7
e _explw(Oll...lo)}_ P a7

k

again using (7).
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Lastly, for x € My N T~ My,
V) = ) _ a0
ho

1
— 80 — pd0 —
e e ) (19)
Recall that y* by definition means: for y + ¢, for every ¢ > 0.
Now we come to the main results of this section, where we describe the behaviour of the
Ruelle operator, at points in M, when applied to the indicator function of a cylinder set.

(18)

Estimates for the cylinder set [1]

We will show:
Theorem 2.6.
(a) Fory > 2, there exists a constant 5;/ such that for all z € M, fors > 0,
lul1] = £ I ()] < &, ((s + > + B(s, 1)) (20)
where

s+t\'77
B0,t) =0 and B(s,t) = — for s> 1.
s

(b) For z € My, we have furthermore that 3C,, Ci > O such that
Cit?7 < pll] = LY Iy(2) < Cit* 7 1)

Proof. Fort > 1, we have
Ly ln@) = Y VO Dy (v y2)

Yo---Yi—1
— Z Sy Uyr.y12)
Y1 Yi—1
1 1 1
— Z eV (i-12) Z eV Oi2yiin) Z eV Oryim12) (ellf(lyl~~~}'z—1Z))_ (22)
Yi—1=0 Yi—2=0 =0

Let ¢ be fixed with ¢ > 1.

We claim that the function £f// I111(2) is constant on My, i.e. that for z = (zpz1z2...) =
(0z1z2 . ..) the value does not depend on zy, z2, . ... We have previously seen that v (x) is
constant on any cylinder of the form [ * 0], where the * denotes 0 or 1 and the number of s
is > 1. Consequently, for each quantity in the above expression, if zop = 0 one need look no
further to ascertain the corresponding value; this verifies the claim.

For z ¢ M), the same reasoning applies: now we need look no further than the first 0
which occurs in z = (z9z122 - . .). Supposing z is of the form z = (11... 10z ...), then any

s
part of the above expression of the form e 0r-¥-12) does not depend on zg41, Z542, - - - (Note
that if a O already occurs in the y;, then we can of course stop earlier.) The points z of that
form are exactly those in M, for s > 1.
In summary, for ¢ fixed, and t > 1, Ei& I;11(z) is constant on each M, forn > 0.
We write this value as follows, where z € M, for s > 0:

Af = ,Ci//IU](Z). (23)

For s = 0 we shall also write A, = A?. O
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Figure 2. Geometrical view of the renewal equation.

The case 7 € M
From (22) and figure 2 one can see that A, = A? with ¢ > 1 satisfies
Ar = A1 (@) + A a(ePe) + A, _3(e"0e ey + -

+A, (ewg*ewaeww eV 4 (eVelr e, 24)
Recalling that forn > 1

+1\77 &,
ot — ( ) L
n hn—l

and forn > 0,

ho

e%l — g%
n

we calculate for the coefficient in (24) of, for instance, A, _4:
eV OI110) g (1110) ¥ (110) ¥ (10) _ U3 o¥s gV

ho\ (4\ 7" hs (3\ T hy(2\ "h
w2 (Z) Z2(2) Z(2) H=evar. (25
i J\3) n\2) mn\l) &

0
To calculate the last term of (24), note that since ﬁo =e %, and

hy=@m+1) > i

i=n+1
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ﬁ 00
Y aVn-1 Yo -y _ ado =Y
e’re el =m+ 1)V —=e E i
ho

i=n+1

Therefore, continuing the equation (24) above we have

o0
A=A 1€177 + A, _2%277 + A,_3e®37 4.+ Aje®(t — 1) +% Z i, (26)

i=t+1

This is valid for all # > 1; we note that, in particular, for # = 1 one has only the final term,
and so
o
A =eV =e® iV = [/11,,1[1](2)
i=2

zin M.

Equation (26) is a recurrence relation; thus, since Ag = 0 and A are specified (as above),
A; is then determined recursively for all # > 1.

Formulae of this type come up in Tauberian theory, with applications to complex
analysis, harmonic analysis, number theory and renewal theory. The latter is part of
probability theory, which deals with counting the number of events when one has an
independent identically distributed positive waiting time between occurrences of the events.
What we want is to describe the asymptotic behaviour of A, for + > 1. Standard
results from this theory will help us in carrying out our calculation. For background see
[KT75,GS92,Feld9, Fel71, Bar, Bre68, Pos79].

For y > 1, now consider the probability measure on the line with distribution function F,
defined by

o0

> 1
dF =e®) i78=——) i (27)
; 462) Z

i=1

where §; is point mass (the Dirac delta) at i (and where the measure is written above in Stieltjes
form as dF). In the probabilistic interpretation, d F' is the distribution of waiting times.
We set

ify
C(y)

The expected waiting time is the expected value of this probability measure which we
write as

fi (28)

EEZiﬁzLZi“V:MEWH (29)

with the last equality coming from (9).
We write, for ¢ > 1, the last term in (26) as «,; thus

1 o0

= — 2R 30
Y= ,.Zl G0

=r+1
From (6), we have for all ¢, and all y > 2:
-y 1—y
(t+2) << t+1

— << —— <+ DI (31)
)y =D ty =1
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We note that

A1 =e% E i’ =a.

Equations (24) and (26) can therefore be rewritten in the form

-1 00
A = ;A,_i g_(ly)i—y +a, =a + /_OO A, dF(x)
where we take A, = 0 and @, = O for ¢+ < 0. (The limits of integration could of course
be replaced by 1 and ¢+ — 1.) This is an arithmetic renewal equation; it can be written as a
convolution equation: A = a + A * dF. Here a and dF are fixed and one wishes to solve
for A, i.e. to find a fixed point for this affine map on sequence space. See also equation (40)
below.

The solution of this equation in renewal theory proceeds as follows. Defining F; to
be the distribution function of the jth convolution of F with itself, i.e. the distribution
of the independent random walk generated by F after j steps, one defines the renewal
function

W, = Z Fj(n).
j=0

Another interpretation of W, is that it is the expected number of events up to time
n [GS92, KT75]. One then shows that W is the unique solution to a second renewal
equation:

W=F+WxdF. (32)

In our case, Wy = 0 and W, for n > 0 solves

1 n n
[TV

=) i) Wi
W) = ) =

n

(This is, again, a recurrence relation, so the specification of W, determines W, for n >

1.)
For y > 2, then the sum ) _,- | a, is finite so theorem 5.1 in [KT75] applies. Therefore,

the solution to the related equation above, A = a + A xdF,is givenby A = a +a xdW, i.e.
for integers ¢ (recall A, = 0 for ¢t < 0):

t—1 t—1

Ar=ar+) aidWi=ai+ ) ari(Wi — W), (33)
i=1

i=1

Now one sees (cf [KT75]) that
1 o0
lim 4, = > a; (34)
j=1

which by definition equals
o0

%ZG% )3 rv) =Y G (35)
i j=1

i=j+1
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Meanwhile, from (10), we have

a

M[1]=ZM([11...1O])EL¢ZZWE%Zj(jn)—y. (36)
o= -

o0
) =1 i=j j=1
So, combining (34)—(36),
w[l] = lim A,. (37)
1—00

Remark 2.2. One part of the renewal theorem states that lim; o Wiy — W; = % =u. To
estimate the difference u[1] — A; we shall need a precise estimate of this rate of convergence.

Note first that

1
0< (Wi = W) — Z (38)

(see pp 191-2 in [KT75]). Moreover, making use of a theorem of Nagaev, theorem 4', p 98
in [Pos79], one can prove this stronger statement: 3¢y > O such that for all 7,

l +
0< (Wi — W) — Z < Goi 1", (39)

This last expression can then be used to give a proof of part (a) for the case z € M. Indeed,
this argument can be extended to a statement like (a) for a more general class of potentials
similar in nature to ours. However, this approach using Nagaev’s estimate (39) is not enough
for the lower bound in part (b). Therefore, we will proceed in another way which will yield
directly both the upper and lower estimates, for z € M,.

Thus, at this point we move on to the proof of (b).

Proof of theorem 2.6, part (b). We mention that our proof of the lower bound will, in a very
strong way, use the special form of our potential, that is, of the sequence f; defined in (28)
above.

For this part we make the assumption that y > 2. We summarize the definitions from
above that we need, together with some basic properties of our example.

The sequence a, defined in (30) satisfies

l o0
= = i~V t=1,2,...
“ DI Z /

Jj=t+1

is positive, summable and monotonically decreasing. By convention we take ay = 0.
The sequence f,, from (28) is

n-v
% o,
> =177

is also positive, summable and is monotonically decreasing; it is a probability sequence, with

finite expected value: Y >~ tf; < co. By convention fy = 0.

We observe that for the sequence A, = Eip I111(z), z € My defined following (23), we
have Ay = ayp =0, A; = ay; fort > 1, A, satisfies the renewal equation

Ar=a+A_ 1 fitA oo+ +Aof. (40)
Let W; be the solution of the renewal equation (32): then Wy = 0, W; = fj and for¢ > 1

y>2 n>0

W, = (Zf-f>+wt—lfl+Wz—2f2+~~~+W0fl.
=
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From [KT75], p 184, theorem4.1 and p 191, theorem 5.1 wehavethat A} = a1+A¢ f1 = a;
and for ¢t > 1, the term A, can be written as
Ar=ar+a, (W1 = Wo) +a, o(Wo — W) +---+a1 (W1 — W 2)
and A, converges to
Dot G _
Soacithi

Next, we shall show that A, is increasing; this will be essential for the lower bound
estimation in part (b) of the theorem.

wl1].

Lemma 2.7. The A, are positive and for t > 1 monotonically increasing in t.

Proof. First, note that A; is positive by induction in the renewal equation (40).

Now we will show monotonicity of A,. Consider B, = A,;; — A, for t > 0. Remember
that fp =0,a9 =0, Ag =0, Wy = 0and A; = a; (therefore By = a;).

It follows from equation (40) (considering the difference A;,; — A;) that for ¢ > 0 the B,
satisfy

B = (a1 —a)+Bi_1fi+Biafo+---+Bifi1+ Bof:.

Note that for t > 0, a;41 — a; = — fr41.
Define b, = (a;41 — a;) = — fi41 < 0, fort > 0 and by = a;. Then B, satisfies for ¢t > 0

By =bi+ B 1fi+Biafo+---+Bifi1+ Bof: 41)

and BO = bo =da.
We want to show that B,, > 0, for all n.
Consider now the following power series in the complex variable z for |z| < 1:

o0 o0
Bx)=) B2 and  f@ =) f"
n=0 n=1
From relation (41) and b, = — f;,, it follows that

flz - f(Z)
Z

B(Z) =a;+

+B(2) f (2).

Therefore,

1 fiz = f@
B@>—1-f@>0”+ z )

We define ¢, to be the coefficients of the power series

1 o0
Y e 2
e B (2

Using the fact that

(I=f() icnz" = <1 - i fnz"> icnz” =1
n=0 n=1 n=0

we obtain for n > 0 the relations ¢y = 1,

n
Cn — E fjcil—_j =0
=1
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or equivalently

n
=Y ficn—j = fica1 — Cn.

=2

Now we compute the sum

B =Y e (al + M) =l (fom frrt fo— fi+ fit fi 4
n=0

2 n=0
=c(fo+ fat )+ (ca(fo+t fs+)—cofr)z
oot fit) —(c1fatcofs)d+-

+<Cn—l(f2+f3+"') - <ijcn—j>) Zn_l + ...
=2

Using the fact that 27021 fj =1, the last expression is
B) = (fo+ fi+ )+ ((fa+ fi+ - )+arfi—c)z+(ca(fot fs+--9)
+esfi—ca)) 4k (el fat fs+ )+ (Cnfi —can)) 7+

=(frt+tfitD+(—c3)z+(c3—ca) 2+ (camt —cn) 2"+

The last expression gives a new form for the coefficients B, of the power series for 5(z).
Thus in order to demonstrate that B,, > 0 for all » all we have to show is that the sequence c,
is monotonically decreasing.

It follows from a statement in Brietzke [BriO0] (using [Kal28]) that for the sequence f;
as above, the coefficients ¢, of the power series in (42) are decreasing.

This result follows from a more general result: if Zj‘;l fj = 1 and if the sequence f;
extends to some function F defined on the reals so that f; = F(j) is > 0 and decreasing and
such that log F'(x) is convex, and if also f> < (1 — f}) f1, then the above claim is true, that is
the ¢, are decreasing. Taking F'(x) = x~7 gives this result for our example (see [Bri0O0] for a
full explanation).

Finally, from the fact that the ¢, are monotonically decreasing we conclude that the
sequence A, is monotonically increasing, concluding the proof of the lemma. g

Now we recall what we wish to prove, part (b) in theorem 2.6: that there exist C,,C; >0
such that Cn>" < u[l] — A, < Cin* 7. To prove this we shall make use of two classical
theorems of Fourier analysis; see p 230 of [Bar], vol II and also [Har49].

Theorem A. Suppose g(0) = Y oo, b, sin(n 6), where b, converges to zero. If a > 0 and

n=1
2(0) is Holder of order a then there exists a constant ¢ such that b, < cn™(1+®,

This has a converse:

Theorem B. Suppose g(6) = Z,C;o:1 b, sin(n 6), where b, is monotonically decreasing to zero.
Ifa > 0 and there exists a constant ¢ such that b, < cn~™U* | then g(0) is Holder of order a.

We will also need a theorem from [Pos79, p 33].
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Theorem C. Let Y o2 | b,z" be a power series converging for |z| < 1. Suppose that the
coefficients b, are non-negative and non-increasing. Suppose in addition that

S i)
2 = p =P

for some B,0 < B < 1. Then

lim T'(B)n'Pb, = 1.
There is a converse of theorem C as well (see theorem 2, p 12 [Pos79]).
Theorem D. Let § > 0, A be constants and let
N 8
AN
Sy = b, ~ ————
V=2, T(1+36)

n=1

as N goes to oo, then

lim (1 —2z)° m) = A.
x_111n_0( z)(;bnz>

We note that by taking z = e'? in the last two theorems one sees the relationship to the first
two; the value & = 0 corresponds to z = 1. Theorems A-D are Tauberian theorems, which
describe different aspects of the behaviour of the series Z,f';l b, 7" for z close to 1, in terms of
the rate of convergence of the b, to zero.

Setting V; = u[1] — A, then from the renewal equation (40), it follows that

t—1
Ve = pull(fi+ fror o) = (ot + fra+ )+ Vi fi
j=1

Note that since A, is monotonic, so is V;.
Setting K; = u[11(fi + fis1 +---) — (fis1 + fis2 +- - ), the last equation can be written as

t—1
Vi=K +Y Vi fj.
j=1

Note that K, goes to zero with order ¢'~7, since u[1] < 1. Moreover, Sy = Zf\;l K, ~
CN"72.
Consider the power series

V(z) = i VaZ" f@) = i fu?" and K@) = i K,z".
n=l1 n=1 n=1

From the equation of the V; above
V() = K@)+ f(2)V(2)
and therefore,

K@
V@ = - f2)

We study first the case 3 > y > 2.
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Considering now z = e'?

then

=cosf +isinb, b, = nf, anda = y — 2 in theorems A and B,

o0

f@=) nfiz""
n=1
exists and is Holder of class a. We know from theorem B (taking there b, = K,,) that K (z) is
Holder of class y — 2 since K, is of the order of n'~7.
Dividing by (1 — z)”~3 in both sides of the last equation we obtain

V(z) K (2) 1—z

(1-—2773 " A= 21—f()
It is important to note that these limits exist:

. -z . K(2)

lim —— and im ———.

b T— f@) o (1= )12
The first is due to the fact that f is differentiable at 1 (see [Bar]) and the second follows from
theorem D. We note that Sy = vazl K, ~ CN"2

From theorem C we see that for2 < y < 3, taking 8 = 3—y and b, = V,,, the coefficients

V, = u[l] — A, satisfy the condition we wish to prove, of part (b) in theorem 2.6. Indeed, the
limit of

n2-v n2-v

asn — oo exists (this follows from considering the series ) .-, dV,, 2" witha suitable constant
d and applying theorem C). We emphasize the important role played here by the monotonicity
of the V,, (which followed from that of the A,); this guaranteed the hypothesis of theorem C.

For the case y > 3 the last relation is also true. This is obtained using the fact that K (z)
is differentiable of class C”~2. Taking the k-derivative of K (z), where k is the integer part of
y — 2, we obtain a (y — 2 — k)-Holder function and we apply a similar argument to that used
before.

This concludes the proof of part (b) of theorem 2.6. (|

We shall continue the proof of theorem 2.6 after we show how part (b) of the theorem can
be applied to prove lower as well as upper decay of autocorrelation estimates for a specific
function, and show the relation of this to ‘1/f-noise’; see also the explanation and definition
given in the introduction.

Theorem 2.8. (Lower and upper bounds for decay of autocorrelation and ‘1/ f-noise’
phenomenon for Ijy).
(a) For y > 2 and ¢(x) = ¢ (x) = Ijo1(x), there exist ¢, C > O such that

Ctz*y<f(<ﬂoT')¢d/L—/<de/¢d/L<Ct2*y- (43)
(b) For y € (2,3), the sequence of random variables ¢ o T' exhibits 1/ {377 -noise.

Proof. Recall that A, = L'Ij;)(z) for z € My, where this function is constant. We
define X, = L@I[O](z) for z € My (where, similarly, this is constant). Next note that
Lo+ L' = L'Ts+ = 1 and p[0] + p[1] = 1. Therefore, the rate of convergence of
A, to w([1]) is the same as the rate of convergence of X, to w([0]). That is, the monotonicity
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of the sequence of numbers A; implies that of the X;, and from part (b) of theorem 2.6 we
have:

Cit*777 < X, — pul0] < Cit*77. (44)

By proposition 6.1 below we have that [ (¢ o T" )¢ du = [ ¢ L}, (¢) dpu.
Therefore, we have

[wersan=[oc,@am=[ cy@amn=[ Xau=uiob-x,  a
and so:
Jworhoan— [oau [ oan=naon-(x, - uaon). (46)

Hence from (44), we have proved part (a), taking ¢, C to be 1 ([0]) times C;, C;.
It follows from this that the spectral measure (see theorem 7.3 and definitions in section 9.7
in [KT75]),

F()»)ZZ <[(¢OTZ)¢dM—/¢d,u[¢d,u> cos(t 1)
=0

then (by the theorems A-D above) F is Holder for y > 3 and F(A) ~ A” 73, when A ~ 0,
for 3 > y > 2 (that is, there exists ¢, C such that A3 < F(A) < CAY~3). For this last
statement apply theorem D above, with z = e'"*. Note that z = 1 corresponds to A = 0. [

We mention that a similar result proved using other methods appears on p 163 in [Lop93].
Now we return to the proof of theorem 2.6, part (a). For the rest of the proof (and the rest
of the paper) we shall have no further need for the lower bound given in part (b).

Proof of theorem 2.6 (The case z € M, for s > 1). Next we will consider z of the form
z=(11...10z44...),1.e. where z € My, for s > 1. We know from [Hof77] that for y > 2,

s
writing

A} = L1 () (47)

then A} converges to p[1] ast — oo; we will show more precisely that there exists a constant
¢, such that for z as above,

-y
-1 <6, (wer (22) ),
N

Recall that we are writing g = ¥ (011...10), v, = ¥ (11...10). From figure 3 it follows

n n

that

A=A e" 4 A @ V) 4 A3 eV ey 4 -
+A; (e%ﬂ_zf:‘b’*‘*‘*2 coeV) 4 (eVsmeVset eV,

The coefficient for A;_; is, from (17),

-y
e‘/’fj):e“‘)@:i:<s+l> ~i
hy  hy s+1 h
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So by (16) and (17) we can write the above expression as

S s+1\ 771 s+2\ 771 s+t—1\""1
A=A — +A | — —+-+ A — —_—
s+1 hy s+1 hy s+1 hy

s+t +1\ 7 gy
+ 2
s+1 hy

_ Dy

(A s+ D77+ +A1(s+t—1)y+L> (48)
- s+r+1)r )

N

Recalling from (8) that

hy=@m+1)7 > i

i=n+l

we have
1 o0
Al =5 <At—1(s+1)_y+"'+A1(S+f_1)_V+ 2 fy)
Dimgrr 177 i=s+t+1
1 o0
Z—V<ZA, T Y iy). (49)
Zz—s+ll i=s+t+1
Now
M[l]—(ﬁiﬂm)(z) =11L”010Av Aj = u[l] — 47

1 =l e i
— (1l - s—= A +j>-y) - il (50)
( Zioisﬂl 4 ; ! Zioisﬂl 4
To study the first part of (50), recall from part (b) of theorem 2.6 that C,-t¥7 < w1l —A; <
Cll‘ziy.

We define ¢, by the equation u[l] — A, = ¢,t%77: note that therefore 0 < C; < ¢, < C;
for all such #; in what follows we shall only make use of the upper bound here. We will
substitute u[1] — c;k>7 for Ay in the first part of the expression (50). Thus we have for this
first part:

1
il - Zl - (ZA, j(s+ )7 ) ([]—WZM[I](S+J) )

- e
+cht—j(t_./)2 T+ )7
i=s+1 j=I1

The first term here is

M[l] < s+t—1 _, > Zoo » i

= iV - i ull] S—. (51)

Zz =s+1 i~ ,254;1 ,';1 Zz =s+1 i

Thus the quantity we want to estimate from above, equation (50), is equal to the modulus of
Zioisﬂ i ch')is+f+1 i 1

. — _ )27 V.
M[l] Z?isﬂ i Z?isﬂ i * Zl—s+1 - ZQ ](t J) (s * J) (52)

Let us write this as (a) — (b) + (c). First we analyse terms (a) and (b).
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Figure 3. Geometric visualization for the equation of Aj.
Note that since s and r > 1,
sS+t+2 s+t s 1
<2 and > - (53)
s+1 s s+2 7 3
so for the lower and upper bounds of (a) and (b) we have, using (53):
l—y 1—y I-y -y
s+t s+t+1 a s+t s+t
2'r(—) < <@ < <3 — (54)
s s+1 wll] s+2 s
and
1—y 1-y 1—y 1—y
s+t S+t+2 s+t+1 s+t
2! < < (b) < <3t : (55)
s s+1 s+2 s
Thus for the difference (a) — (b) we have
1—y -y
_ s+t _ s+t
2177 (uf1] - D(T) < (@) — (b) <37 (ull] - 1)(T> . (56)
The last term of (52) is

(©) =
i=s+1

t—1
e Dot =T s+ (57)
j=1
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which has, by (6), an upper bound of
i—1

SCl———=Y (t—))* T+ ). 58

©<Ci ; DERECEN) (58)

Applying lemma A4 from the appendix with ¢3 = &, 4 fora = —y, 8 =2 — y we have,
taking first the case y > 3 (so 8 < —1), and setting ¢s = (y — 1)¢3Cy, that (¢) is bounded
above by

Cs
(s +2)1-7

Hence

-y -y
(s]_”(s+t)2_y+(s+t)_”)<65<<Sj_2> (s+t)2_y+(j:;) ) (59)

I—y
© < c5<<s 027+ (%”) ) (60)

where ¢5 = ¢5 - 37!, using (53).

Next consider the case y = 3, so B = —1. Then from lemma A4, using (60),
(©) < lc_:/ (sl_’” (s+0)* 7 +(s+1)77 log(s + t))
N
+1)77 +e\'7Y
= 56((3 +1)°77 + % log(s + t)) < E6<(s +0)277 + (s_> )
s s

where ¢s = (y — 1) - 3V ~1C;.
For y € (2,3),s0 8 € (—1, 0), we have from lemma A4 that (c) satisfies

_ 1_y
() < lc—_ﬁy (S'_V(s +1)°77 + (s + t)3‘2V) < @ ((s 10> <ﬂ) )
5 N

Combining this with (56) we therefore have these upper and lower bounds for (52):

s+t

1—y
2177 (uf1] - D(T) < (@) — (b) < (@) — (b) + (¢)

I—y
<@+ < E],((s 027 4 (S:t> )

where ¢, = max{cs, ¢o} + 3" ' u[1].
Finally, therefore, for the modulus of (52) we have this upper bound:

s+t

l-y
1] = (£ I (2)] < éy((s +1)27 + (T) ) (61)

where ¢, = max{c,, 2177 (1 — u[1])}. This is valid for each y > 2, for all z € Mj, for all
s,t > 1. This completes the proof of part (a) of theorem 2.6. ]

Remark 2.3. For ¢ fixed, when s goes to infinity (s +#)>~” goes to zero and

s+t\'77
s

goes to 1. This indicates that uniform convergence should rnot hold true. (For a rigorous proof
of this we would need to extend our lower bound estimates to other points z.)
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Next we use the result of theorem 2.6 (for the zero-cylinder set P = [1]) to study arbitrary
k-cylinder sets, for k > 0. Each P = [wy ... w;] € C; can be written uniquely in the form

P=[wy...wj—1011...1] (62)
where j + m = k, and where we allowm =k+1,j =0(so P =[11...1]),and alsom =0
— —

k+1
(so P = [wy . .. wg_;0]). For general cylinders we have the following; see the preprint version

at http://ime.usp.br/~afisher for the proof.
Theorem 2.9. Let y > 2. There exist ¢,d > 0 such that for all k, for all P € C, with
P=[wy...wj—1011...1]

" (63)
‘ _ _plwp ... w;—10]
[Ly1p(z) — wP| < C—M[O]

forallt > kand forallz € M, s =0,1,2,..., where

s+I\'"77
B(0,]1) =0 and B(s,]) = — for s> 1.
s

(+t =)@ + (k+1)B(s, t — k)

3. Mixing and weak Bernouilli

Next we use theorem 2.9 to analyse the rate of mixing:

Theorem 3.1. Let y > 2, and let v be the invariant measure defined from the potential g, .
Then we have, for every k > 1,

Yo P NT™Q) = nPpO| <&k +2)(t — )",
P,QeC

Proof. The sum is taken over all k-cylinder sets, i.e. all P, Q € C;. For summing over the sets
P, we split Cy, into (k + 2) subcollections: all sets P of the form [wg ... w;_;011...1], with

m

j+rm=k+1,m=0,1,2,...,k+1.
For each m we denote this subcollection by Cy ,,; thus C; = U’r‘nJ’:loCk,m.
We note first that for j fixed, Zwo...wj,l wlwo ... wj—10] = pl* **...x 0] = u[0] since

J
0 is invariant (where * denotes ‘no restrictions’).
Now since the Ruelle operator is the dual of the Koopman operator (see proposition 6.1 of

section 6), i.e. U* = L, for f, g measurable we have [ Lf-gdu = [ f-goT du. Therefore,

u(PﬂT*’Q)—MPMQ=/IP~(IQoT’)dM—MP/1QdM

Now for P € Cy,, and z € My, s > 0, we know from (63) that

|y Ip(2) —uP| <& mm'[—'o?_lol((s w1 =R £ (k+ 1)B(s, 1 — k) ©65)
"
<o WOl e | ey 1B, 1 — ). (66)

wl0]
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Using this together with the estimate (11) (that is, for a constant z,,, we have u(M;) <
Zy (s + 1)!=7) we conclude that for any fixed k-cylinder set P,
. wj_]O]

‘ _ > _ [,L[w() .
[ 12y10@ = uplance) < D M) S

x((t —k)* " + (k+ 1)B(s, t — k))

- mlwo ... w;—10] Q-
<ctk+2)—/0——(t —k (67)
ul0] ( )
where we have used (6) to estimate the sum.
Putting these facts together, we have
> w010 - urne < Y [ tolytn - up|du
P,QeC; P,Qec, Y E*
- Z/ |Cl,Ip — nP|du (68)
PeCy xr
S wlwo ... w;_0] Q—yp)*
<Y k(- k)"
m=0 PeCy ’M[O]
=+ (t k)" (69)
as claimed. O

We therefore have immediately the following analogues of the classical theorems from
Bowen’s book [Bow75]:

Corollary 3.2. Let y > 2. The shift map T with the measure p is mixing
and

Corollary 3.3. T with u and with the standard generating partition {[0], [1]} is weak
Bernouilli. Hence (by Ornstein’s theorem) the transformation is measure-theoretically
isomorphic to a Bernouilli shift of the same entropy.

4. Polynomial decay of correlation for SP observables

We will use the following notation: f(¢) < c - 9" means that for each § > 0, there exists
Rs > O such that f(t) < c-t“* forall t > R;. This is slightly weaker than f(¢) < ¢ - 1
where there are no lower restrictions on the variable 7.

Theorem 4.1. For y > 2, there exists C > 0 such that for all f, g € SP,

'/ﬁgoT’ du—/fdu/gdu‘ <C(Iflsp+lIglsp)? t@ 7. (70)

Proof. We adapt the proof of lemma 1.14 in [Bow75] (for Holder functions and exponential
decay) to the present situation. Let f; denote the conditional expectation of f on the o-algebra
generated by the k-cylinder sets C. Thatis, for z € P € (g,

1
fi(@) = M—P/Pfdﬂ-
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/Pfkdu=/Pfdu

for all P € C; and f; is a step function, a k-cylinder approximation to f. Writing ap for the
value of fy on P and b for the value of g; on Q, we have

fi = ZaPIP & = ZbQIQ-
PGC}; QEC;(

Since f isin SP, by (1) we have || f — filloo < vary f < 2|| fllspk™, foralla > 0 and
forall k > k,(f).
Now note first that (writing integrals [ f du = uf) we have, by theorem 3.1,

|n(fi-geo T — ufi - gl =] Y apbo(u(PNT™'Q) = uPuQ)|
P,QeCy

< lsollgllod (k+2)2(r —K) 77 1)

Hence

Hence we have
lu(f-goT) —ufug|=|w(fe-goT" — wufe- 1ge) + w((f — fi)goT")
+u(fi - (8 — &) o T)|.
For the last equality we have used the fact that w(f — fi) = u(g — gx) = 0. We write

Cy = max{c,(f), ca(g)} and K, = max{k,(f), k,(g)}. Hence, using the definition of the SP
norm and (71), this expression is

< ufi-geo T — wfi- k| +1f = filloo - llg o T 1 + 118 — gillos - Il ficlh

= 2-y)* —a —a
< f llsollglloo (k+2)% (1 = k)77 4 2Ck ™l glloo +2Cak ™Il flloc

_ 29 4
<2 fllsp + l1gllsp)*(E ke + 22 (r — k)27 + k7).
This holds for all @ > 0 and for all r and k with ¢t > k > & .
Now choose § € (0, 1), and leta > (2/8)((2 — y)*). Then for k = [¢*/?] + 1 where [-]
indicates the integer part, and k > & ,wehave k > %2 s0 k™% < t@=v)" and
ko %241

- <

_.8/2—1
=t +1/t
t t /

whichis < § for§ < land 7 > 9.
Hence (1 — k/t) > 1,50 (1 — k/ny@"" < ()7 =or'=2,
Therefore, (t — k)" = ((t — k)/1)7 100" < 2r" =2,
Finally, (k +2)> = k*((k +2)/k)> < K*(1+4/k +4/k?) < 4 for k > 4.
So we have, foré < 1, > 9and k > 4:
(e +2(t — k)77 +k79) < (27 2C" P 400",

In summary we know the following: given a choice of 6 € (0, 1), for a defined from § as
above, for any 7 > &2/ 8 then

/ fogoT du— f fdu / gdu’ <25 (I fllsp + lgllspy2 (27 21 P 4 107,

(72)
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This is true for any such §, with the number Ry = &2/ % depending only on § (and on f
and g). Thus, setting C = 2¢ (2¥"=2 + 1), we conclude that (72) is

<C(Iflsp + lIglsp)? t& ™ (73)

as stated. O

5. Convergence of the Ruelle operator for SP observables

We next prove an estimate which will provide the key to the CLT: polynomial convergence of
the Ruelle operator in L'- and L2-norms, for y > 3 and 4, respectively.

Theorem 5.1. Let y > 2; for ¢ as above, for f € SP, we have

12, f = uf), <&l fllspt®.

Proof. The argument will combine elements from the proofs of weak Bernouilli, and of
the polynomial decay of correlation for SP. Let f; = > pec, aplp be the k-cylinder
approximation to f, as in the proof of theorem 4.1. We have

£ f = wf |, <L = fi)—ulf = o, + [ £ fi — wfell,-

The first term here is

=1L = ol 1L = folly S If = filloo < vare £ < || fllsp - k7

for all a > 0. For the second term,

|2 =], = | Y ap(L'Ip — uP)|, (74)
PGCk
<Uflloo D £ 10 = uP, (75)
PECk
el fllsplh+2)%(t — k)" (76)

where the passage from equation (75) to (76) is exactly that of steps (68) through (69) in the
proof of theorem 3.1. So

|2 f = uf ||, < Ufllsp(k™ + etk +2)*(t — )@ 7)

forallt > k > k,(f) and for alla > 0.
As in the end of the proof of theorem 5.1, this implies

£ f = nf], <élfllspt®”
as we wished to show. O

For the next theorem we need a lemma, for the proof of which see the preprint version of
this paper referred to earlier. This is the L2-version of (67).

Lemma 5.2. Let y > 2, then for any fixed k-cylinder set P,

. 2
[ 12y10@ - Pl ance) < (5 Py ;;['olf’_lo]) 2k + D2 — B
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Theorem 5.3. Let y > 2; for ¢ as above, for f € SP, we have

|2, f = nfl, <élfllsp "2

)y

Proof. This will be similar to the proof of theorem 5.1. As there, we have two terms; the first
is handled just as before. For the second, using the lemma

12" fie = uficll, < W flloo Y L1 — P, (77)
PECk
V20 + 1% — k) (78)
The rest of the proof is just the same as for theorem 5.1. O

Corollary 5.4.

(a) Assume y > 4; for ¢ as above, for f € SP, we have
oo
Do leus = url, <o
=1
(b) If y > 3; for ¢ as above, for f € SP, we have
o0
DNy f —ufl, < oo
=1

Also, the series

oo
(i) > (L f = nf)
=1
converges in L' and L? for (a) and (b), respectively, and in either case,
oo
(i) dolLyf —nfl@
=1

converges for ji-a.e. x.

Proof. We give the proof with assumption (b), that for (a) being similar, but using instead
theorem 5.3. From theorem 5.1 we know that for any § > 0, there exists R; such that for all
t > Rs,

|1l f = uf|, <élflspt®7*

we choose § so small that y — § > 3. Hence the series in (b) converges. Since

DLy —nf| <)
t=m 1 t=m

for m large enough, the first sequence of partial sums is a Cauchy sequence and hence converges.
The same argument works for || - [|».

Now (ii) follows from a simple real analysis argument: assuming (b) (which is implied by
(a)), if g; are measurable with ¢t > |lgi|l < C and Ay = {x : > |gi(x)| > M}, then certainly
the measure of Ay; < C/M — 0as M — oo, so NA, has measure 0, completing the proof.

O

iy f —uf

<é&

1
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6. The central limit theorem

We will now show how to use the above estimates to prove the central limit theorem, for
functions of class SP and y > 3.

We write B for the Borel o-algebra of X%, and define B; = T—*B. We write F for the
collection of B-measurable functions and F; for the B;-measurable functions. Note that, for
example, f € F; <= f(x) = f(y) when T (x) = T (y); hence F is exactly the collection
of measurable functions which are of the form f oT with f a B-measurable function. Defining
U:F— FbyU: f— foT,wenote that U(F;) = Fiy1. Since T preserves the measure
u, for L? = L*(=+, w), U: L? > L*N Fisan isometry.

The following is well known (see [PP90, p 27]) and is not hard to prove using the fact that
L4* () = p (see the beginning of section 2 or [Hof77]).

Proposition 6.1. For a normalized (measurable) potential ¢, with eigenmeasure u, the adjoint
U*: L> — L? is equal to the Ruelle operator L.

What this means is that, when Ly is extended from the continuous functions to L2, then
it equals U*. In other words, L, is the L?-dual of U.

Remark 6.1. The orthogonal projection Py onto L N F; is often written as
P (f) = E(f1B).

This is the expected value of f with respect to the o-algebra B, [Bil68]. All the statements
of [Via97,Liv95] are formulated in this language, which is natural and useful from the point of
view of probability theory; we have chosen instead to emphasize here instead the connections
with the Ruelle operator.

We point out that the next result under the hypothesis

[o¢]

DLyl < o0

n=1
was proved by Gordin [Gor69, Roz79, Bra88]. An improvement by Liverani (see [Liv95])
assumes less. We will need this weaker assumption (next theorem) for the case y > 3
(otherwise using [Gor69] we would have only the result for y > 4).

Theorem 6.2 (See [Via97,Liv95]). Assume that i is an invariant ergodic probability measure
on XF, with corresponding normalized potential ¢ (see before lemma 2.1), let [ be a
measurable function with mean 0 ([ f dp = 0) such that
(@) Yooy | [(foT") fdul < oo and
(b) Y02y L5 fll < oo.

Setting u = — Y oo, Ly f, and defining f =f—u+uoT then fk = f o Tk is an

orthogonal sequence of random variables. The variance (|| f )% of f satisfies
1£13 = ||f||22+22/f~(foT”)du.
n=1

This is 0 if and only if f = v o T — v for some v € L>(u).

We note that, in fact, theorem 1.1 in [Liv95] requires less than the above condition that
Yoaci 1L5 Il < oo

Animmediate corollary of the orthogonality (see [Via97]) is that fk = f oT*isa (reversed)
martingale difference sequence with finite variance. The central limit theorem is known for
such processes. This is due independently [Bil68] to Billingsley and Ibragimov [Bil61,Ibr63];
see also [DG86]. The functional version is true as well as the standard CLT [Bil68].
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Theorem 6.3 (Central limit theorem for martingales; Billingsley and Ibragimov). Let X;
be a stationary, ergodic stochastic process such that the partial sums S; form a martingale. Then
the central limit theorem (and functional CLT) hold for X; with variance o> = variance(X,).

This result is then transferred from f to f via the cohomology equation (see [Liv95]),
and we have:

Theorem 6.4. Under the assumptions of theorem 6.2, the central limit theorem and functional
CLT hold for the sequence fi = f o T*.

Theorem 6.5. For y > 3, the central limit theorem and functional CLT hold for mean-zero
observables f in SP; the variance is

ozz-/fzdu+2i/f-(foT”)du

n=1

and this is 0 if and only if f =vo T — v for some v € L*>().

Proof. Theorems 4.1 and corollary 5.4(b) give us conditions (a) and (b) of theorem 6.2. Hence
combining that result with theorem 6.4 finishes the proof. ]

Remark 6.2. It is instructive to see a direct proof of the key hypotheses (a) and (b) of
theorem 6.2 for the specific case of f = I;;; — w[1], using only estimate (20), that for all
z € My,

L5, f ()] < & ((s +n)* + B(s, n)) (79)

where

1—-y
s+n
B0,n) =0 and B(s,n) = ( ) for s> 1.
s

To prove (a), note that
/(foT")fdu‘ - ‘/f%fdu‘ </|fﬁ;f|du</|£;f|du.

And we have, since u(M,) = s < s'~7 while also > us =1, that

1 o0
= / L5 fldu < (s +n)*7 + B(s, n))
Y s=0

o0

00 1—-y

s+n

< ws(s +n)>77 + ( ) sy
s

s=0 s=1

o0
wsn>7 + Z(s )7 <2027,

M2

<

(=]

s=1

To prove (b), we have that

1 00 oo 00 oo 00 s+n 1—y
T NLAIN <Y Y s em TS ( . ) st
=1 s=1

Y n=1 n=1 s=0 n

o0 o0 o0
< Zslfy(s +1)°77 + Z Z(s +n)' 7
s=0

=i s=1 n=1

o0
s 4 Z(s +1)>77 < 0.

s=1

M2

<

Il
=}

s
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Note added in proof. After this paper was submitted we were informed by the referees about papers with results
of a similar nature [Is099, Huy, Che95]. A long version of the present paper with full details can be found in
http://ime.usp.br/~afisher.
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Appendix. An integral estimate

Let o, B < 0 and define

n—1 n—1
G=1n =D+ =2+t =DV =) k- k) =) kP —k).
k=1 k=1

(AD)

We set
fO) =x(1 = x)f
and write f f for fol f(x) dx. Note that this function is integrable exactly for o, § € (—1, 0).

Lemma Al. Suppose a, B € (—oo, —1). Then

i.e. for Cup = [ f, and any constants &

ol el . “r
w.p Cap with Cap < Cap <Cyp

n

v

1 n—1
Cayﬁ . not+/3+1 g kc((n _ k)ﬁ — Zkﬂ(n _ k)ot g 52’/3 . not+/3+1
k=1

k=1
for n large enough.

When the function f is not integrable, for an upper estimate of c,, the first and last terms
in that sum dominate; these are (n — 1)# and (n — 1)®. We see this by a truncated lower
Riemann sum estimate, as follows.

Lemma A2. Suppose o < B < 0and that o < —1. Then there exists a positive constant Cq g
such that for all n:

n—1 n—1
e = ;k“(n — k)P = kaf“(n — k) < G pln—1)P.
= =1

The proof of the next statement is similar, except simpler because we only need to deal
with the singularity at 0.
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Lemma A3. Leta < —landoa <  <0andassumek +1 <t- L=t -o/(a+B). Then

k+1
D i = )P < lapt”
j=2

Note. Foroa = (1 —y)and 8 = 2 —y),fory > 2, A = (1 —y)/(3 —2y) < 2 and the
condition k+ 1 < Af becomes t > (k+1)/2. When we apply this lemma, this is satisfied since
we have, infact,t > k+1 > (k+1)/2.

Lemma A4. Let o < B < 0 and assume o < —1. Then 360,,/3 > 0 such that for all s, t > 1,

we have
t—1
D s+ =P
j=1
respectively
Cap(s™ s+ 0P + (s +1)%) for B <—1
< Ca (s (s +1)P + (s +1)* log(s +1)) for B=—1
< Ca (s (s + )P + (s +1)7**F) for B e (—1,0).

Definition of constants. We use the following notation in the paper:

€1 = Cap for a=(10-y) B=C2-y)
C2 = Cap for a=-—-y B=2-y)
53 = 6,1_5 for o = 4 ,3 = (2 — )/).

All the other constants which appear in the paper are derived from these basic constants.
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