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ABSTRACT. For certain pointwise dual ergodic transformations 7° we prove
almost sure convergence of the log-averages

A R .
@gna(n)szT (feLy)

k=1
and the Chung-Erdos averages
N

1 1 "
Toga™) g am/eT UeLD

towards [ f, where a(n) denotes the return sequence of T .

1. INTRODUCTION

Let (Q,%,m,T) be a conservative, ergodic infinite measure preserving
dynamical system, where m is a nonatomic, o-finite, infinite measure.
For a measurable function f denote

SnfzifoTk-

k=1
We are interested in the behaviour of sums of the form

1 XSS I 1 &
(1) logNgna(n) - logan;]na(n)gfoTk
for some (and hence all) functions f € L,(m) and
@ MR L
ga(n) 2= a(k)

for functions f € L{(m), where a(n) > 0 are constants. The first sums will
be called the log-averages (of the normalized partial sums) and the second sums
the Chung-Erdos averages (as they were first studied in [5]).
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116 JON AARONSON, MANFRED DENKER, AND A. M. FISHER

In particular, we are interested in situations where these averages converge
to [f for every f € L{(m), for some sequence of normalizing constants
a(n). Not every conservative, ergodic measure preserving transformation has
this property (see [2, §2; 8, Proposition 2.7]).

Examples where the log-averages converge have been given in [4, 8] (com-
pare also [7]). Chung and Erdés [5, Theorem 6] proved that the Chung-Erdos
averages converge for any conservative, ergodic Markov shift.

In this paper, we consider the convergence of the averages for pointwise dual
ergodic transformations 7 [2, §1]. Denote by T the dual operator of T :
L (m) — Ly(m), restricted to L,(m). The assumption that 7T is pointwise
dual ergodic means that there are normalizing constants a(n) such that

1 &<
3 lim — ka=/fdm a.s.
) Hm, 2y 2 o
for every function f € L,;(m). The constants a(n) are given by
n
a(n)NZ/f"lAdm,
k=174

where 4 € F is a set of measure one such that the convergence in (3) is a.s.
and in L,(m,). The sequence a(n) is called a return sequence for T .

Although convergence of the log-averages is not in general equivalent to con-
vergence of the Chung-Erdos averages, we have

Proposition 1. Let a(n) be regularly varying with index o > 0. Then, for every
positive function f € L{(m), we have
1 N

. 1
131—520 loga(N) Z a(k)fo T* = /fdm @5

k=1

if and only if
1 K
A}l_l}gom;msnf=/fdm a.s.

In general:

Proposition 2. For any f € L}(m) the intrinsic averages
N

1 Un
loga(N) ’; a(n)ZS"f

converge a.s., where u, = a(n+1)—a(n), if and only if the Chung-Erdds averages
(2) converge.

The proofs of these propositions are elementary and left to the reader.
In §2 we prove second order ergodic theorems for log-averages (1). The
method of proof uses an estimate of the variances of (1) in terms of

(4) ¢(N,s)=sup{a?r§7v)£): 1§n§N“8} (N>1, ¢>0).

We show in Theorem 1 that (1) converges in measure on sets of finite measure if
forany ¢ > 0, ®(N, ¢) —» 0 as N — oco. Moreover, imposing logarithmic rates
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SECOND ORDER ERGODIC THEOREMS 117

in this convergence (specfically, condition (%) in Theorem 2) and a logarithmic
asymptotic error in (3) for suitable f’s, we obtain a.s. convergence for the
log-averages (1) in Theorem 2.

The conditions on ®(N, ¢) are always satisfied if the return sequence
(a(n))n>1 is regularly varying with positive index. The “asymptotic error” con-
dition always holds for Markov shifts. The theorem of Chung and Erdés states
that for Markov chains the averages (2) converge to [ fdm a.s., and hence by
Proposition 1, also the log-averages converge a.s., if the return sequence is reg-
ularly varying with positive index. In fact, we show in §2 that a.s. convergence
holds for certain slowly varying sequences a(n). This implies that there are
Markov shifts for which the log-averages converge a.s., though this cannot be
deduced from the convergence of the Chung-Erdos averages by Proposition 1.

As another application of Theorem 2 we obtain that number-theoretical trans-
formations in the sense of Thaler [10] have convergent log-averages when the
return sequence a(n) satisfies (x).

The conclusion of Theorem 2 also applies to the shifts of Markov processes
that are recurrent in the sense of Harris, and whose return sequences satisfy
(x). See [2, §1, Example 2].

The method of proof for the result of Chung and Erdos is a cancellation
argument. A similar argument is used in §3 to show a.s. convergence in (2) for
the real restrictions of conservative, Lebesgue measure preserving, odd inner
functions of the upper half-plane.

2. LOG-AVERAGES

In this section let 7 denote a pointwise dual ergodic transformation on the
nonatomic, o-finite, infinite measure space (Q,.% , m). Then there exists a
set A €% of measure one and a sequence @(n) such that

(7) a(n) ~an) 1 o

and

(8) Z T*1,4(x) < a(n)
k=1

for x € A and n > 1. This can be shown by a successive use of Egorov’s
theorem. Since a(n) may be replaced by an asymptotically equivalent sequence
we assume that a(0) =1 and

(9) a(n) =1 +/AS,,1A dm.
Write
(10) g%=l+ﬂn (n>1).

We now state our theorems for log-averages.
Theorem 1. Suppose that for every ¢ >0
A}im O(N,e)=0.
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118 JON AARONSON, MANFRED DENKER, AND A. M. FISHER

Then, for any f € Li(m),

N n
. 1 1 "
A log N Zn=1 na(n) kz_lfo = /Qfdm
in measure on any set of finite measure.

Theorem 2. Suppose that
1
-7y = —_ —
(%) Je,y>0 > DN, (logN)™?) 0((logN)5> as N — oo.
Moreover, assume that By defined in (10) satisfies
1
Bv=0 (—(log N)?) as N — .

Then for every f € Li(m)

1 N 1 n
lim —— ) —— o Tk = / dm as.
N—oo log N ; na(n) ;f Qf

Corollary 1. Let (Q, %, m, T) be a conservative Markov shift with return se-
quence a(n) satisfying (x). Then for every function f € L\(m)

L Kl
Is}l_rgom;msnf— /(;fdm as.

and
N

. 1
I\}l—rgo loga(N) z a(k)fo T = /Qfdm a5

k=1

n
a(n) = exp (/ n—(tt—)dt> (n>1).
1
If n(t) is decreasing then ®(N,e) — 0 as N — oo for every ¢ > 0 if and

Remark 1. Let

only if

(11) tl_i}rglon(t)logl = o0
and (%) holds if and only if

(12) lim 7(1)(log?)!~* = oo

for some ¢ > 0.

There are Markov shifts with slowly varying return sequences satisfying (12).
For these Markov shifts, the log-averages converge a.e. by Corollary 1. On the
other hand, it can be seen easily that if T is a Markov shift with return sequence
log N, then the log-averages do not converge in measure.

Remark 2. Suppose that T is a number-theoretical transformation in the sense
of Thaler [10]. Then (see [3]) T is pointwise dual ergodic, and, indeed, there
is a set 4 of measure one such that forall p, n > 1

n
S TF1a<p+ (1 +eg)a(n)
k=1
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SECOND ORDER ERGODIC THEOREMS 119

uniformly on A, where ¢, = O(8v?) for some 6 < 1.

Suppose that this is the case with ¢, = O((logp)~?) and that a(n) satisfies
(*). Then loga(n) > (¢/2)logn for n large, where ¢ is as in (x).

Set p, = a(n)(logn)~¢*. Then

-~ 7 Pn s
Z}T 14 < (1 + a0y + Olllogn) ))a(n)

= (1 + (logn)~%/* + O((log pn) %)) a(n).

Now logp, >loga(n) — (¢/4)logn > (¢/4)logn, and so

> T¥14 = (1+O((logn) =™/ 9))a(n)
k=1

uniformly on 4 and Theorem 2 applies.

The proofs of our results are based on an estimate of the variance of the
log-averages. We denote S, = Y7 1407k (n > 1), S =0, Ty =
YN (Sw/na(n)), and T, = ;_, T*14 (n > 1), Ty = 0. Finally, we shall
use the expectation sign E to denote the integral with respect to the measure
m over the set 4.

Lemma 1. If n < m, then
n
ESpSm < Z(a(m - k) + a(n - k))lk s
k=0

where I, =a(k) —a(k — 1) and where a(—1) =0
Proof. Using the duality of 7 and T, we have

ES,,Sm—EZ/ lyoT 1 0 T'dm

k=1 I=1

=Z/ ASmkodem+Z/ (148,—k) o T*dm + a(n) — 1

n
= 2/ T%1 48—k dm+z/ 751,48, dm +a(n) — 1
k=

/ T = Tl 1)Som. kdm+z/ (Te = Foe1)S_p dm +a(n) — 1

/ Sm—k — mkldm+Z/Tk Sn—k = Sn—k-1)dm +a(n) — 1

/TSm n— 1dm
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By (8) it follows that

ESpSy < ia(k)(a(m —k)—a(m—k-1))
k=1

+>» ak)arn-k)—an-k—-1))+a(n)+a(n)aim—-n-1)
k=1

<)Y (a(m—k)+a(n-k))(ak)—a(k—-1)).
k=0

Lemma 2. Forevery e >0, N>2,and N>n>1

1, log N
a(n)

Zma m)g (e+®(N, &)+ (logN)"H—=—

Proof. Fix N >2. For n> N!'~¢ it follows that
S| 1 1
<——(1+logN —logN'"%) = —— (e + (log N)"!)log N.
mznma(m) agm (1 + 10BN —log N'~%) = 25 (e + (log N) ™) log
If n < N'-¢, then

[nN°]

Moo 1 Moo 1
— (N - -
= ma(m) = a(n)( N, 8),,,:[,,21\,:2]“ m + ngn m)
_ _1,log N
=[e+D(N, €)+ (logN) ]a(n) .

Lemma 3. For N> 2
N

Z na(n) Z ma(m Zlka "=

<(1+ sull)/},,))(e +<I)(N, e) + (log N)~')(1 + log N) log N.
n>

(13)

Proof. Since a(n —k) < a(n) for k < n the left hand side in (13) is bounded

by
_ama(n) = (1+ Ba)a(n)
Z Z nma(n)a(m) Z Z ’

n=1 m=n

By Lemma 2 it follows that

Z Z (l:m% e +sup By)(e + BN, £) + (log N)™)(1 + log N) log N.

n=1 m=n

Lemma 4. Forany ¢ >0 and N >2

mal( zlka(m k)< (1+logN)* + ZZB" log N.

n=1 m=n+1 n=1
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SECOND ORDER ERGODIC THEOREMS 121

Proof. Write
N 1 n

N N N
<23y Lih =(1+logN)2+ZZ%logN.

n=1 m=n+1 n=1

where
P(N) =sup{Bx: N < k}.
Proof. Obvious.

Proposition 3. For every ¢ >0 and N > 2

1 _ 1+logN
< € 1
Var (_logNTN> < [29(N®)+ (5+4y(1)) (e+P(N, &)+ (log N)™1)] (——__logN )
Proof. Since E(Ty) =log N the statement follows immediately from Lemmas
1, 3, 4, and 5.
Proof of Theorem 1. By Proposition 3 and Chebychev’s inequality we obtain
that
(14) L §Nj s
log N = na(n)"™"

in probability with respect to m restricted to the set 4.

The theorem then follows from general arguments. The convergence of (14)
in probability on A4 is equivalent to the fact that every subsequence contains a
further subsequence N; so that (14) converges along this subsequence a.s. on
A . But the set of convergence is T-invariant as is the limit, and so by ergodicity
this convergence is to 1 a.s. with respect to m, and hence the convergence in
(14) is in measure on any set of finite measure. In order to obtain the statement
for arbitrary f € L,(m) apply Hopf’s Ergodic Theorem to every a.s. convergent
subsequence.

Proof of Theorem 2. The proof is similar to that one of Theorem 1.
Under the assumptions of the theorem

E(Ty - E(Tw))* = O((log N)*7%),
where J = min(e, y). This follows from Proposition 3. Choose r so large that
ré > 1. By the Borel-Cantelli Lemma it follows that

. 1
P priog2 > = !
almost surely. The theorem then follows from the monotonicity of Ty and the
asymptotic equivalence lim,_p"(p+1)""=1.
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122 JON AARONSON, MANFRED DENKER, AND A. M. FISHER

Proof of Corollary 1. If T is a Markov shift, then we may take 4 = {(x;)i>: :
x; = a} where a denotes some fixed state. It is well known that the corre-
sponding B, = 0, where f, is defined by (10).

3. CHUNG-ERDOS AVERAGES FOR INNER FUNCTIONS

Let T : (IR*)* — (IR*)* be an analytic endomorphism of the upper half-
plane (IR?)*. It is well known that T has a representation

1+1tz
t—z

(15) T(z)=az+/3+/ u(dte),

R
where a > 0, f € IR, and u denotes some positive measure on the real line.
T is called an inner function if for a.e. x € R

ling)T(x +iy)=T(x)e R,
y—)

i.e., u 1is singular with respect to the one-dimensional Lebesgue measure. An
inner function is called odd if T(—-x) = —T(x) (x € RR), or equivalently:
B =0 and u is symmetric, i.e., u(4A) = u(—A) for 4 C R, see [1, §2]. In
this section we shall assume that 7" is odd and we shall consider the dynamical
system defined by T on the real line IR. Moreover, we shall assume that a =1,
since in this case the Lebesgue measure 4 on IR is an invariant measure (see

[9D-
Each point z = a + ib € (IR?)* defines a Cauchy density function
(16) palt) = ——
T al(x —a)2 + b2
Define
k

(17) a(k)y =y uj,

j=1
where
(18) uj=/¢,-on»¢,~d/1.

R

In the subsequent proof we shall make use of the following fact about the rela-
tion of T and ¢,.

Lemma 6 [9]. Denote by P, the Cauchy distribution with density ¢,. Then

(19) PZOT_1 =PT(z)
and
(20) T¢, = O1(2)-

Using Lemma 6, it is shown in Corollary 3.5 in [1] that T is conservative if
and only if a(n) — co as n — oo and in this case, T is pointwise dual ergodic
with return sequence a(n). The main result in this section is
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Theorem 3. Let T be a conservative odd inner function of the upper half-plane
restricted to the real line. Then

(21) pioTF=1

1 &1
N Toga(™) ; a(k)
and for every function f € LT(A),

N

. 1 1
(22) 1\!220 loga(N) Z a(k)fo T* = /Rfd'1

almost surely.

Proof. Tt suffices to prove the statement (21), as (22) follows from (21), by
Proposition 2 and Hopf’s Ergodic Theorem.

Next observe that it suffices to show (21) P;-almost surely, since 4 and the
Cauchy distribution P; are equivalent.

We denote by E the expectation with respect to the measure P; and by

N

1 n
TN=Zm¢ioT.

n=1

Then
N
1
E(T)= ¢12°Tn°¢idﬂ,
Y ga(w/
N-1 N
1 " o T™M .o
’ 2n=1m=z,,+lm/¢i°T cpioT™ - ¢;dA
and , N2 Nol N -
BTN = 2. 2y __Unthm
(E(Tw)) ,,z:la(n)z + ’;m;]a(n)a(m)

Note that T(ilR,) C iR, . Therefore we can define ¢, by T"(i) = c,i. Itis
not hard to see that ¢, T co and indeed that ¢, >> /n (see [1]). Then by (19)

and (20)
[oiioTmgioT* di= [ gruy-6:- g0 T d
(23) = [ T4@i- 60 - d1d2
For any b € R, we have
b b b
2 ;. : = = —
96X = e s 5 T T =11 2+ BB = 1
bn /4
= b2_ l¢i_ b2_ l¢bi
and
) RTIN b . m =
(24) ”/¢' Gl s s p el S
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By (20)
~ ~ Y 1
T o) = T (n(c;",c 0" %@ - 1)%")
Cn 1
(25) = TC(C,ZI—' 1)¢L‘ki_ n(C%— l)¢C,,+ki

and integrating with respect to P; yields (use (23), (24), and (25))

/¢,-o¢,-or"-¢,-or"+kdz= /T"k<¢,~-¢cn,->o¢,~da

= n(02 [cn/qﬁ, beidA— /4’: Pe, i d ]

_ 1 en 1
Tre2-1) o+l cpr+ 1]
It follows from this and (24) that

E(T}) - (E(Tw))?

(26) N 1 1 N-1 1
= "z;l a(ny? [/¢,2 < pe,idA — m] +2 ,,z;l nz—a(n—)g(N’ n)
where
IN.m= 3 I Cn 1
o 1 a(n+k)(cz-1) (Ck+l_c,,+k+1>
> 1
- k=¥+l a(k)(cn + D (e + l)‘
Now
- 2 Moou,
2 T KR Y zauy = Olloa(N)
and
'S Cn 1 1
=zn:+1 ("+k -1 (Ck+ 1 Copk + 1) ~a(k)(cn + D(ck + 1)
N-n 1 ey — 1 |
: 1;;, a(k)(cx +1) (0,2, -1 cn+ 1)
N—n ] 1 :
+k=n+l a(n+k)(ci 1) (Ck +1  Copk + 1)
N—n 1
= Sy atk)(en + 1) + 1))
= 0( 3 Zi'g';) = O(u2loga(N)).
k=n+1
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Moreover
“ 1 Cn 1 N upuy
ga(n+k)(c,2,—l) [ck+1_c,,+k+l]_0 ga(n+k)

Un — 3
=0 (0—(7) g uk) = O(uy).

Using these estimates in (26) we arrive at

E(T)? - (B(Tx))? = 0 (1 + Z (%)) = Ottoga()),
since )5, u2(a(n))~' < oco. This is because ¢, > d\/n for some constant
d>0,and u, |, hence u, < n'a(n) and

o 2 1 &
A N
SECREPS

It follows that N

Var(z a0 k)¢, ° T") = O(loga(N)).

Choose a sequence N, such that E,(Z](loga(Nk))‘l < oo and
log a(Ny)
log a(Nj+1)

e.g., choose N, = inf{m : a(m) > exp(k?)}. Then, by the Borel-Cantelli
Lemma, for any 1 >0,

ZP,‘({X : Ty, — E(Ty,) > nloga(Ny)}) = O (’7—2]; fgg—zl?m) < oo

k=1
Hence limy_ o, Tn,/loga(N;) =1 a.s. and therefore we obtain

-1,

. N _
I}I—I}go loga(N) — as.
as in the proof of Theorem 2.
Remark 3. If a(n) is regularly varying with index > 0, then we also have that

1 &
IJI—I}gologN;;l—(;(_n—)S”f_/;fdl a.s.

by Proposition 1.
We show finally that there exist odd inner functions with a(n) any regularly
varying sequence of index in (0, 1/2). This result extends Lemma 3.7 in [1].

Proposition 4. Suppose 0 < y < 1/2 and that b(n) is regularly varying with
index y as n — oo. Then there is an odd inner function
T +1tx

T(x)=x+/R — du(t)

such that a(n) ~ b(n) as n — .
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Proof. Let

T(x) =x+/ L X

R t—Xx
be an odd inner function where the symmetric measure 4 has a tail distribution

cu(b) = u({t: |t| 2 b}),
which is regularly varying at infinity with index —a, where a € (1, 2). Let
T"(i) = byi. By (15), the definition of 7', we obtain that
bn+l =bn(l+F(bn)) (n>1),
where

® 2+1
F(b) = / oty a(d).

It can be shown as in the proof of Lemma 3.7 in [1] that

5 dz ~dacu(b),

F(b)=b"2+2(1-b7?) /000 b3 e

where

(e ] Zl—a
O<da=2/0 '(—2—2—"'1—)de<00.
Hence F(b) is also regularly varying at infinity with index —a.
Consequently C(b) = (F(b))~! is regularly varying with index o and and
satisfies
C(bpy1) — C(by) = a asn— oo.

Therefore C(b,) ~ na and
by ~ C Y (na) ~ a'’*C~Y(n)

as n — oo, and is a~!-regularly varying.
Since 1 <a<2, 3,5, by! =00, whence T is conservative and the return
sequence satisfies (by (17), (18), and (24))

11 n 1 n
a(n) ~ E;b_k bl —a1) " z(l=—a-Nalla C(n)"

In order to obtain the proposition from the last statement, let 0 < y < 1/2
and a y-regularly varying sequence b(n) be given. Define a = Tl— € (1,2)),

b
and set
1 X

VX) = ST o Nal b’
Let u be a symmetric measure on IR, singular with respect to Lebesgue mea-
sure, such that

1
HO Ty
as b — oo. From the above, it follows that if
1 +tx
T(x)—x+/R — du(t)

then the associated sequence a(n) defined by (17) satisfies a(n) ~ b(n).
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