September 22, 2011

Algorithm for 3-SAT

I assume that the input formula

U= (q11Vaq2Vqs)A(gaVagaVags) A Alga Va2V as)

is so that there is no pair of conjugated literals in any clause. That is, for
all g;1 V @2 V q;3, there is no [ so that [ and -l is a literal of ¢;1 V g2 V ¢;3.
A linear verification replaces (r VIV =l) by T (T =(rVIV-al)=(rVvT)).
Denote the literals of ¥ by Literal(¥).

Denote by ¥\ (g1 V ¢r2 V gr3) the formula

(@1 Va2Vaqz) AN A(gr—11V gr—12 V ¢r—13)A
(Gr+11 V @rg12V @r13) A - A (g V a2 V @13)

(remove the clause gr1V ¢r2V gr3 from W) and by C;\ ¢i; = (¢i1 V iz V ¢i3) \ ¢ij
the formula q; V ¢, k,1 # i.
Denote by X’ the complementary of a set X.

Assume Procedures
e Stract(y): write the literals of a formula .

e x: Given strings s, s xt is the concatenation of s with ¢. Strings are,

in this text, formed by literals of W;

e Length(¥) = max{|Stract(C;)|C; is a clause of ¥}. It is the maxi-

mum of the number of literals in the clauses of W.

Algorithm 1 Factorize by p, Fac(V,p)
Input: ¥ = (g Va2V aus) A AlgaVaeVags) =CiA---NCy, p €
Literals(V)
Sp 0
for 1 <i;<tdo
Read C}
A + Stract(C;)
if p € A then
Sp + Sp A (Ci \ p)
end if
end for

Output: S,




Algorithm 2 Partition

Input: ¥ = (q11VQ12Vq13)/\- . -/\(qﬂ\/th\/qtg) = CiN---NCYy
Label 0, Sq + VU, St 0, PTTY « 0, Str < 0, F'S + 0
while Lenght(Sg) = 3 do

Str + Stract(Sg)
litAll < ()
while Str # () do
if there is a conjugated pair p, —p in Str\ (litAll)’ then
Cp+ 0
Cp< 0
if p € F'S then
Necfalse < Necfalse U {p}
end if
if -p € F'S then
Necfalse < Necfalse U {—p}
end if
for all Clause C' of ¥ do
if p € C then
Cp+— C,NC
SG — SG \ C
else
if -p € C then
Cp—C,NC
SG — SG \ C
end if
end if
Factorize C), by p
Factorize C-, by —p
PTTY « PTTU A (pV Sp)
PTTY < PTTU A (—pV S-p)
lit All « litAlL\ ({p, ~p} U Stract(Sy) U Stract(S-p))
Label < Label U {p,—p}
end for
else {there are no pair of conjugated literals in Str\ (litAll)'}
FS + FS U (Stract(Sp) U Stract(S-,))
Sa < Sg \ PTTV
end if
end while
end while
ST — SG
PTTV + PTTU A S~
Output: Labels, Partitioned Formula W, Necfalse




Algorithm 3 Cylindrical Digraph

Input: W, Labels = {p1,p1,...,Ds, Ps,Ps+1 = L}
Nectrue < ()
Vo« 0
V1 — @
EQ < @
E 0
for all a,b € Literal¥ do
label(a,b) + 0
end for
for all [ € Labels do
for all Clauses C of S; do
if a Vv b is a disjunction of C' then
if (a# L) AND (b# L) then
Vo < Vo U {ao, bo}
Vi VWU {al, bl}
Ey+ Eyu {ao = b1, by = al}
FEi+— FE1U {a1 — —ag, by — —|b0}
label(a,b) < label(a,b) 1
else {a =1L ORb= 1}
variable ¢
Ifa+# 1,thenc=a,else c=1b
Vertice < Vertice U{cp,c1, L}
Edges < EdgesU{co = L, 1 =1}
label((c, L)) « label(c, L) *1
Nectrue < Nectrue U{co}
end if
end if
end for
label(a,b) and label(c,d) are compatible iff there is no literal p so taht
p and —p are sequente of label(a,b) * label(c, d)
end for
Output: label(a,b), Nectrue




Algorithm 4 Write Non Empty Intervals Part 1 of 2

Input Cyl = (Vy, V1, Ey, E1,label(a,b)), Nectrue
for all ag € Vy do
Vi Vi\{~ai}
Vo < Vo \ {—ao}
Van — {CLO}
Vlao < {bl‘ao = bl S EO}
ano = {ao =l> by € EO}
labely, (a,b) < 0

Sety = Setg =0
Seto == {ao}
Set] = {bl € V1|(a0 :l> b € E(]}
Elao = @
while Sety # () do
Seto — Seto
% — Set1

Sety + {—|b0 S ‘/E]|b1 € Vlm}

Sety + {di € Vi|3eo € Seto((co = di) € Ep)}
By  Eigy U {b1 — —bg € El‘bl S Setl}

Eoqy  Eoa U {CO =l> dl’HCO € SetQ(CQ :l> dl)}
Ey + Eo \ Eoa,
E1 — E1 \ Elao
Voao < Voo U (56750)
Vlao ~Wu (Setl)
Vo < Vo \ (Seto)
V1 — V1 \ (%)
end while
if E,, # 0 then
for all ¢ = dy and dy = ¢ in Ve, do
labely, (¢, d) = label(c, d)
end for
[a(Ja Q] = (VOULO’ Vlao ’ an ’ ana labelao (C’ d))
else {interval starting at ay are empty}
[ag, q] =0
end if
end for




Algorithm 5 Write Non Empty Intervals Part 2 of 2

for all [ao, Q] = (V(Jam Vla(]a Ean,ElaO, lab@lao (C, d)) 75 @ do
for all b; € V,;; do

V1a0b1 — {bl}

Voaob, < {colco = b1 € Eoq, }

Eanbl — {CO :l> by € EOaO}

Set1 — Seto = @

Sety {bl}

Setg + {co € Voao(co - b1) € Eoqo }

E1a0b1 «— 0

label gy, (¢, d) < 0

while Set; # () do
Seto — Seto
STtl — Set1
Sety {1 € Viayleo € Vi }
Seto {60 S ‘/E]a0|5|d1 € Set1(60 =d € Ean)}
Elagb, < Fragh, U{—c1 — co € E1gylco € Seto}

E0a0b1 — E0a0b1 U {CO é} d1|5|d1 c S@tl(CO :l> dl))
Ean < Ean \ Eanbl
Elao A Elao \Elaobl
Voaoby < Voaebe U (Seto)
Viagh, <= Viagh, U (Setl)
Voao < Voae \ (Seto)
Vigy = Viao \ (Setq)
end while
if E,p, # 0 then
for all ¢j = dy and dy = ¢ in ‘/anbl do
label gy, (¢, d) = labely, (c, d)
end for
[a()a bl] = (‘/anbla ‘/iaobl s anobl > Elaob1 s labelaobl (C, d))
else
[ag,b1] =0
end if
end for
end for
for all a so that [ag,a;] # 0 do
Nectrue < Nectrue U {a}
end for




Algorithm 6 Closed Digraph Part 1 of 2

Input Closed Intervals, Nectrue = {a},...,ak}, Necfalse =
(b3, ... b},
Vocis < 0, Vicis < 0, Eocis < 0, Ercis < 0,
labelcys(a,b) + 0
disting < 0
foralll1<i<kandi<j<kdo
if [a}),al] and [~af, —a]] and [a),a]] are non empty then
for all ¢ € [a},a}] do
Vocis < Vocis U {(co, disting) }
end for
for all ¢; € [a},d}] do
Vicis < Vicis U {(co, disting) }
end for
Bicis + {(ai,disting) — (—al, disting + 1)}
disting < disting + 1
for all ¢y € [-a, —a]] do
Vocis < Voous U {(co, disting) }
end for ‘
for all ¢; € [a}, —al] do
Vicis < Vicis U {(c1, disting) }
end for ‘ '
Eicis < {(—al, disting) — (a}, disting + 1)}
disting < disting + 1
for all ¢ € [a}, ai] do
Vocis < Vocis U {(co, disting) }
end for o
for all ¢; € [a},a]] do
Vicis < Vicis U {(c1, disting) }
end for
disting < disting + 1
end if
end for




Algorithm 7 Closed Digraph Part 2 of 2

foralll1<i<kand1<j<ndo
if [a}, al] and [ﬁag,b{] are non empty then
for all ¢y € [a},a}] do
Vocis < Vocis U {(co, disting) }
end for
for all ¢; € [a},d}] do
Vicis ¢ Vicis U {(c1, disting)}
end for
Eicis < {(a4, disting) — (—a}, disting + 1)}
disting < disting + 1
for all ¢; € [~aj,b]] do
Vocis < Vocis U {(co, disting)}
end for ‘
for all ¢; € [a},b]] do
Vicis < Vicis U {(c1, disting) }
end for ‘
Vocis < Vocis U {(—by, disting + 1)}
Eicis < {(b{,disting) — (ﬁbé,disting +1)}
disting < disting + 2
end if
end for
for all1 <i<nandi<j<ndo
if [b},b]] in non empty then
for all ¢ € [bf), ¥] do
Vocis < Vocis U {(co, disting) }
end for
for all ¢; € [b},b]] do
Vicis ¢ Vicis U {(c1, disting)}
end for ‘
Vocis < Vocus U {(=b), disting — 1), (—b)), disting + 1)}
Eicis < {(b], disting) — (=b), disting + 1)}
disting < disting + 3
end if
for all (ag,n) € Vhoys and (by,n) € Vigys do
if ap = b1 € Ey (is an edge of the cylindrical digraph) then
(ao,n) = (bl,n) € Eyois
label((ag,n) = (b1,n)) = label(ap = by)
end if
end for
for all (ap,n) € Vo, (mai,n) € Vi do
(—|a1,n) — (ao,n) € FE
end for
end for




Algorithm 8 Roots
Input: Closed Digraph, CSDG = (Veusos Veusts Ecisos Ecist)

R« 0
for all (ao,n) € Vocis do
if (—|a1,n) Q VlC’ls then
R+ RU{(ap,n)}
end if
end for

Algorithm 9 Source
Input: CSDG = (Vouso, Veust, Eciso, Ecist)
F <0
for all (ao,n) € Vocis do
if 3(by,n) € L3M,n) € Li((ao,n) = (b1,n) AND(ag,n) =
(bi,n) AND (b1 #b;)) OR (ap,n) € R then
F+FU {ao}
end if
end for

Algorithm 10 Spillway
Input: CSDG = (Veuso, Vaust, Eciso, Ecist)
S+ 0
for all (bl,n) € Vicis do
if I(ag,n) € VocusI(ah,n) € Vocus((ao,n) = (b1,n) AND (ag,n) =
bl,n) AND (ao 7é a{))) OR ﬂ(—\bo,m) e Ly (bl,n) — (ﬁbo,m) S El)
then
S+ Su {bl}
end if
end for




Algorithm 11 Antichain
Input partially ordered sets V C U
% Given a set V', does V' contain an antichain?

for all v € V do
for all v € U do
if COMP(u,v) then
U<+ U\ {u}
end if
end for
end for
if U= 0 then
V has an antichain of U
else {there in an element of U non comparable with any element of V'}
V has no antichain of U
end if

Algorithm 12 Alternated Sequence Label

Input: CSDG = (Vo, Vi, Eo, Bn,label(a, b)), S, F, R. 1 wil
write (ag,m) or (a;,m) as ap and aj. Edges are clearly de-
fined.

for all ag = b1 € Ey do
ASLabel(ag = b1) < 0
end for
for all ¢y € F do
for all b; € V] do
if ag = b1 € Ey then
ASLabel(ag = by) < ASLabel(ag = by) + 1
end if
end for
end for
while Jag = by € Ey(ASLabel(ay = b1) =0) do
for all ¢y = dy € Ey so that ASLabel(cy = dy) =0) do
if ASLabel(eg = —c1) # 0 then
ASLabel(co = dy) = ASLabel(ey = —cy)
end if
end for
end while




Algorithm 13 Label the ordered set U in closed digraph
Input R, F, CSDG = (Lo, Ll, Eo, El), ASLCLbBl(CQ = dl),

for all ag = b; and ¢y = d; do

ag = b1 ~cog = dy if ASLCLbBl(CLO = bl) = ASLCLbBl(CQ = dl)
end for
RECURSIVELY,
if ag = b1 € Eg AND ag € R then

u(ag = b1) = ASLabel(cy = dy)
end if
if aqg = b1 € Ey AND (ao EF\R OR —a; € S) then

u(lap = b1) = (Bye--- e B;)A, where B; = u(cé = -ayp), for all

) = —ay € Ey, and ASLabel(ag = b)) = A

for all ¢y = d; do

if cg = dy ~ag = by ANDG()EFOR—'CMGS) then
U(CO = dl) = u(ao = bl)
end if

end for
end if
Define the partial order < over U = {v|Jag = b1 € Eyo(v = u(ap = b1))}
as v] < vg as the transitive closure of the relation vo = (Bye--- e B;)A
and v; = B;, for some 1.

Output: u(v),v € Ey
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Algorithm 14 SOLVE
Input CSDG = (Vy, V1, Ey, E1,label(a, b)), u(co = d1)
Let < be a linear order over Ej,
for all (r <s), so that u(r) and u(s) are INCOMPARABLE with respect
to < do
if Compatible(label(r),label(s)) (see Algorithm 3) then
setarray(s) < r
Nest(r) « s
end if
end for

while no new operation can be performed do
for all (r <s), so that INCOMPARABLE (u(r),u(s)) do
C + ({u(z)|z € setarray(r)} U {u(y)ly € Nest(r)}) N ({u(2)|z €
setarray(s)} U {u(w)|w € Nest(s)})
if C has no antichain (w.r.t. U) then
Nest(r) < Nest(r) \ {s}
setarray(s) < setarray(s) \ {r}
end if
end for
end while
if all Nest and setarray were erased then
stop the computation with the output There is no compatible an-
tichain
else {the computation stops because the set of macronodes was kept un-
changed}
the output is There are compatible antichains.
end if
Obtain the output Solve, a list with setarray of all macronodes.
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