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Resumo

DIAS, R. L. Deformacgoes continuas de operadores de Fredholm em B(H). 2021. Disserta-
¢ao (Mestrado) - Instituto de Matemaética e Estatistica, Universidade de Sao Paulo, Sao Paulo, 2021.

Seja X um espago topologico Hausdorff compacto. O K-grupo de X, denotado por K(X), é o
grupo de Grothendieck associado ao monoide comutativo das classes de isomorfismos de fibrados
vetoriais complexos sobre X, munido da soma de Whitney.

Sejam H um espago de Hilbert de dimensao infinita e F'(H) o conjunto dos operadores de
Fredholm em H. O Teorema de Atiyah-Janich afirma que o families-indexr é um isomorfismo natural
entre o monoide das classes de homotopia das fungdes de X em F(H) e o grupo K(X). No caso em
que X consiste de apenas um ponto, o families-index é o classico indice de Fredholm, e o Teorema
de Atiyah-Jénich afirma que as componentes conexas por caminhos de F(H) sdo caracterizadas
pelo indice de Fredholm.

Nesse trabalho, fazemos uma exposicao detalhada do Teorema de Atiyah-Jénich, estudando os
elementos necessérios para entender a construgao do K-grupo de um espago topolégico Hausdorft
compacto, a definicdo do families-index e a demonstragao de que tal indice é o isomorfismo men-

cionado.

Palavras-chave: K-teoria, operadores de Fredholm, indice de Fredholm, teoria do indice, K-teoria

de espagos compactos.
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Abstract

DIAS, R. L. Continuous deformations of Fredholm operators in B(H). 2021. Thesis (Mas-

ters) - Instituto de Matemaética e Estatistica, Universidade de Sao Paulo, Sao Paulo, 2021.

Let X be a compact Hausdorff topological space. The K-group of X, denoted by K(X), is
the Grothendieck group associated to the commutative monoid of isomorphism classes of complex
vector bundles over X, equipped with the Whitney sum.

Let H be an infinite dimensional Hilbert space and F'(H) be the set of Fredholm operators on
H. The Atiyah-Janich Theorem states that the families-indezr is a natural isomorphism between
the monoid of homotopy classes of functions from X into F'(H) and the group K(X). In case X is
a singleton, the families-index is the classic Fredholm index, and the Atiyah-Janich Theorem states
that the arcwise connected components of F'(H) are characterized by the Fredholm index.

In this work, we give a detailed exposition of the Atiyah-Jadnich Theorem, studying the neces-
sary elements to understand the construction of the K-group of a compact Hausdorff topological
space, the definition of the families-index and giving a proof that such an index is the mentioned

isomorphism.

Keywords: K-theory, Fredholm operators, Fredholm index, index theory, K-theory of compact

spaces.
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Introduction

It is of great interest to mathematicians and enthusiasts to understand the behavior of linear
operators, given that they naturally appear in many problems of mathematics, physics and related
areas. A motivating source of examples is the field of linear differential equations. For instance, the
equation

0’f  9%f O%f

—+—2+@:g(x,y,z)

can be written as Af = g, where A = 88—;2 + g—; + (%22 is a linear differential operator defined
over suitable function spaces. Let D: X — Y be a linear differential operator between appropriate
function spaces X and Y. Given g € Y, one can ask for existence and uniqueness of solutions for the
equation D f = g, and the answer for this question is associated to the surjectivity and injectivity of
D, respectively. If D is an elliptic differential operator, we can impose a finite number of restrictions
to g in order to be able to solve the equation D f = g, and the solution is uniquely determined if we
give a finite number of parameters. More specifically, that is to say that Ker D and Coker D are
finite dimensional. This last property is precisely what defines a Fredholm operator: a linear map
T:V — W such that Ker T and Coker T are finite dimensional (if V' and W are both topologized,
we also require 7" to be continuous and T'(V') to be closed). For a Fredholm operator T, the integer
number
ind T' = dim Ker T" — dim Coker T,

called Fredholm index, is a measurement for the injectivity and surjectivity of T". Surprisingly, this
algebraic object turns out to be a topological invariant, as one can see in the following classical

result.

For o Hilbert space H and Fredholm operators Ty, To: H — H it is true that
ind(T1) = ind(72) if and only if there exists a continuous path of Fredholm

operators joining T1 and Th.

Another way to state this result is: the Fredholm index is a bijection from the (arcwise) connected
components of the space of Fredholm operators in H and the set of integer numbers.

Topological K-theory, a tool created by Atiyah and Hirzebruch in the 60’s, inspired in the
previous work of Grothendieck, provides a successful way to generalize the above result. The K group
of a compact Hausdorff topological space X, denoted by K(X), is constructed using isomorphism
classes of vector bundles over X. It is possible to associate an element ind(7) € K(X) to every
continuous family 7" of Fredholm operators parameterized by X, in a natural manner, in such a way
that ind(T") coincides with the classical Fredholm index whenever the space X consists of one point

only (and T is therefore a single Fredholm operator). This is the reason why we can call ind(7) the
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index bundle of T. The Atiyah-Janich Theorem is the mentioned generalization and it asserts that
the families-inder is an isomorphism from the monoid of homotopy classes of continuous families
of Fredholm operators parameterized by X onto the abelian group K(X).

The discussion above could help one to understand the following Atiyah’s quote: “Abstract Func-
tional Analysis provides the natural meeting ground of Algebraic Topology and Partial Differetial
Equations” (see [Ati70]).

This Master’s Thesis is primarily written with the intention of presenting a systematic and
comprehensive account of the Atiyah-Jénich Theorem for beginners. The prerequisites and require-
ments necessary for understanding this text are essentially basic functional analysis and topology,
so that any senior undergraduate student of mathematics should be able to read this thesis with
no trouble.

The content treated here is not original, but rather a detailed exposition of the work of K. Jénich,
F. Hirzebruch, M. Atiyah, among other great mathematicians. One can find a discussion of Atiyah-
Janich Theorem in the Appendix of [Ati67], where one approach for the families-index is given.
Another approach is given in [Brel6|, whose description of the families-index has some similarity
with the index of the paper Atiyah-Singer IV [AST71]. I have discussed these two approaches in the
slightly more general setting that the continuous families of Fredholm operators can be considered
to be defined between distinct Hilbert spaces. To prove the equivalence of these approaches, it
was needed to suppose that our Hilbert spaces are complexes. Using Kuiper’s Theorem [Kui65|
and a generalization of it, that was shown in [I1I65], I gave a proof for the Atiyah-Jénich Theorem
dropping the assumption of separability for the Hilbert space, and assuming only that its dimension
are infinite. At last, a digression was made to give a category theoretical interpretation for Atiyah-
Janich Theorem, concluding that the constructed families-index is a natural isomorphism between
the K-theory functor and the functor that, to each compact Hausdorff space X, associate the
monoid of homotopy classes of functions from X into the space of Fredholm operators in an infinite

dimensional Hilbert space.



Chapter 1
Background and Prerequisites

In this section we discuss some preliminary concepts. Most of them shall be used throughout

the text, even if we do not mention them explicitly sometimes.

1.1 Some Algebraic Requisites

Definition 1.1. A monoid (or semigroup) is a pair (M,*) where M is a set and x: M x M — M

is a binary operation in M such that

(1) (axb)xc=ax(bx*c) for every a,b,c € M;

(7i) there exists e € M such that a xe = exa = a for every a € M.
The element e is called neutral element. If x also satisfies
(7i1) a*xb=0bxa for every a,b € M,

we shall call (M,x) a commutative monoid. In this case, we will use the additive notation for

operation x, writing simply +, and the neutral element will be denoted by O.

An element a in a monoid M is said to be invertible if there exists b € M such that ab = ba = e,
and such b is called an inverse for a. Differently from the groups, and by the very definition, elements
in monoids need not to be invertible, but when it is, its inverse is unique. For if @ € M and there
exist x,y € M such that ax = za = e = ay = ya, then z = ze = z(ay) = (xa)y =ey=y. lfa e M

is invertible, we denote its inverse by a~! (and by —a in the commutative case).
Example 1.2. 1. Every group (resp. abelian group) is a monoid (resp. commutative monoid).
2. (N,+) is a commutative monoid with neutral element 0 € N.

3. The set of non zero integers Z* equipped with integer multiplication is a commutative monoid

with neutral element 1 € Z*.

4. Given a set X, the set of all functions from X to itself equipped with the composition opera-

tion, (XX, o), is a monoid with neutral element idy € X*X.

5. The set {e,a}, e # a, equipped with multiplication table given by
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e a
e e a
al|la a

is a commutative monoid.

Definition 1.3. Let M and N be monoids. We say that a map f: M — N is a monoid morphism

if it satisfies
(7) f(ab) = f(a)f(b) for every a,b € M,
(i) f(e) =e.
The kernel of a monoid morphism f: M — N is Ker f = f~1(e).

Example 1.4. Let X be a set and fix ¢ € XX. Define, for n > 0,

on — idx if n=0,
| ¢ Vog  ifn>o0.

The map N — XX, n — ¢°”, is a monoid morphism.

It is known that a group morphism is injective if and only if its kernel is trivial. This is not true

for monoids.
Example 1.5. Let M be the commutative monoid described in Example 1.2.5. Define f: N — M

by f(n) = a”, that is,
e ifn=0,
n)=
f) {a if n > 0.

Then f is a non injective monoid morphism with Ker f = {0}.
The following is a result will be needed later in the text.

Proposition 1.6. Let M be a monoid, G be a group and f: M — G be a surjective monoid
morphism. If Ker f = {e}, then f is injective.

Proof. Let a,b € M be such that f(a) = f(b). Since f is surjective and G is a group, we can consider
x € M such that f(z) = f(a)™! = f(b)"! € G. Then f(ax) = f(a)f(z) = e = f(z)f(a) = f(za)

and we have ax,za € Ker f = {e}, from where we conclude that ax = e = za. In a similar way,

br = e = xb. Then a = = ! = b, and therefore f is injective. O

1.2 Category Theory

In this section, it will be discussed basics concepts of Category Theory. For further discussion,
see [Mac98.

Definition 1.7. A category C consists of

e a class ob(C) of objects,
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a class hom(C') of morphisms (or arrows, or maps) between objects,
e a domain (or source object) class function dom: hom(C) — ob(C),
e a codomain (or target object) class function cod: hom(C) — ob(C),

for every a,b,c € ob(C), a binary operation! C(a,b) x C(b,c) — C(a,c) called composition

of morphisms: the composition of (f,g) € C(a,b) x C(b,c) is denoted by g o f or simply gf.

The composition must satisfy the following axioms:

* (Associativity) for every a,a2,as,as € ob(C) and every f; € C(a;,ait1), i = 1,2, 3, the
equality fzo (f20 fi) =(f3o f2)o fi holds,

* (Identity) for every a € ob(C') there exists id, € C(a,a), called identity morphism for
a, such that for every b € ob(C) and every f € C(a,b) and g € C(b,a) the equalities
foid,=f and id,og =g hold.

Given a,b € ob(C), a morphism f € C(a,b) is an isomorphism if there exists g € C(b,a) such
that go f =1id, and f o g = idp.

Remark 1.8. Let C be a category and fix a € ob(C'). Observe that the identity morphism for a is

unique, for if id), € C(a,a) is a morphism satisfying the same property we would have
idy = id, o id, = id), .

Example 1.9. 1. The category of sets, Set, consists of the class of all sets ob(Set) and the class
of all maps between all sets, hom(Set). Domain and codomain coincides with the usual notion
of domain and codomain of maps. Composition coincides with the usual notion of composition

of maps.

2. Let K be a field. The category of vector spaces over K, Vecty, consists of the class of all vector
spaces ob(Vectg) and the class of all linear transformations between them, hom(Vectg). Again,

domain, codomain and composition coincide with the usual notion.

3. The category of topological spaces, Top, consists of the class of all topological spaces ob(Top)
and the class of all continuous maps between them, hom(Top). Domain, codomain and com-

position are defined as usual.

The morphisms of a category C can often be thought of as maps between objects in C that
preserves the structure of interest (linear maps preserve linear structures of the spaces, continuous
maps preserve topological structures, etc). There is also a notion of special maps between categories,

that preserve the structure of the categories themselves.

Definition 1.10. Let C' and D be two categories. A covariant functor F between C and D, denoted
by F': C' — D, is a pair of class functions Fi : ob(C') — ob(D) and F»: hom(C') — hom(D) satisfying

e for every a,b € ob(C) and every f € C(a,b), it holds that F»(f) € D(Fi(a), F1(b)),

o Iy(idy) = idp, (g for every a € ob(C),

!Given a,b € ob(C) the symbol C(a,b) stands for the subclass consisting of morphisms f € hom(C) such that
dom(f) = a and cod(f) = b.
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e for every a,b,c € ob(C), f € C(a,b) and g € C(b,¢), it holds that Fy(go f) = Fa(g) o Fa(f).

These properties are called functorial properties.
Similarly, a contravariant functor G between C and D, also written G: C' — D, is a pair of
class functions G1: ob(C) — ob(D) and Ga: hom(C') — hom(D) satisfying

e for every a,b € ob(C) and every f € C(a,b), it holds that Ga2(f) € D(G1(b), G1(a)),
o Ga(id,) = idg, (q) for every a € ob(C),
e for every a,b,c € ob(C), f € C(a,b) and g € C(b,c), it holds that Ga(go f) = Ga(f) o Ga(g).

Let F' be a functor. For simplicity, it is usual to write simply F' instead of F; and Fb, so that

the functorial properties are written as

F(ide) = idpey ~ and  F(go f) = F(g) o F(f)
if F'is covariant, and as

F(ida) = idpy ~ and  F(go f) = F(f)o F(g)

if F'is contravariant.

We shall see examples of functors in Chapter 2.

Definition 1.11. Let C and D be two categories and let F' and G be covariant functors between
C and D. A natural transformation between F' and G is a class function n: ob(C') — hom(D) that

satisfies
e for every a € ob(C), n(a) is a morphism from F(a) to G(a),

e for every a,b € ob(C) and every f € C(a,b), we have that n(b) o F(f) = G(f) on(a), making
commutative the diagram
F(a) 12 G(a)
F()| lew (1.1)

F(b) —> G(b)

Remark 1.12. If F' and G are both contravariant functors, we require n to make the following

diagram commutative, instead of diagram (1.1):

We say that a natural transformation 7 is a natural isomorphism (or a natural equivalence, or a

isomorphism of functors) if n(a) is an isomorphism for every a € ob(C).
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1.3 Topology

Definition 1.13. Let X be a topological space.

An open cover of X is a family F of open subsets of X such that X = [JF. If F is an open
cover of X and F' C F satisfies X = JF', we say that F' is a subcover of F. We say that X is
compact if every open cover of X admits a finite subcover. The space X is said to be locally compact
if every x € X admits a compact neighborhood, i.e., if for every x € X there exist an open set
U C X and a compact set K C X such that x € U C K.

We say that X is normal if it is Hausdorff and if for every closed sets C7,Cy C X one can find
open sets Uy, Us C X such that C; C U;, i = 1,2, and Uy N Uy = 0.

Theorem 1.14 (Tietze Extension Theorem). Let X be a normal topological space, Y be a closed
subset of X and f: Y — CN be a continuous function. There exists continuous function f: X —cN
such that f(z) = f(x) for every x € Y.

Lemma 1.15 (Tube Lemma). Let X be compact, Y be an arbitrary topological space and y € Y.
If U is an open subset of X xY such that X x {y} C U, then there exists an open set V. .CY such
that X x {y} C X xV CU.

Proof. For each x € X there exist open sets W, C X and V, C Y such that (z,y) € W, x V, CU.
By compactness, there exists a finite set {1, - ,2,} such that X = J; W,,. Consider the open
set V.= (i, Vz,. We clearly have y € V so that X x {y} C X x V. If

(r,2) e X xV = <QWx> X <Zﬁlvx)

there exists j € {1,---,n} such that = € W, and one has (z,2) € Wy, x V;; C U. This concludes
the proof. O

Corollary 1.16. Let X be compact, Y be an arbitrary topological space and S C Y. If U is an
open subset of X XY such that X x S C U, then there exists an open set V. C Y such that
XxSCXxVCU.

Proof. For each y € S we have X x {y} C U. By Tube Lemma, there exists an open set V, C Y

such that X x {y} C X x V,, CU. The set V = (J g Vy satisfies the desired conditions. O

Lemma 1.17. Let X and Y be topological spaces, and denote by B, a local basis at a point x € X.
Let f: X =Y be a continuous bijection. If f(B) is a neighborhood of f(z) in'Y for every B € B,

and for every x € X, then f is a homeomorphism.

Proof. Fix x € X. It suffices to prove that f~! is continuous at f(z). Let V be a neighborhood of
2 in X and consider B € B, such that B C V. By hypothesis, there exists an open set U C Y such
that f(x) € U C f(B). Applying f~!, we obtain z € f(U) C B C V, and it follows that f~! is

continuous at f(x), as desired. O

1.3.1 Quotient Topology

Let X be a topological space and ~ be an equivalence relation in X. Denote by [z] the equivalence
class of an element z € X, and let 7: X — X/~ be the quotient projection, w(x) = [z]. The quotient
topology in X/~ is defined by
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Ais open in X/~ <= 7 1(A)isopenin X,
and it is the finest topology that makes continuous the map .
Proposition 1.18. Let X and Y be topological spaces, ~ be an equivalence relation in X and 7 be
as above. Consider a continuous map f: X — Y. If f(x) = f(2') whenever x ~ ', then there exists

a continuous map f: X/~ —Y such that f([z]) = f(z) for every & € X, making commutative the

following diagram

x 1 .y

T
s e
l O f

X/~
Proposition 1.19. Let X and Y be topological spaces, ~ be an equivalence relation in X and m

be as above. Suppose we have maps f: X —Y and g: X/~ =Y such that g([z]) = f(x) for every
x € X, that is, such that the diagram

X/~

is commutative. Then f is continuous if and only if g is continuous.

1.4 Functional Analysis

Let V7 and V5 be normed vector spaces over R or C.

Definition 1.20. A linear operator T: Vi — V5 is said to be bounded if there exists C' > 0 such
that [|T'(v)|| < C ||v|| for every v € V. The set of bounded linear operators from V; to V4 is denoted

by B(V1,Va) and it is itself a normed space under the operator norm

IT|| = inf{c > 0:||T(v)| < c|v] for every v € V4}
= sup{||T(v)|| : v € V4 and |jv|]| = 1}.

Theorem 1.21 (Open Mapping Theorem). If Vi and V, are Banach spaces and T € B(Vy,Va) is

surjective, then T' is an open map.

Recalling that boundedness of a linear operator between normed spaces is equivalent to conti-

nuity, we have the following

Corollary 1.22. Let Vi and Va be Banach spaces. If T € B(V1,Va) is a bijection, then T~ belongs
to B(‘/Q, Vl)

Definition 1.23. A normed algebra is an algebra A over R or C equipped with a map || - ||: A —
[0,00) that turns (A, || - ||) into a normed vector space and that satisfies
||lad|| < ||a]| ||b]] for every a,b € A.

If the algebra A is unital, we also require that ||1|| = 1.
Besides, if (4, - ||) is a Banach space, we say that A is a Banach algebra.
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Lemma 1.24. Let A be a unital Banach algebra. If a € A is such that |1 —a| < 1, then a is

invertible and a=! = >"2° (1 —a)™.

Proof. First note that Y ° (1 —a)™ is absolutely convergent since ||1 — al| < 1. Completeness of

A provides convergence of this series. Now we have

N N
oS -ar=(1-0-a)3(1-a)
n=0 N n—](zf
_ Z(l - a)n o Z(l o a)nJrl
n=0 n=0
=1-(1-a)¥ —1,

implying the equality a( > p" (1 — a)") = 1. Similarly, (Y70 (1 —a)")a = 1. O

Proposition 1.25. Let Vi be a Banach space and Vo be a normed vector space. The subset of linear

isomorphisms in B(Vy, Va) is open.

Proof. Let T € B(V4,Vz) be an isomorphism. Let S € B(Vi, Va) be such that || T — S|| < 1/[|T 1.
Then |lidy, — TS| = |T"HT = 9)|| < [IT7YIT — S| < 1 and Lemma 1.24 gives that 719
is invertible in the Banach algebra B(Vi, Vi) (since Vi is Banach, so is B(Vi,V1)). Therefore S =
T(T~1S) is an isomorphism in B(V4, Va). The arbitrariness of T implies the desired result. O

1.4.1 Spectral Theory

Let us deal with some spectral results. For references, see [Sch12].

Definition 1.26. Let H be a Hilbert space. The spectrum of a bounded operator T' € B(H, H) is
the set
o(T)={ e C:\—T € B(H, H) is not invertible} .

It can be shown that ¢(T") is a nonempty compact subset of C (in fact, one shows that o(T) is
contained in {\ € C: |\| < ||T||}). Moreover, if T is a self-adjoint operator, we have that o(T) is

entirely contained in R.

Definition 1.27. Let H be a Hilbert space and (€2, M) be a measurable space. A spectral measure
on M is a map
E:M—{PcB(H H): P>=P =P},

from the o-algebra M into the set of orthogonal projections on H, satisfying
(i) B(Q) = idn

(i) E(Up2y M) = Y02, E(M,) for any sequence {M,}5>; C M such that M; N M = 0

whenever j # k (this infinite sum is taken on the strong operator topology).

We can state the Spectral Theorem. For a clear proof of this theorem, see Chapter 5 of [Sch12].
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Theorem 1.28 (Spectral Theorem for Bounded Self-Adjoint Operators). Let H be a Hilbert space
and T € B(H, H) be a self-adjoint operator. Let a,b € R be such that o(T) C [a,b]. There exists a

unique spectral measure E, on the Borel o-algebra B([a,b]) such that

T=[ XdE,()).
.t

Let T' € B(H, H) be self-adjoint, a,b € R be such that o(T) C [a,b] and E, be the measure

given in the Spectral Theorem. For a continuous function f: [a,b] — C we define

AT) = ) dEL(A).

[a,b]

Proposition 1.29 (Properties of the Continuous Functional Calculus). Let T' € B(H,H) be a
self-adjoint operator, a,b € R be such that o(T') C [a,b] and E, be given by the Spectral Theorem.

For continuous functions f,g: [a,b] = C, we have

@) [LFD < flloo = sup{ [F(N)] : A € [a, 0]} .

(i) F(T) = f(T)*. In particular, f(T) is self-adjoint if and only if f(\) = f(N) for every A € o(T).
(i) (fg)(T) = f(T)g(T).

(iv) p(T) = S2¢_garT* for every polynomial function p(\) = S¢_y arpA¥ .

(v) If f(A) >0 for every A € o(T), then f(T) is positive®.

Let {T}, : n > 1} be a sequence of bounded self-adjoint operators in H such that 7,, — T in
B(H, H). Since ||T,|| — [|T|, the set {||T]| : » > 1} U{||T||} is bounded in R, which allows us
to choose a,b € R such that o(T) U J,~, 0(T) C [a,b]. Let f: [a,b] — C be continuous. Let us
prove that f(7,) — f(T) in B(H,H )._FiX e > 0. Weierstrass Approximation Theorem gives a
polynomial function p: [a,b] — C such that ||f — p|le < /3. Since T,, — T, we have T* — T* for
every k > 0, so that p(T;,) — p(T'). This gives ng € N such that ||p(7},) — p(T)| < /3 whenever

n > ng. Thus, for n > ng,

1A (To) = F(D) < A1) = p(T)l| + [[p(Tn) — p(T) || + [lp(T') = F(T)l
< N =pllco + Ip(T) = (D) + llp = flloo
< ¢/3+¢/3+¢/3,

and we have established the following

Proposition 1.30. Let {T,, : n > 1} is a sequence of bounded self-adjoint operators in H such that
T, — T in B(H, H). Consider a,b € R such that o(T) UU,>, 0(Tn) C [a,b]. If f: [a,b] — C is
continuous, then f(T,) — f(T) in B(H,H) .

Let T is a positive bounded self-adjoint operator in H. Letting f and ¢ be the map A — A/2

2A self-adjoint operator T in a Hilbert space H is called positive if (T'(v),v) > 0 for every v € H. It can be shown
that a positive operator T satisfies o(T") C [0, 00).
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and applying items (7i¢) and (v) of Proposition 1.29, we see that

TY? = A2 AE, ()
[0,6]
is a positive operator that satisfies (Tl/ 2)2 = T. It can be shown that this is the unique positive

bounded operator satisfying such condition.

Corollary 1.31. Let X be the set of positive bounded self-adjoint operators in H. The map X — X,

Tr— T1/2, 18 continuous.

Proof. Let T, T € X with T;, — T'. We can choose b > 0 such that o(T) U,>; o(7,) € [0,0].
Then f: [0,b] — R, given by f(\) = A/2, is a well defined continuous function. By Proposition
1.30, it follows that T2 = f(T,) — f(T) = T%/2, as desired. O



12

BACKGROUND AND PREREQUISITES

1.4



Chapter 2
Topological K-Theory

K-theory is a generalized cohomology theory (in the sense of [Whi62|), for example) introduced by
Grothendieck in his work on Algebraic Geometry. It was then transposed to topology by Hirzebruch
and Atiyah as expounded in [Ati67], which is the approach we are concerned with.

In this chapter, we will see basic properties about topological K-theory, a functor from the
category of compact Hausdorff topological spaces to the category of abelian groups. The elements

needed to construct the K-group of a compact Hausdorff space are discussed in details.

2.1 Vector Bundles

The concept of a vector bundle formalizes the idea of a collection of vector spaces parameterized
by a topological space in a continuous manner. We will focus on collections of finite dimensional
complex vector spaces, although many of these results can be generalized to the case of real vector
spaces or to the case of infinite dimensional spaces.

In this section, X denotes a topological space and our vector spaces are finite dimensional and
complex.

2.1.1 Basics

Definition 2.1. A family of vector spaces over X is a pair (F,p), where E is a topological space

and p: E — X is a surjective continuous map, such that
1. E, = pil(aj) has the structure of a vector space for every = € X.

2. the vector space structures vary continuously with z, meaning that the scalar multiplication
map
CxE—F, (Ne)— A-e

and the addition map
{(e1,e2) € EX E : p(e1) = plea) } — E, (e1,e2) — e1 +e2

are continuous.

The map p is called projection, and each E, is called a fiber of E at x or simply a fiber.
We often denote such a family by p: £ — X, or E — X, or simply E.

13



14 TOPOLOGICAL K-THEORY 2.1

Example 2.2. Let N be a nonnegative integer and consider X x CV with the product topology.
The coordinate projection 71: X x CN — X, given by m(x,v) = 2, is a surjective continuous
map such that, for every x € X, the set 77! (x) = {x} x CV has the structure of a vector space

(isomorphic to CV). Besides, the operation maps

()‘;‘,rvg) — (ﬂ?,)\f) and ((x7§1)7 (x7€2)) — (x7§1 +€2)

are continuous, meaning that the linear structures vary continuously with x € X. This shows that
7m1: X x CN = X is a family of vector spaces.
More generally (and for the same reasons), if V is a finite dimensional vector space!, then

X XV — X is a family of vector spaces.

Definition 2.3. Let p1: F1 — X and ps: Es — X be families of vector spaces. A morphism of
families of vector spaces is a continuous map ¢: E1 — FE5 which commutes with the projections

(i.e., v satisfies ps 0 p = p1, so that the diagram

EL—% B

R

is commutative) and ¢ = @|(g,), : (E1)z — (E2) is a linear map for every = € X.
We say that a morphism of families of vector spaces ¢: Fy — FEs is an isomorphism if it is a

homeomorphism. In this case, F is said to be isomorphic to Eo, and we write Fq4 = F».

Remark 2.4. If p: F; — F, is a morphism of families of vector spaces over X, then p(FE) is
itself a family of vector spaces over X with topology and operations inherited from F5, and whose

projection is precisely the restriction of the projection of Es to p(E1).
We can “pull back” families of vector spaces, as in the following

Proposition 2.5. Let X and Y be topological spaces, and f:Y — X be a continuous map. If
p: E — X is a family of vector spaces over X, then

f'E={(y,e) €Y x E: f(y) =ple)}

is a family of vector spaces over' Y with projection given by f*p: f*E =Y, f*p(y,e) = y. Moreover,
if f:Y = X and g: Z —'Y are continuous maps, then (f o g)*E = g*f*E

Proof. Note that f*p is precisely the restriction to f*E of the projection onto the first factor
Y x E — Y, being therefore continuous. Also, it is surjective since for y € Y we can choose e € E
with p(e) = f(y) and notice that f*p(y,e) =y.

For yp € Y, we have

(fp)"'(wo) ={(y.e) €Y x E: f(y) =p(e),y = f*p(y,€) = yo}
= {yo} x {e € E:p(e) = f(yo)}
={yo} x p (f(y0)) = {0} x Ep(yy) -

Here V is assumed to be equipped with the unique Hausdorff topological vector space structure (which is linearly
homeomorphic to C*, k = dim V); for references, see [Rud91], Theorem 1.21
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Besides, the operation maps
Cx f'E— f*E, (Asy,e) — (y, Ae)

and
{(.e),(/,€)) e ffEXf*E:y=y'} = f'E,  ((y,e),(y,€)) — (y,e+¢€)

are continuous by the continuity of operations in E. This shows that f*p: f*E — Y is a family of
vector spaces.

Moreover,
(fog)'E={(z,¢) € Zx E:(fog)(z) =ple)}

and

G E={(2€) e Zx f'E:g(z) = fp(e)}
={(zy,e) € ZxY x E: f(y) =ple),g9(z) =y}

are isomorphic since ¢: o0g)*E — ¢g*f*E, given b z,e) = (z,qg(z),e), is a bijective morphism
p ¥ g g , 8 y Lz, yg\z),€), ] 1%

with continuous inverse p~1(z,y,¢e) = (2, ¢). O

Corollary 2.6. Let p: E — X be a family of vector spaces over X and U a subspace of X. The
restriction of E to U, defined by E|y = p~'(U), is a family of vector spaces over U.

Proof. If i: U — X is the inclusion of U into X, then i*E = {(z,¢) € U x E : p(e) = 2} = p~}(U),

where such isomorphism can be given by ¢(x,e) = e whose inverse is ¢~ !(e) = (p(e), e). O

Definition 2.7. A family of vector spaces E — X is trivial if there exists a vector space V such
that F =2 X x V. A family of vector spaces p: E — X is said to be locally trivial if every x € X
admits an open neighborhood U such that E|y is trivial. An isomorphism E|y = U x V will be
called a local trivialization for the family F — X. A vector bundle over X is a locally trivial family
of vector spaces over X.

If ¢: F1 — FE5 is a morphism of families of vector spaces and if £; and E5 are vector bundles
over X, we shall call ¢ a bundle morphism (or bundle map). The definition of bundle isomorphism

is similar.

It follows directly from the definition of “local triviality” that the dimension of the fibers of a
vector bundle is locally constant: if £ — X is vector bundle and if x € X, the existence of the open
neighborhood U of « such that E|y is trivial tells us that dim £, = dim E, for every y € U simply
because these vector spaces are isomorphic.

The rank of a vector bundle E — X at a connected component of X is the dimension of the
fibers of F at any point of the component. If the rank of £ at every connected component of X is

the same, we call this integer number simply rank of £ — X.

Remark 2.8. Let £ — X be a vector bundle and let ¢;: E|y, — U; x CV, i = 1,2, be local
trivializations. The transition map @12 = 2 ocpl_lz (U1 NUy) x CN — (U3 NUy) x CV is of the form
(z,v) — (z,g12(z)v) for a unique g12(z) € GL(CY). This gives a map gio: Uy N Us — GL(CY)

that must be continuous by the continuity of 2. We will explore this fact in Section 2.1.3.
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Example 2.9. 1. The family of vector spaces X x V — X is a vector bundle.

2. The pullback object, described in Proposition 2.5, remains a vector bundle if the “pulled-back”
object is a vector bundle. Indeed, let f: Y — X be a continuous map and £ — X be a vector
bundle. For y € Y, consider an open neighborhood U of f(y) in X such that F|y is trivial.
Let ¢: E|y — U x V be an isomorphism. Then f~!(U) is an open neighborhood of  in Y
and ¢ f*E|p-1) — FHU) x V, given by 9(z,e) = (2, m0¢(e)), is an isomorphism, whose
inverse is precisely ¥~1(z,v) = (2,071 (f(2),v)).

Proposition 2.10. Let p: E — X be a vector bundle. If X is Hausdorff, so is E.

Proof. Let v1,vy € E, v1 # va. If p(v1) # p(ve), there exist disjoint open subsets Uy, Us C X such
that p(v;) € U;, and therefore V; = p~1(U;), i = 1,2, are disjoint open subsets of E with v; € V;.
Suppose p(v1) = p(ve) = z. There exist N € N, an open neighborhood U of z in X and a bundle
isomorphism ¢: E|yy — U x CV. Write p(v;) = (x,&;) and notice that & # & € CV, from where
we get disjoint open subsets Q1,2 C CV such that & € Q;. Then V; = ¢~ 1(U x Q;) are disjoint
open subsets of F such that v; € V;, i =1, 2. O

Proposition 2.10 does not hold for general families of vector spaces, as one can see in the following

Example 2.11. Let V be the vector space C* equipped with the trivial topology {0, (Ck}. For a
Hausdorff topological space X, let E' be the product space X x V| which is not Hausdorff. The
projection onto the first coordinate m1: £ — X, mi(x,v) = z, is a continuous surjective map such
that 7, !(z) = {x} x V has the structure of a vector space for every x € X. One can easily see that
the operation maps

CxE—E, (A, (z,0)) — (x, Av)

and
{((z,v), (z,0")) 1z € X,v,0 €V} — E, ((z,0), (x,0")) — (z,0 + )

are continuous, so that 71: ' — X is a family of vector spaces.

The following result shows that a bijective bundle morphism is a bundle isomorphism, proving

that the continuity of the inverse morphism is automatic in the context of vector bundles.

Proposition 2.12. Let £1 — X and Eo — X be vector bundles. A bundle morphism p: Ey — Es

is an isomorphism if and only if vi: (E1)z — (E2)z is a vector space isomorphism for each x € X.

Proof. If ¢ is an isomorphism, it is clear that ¢, is a linear isomorphism for each given z € X.

Conversely, suppose ¢, is a linear isomorphism for every x € X. Then ¢ is a bijection and it

1

remains to prove that ¢~ is continuous. Let U be an open subset of X such that FE;|y is trivial,

i=1,2. Let ¢;: E;|y — U xC" be bundle isomorphisms. The map 1/}20<p01/11_1: UxCN s Uxch
is of the form (x,&) — (z, fz(€)), where  — f, is a continuous map U — GL(CY). Since
g =roptoys s given by (x,€) — (x, f; 1(€)) and the inversion map A — A~! is continuous

in GL(CY), it follows that g is continuous. This gives the continuity of ¢~

1

in Fo|y. The arbitrariness

of U provides the global continuity of ™", as required. O

Definition 2.13. A continuous section of a family of vector spaces p: E — X is a continuous map

s: X — FE that satisfies pos =idx.
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Remark 2.14. Observe that a section s: X — FE of a family of vector spaces p: F — X is
a homeomorphism from X to its image s(X), since plyx)os =idx and sop|yx) = idyx). In
particular, X is homeomorphic to a subspace of E whenever the family £ — X admits a continuous

section.

Unfortunately, it is not always true that a family of vector spaces admits a section, as we can

see in the following

Example 2.15. Fix some nonnegative integer k& and consider E = ([O, 1) x (Ck) U ([2,3] X (Ck),
X =10,2] and p: E — X be given by

p(z,€) —{ -1, ifzel23

The operation maps
CxE—E,  (Nz,8)r— (3,)X),

and
{((,),(y,m) eExE:x=y} = E,  ((x,8),(x,n) — (x,£+1n),

are continuous. Then p: ' — X is a family of vector spaces. If s: X — FE is such that po s = idyx,

then necessarily s is of the form

(@) :{ (z, f(x))  ifze[0,1)
(x4 1,g9(x)) ifzell,?2]

for some f:[0,1) — C* and g: [1,2] — C¥, so that s cannot be a continuous map. Thus, £ — X

admits no continuous section.

Proposition 2.16. If a family of vector spaces p: E — X 1is trivial, then there exists N € N and
sections s1,+++ ,sn: X — E such that {s;(z)}X., forms a basis for E, for every r € X.

Proof. If E is trivial, there exists N € N and a bundle isomorphism ¢: X x CV¥ — E. Let {wi}gvzl
be a basis for CV. Fori =1,--- , N, consider s;: X — E given by s;(x) = (x,w;). The continuity
of ¢ and

posi(x) =poy(r,w;) =21

gives that each s; is a section of E. Since {w;} is a basis for CN and since Vg CN — E, is a linear

isomorphism, we have that {s;(x)} is a basis for E, for every x € X. O
Let us proceed to prove a converse of the previous result.

Lemma 2.17. Let p: E — X be a family of vector spaces, Z = {0, € E;: x € X} and U C E be
an open set such that Z C U. There exists an open set V. C E such that Z CV and tv € U for
every (t,v) € [0,1] x V.

Proof. By the continuity of the linear operations in F, it follows that

W ={(t,v) € [0,]] x E:tve U}
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is an open subset of [0, 1] x E. Besides, [0,1] x Z C W. By the Tube Lemma (Corollary 1.16), there
exists an open set V' C E such that

0,1] x ZC[0,1]xV CW.

The first inclusion implies Z C V and the last one implies tv € U for every (¢,v) € [0,1] X V, as
desired. O

Suppose p: E — X is a family of vector spaces and that there exist N € N and sections
s1, -+ ,8N: X — Esuch that {s;(x)}Y, is a basis for E, for every x € X. Themap L: X xCV — E,
defined by

N
Lz, &) =Y &isi(x)
i=1

is a morphism of families of vector spaces and satisfies L(x,ej) = s;(x) for every € X, where
{e;} is the standard basis for CV, so that L is a continuous bijection. Next, we show that L™! is

continuous.

Lemma 2.18. Let p: E — X, {s1,--- ,sy} and L: X x CN — E be as above. Let S = {¢ € CN
|€| = 1} be the unit sphere in CN. If E is Hausdorff and X is locally compact, then L(X x S) is

closed in E.

Proof. Let v e E\ L(X x S), x = p(v). Let V be a compact neighborhood of z in X. We have that
L(V x S) is compact and, therefore, closed in E. There exists an open neighborhood W of v in E
such that W N L(V x S) = 0. Then W Np~1(V) is an open neighborhood of v in E such that

Wnp t(VNL(XxS)CWNLV x8)=0.

This concludes the proof. O

Corollary 2.19. Let p: E — X, {s1,---,sn} and L be as in Lemma 2.18. Let S = {¢ € CV :
€| =1} and B = {€ € CN : |€] < 1} be the unit sphere and the open unit ball in CV, respectively.
If E is Hausdorff and X is locally compact, then there exists an open set V. C E such that

Z={0,€E,:x€ X} CVCL(X x B).

Proof. By Lemma 2.18, U = E \ L(X x S) is open and Z C U. By Lemma 2.17, there exists
an open set V. C FE such that Z C V and tv € U for every (t,v) € [0,1] x V. It remains to
show that V € L(X x B). Let v € E\ L(X x B) = L(X x (CN\ B)), say v = L(x, &) for some
(2,6) € X x (CN\ B). If v € V, then tv = tL(z,£) = L(x,tf) € U for every t € [0,1]. Letting
t =1/|¢| € [0,1], we would have

|€1’U—L<x7|§’> EUNL(X x 8),

a contradiction. Thus, we must have V C L(X x B). O
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Lemma 2.20. Let p: E — X be a family of vector spaces, s: X — E be a section of E and
A € C\{0}. The maps
v v and v — v+ s(p(v))

are homeomorphisms £ — E.

Proof. The continuity of these maps follows from the fact that the linear structures of the fibers

E, vary continuously with z. Notice that their inverses

1
v U and v— v — s(p(v))

are also continuous. O

We are now ready to prove the following converse of Proposition 2.16, whose proof I have learned

from Daniel Tausk.

Proposition 2.21 (Daniel Tausk - Private communication). Let p: E — X be a family of vector
spaces and assume that there exist N € N and sections s1,--- ,sn: X — E such that {s;(z)}¥, is
a basis for E, for every x € X. If E is Hausdorff and X 1is locally compact, then the continuous

bijection L: X x CN — E,

N
L(z,8) =) &si(x),
=1
18 a homeomorphism. In particular, E is trivial.

Proof. Fix (x,£) € X x CN, r > 0 and V an open neighborhood of z in X. Due to Lemma 1.17, it
suffices to prove that L(V x B(&,r)) is a neighborhood of L(x,¢) in E, where B(£,r) = {n € CV :
|E—n| < r}. Since E — X admits sections, we have that X is homeomorphic to a subspace of E (see
Remark 2.14), so that X is Hausdorff. From the fact that every open subset of a locally compact
Hausdorff space is itself locally compact, one obtain that V' is locally compact. The restriction of p
to p~1(V), p: p~1(V) — V, is a family of vector spaces over V. By Corollary 2.19, there exists an
open set W C p~ (V) such that

L(V x {0}) CW C L(V x B(0,1)).

Consider the section s: X — F given by s(y) = L(y,§). By Lemma 2.20, W' = {rw + s(p(w)) :
w € W} is an open subset of E. For y € V', since L(y,0) € W, we have

rL(y,0) + s(p(L(y,0))) = L(y,0) + s(y)
(y,0) + L(y, §)
(y,§) e W'.

L
L
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For w € W, since W C L(V x B(0,1)), there exists (y,n) € B(0,1) such that L(y,n) = w. Then

rw + s(p(w)) = rL(y,n) + s(p(L(y, n)))
= L(y,rn) + s(y)
= L(y,rn) + L(y,£)
=Ly, +rn) € L(V x B(&, 1))
Therefore
L(V x {&}) CW' C L(V x B(&,7).
This proves that L(X x B(&,r)) is a neighborhood of L(z,&) in F, as desired. O

2.1.2 Subbundles

Propositions 2.16 and 2.21 give a useful tool for proving that a family of vector spaces is a vector

bundle. Here is an example.

Proposition 2.22. Let E and F be vector bundles over a locally compact Hausdorff space X, and
let p: E— F be a bundle morphism. If x — dim @(E,) is locally constant, then p(E) is itself a

vector bundle.

Proof. By Proposition 2.10, we have that F is Hausdorff. In Remark 2.4 we have already seen that
©(F) is a family of vector spaces over X. It remains to show it is locally trivial, so let zgp € X be
fixed. Since F is a vector bundle, there exists an open neighborhood U of z such that E|y = U x cN
and Proposition 2.16 gives sections s1,--- ,sy: U — E such that {s;(x)}}Y, is a basis for E, for
every € U. Then {@os;(x0)}Y | spans ¢(Fy,), and we can choose 1 < iy < --- < i, < N such that
{0 51, (o))}
Zo such that {(po Si; (CU)}?:1 is linear independent for all z € V. Since dim ¢ (E,) is locally constant,

_, is a basis for ¢(FE,,). By continuity, there exists an open neighborhood V' C U of

it turns out that {pos;, (55)}?:1 is a basis for ¢(E;) for every x € V. By Proposition 2.21, it follows
that ¢(E)|y is trivial, as desired. O

Definition 2.23. A vector bundle F — X is said to be a (vector) subbundle of another vector
bundle E/ — X if there exists an injective bundle morphism o: E — E’.

Let E' — X be a vector bundle and E C E’ be such that p|g: E — X is itself a vector
bundle. Then the inclusion i: E — E’ is an injective bundle morphism. On the other hand, let
¢: E — E’ be an injective bundle morphism. Since dim ¢(FE,) = dim E, for every z € X, we have
that dim p(E,) is locally constant. By Proposition 2.22, ¢(FE) is itself a vector bundle whenever X
is locally compact Hausdorff, and it is isomorphic to E due to Proposition 2.12.

Therefore, provided that X is locally compact Hausdorff, the previous paragraph allows us to
say that a subbundle of a vector bundle E’ — X is simply a subspace F C E’ that is itself a vector
bundle.

Lemma 2.24. Let N € N, E — X be a rank N wvector bundle, V. C X be an open set and
81, -+ ,8k: V. — E such that {s;(z)}f_, is linearly independent for each x € V. There exist an
open set U CV and sections sgy1,---,Sn: U — E such that {s;(x)}; N *, 15 a basis for E; for every
zel.
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Proof. Let 29 € V, W C V be an open neighborhood of zg and ¢: E|yy — W x CV a lo-

cal trivialization. For i € {1,--- ,k}, let v;: W — C¥ be given by v;(z) = m o ¢ o s;(z).
Fix vpy1, - ,vny € CV such that {vi(zo), - ,ve(20), k1, -+ ,vn} is a basis for CV. Since
z s det[vi(x),- - ,vp(2), k41, - ,vN] is continuous and f(zg) # 0, there exists an open set

U C W such that f(z) # 0 whenever z € U. Thus B, = {vi(x), -+ ,vx(z), Vg41,- -+ ,on} is a basis
for C for each x € U. For j € {k+1,--- ,N}, define s;: U — E by sj(z) = ¢~ !(z,v;). Each s; is
a section and, for € U, we have that {s;(x)}}Y, is a basis for E, since ¢, is a linear isomorphism
that sends {s;(z)} to B. O

Proposition 2.25. Let E — X be a vector bundle of rank N. For each x € X, suppose we have
a k-dimensional linear subspace Iy, C E;. Then F = | | . Fy is a subbundle of E if and only
if every xg € X admits a neighborhood U and a local trivialization ¢: E|ly — U x CN such that
o(Fy) = {z} x (C* @ {0}) forz € U.

Proof. Fix o € X. Consider U a neighborhood of xg and ¢: E|;y — U x CV a local trivialization
such that ¢(F,) = {z} x (C* @ {0}) for z € U. Let 7: CV — CF be the projection onto the first &
coordinates, 7(vy, - ,vn) = (v1,- -+ ,v). The map ¢: F|y — U x CF, given by ¢ = (idy x 7)o,
is a local trivialization for F'. Since g € X was arbitrary, we have proved that F' — X is a vector
bundle, begin therefore a subbundle of £ — X.

Conversely, assume F' — X is a subbundle. For ¢y € X, let V' be a neighborhood of zy such
that F|y = V x CF. Proposition 2.16 gives sections s1,--- ,s;: V — F such that {s;(z)}F_, is a
basis for F, Vz € V. By Lemma 2.24, there exists U C V and sections Sg11, -+ ,Sny: U — E such
that {s;(z)}, is a basis for B, Vz € U. Let {e;}}Y; be the standard basis for CV and {e}}¥, its
dual basis. Define y: U x CN — E|y by x(z,v) = Zf\il ef(v)si(x). Then x is a bijective bundle
morphism and Proposition 2.12 allows us to say that x is an isomorphism. The map ¢ = x ™! is

the desired local trivialization, since ¢(s;(x)) = (z,¢;) for x € U, i € {1,--- ,N}. O

Notice that X is an arbitrary topological space in the previous result, no hypothesis on com-

pactness or Hausdorffness was necessary.

2.1.3 Transition Data

Let p: F — X be a vector bundle of rank N. By definition, there exist open subsets of X,
{Ua}aca, such that (J,c 4 Us = X, together with isomorphisms ¢, : Ely, — Uas X CN. For each
a, 8 € A, the composition

Yap = g0t (UaNUg) x CN — (U, NUg) x CV

is an isomophism, which must be of the form (z,u) — (, gop(x)u), for a unique linear bijection
9ap(z) € GL(CN). This implies that the map ¢, is determined by gag: Us MUz — GL(CY) (and,
of course, g3 is determined by ¢q4). From the continuity of .3 we obtain the continuity of gag.
The collection
{9ap: Ua N Us = GL(CY)}a,6e4

is called transition data of the vector bundle £ — X. Note that such collection satisfies the cocycle
condition
908(%)g8y(T) = gary(x) Vee UyNUgNU, Va,pB,v € A. (2.1)
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It turns out that this condition describes vector bundles completely, in the sense of the following

Proposition 2.26. Suppose we have an open cover {Uy}aca of a topological space X together with
continuous maps {gag: Ua NUs — GL(CN)}, gea satisfying cocycle condition (2.1). Then there
exists a vector bundle E — X of rank N whose transition data is precisely the given collection
{gas}-

Moreover, if the transition data {gag} arises from a vector bundle ' — X, then the previous

bundle E s isomorphic to F.

Proof. First note that condition (2.1) implies gaa(%)gaa () = gaa(z), so we have
Jaa(T) = iden Ve e Uy, Vae A (2.2)
It also follows that go5(2)gga () = gaa(r) = idcn, and therefore
9op() ! = gpa() VeeU,NUg Va,B € A. (2.3)

Let Z = || e Ua X C" equipped with the disjoint union topology. In Z, consider the following
relation: for (z,u) € Uy x CV and (y,v) € Ug x CV,

T=y
(2,u) ~ (3,0) < {U:%(m)u

We have, for (z,u) € Uy x CV, (y,v) € Ug x CV and (z,w) € U, x CV,
o (z,u)~ (z,u) by (22),
o (z,u) ~ (y,v) = (y,v) ~ (xz,u) by (2.3),

. { (2,u) ~ (y,0)

= (z,u) ~ (z,w) by (2.1).
(y,v) ~ (z,w)

This shows that ~ is an equivalence relation in Z and we are allowed to consider the quotient space
E = Z/~. Let q: Z — E be the quotient map, q(z,u) = [z, ul, for (z,u) € U, x CV, and define
p: E — X by plz,ule = mi(x,u) = = (note that p is well defined since [x,u]o = [y,v]g implies
x =y). Next, we prove that p: E — X is the desired vector bundle.

For o, B € A, let wop: (UaNUg) x CN — (UyNUg) x CN be given by ¢as(w,u) = (2, gap(w)u).
It is easy to see that ¢,z is a bijective bundle morphism and hence an isomorphism, by Proposition
2.12. If W C Ug x CV for some B8 € A, then ¢~ (q(W)) = | |,c Pas(W N(Uy x CV)). This, and the
fact that each ¢qg is open, imply that ¢ is an open map (to see that, just let W be an open set).
For oo € A, let qo = q|y, xc~- Since g4 is an injective open map, it is a homeomorphism between
Uy x CN and q(U, x CN) = p~1(U,) = E|y,, which is linear in the fibers and clearly commutes
with projections. Thus,

Yo = qglz Ely, = Uy X chN

is a bundle isomorphism. This proves that p: £ — X is a vector bundle.
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Note that, for (z,u) € (U, NUg) x CV,

B o (p;l(x>u) = 90,8[377 u]a
= (:L" gaﬁ(x)u) ’

proving that the transition data of p: ' — X is precisely {gag}, as desired.

Now, let p’: E' — X be a vector bundle with transition data {g.g}. For a € A, consider
ol p Y U,) — Uy x CN an isomorphism such that P50 @t are given by (z,u) — (2, gag()u).
Define ¢: E' — E by t(w) = [¢/,(w)]s whenever p'(w) € U, (¢ depends only on w and not on «,
since [}, (w)]a = [pas(pa(W))]s = [ps(w)]s for p'(w) € Ua N Ug). Observe that, if (z,u) € Uy x CV
for some «a € A, then

/

Yo 90:1_1(567’“) = [(Pa o gpi;l(az,u)]a = [SU’ u]a )

so that the map p, = q; ooy t: Uy x CN — U, x CV coincides with the identity. In particular,

o © Pa © P, 1s continuous. This proves that 1 is continuous. Also,

pop(w) = pleh(w)la
=m0 %(W)
=p'(w),

and we conclude that 1) is a bundle morphism. Since ¢, and ¢/, are isomorphisms, we have that 1

is a bijective bundle morphism and therefore an isomorphism, by Proposition 2.12. ]

2.1.4 Operations with Vector Bundles

Just like in the case of vector spaces, there is a natural way to construct the direct sum of two

vector bundles, called Whitney sum.

Proposition 2.27. Let p: E — X and q: F — X be vector bundles. Consider

E®F = {(e,f) € Ex F:ple) = alf)}.

Thenp ®q: E®F — X, given by (p® q)(e, f) = ple) = q(f), is a vector bundle with fiber at x
isomorphic to E, @ F.

Proof. Note that p & ¢ is precisely the restriction of the composition E x F - E L5 X to the

subspace E @ F', then it is continuous and surjective. Besides, for x € X,

(B@F)s=(p®q) " (2)={(e,f) eE®F :ple) = q(f) =z}
=p H(z) x ¢ '(z)
=2FE, ®F,.

To see local triviality at a fixed point z, let U be an open neighborhood of = and consider local
trivializations

p: Ely - U xC™ and Y: Fly U xC"
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and define x: (E@® F)|ly = U x (C"™ & C") by

X(@, f) = (p(e); Spp(e)(e)7wq(f)(f)) .

It is not hard to see that  is continuous, fiberwise linear and bijective, with inverse xy ~!(z;u, v) =

(o7 (u), 5 (v)). Thus, x is an isomorphism and the local triviality of E @ F — X follows. O

Remark 2.28. It can be proved that the Whitney sum satisfies the same properties that the direct
sum of vector spaces does. For instance, if Fq, Fy and F3 are vector bundles over X, one can easily
see that F1 ® By & Eo @ Ey and (E1 @ E2) @ Es = E1 & (Ey® E3). Besides, if E > E' and F = F’
as vector bundles over X, it follows that E® F = E' @ F.

Proposition 2.29. Let E1 — X and Ey — X be vector bundles and let f: Y — X be a continuous
map. Then f*(E1 @ Eo) = f*E1 & f*FEy as vector bundles over Y.

Proof. It follows directly from the definitions. If p; denotes the projection of the bundle E;, we have

E1 ® Ey = {(e1,e2) € E1 x Ey : pi(e1) = pa2(e2)},
[PEi ={(y,e;)) €Y X E; : pi(e;) = f(y)}, (i =1,2)
[(E1© Eg) = {(y;e1,e2) €Y X (E1 @ Ez) : p1(er) = f(y) = p2(e2)}

and

[*Er @ f*Ey = {(u,v) € f*Ey x f*Ey: f*p1(u) = fpa(v)}
={(y,e132,e2) € (Y x En) x (Y x Eg) : p1(e1) = f(y),p2(e2) = f(2),y = 2}
={(y,e1;9,e2) € (Y x E1) x (Y x E) : pi(e1) = f(y) = pa2(e2)}.

The map f*(E1 @ E2) 3 (y;e1,e2) — (y,e1;y,e2) € f*E1 @ f*Ey is an isomorphism. O

Proposition 2.30. Let X be a locally compact topological space. Let Ei, Eo and FE3 be vector
bundles over X. Assume that we have bundle morphisms f: E1 — FEs and g: Es — E3 such that

By 9 Ej 0 (2.4)

s a short exact sequence of vector bundles. If there exists a bundle morphism s: Ey — E1 such that
so f=1idg,, then

(i) there exists a bundle morphism s': Es — Es such that go s’ =idg, , and
(’LZ) Ey =2 FE1 & FE;3.

Proof. Fix z € X. Given v € (Es);, we have v = (v— fos(v))+ fos(v), where v — fos(v) € Ker s,
and fos(v) € f((E1)z). Thus (Ez), = Ker s; + f((E1),). Besides, if v € Ker s, N f((E1)az),
there exists u € (FEp), such that f(u) = v, and we have 0 = s(v) = so f(u) = u, so that
v = f(u) = f(0) = 0. This proves that (F3), = Ker s, @ f((E1)z). In particular, since f is
injective, we have that x — dim Ker s, is locally constant. Let us prove that Ker s is a subbundle
of Ey. Consider the bundle morphism ¢ : Fy — FEy given by ¢ = idg, — f o s, ¥(v) =v — fos(v).
Observe that, for z € X, ¢((E2),) = Ker s;, so that x — dim¢((E2),) is locally constant. By
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Proposition 2.22, Ker s = ¢ (F3) is a vector bundle over X, and therefore it is a subbundle of E».
For every z € X,
(E2), = Ker s, @ f((E1)z) = Ker s, @ Ker g, (2.5)

by exactness of (2.4). Thus, ¢g sends Ker s, isomorphically onto (E3),. Therefore, by Proposition
2.12, the restriction g|ker s: Ker s — FEj3 is a bundle isomorphism. The map s’ = (g|ker s) ' satisfies
(i). To see (i1), observe that ¢: Ey@® FE3 — Es, given by ¢(v1,v3) = f(v1)+s'(v3), is an isomorphism,
again by Proposition 2.12 and (2.5). O

We can also construct quotient vector bundles.

Proposition 2.31. Let p: E — X be a vector bundle and E' — X be a subbundle of E. There
exist a vector bundle E/E" — X and a bundle map o: E — E/E’ such that

(i) (E/E")y & E,/E. for every x € X , and
(ii) for every vector bundle Ey — X and every bundle map p: E — Ej, there exists a bundle map
$: E/E" — E1 such that p = poo.
Proof. In E, consider the equivalence relation

O
u—v e p(w)

Let E/E' = E/~ and q: E/E'" — X be given by ¢([u]) = p(u) (it is well defined since [u] = [v]
implies p(u) = p(v)). Continuity and surjectivity of p imply the same properties for g. Also,

(E/E)a = ¢ @) = {lu] € E/E': q([u]) = o)
— {jul € B/E': p(u) = 2}
~ I,/E,

for every © € X. Next we prove local triviality. Fix zp € X. By Proposition 2.25, there exist an

open neighborhood U of x and a local trivialization
¢: Ely > U xCN*F = U x (CN ¢ CF)

such that p(E.) = {z} x (CN @ {0}) for every € U. Let 7: CV @ C¥ — CF be the standard
projection. If u,v € E|y satisfy u ~ v, then

(idy x m) o p(u —v) = (idy x w)(p(u); 2,0) = (p(u),0)

(for some z € CV) implying (idy x 7) o ¢(u) = (idy x 7) o p(v). Thus, we have a well defined
continuous map ¢: ¢ (U) — U x ({0} @ C¥) given by ¢([u]) = (idy x 7) o p(u). It is easy to
check that v is bijective and ¥~! is precisely (7;0,w) — [@~1(2;0,w)]. It follows that 1 is an
isomorphism, proving the local triviality of E/E’.

Let o: E — E/E' be the quotient map u — [u], which is a bundle map by the very definition
of ¢. By properties of quotient topology (described in Proposition 1.18), one establishes (ii). [
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2.1.5 Vector Bundles over Compact Hausdorff Spaces

To study some nice properties that vector bundles over compact Hausdorff spaces satisfy, we
begin with a few technical lemmas. In this section, X will always denote a compact Hausdorff

topological space unless otherwise specified.

Lemma 2.32. Let Y be a closed subset of X and E,F — X be vector bundles. If o: E|ly — Fly
is a bundle morphism, there exists a bundle morphism 6: E — F such that 6(e) = o(e) Ve € Ely.

Proof. Arguing in each connected component, we can assume that X is connected. By compactness,
there exists a finite open cover {Uy,- -+, Uy} of X and local trivializations ¢y : Elg- — U, x CN and
Vi Flg: — Uy, x CM Defining oy : Ely g = Flyqm; to be the restriction of o to Ely 7, we see
that the map ¢y 0009, : (Y NUg) x CV — (Y NTy) x CM has the form (z,v) — (, fi(z)(v))
for some continuous map fi: Y NU, — B(CYN,CM) = CMN | By Tietze extension theorem? (since X
is compact Hausdorff, so is Uy), there exists a continuous map fk: Uy, — B(CN,CM) = CMN guch
that fi.(z) = fi(z) Vo € Y NUy. Let ol Elg- — Flg;; be the map induced by fr (o}, is a bundle
morphism that extends o) and consider {\;}}_; a partition of unity subordinate to {Uy}}_;. If
p: E — X is the bundle projection, define 65: £ — F by

N ) M(ple))ayle) ifee p 1 (Uy),
or(e) =

0 otherwise.

Let 6 = >, 0x: E — F. We clearly have that & is a bundle morphism and Ve € Ely

G(e) =Y Gule)
k=1
= > Ailp(e)djle)

)
ecp~H(Uj)

= D N(e)ay(e)
eep‘jl(Uj)
= 2 Ae)ale)
eepjl(Uj)

=o(e). O

Lemma 2.33. Let E — X and F — X be vector bundles over an arbitrary topological space X,
and let o: E — F be a bundle morphism. Then O, = {x € X | 0,: Ey — Fy is an isomorphism }

1S open.

Proof. Let x € O,. There exists an open neighborhood U of x such that E|y = U x CN = F|y.
The restriction of o to E|y, op: E|y — F|y induces a continuous map fir: U — B(CY,CN). Since
fu(z) belongs to the open set GL(CY), there exists an open set V C U such that € V and
fu(V) € GL(CY). Then clearly V C O,, concluding that O, is open. O]

Lemma 2.34. Let p: E — X x [0,1] be a vector bundle and i;: X — X x [0,1] be given by
it(z) = (x,t). Then iyE = i{E.
2Theorem 1.14
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Proof. For 7 € [0,1] we have E|x,(;} = i;E (¢(v,e) = e is an isomorphism). Define E7 = i F x
[0,1] and p;: E™ — X x [0,1], pr(z,e;t) = (x,t). Fix (x,t) € X x [0,1] and let U be an open
neighborhood of = such that (i*E)|y =2 U x CV. Then U x [0, 1] is an open neighborhood of (z, )
in X x [0,1] satisfying p;1(U x [0,1]) = (i*E)|y x [0,1] = (U x [0,1]) x CV. This shows that
pr: BT — X x [0,1] is a vector bundle.

Using Proposition 2.12, we see that o: E|x, (-} = E7|xx{r}, given by o(e) = (mip(e), e, ), is
a bundle isomorphism, where m: X x [0,1] — X is the projection onto the first coordinate. By
Lemma 2.32, there exists a bundle morphism 6: ' — E7 extending o. Lemma 2.33 gives that the
set

Os = {(z,t) € X x [0,1] | 6(xt): E(a,t) = E{, ) is an isomorphism }

is open in X x [0, 1]. Besides, X x {7} C O3, since o itself is an isomorphism. By the Tube Lemma?,

there exists an interval I 5 7 open in [0,1] such that X x I C Os. It follows from Proposition
2.12 that E|xx7, N E7|x 1. is a bundle isomorphism.

Now, for t € I, we have i £ = El|x,y & E7|[xxqy = i3 F (here, the map (z,e;t) — (z,¢)
provides the latter isomorphism). Thus, i; E' = X F for every t € I;.

Since [0, 1] is compact, we can write [0, 1] = Ip U I, U--- I, UI; and conclude that i{E = iE,

as desired. O
We are now ready to prove the following

Theorem 2.35. Let X be a compact Hausdorff space, Y be any topological space and E —'Y be a
vector bundle. If f,g: X — Y are homotopic, then f*E = g*E.

Proof. Let H: X x [0,1] — Y be a homotopy between f and g. For ¢ € [0, 1], denote i;: X —
X x[0,1], ix(x) = (x,t). We have f = Hoig and ¢ = H oi;. Then Proposition 2.5 and Lemma 2.34
give

ffE=(Hoiy)'E=iy(H'E)=i](H'E) = (Hoi1)"E =g"FE. O
There is also a way to embed a vector bundle into a trivial one.

Proposition 2.36. FEvery vector bundle over a compact Hausdorff space is a subbundle of a trivial

vector bundle.

Proof. Let p: E — X be a vector bundle. Arguing in each connected component, we can assume
that X is connected. By compactness, there exists a finite open cover {U;}}_, of X and local
trivializations o : E|y, — U x CV. Let {A\k}}_, be a partition of unity subordinate to {Uj}}_;.
If m9: X x CN — C¥ denotes the standard projection, consider ®;: E — CV given by

sy« { MDA 2108

and define ®: E — (CN @ ---@CN) by & = &1 @ --- @ ®,,, that is,

D(e) = (Pi1(e), -+ ,Pple)), eckE.

3Lemma 1.15
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Let 0: B — X x (CN @ ---@®CY) be given by a(e) = (p(e), ®(e)). By construction, ¢ is a bundle
morphism. To see that o is injective, it suffices to prove that @ is injective. For every x € X, consider
b, = ®|p,: B, — (CN @ --- @ CN). It suffices to prove that @, is injective. If e € Ker (®,), then
0 = Pr(e) = Me(ple))ma(pr(e)) for all k € {1,--- ,n}. If k is such that Ag(p(e)) # 0, and hence

p(e) € Uy, then mo(pr(e)) = 0 and we have e = 0 since @y, is an isomorphism. O

The following technical Lemma is useful when dealing with continuity of orthogonal projections.
It will be used right below and in Chapter 3.

Lemma 2.37. Let X be an arbitrary topological space and E — X be a vector subbundle of X x CN.
Forx € X, let P, € B(CN,CY) be the orthogonal projection onto E,. The map P: X — B(CN,CN),

xr — P, is continuous.

Proof. By Proposition 2.25, for y € X there exists an open neighborhood U C X of y and a
bundle isomorphism ¢: U x CN — U x CV such that ¢(E,) = {z} x (C* @ {0}) for every 2 € U.
Let ¢: U x C¥ — U x CN be given by ¢(z,&) = ¢ (x;£,0). There exists a continuous map
A: X — B(Ck,CN), 2 — A, such that ¢(x,&) = (z,A4.8). For x € X, A,: CF — E, is a
linear isomorphism. For each z € X, A* A, € B(CF,CF) is a positive self-adjoint operator such that
Ker (AXA;) C Ker A, = {0} (since (AXA.&,€) = ||AE||?), so that A% A, is invertible. Consider
the map R = A(A*A)~'/2: X — B(CF,CY), which is continuous because taking the square root
of a linear operator is a continuous map?. We have (RR*)? = RR* = (RR*)* so that R, R} is the
orthogonal projection of CV onto R,(C*) = A,(C*) = E,. Thus P = RR*, which concludes the
proof. O

Proposition 2.38. Let E — X be a vector bundle. There exists a vector bundle E+ — X such
that E & E* is trivial.

Proof. By Proposition 2.36, E — X is a subbundle of X x CV for some N € N. Thus, E can be
seen as a topological subspace of X x CV. Seeing each fiber E, as a linear subspace of CV, we can
consider
Et= | |(B.)" <X xCV.
zeX
First, let us see that E+ is a subbundle of X x CV. For every z € X, let P, € B(CY,C") be the
orthogonal projection onto E,. By Lemma 2.37, the map « — P, is continuous. We have then
a bundle morphism ¢: X x CY¥ — X x CN given by ¢(x,&) = (z,6 — Py(€)). Observe that
o({z} x CN) = (E,)* for every # € X, so that (X x CV) = E*. Since x — dim E, is locally
constant, it follows that o — dim ({2} x CV) is locally constant, and we can apply Proposition
2.22 to conclude that E* is a vector bundle.
Notice that 1: X x CN — E® E*+, given by ¢(2,£) = ((z, Ps(€)); (z,€ — Py(£))) is a bundle

isomorphism, concluding the proof. O

2.2 K-Theory

The construction of topological K-theory relies on the concept of Grothendieck completion of a

commutative monoid (see Section 1.1), a notion that generalizes the way we obtain Z from N.

4See Corollary 1.31.
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2.2.1 The Functor G

A Grothendieck completion of a commutative monoid M is a pair (A, i), where A is an abelian
group and 7: M — A is a monoid morphism, satisfying the universal property: for every abelian
group G and every monoid morphism f: M — G there exists a unique group morphism ¢: A — G
such that f = ¢ o1, that is, such that the diagram

P

M—i>

oo Q

is commutative.
As usual, this universal property gives uniqueness up to isomorphism of such object. For let M
be a commutative monoid and let (Aj.i1) and (Ag,i2) be Grothendieck completions of M. We have

group morphisms ¢: A1 — Ay and : A3 — A; that commutes the diagrams

Al A2
P s
M T) A2 M T) A1
R DRt
11 | 12 |
Al A2

implying ¢ opoi; =iy and porpoiz = ig. Since idy, : Aj — Aj, j = 1,2, also satisfies id4, oi; = ij,
we conclude that ¥ o ¢ = id4, and p oy = id4,. Thus, ¢ is an isomorphism between the groups
Ay and As which satisfies i = @ 0 47.

With that said, we can write “the” Grothendieck completion of a commutative monoid M, and
we will denote it by (G(M),i).

Theorem 2.39. Fvery commutative monoid admits a Grothendieck completion.

Proof. Let M be a commutative monoid. In M x M, consider the relation
(a,b) ~ (a',1/) <= there exists c € M such that a + b +c=d" +b+c.

This is an equivalence relation since
e (a,b)~(a,b)asa+b+0=a+b+0,
e (a,b) ~(d,V) = a+V+c=d +b+c = d+b+c=a+V+c = (d,V)~ (a,b),

{(a,b)w(a’,b’) {a+b’+c-a'+b+c
[ ] e

= a+b' +2=a"+b+ 2z, where
(CL/, b/) ~ (a//’b//) a/+b//+d — a//+b/+d

z=a +b + c+d, and it follows that (a,b) ~ (a”,b").

Let G(M) = M x M/ ~ and denote [(a,b)] the equivalence class of (a,b). By the very definition
of the equivalence relation, the operation +: G(M) x G(M) — G(M) given by [(a,b)] + [(d/,1)] =
[(a+a,b+1)] is well defined. Associativity and commutativity of + follow from similar properties

of the operation of M. Note that, for every a,b € M,
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e [(a,0)] +[(0,0)] = [(a + 0,6+ 0)] = [(a, )],
e [(a,b)] +[(b,a)] = [(a+b,a+b)] =][(0,0)] since (a+b)+0+0=0+ (a+0b)+0.

Thus G(M) is an abelian group with [(0,0)] as neutral element and —[(a,b)] = [(b,a)] for a,b € M.
Let ipr: M — G(M) be given by ip(a) = [(a,0)]. Since ip/(0) = [(0,0)] and Va,b € M

ine(a+0) = [(a+0,0)] =[(a+b,0+0)] = [(a,0)] +[(,0)] = in(a) +irr(b),

we have that 77 is a monoid morphism. Now let G be an abelian group and f: M — G be a monoid
morphism. Observe that, if [(a,b)] = [(a’, V)], there exists ¢ € M such that a +0 +c=d +b+ ¢
and therefore f(a) — f(b) = f(a’) — f(V/) in G. Then the map ¢: G(M) — G given by ¢([(a,b)]) =
f(a) — f(b) is well defined. Note that ¢([(0,0)]) = f(0) — f(0) = 0 and for every a,a’,b,b’ € M

e o([(a,0)]+[(d",V)]) = p([(a+d',b+V)]) = fla+d) = fF0+V) = fla)+ f(a) = f(b) = f(V) =
fla) = f(b) + f(a) = f(V) = o([(a, b)]) + ¢ ([(a’,6)])

o p(=[(a,0)]) = ¢([(b,a)]) = f(b) — f(a) = =(f(a) = f(b)) = —&([(a, b)])
¢ p(in(a)) = ¢([(a,0)]) = f(a) = f(0) = f(a)

proving that ¢ is a group morphism satisfying ¢ oiys = f. Since iy (M) generates the group G(M),
we have that ¢ is the only map with such properties. O

Example 2.40. The Grothendieck completion of N is isomorphic to Z. An obvious isomorphism is

¢: G(N) = Z, given by ¢([(n4,n-)]) =ny —n—.

Example 2.41. The Grothendieck completion of (Z*,-) is (Q*,-). The map ¢: G(Z*) — Q*,
given by ¥([(a,b)]) = a/b, is easily seen to be a group isomorphism.

Proposition 2.42. Let My and My be commutative monoids. If f: My — Moy is a monoid mor-
phism, there exists a unique group morphism G(f): G(My) — G(Ma) such that

94, G(My)

iMIT TiMQ
My — M
1s a commutative diagram. Moreover, if M3 is a commutative monoid and g: My — Ms is a monoid

morphism, we have G(go f) = G(g)oG(f). Besides, G(idnr) = idgnr) for every commutative monoid
M.

Proof. Since iy, o f: M; — G(M>) is a monoid morphism, there exists a unique group morphism
w: G(My) — G(My) such that iy, o f = @ oipy. Define G(f) = .

In case My = My = M, we have iy oidy = idg(pp) © iy, and uniqueness of G(idys) implies
G(idyr) = idg(ary- Similarly, we have the commutative diagram

g 2% ) 29 gy

iMlT iMQT Tng,

M1 7 > MQ M3
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implying that G(g) o G(f) o inr, = G(g) oing, © f = ingy © g o f. This, together with uniqueness of
G(go f), gives G(go f) =G(g) o G(f)- O

To sum up, Proposition 2.42 shows that G is a covariant functor from the category of commu-
tative monoids into the category of abelian groups.

The following result is a consequence of the general fact of category theory that left adjoint
functors respect limits as well as right adjont functors respect colimits (see [Mac98|). The functor
G is the left adjoint of the forgetful functor from the category of abelian groups into the category
of commutative monoids, that sends an abelian group to itself seen as a commutative monoid. We

will give a more elementary proof though.

Proposition 2.43. For {M,}, a family of commutative monoids, it is true that
G(EPM.) = PI(Ma).
[0 (0%

Proof. The universal property of G gives ¢: g(@a Ma> — @, 6(M,) commuting the diagram

D, 9(Ma)

Do Mo — G( D, M)

Do Mo

Let us prove that ¢ is an isomorphism. For each (3, consider the natural inclusions
jo: Mg — €D M, and ks: G(Mg) — EPG(M.).
(03 (0%

The universal property of direct sum allows us to join the dashed arrows obtained in the commu-

tative diagrams

- 7
My 2 @, M, 2 g(@a Ma)

e
ilblﬁl /,/’/

G(Mpg)

to get a map ¢: @, G(My) — g(@a Ma> satisfying 1 o kg o iy, = (zé Ma) o jp for all .
Now, the diagram

@aMa i*> g(@a Ma)
commutes since
wog)o(i@a}%)ojﬁz@bo (@iMa) ojﬁzwok/goiMﬂ = (iGBaMa)ojB
«

for all 8. Notice that this diagram still commutes if we exchange ¥ o ¢ for id . ( ) Thus

@a Mo,
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¢O(p:idg(€9aMa).

Furthermore, the diagram

G(Ma)

D, G(Mq
/kﬁ Tsoow

G(My) > B, G(Ma)

also commutes since
(powokﬁoiMﬁ :(po(ieaaMa)oj[g: (@iMa)oj/g:k[goiMﬁ
«

As before, this diagram remains commutative if we exchange ¢ o ¢ for idgy g(m,), and this allows
us to conclude that p o = id@a G(Ma)-
This proves that ¢ is an isomorphism between g(@a Ma> and @, G(M,). O

2.2.2 The Functor Vect

Now that we have constructed the Grothendieck completion of a commutative monoid and
established some of its properties, we are ready to introduce the K-theory group of a compact
Hausdorff topological space. For such a space X, denote by Vect X the set of all isomorphism
classes of vector bundles over X. Formally, an element of Vect X is represented by a vector bundle
F— X:

[E] = {F | F — X is a vector bundle over X and F = E}.

Using the Whitney sum of vector spaces, we can equip Vect X with the operation
[E]+[E] = [Ee E]

that, due to Remark 2.28, turns out to be well defined, associative and commutative. It obviously
has [X x {0}] as neutral element. Thus, Vect X is a commutative monoid.

If f: Y — X is a continuous map between compact Hausdorff topological spaces, Proposition
2.5 and Example 2.9.2 say that f induces a map f*: Vect X — Vect Y that sends [F — X] to
[f*E — Y]. Indeed, if E; — X and EFy — X are isomorphic vector bundles and if ¢: F; — Fs is a
bundle isomorphism, the map v¢: f*E; — f*Es, given by ¥(y,e1) = (y,¢(e1)), is an isomorphism.
Due to Proposition 2.29, the induced map f*: Vect X — Vect Y is a monoid morphism. Besides, if
g: Y — X is another continuous map homotopic to f, then f* = g* by Theorem 2.35. In particular,
f* is a monoid isomorphism between Vect X and Vect Y if f is a homotopy equivalence®. All of

this discussion can be summarized in the following

Theorem 2.44. Vect is a contravariant homotopy-invariant functor from the category of compact

Hausdorff topological spaces into the category of commutative monoids.

5A homotopy equivalence is a continuous map f: Y — X such that there exists a continuous map g: X — Y
satisfying the property: f o g and g o f are homotopic to idx and idy, respectively. If there exists a homotopy
equivalence f:Y — X, the spaces X and Y are said to be homotopy equivalent (or are said to have the same
homotopy type).
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Example 2.45. 1. If X is a point, a vector bundle over X is simply a vector space, so the
isomorphism classes of vector bundles are completely characterized by the dimension of such
space. Thus Vect X = N.

2. If X is contractible®, the homotopy-invariance of the functor Vect implies immediately that

Vect X = Vect {p} = N for every p € X, so that every vector bundle over X is trivial.

2.2.3 The Functor K

We define the K-theory functor by composing the functor Vect with the functor G.

Definition 2.46. The K-theory group (or K-group) of a compact Hausdorff topological space X,
denoted by K(X) (or K°(X)), is defined to be

K(X) = G(Vect X).

For simplicity, we will denote [E] € Vect X and ivect x([E]) € K(X) by the same symbol [E].
So a typical element of K(X) can be written as [E] — [F], where E and F are vector bundles over
X.

If X and Y are compact Hausdorff spaces and f: X — Y is a continuous map, we have a monoid
morphism f*: Vect Y — Vect X and, by Proposition 2.42, a group morphism K(f) =G(f*): K(Y) —
K(X).

The main properties about K will be summarized as follows.

Theorem 2.47. K is a contravariant homotopy-invariant functor from the category of compact

Hausdorff topological spaces into the category of abelian groups.

Proof. Composition of a contravariant functor with a covariant functor gives a contravariant functor.
It remains to show the homotopy invariance of K. If X and Y are homotopy equivalent compact
Hausdorff topological spaces, there exists a homotopy equivalence f: X — Y. In the discussion
before Theorem 2.44, f*: Vect Y — Vect X is a monoid isomorphism. Functoriality of G implies
that K(f) = G(f*): K(Y) = K(X) is a group isomorphism. O

12

Example 2.48. If X is a contractible space, we have Vect X = N and therefore K(X) = G(N) = Z.

In particular, the K-group of a point space is isomorphic to Z.

Given a family of topological spaces { Xqec 4}, we denote by | |, 4 Xq its disjoint union equipped
with its canonical topology.
If Ais finite and each X, is compact Hausdorff, the disjoint union | |, 4 X is compact Hausdorff

as well.

Proposition 2.49. If {Xy,---, X,,} is a family of compact Hausdorff spaces, then

K<|i|Xk) S éx(xk).
k=1 k=1

A topological space is contractible if it has the same homotopy type of {p} for every p € X.
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Proof. Let X = | |;_; Xj. Observe that a vector bundle over X is just a choice of a vector bundle
over each Xj, so that Vect X = @;_, Vect Xj,. By Proposition 2.43, we have

3

K(X) = G(Vect X) = g(éVGCt Xk) = ég(Vect Xy) = K(Xk)
k=1

k=1 k=1
as desired. 0

Proposition 2.50. Let X be a compact Hausdor(f space. Every element in K(X) can be written in
the form [E] — [X x CV] for some vector bundle E — X and some N € N. Moreover, two elements
[E] — [X x CN] and [F] — [X x CM] are equal in K(X) if and only if there exists r > 0 such that
E® (X xCM*)y = F g (X x CN*7).

Proof. Let [E1]—[Es] € K(X). Proposition 2.38 gives a vector bundle Ey — X such that Eo® Ey =
X x CN for some N € N. Then, in K(X), we have

[B1] - [B2] = ([B1] - [E2)) + ([By] — [Ey]) = [E1 & Ey] - [B2 @ B3] = [E] — [X x C]

where F = E1 @ Ey.
Recall that, in K(X), we have

there exists a vector bundle G — X such that

El-[XxCN]=[F] - [X xCM] <= 2.6
=1 J=1r = ] EaXxCMeG=FaXxCV)aG (26)

Suppose there exists r > 0 as in the hypothesis. Letting G = X x C", (2.6) implies that
[E] — [X x CN] = [F] — [X x CM] in K(X). (2.7)

Conversely, suppose equation (2.7) holds. Then there exists G — X as in (2.6). Using again Propo-
sition 2.38, there exists r > 0 such that G & G+ = X x C". Thus

Ee(XxCMaGeGtr2Fe(XxCV)aGaGh,

which is precisely
E@ (X xCMMy=Fg (X xCVt),

concluding the proof. O



Chapter 3

Families-Index and Atiyah-Janich

Theorem

In this chapter we are mainly interested in understand the elements of functional analysis behind
the Atiyah-Jénich Theorem. We give details of what was done in [Ati67], [Muk13| and |Brel6|.

3.1 Fredholm Operators

Let V7 and V5 be arbitrary vector spaces.

Definition 3.1. A linear map T': V; — V4 is said to be a Fredholm operator if Ker T = T—1(0) and
Coker T' = V5 /T (V1) are both finite dimensional. In case V; and V3 are normed spaces, a Fredholm
operator from V; into V5 is assumed to be continuous unless otherwise specified.

The set of all Fredholm operators from V; into V5 is denoted by F(Vq, V) (so, using the con-
tinuity convention, we have F(Vi,V2) C B(Vi, V2) whenever V; and V, are normed spaces). The
Fredholm index of a T' € F(V7, Va) is the integer

ind(7) = dimKer 7' — dim Coker 7.

Example 3.2. Let H be an infinite dimensional Hilbert space and let B = {e;};en U {€q}aca be a
Hilbert basis for H. Let k > 0.
Consider the linear operator Sy, = S,(CB): H — H (that depends on B) given by

ej—r if j€Nand j>k,
SP )= 0 ifjeNandj <k,
€ej if j € A.

We have Ker Sy, = span{ey, -+ ,ex} and Sp(H) = H, so that dim Ker Sy, = k and dim Coker Sy = 0.
Thus, Sk is a Fredholm operator and ind(S) = k.
Besides, the linear map S_j = Sgi): H — H, defined by

B (e,) = ej+k 1L j EN,
kA ej ifjeA,

is also a Fredholm operator and satisfies ind(S_j) = —k as well.

35
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Lemma 3.3. Let i) Vs f%z V3 be an exact sequence of vector spaces and linear maps. If Vi

and V3 are finite dimensional, so is V.
Proof. By the Rank-Nullity Theorem, it follows that
dim Vo = dim Ker fy + dim fo(V2)
= dim f1(V1) + dim f»(V2)

=dimV; — dimKer f; 4+ dim f2(V2)
< dimV; +dim V3.

Lemma 3.4. If

fi f2

0 > V1 > Vo > Va

~
~
A
—_
~
N
@)

is an exact sequence of finite dimensional vector spaces and linear maps, then

n

> (-1)Fdim Vg = 0.

k=1
Proof. The proof follows by induction on the length n of the exact sequence. The cases n = 1,2 are
obvious, because in these cases we have respectively Vi 2 0 and Vi 22 V5. For the inductive step,
fix n > 2 and assume the result is true for exact sequences of lengths less than n. We can consider

the exact sequences

0 —— fg(Vg) c > V3 > Va1 > Vi > 0
and
0 — Vi o 1h 5 fo(Va) — 0

By the induction hypothesis, we have

—dim fo(Va) =) (=1)*dimV,, =0 (3.1)

k=3

and

— dim V7 + dim V5 — dim fg(Vg) =0. (32)
The result follows adding equation (3.2) to opposite sign equation (3.1). O

Lemma 3.5. In a commutative diagram of vector spaces and linear maps with exact rows
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if the vertical arrows T and S are Fredholm operators, then the middle vertical arrow R is also a
Fredholm operator, and ind(R) = ind(T") + ind(S).

Proof. There exists a linear map ¢: Ker S — Coker T such that the sequence
0 — Ker T — Ker R — Ker S~ Coker T — Coker R —s Coker S — 0

is exact, where the other maps are induced by f, g, f’ and ¢’ (note that the commutativity of
the given diagram implies that f(Ker T) C Ker R, g(Ker R) C Ker S, f(T(V1)) C R(V2) and
g (R(V3)) C S(V3)). This can be proved by diagram chasing and is known as the Snake Lemma!.
By Lemma 3.3, Ker R and Coker R are finite dimensional and we can apply Lemma 3.4 to conclude

that

0= —dimKer T+ dimKer R — dimKer S
+ dim Coker T' — dim Coker R — dim Coker S
= —ind(7) + ind(R) — ind(5),

as desired. O
Proposition 3.6. If T € F(V1,Va) and T' € F(V{,V§), then T T € F(V1 & V{,Va ® V3) and
ind(T & T') = ind(T) + ind(T").

Proof. Observe that we have the commutative diagram of vector spaces and linear maps with exact

rOws
f

0 Vi s Vi Ve —25 Vs s 0
[ N I
0 vi L vievy LV ——0

where f(vi) = (v1,0), g(v1,v2) = ve, and f’ and ¢’ are defined similarly. The result follows from
Lemma 3.5. O

Proposition 3.7. If T € F(V1,V2) and S € F(Va,V3), then ST € F(V1,V3) and ind(ST) =
ind(T) + ind(S).

Proof. Consider the diagram of vector spaces and linear maps

0 Vi ——svieV, L5V, 0
lT lSTEBid\@ J,S
0 Vo —2 5 Vs Vo — V3 0

where i(v1) = (v1,T'(v1)), p(v1,v2) = T(v1) —v2, j(v2) = (S(v2),v2) and q(vs, v2) = v3—S(v2). It is
straightforward to check that this is a commutative diagram and that it has exact rows. Applying
Lemma 3.5 and Proposition 3.6, we have that ST is Fredholm and

ind(ST) = ind(ST @ idy,) = ind(T) + ind(S).

O]

'For an elementary proof, see Lemma 7.8 of [Alu09]. One can also see [Mac98] for a category theoretical proof.
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Lemma 3.8. Let Hy and Hs be Hilbert spaces. If T € F(Hy, Ha), then T(Hy) is closed in Hs.

Proof. Let V = T(H;)*, which is finite dimensional since Coker T is. Hence, V is a Hilbert space.
The map T": (Ker T)* @V — Hy, given by T"(u,v) = T(u) + v, is a continuous linear bijection. It
follows from the Open Mapping Theorem that 7" is a linear homeomorphism. Therefore T'(H;) =
T'((ker T)1) is closed in Ho. O

Proposition 3.9. A linear map T € B(H1, Hs) is Fredholm if and only if Ker T' and Ker T* are
finite dimensional and T(Hy) is closed in Hs. In this case, we have that ind(T) = dimKer T —
dim Ker T*.

Proof. We have Ker T* = T(H;)*. Closedness of T(Hy) gives (Ker T*)* = T(H;)*+ = T(Hy).
This, together with Ker T* @ (Ker T*)* = H,, gives Coker T = Ker T*.

Take T' € F(Hy, Hy). By Lemma 3.8, T(H;) is closed and the above argument shows that
Ker T* is finite dimensional and ind(7") = dim Ker 7" — dim Ker 7.

Conversely, if Ker T'and Ker T* are finite dimensional and if T'(H) is closed, the above argument
shows that Coker T' = Ker 7™ is finite dimensional and therefore 7" is Fredholm with ind(7") =
dim Ker T — dim Ker 7. O

Corollary 3.10. Let Hy and Hy be Hilbert spaces. Then T € B(Hy, Hs) is Fredholm if and only if
T* € F(Ho, Hy). In this case, ind(T) = —ind(T™).

Proposition 3.11. Let H; and Hy be infinite dimensional Hilbert spaces. If there exists a Fredholm
operator T € F(Hy, H), then Hy and Hy are isomorphic as Banach spaces.

Proof. By the Open Mapping Theorem, T ke, 1)1 : (Ker T )+ — T(H,) is an isomorphism of infinite
dimensional Banach spaces (recall that T'((H;) is closed by Lemma 3.8). Since Ker T' and T'(H;)~*

are finite dimensional subspaces, we have that

dim Hy = dim (Ker T & (Ker T)%)
= dim Ker T + dim(Ker T)~*
= dim(Ker T)*
=dimT(H;)
= dim T(H,) + dim T'(H;)*
= dim (T(Hy) ® T(H1)" )
= dim H»,

where dim H denotes the cardinality of a complete orthonormal system of the Hilbert space H. We

have used that kK +n = k for every n € N and every infinite cardinal . O

3.2 Compact Operators

In this section, V4, and V5 denote normed vector spaces.

Definition 3.12. A linear map T: V; — V5 is called a compact operator if it maps the open unit

ball {v € V7 : |Jv|]| < 1} (and hence any bounded subset of V1) into a relatively compact set in Va.



3.2 COMPACT OPERATORS 39

Equivalently, T': Vi — V4 is compact if every bounded sequence {v,} in V; admits a subsequence
{vn, } such that {T'(vy, )} converges to a point in V5.
The set of all compact operators from Vi into Va is denoted by IC(Vi, V2).

Example 3.13. If T: V; — V5 is a bounded finite rank operator (i.e. if T'(V}) is finite dimensional)
and if {v,} is a bounded sequence in Vi, then {T'(v,)} is a bounded sequence contained in the
finite dimensional subspace T'(V1). It is well known that every finite dimensional linear subspace of
a normed space is isomorphic (as normed vector spaces) to an euclidean space CN. We can then
apply Bolzano-Weierstrass Theorem to conclude that {T'(v,)} admits a convergent subsequence.

Thus, any bounded finite rank operator is compact.
Proposition 3.14. KC(V1,V2) is a closed linear subspace of B(Vy, Va).

Proof. A compact operator is bounded since the image of the unit ball is relatively compact, and
hence bounded. Thus K(V1, Va) C B(V1, Va).

Now, let T, S € K(V1,V32), A € C and let {v,} be a bounded sequence in V;. Compactness of T’
gives a subsequence {vy, } such that {T'(vy, )} is convergent. Compactness of S gives a subsequence
{Unkj} of {vy, } such that {S (Unkj )} is convergent. Then, since operations in V5 are continuous, the
sequence {(T + )\S)(vnkj )} is convergent. This proves that T+ A\S € K(Vi, V3).

Let us prove that K(Vq, V) is closed in B(Vy, V). For let T € B(Vy,Va) and assume that
T € K(Vi,Va). Given ¢ > 0, there exists S € K(Vi,Va) such that |T — S| < £/3. This means
IT(v) — S(v)|| < e/3 for all v € V; with ||v| < 1. Denote by By the unit ball in V; and let {v,}
be any sequence in B;. Compactness of S gives a subsequence {vy, } such that {S(v,,)} converges

to some y € S(By). Consider x € By such that ||y — S(z)| < £/6. Since S(vy,,) — y, there exists
ko € N such that Vk > kg

1S (vny,) = S@)|| < [1S(vn,,) =yl + lly = S(2)|| <e/6+/6 =¢/3
Then Vk > kg
1T (vn,,) = T(@)|| < [|T'(vny) = Sup)ll + 1S (vn,,) = S@)[| + [|S(z) = T(2)]| <e.

This proves that T is compact, as desired. O

Proposition 3.15. Let Vi, Vo and V3 are normed spaces. Consider T € K(V1,V3), S € B(Va, V3),
T € B(V1,V2) and S" € K(Va,V3). Then ST, S'T" € K(V1,V3).
Consequently, K(V1,V1) is a closed two-sided ideal of the normed algebra B(Vi, V7).

Proof. Let {v,} be a bounded sequence in V;.

To see ST € K(V1, V3), just notice that compactness of T' gives a subsequence {vy, } such that
{T'(vp, )} is convergent, and boundedness of S implies convergence of {S(T'(vn,))}-

To see S'T" € K(V1,V3), note that boundedness of T" implies boundedness of {T"(v,)}, and

compactness of S’ gives a subsequence {vy, } such that {S'(T"(v,,))} is convergent. O

Proposition 3.16. Let Hy and Hs be Hilbert spaces. T € K(Hy, Hs) if and only if T* € K(Ha, Hy).
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Proof. Since T** = T, it suffices to show that T* € K(Ha, Hy) whenever T € K(Hy, H2). Let {y,}
be a sequence in Hs such that |ly,|| <1 for every n € N. Define z,, = T%(y,,). Since

lznll = 1T ()| < NT [ lynll < [T,

we have that {x,} is a bounded sequence in H;. By compactness of T, there exists a subsequence
{xn,} such that {T'(zy,)} is convergent (Cauchy). Notice that, for k,j € N,

1T (yn,) = T () I1? = (T(2n,) = T(Tny ), Yoy — Yy
ST (@n;) = T(@n )l yn; — ynell
<2 || T(n;) = Tl

so that {T™(yn;)} is a Cauchy sequence, and therefore it converges. This concludes the proof. [

Corollary 3.17. Let H be a Hilbert space. Then K(H,H) is a closed two-sided x-ideal of the
C*-algebra B(H, H).

In Hilbert spaces, Fredholm operators are precisely those that are invertible modulo the compact

operators, as we can see in the following

Theorem 3.18 (Atkinson). Let Hy and Hy be Hilbert spaces. If T € F(Hy, Hs), there exists
S € B(Ha, Hy) such that ST — idg, € K(Hy, H1) and TS — idy, € K(Ha, Ha).

Conversely, if T € B(Hy, Hy) and there are S, S’ € B(Ha, Hy) such that ST —idy, € K(H1, Hy)
and T'S" —idy, € K(H2, Hs), then T € F(Hy, Hs).

Proof. Assume T is Fredholm. Restricting 7' to (Ker T)*, one obtains an invertible operator
Ty: (Ker T)* — T(H;). Let S: Hy — Hy be given by

) TN ) ity e T(HY),
S = { 0 ity € T(H))" .

Let P € B(Hy,H;) and Q € B(Ha,, Hs) be the orthogonal projections to Ker 7' and T(H;)™,
respectively. Then ST + P = idy, and T'S + Q = idp,. Since Ker T and T'(H;)* = Coker T are
finite dimensional, it follows that P and @ are finite rank operators and, therefore, compact.

Conversely, assume that there exist such S and S’. Then there exists K € K(H1, Hy) such that
idg, — ST = K. For x € Ker T, we have K(z) = x — ST(z) = z. So, if x € Ker T" and B is a
bounded neighborhood of x in Ker 7', it is true that K(B) = B is relatively compact. This proves
that Ker T is locally compact. Thus, Ker T is finite dimensional. By Proposition 3.16, the operator
(idg, — TS")* =idy, — (S")*T* is compact and we can repeat the previous argument to show that
Ker T is finite dimensional.

By Proposition 3.9, it remains to show that T'(H;) is closed. Let y, € T(H;) and suppose
yn — 3y for some y € Hy. We may write y, = T(z,) with z,, € (Ker T)*. Note that {z,} admits
a bounded subsequence. In fact, if ||z,|| — oo, we can consider 2/, = x,,/||z,| € (Ker T)* and
observe that T'(z],) = yn/||zn| — 0. On the other hand, boundedness of {z],} and compactness of
K gives a subsequence {7, } such that K(z, ) converges to some 2’ € Hy. Since K = idg, — ST
and T'(z;, ) — 0, we have that limxz;, = lim K (7, ) = 2’. But then 0 = limT'(z;, ) = T'(2") and

this is impossible since ||2’|| = 1 and 2’ € (Ker T)*.
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Let {x,,} be a bounded subsequence of {z,}. Again, compactness of K gives a subsequence
{xnkj} such that K(l‘nkj) = Ty, — S(ynkj) is convergent. Since S(y,) — S(y), the subsequence
{:):nkj} converges to some = € Hj, and we conclude that y = lim Yk, = lim T(xnkj) = T(x), as
desired. O

Corollary 3.19. Let Hy and Hs be Hilbert spaces. If T € F(Hi,Hs) and K € K(Hy, Hy), then
T+ K e JT"(HI,HQ).

Proof. Choose S € B(Ha, Hy) such that ST — idy, and TS — idy, are compact operators. Then
S(T+ K) —idg, = (ST —idp,) + SK and (T + K)S —idg, = (T'S — idp,) + KS are compact
operators by Corollary 3.17. The result follows from Atkinson’s Theorem. O

Lemma 3.20. The Fredholm index ind: F(Hy, H2) — Z is locally constant. In particular, it is

continuous and homotopy invariant.

Proof. Fix T € F(Hy.Hs) and consider V = (Ker T)* and W = T(H;)*. Let a: V — H; and
f: Hy — T(H;) be the inclusion be the orthogonal projection onto T'(Hi), respectively. Then
Ker o = {0}, Coker a = H;/V = Ker T, Ker 8 = T(H;)* = Coker T" and Coker 3 = {0}, so that
ind(a) = —dimKer T and ind(8) = dim Coker 7". Then ind(fT«) = ind(8) + ind(7T') + ind(a) = 0.
Also, the map fTa: V — T(H;) is a continuous bijection and, by the Open Mapping Theorem, it
is an isomorphism in B(V,T(H;)). Continuity of F(Hy, Hy) 3 S +—— pSa € B(V,T(H;)) gives that
BT« is an isomorphism for 7" sufficiently close to T', so that 0 = ind(57"«) = ind(5) + ind(7”) +
ind(«), implying ind(7”) = ind(7). Then ind is locally constant, as desired. O

Corollary 3.21. If T € F(Hy, Hs) and K € K(Hy, Hs), then ind(T + K) = ind(T).

Proof. Let ~: [0,1] — B(Hy, H2) be given by v(t) = T + tK. By Corollary 3.19, we have (t) €
F(Hy, Hz). Lemma 3.20 gives that ind(v(¢)) does not depend on ¢ € [0,1], so that ind(T) =
ind(T + K). O

3.3 The Families-Index

In this section, H; and Hs denote Hilbert spaces.

Let X be a topological space. Equip F(Hy, Hy) with the norm topology inherited from B(H1, Hs),
and consider T: X — F(H1, H2) to be a continuous map (we say that T is a continuous family of
bounded Fredholm operators on X). For x € X, the vector spaces Ker T, and Coker T, are finite

dimensional. If the dimension of such spaces were locally constant, one could possibly ask if

Ker T = |_| Ker T, and Coker T = |_| Coker T,
zeX zeX

are vector bundles over X. One might then consider [Ker T'] — [Coker T'] € K(X) as the index of T'.

Unfortunately, it does not always work this way.

Example 3.22. The continuous map T: St — F(C, C), given by T,(w) = (2 + 1)w, satisfies

0 if z €S\ {-1},

dim Ker T, = dim Coker T}, =
1 if z=-1.
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In order for the idea of considering [Ker T'] — [Coker T| € K(X) to work, one needs to make
some adjustments. There are at least three approaches for doing this: one given in the Appendix of
[Ati67] and in [Muk13], another one discussed in [Brel6] and a third one given in [BB13]. We are
concerned with the first two approaches and our main interest in this section is to discuss them and
prove their equivalence.

We can operate with family of operators in the same way we operate with single operators. Let
T: X — B(Hy,Hs), T': X — B(H{,H)) and S: X — B(Hz, H3). The direct sum T & 7T": X —
B(Hy, @ H{,Hs ® H}) is defined to be (T @ T), =T, ® T, for x € X. If T and T” are families of
Fredholm operators, then '@ T” is also a family of Fredholm operators by Proposition 3.6. If T' and
T’ are continuous, then T'@® T” is also continuous since we have continuity of the direct sum map
B(Hy, H2) x B(Hy, H)) — B(Hi®H}, Hy® H)), (A, B) — A® B. We define the product ST: X —
B(Hi, Hs) by (ST)y = S;T, for x € X. If T and S are families of Fredholm operators, Proposition
3.7 gives that ST is also a family of Fredholm operators. Since the composition map B(Hy, Ha) X
B(Hs, Hs) — B(H:1, H3), (A, B) — BA s continuous, we have that ST is a continuous map if S and
T are continuous. The adjoint of 7" is the map T%: X — B(Hs, Hy) given by (T%), = (1»)* =T,
which is continuous if 7" is continuous since the adjoint B(Hi, Ha) — B(Hz, H1), A — A*, is
continuous. Moreover, since A € F(H1, Hy) if and only if A* € F(Ha, Hy) (see Corollary 3.10), we
have that T™ is a family of Fredholm operators if and only if so is T'. If T is a family of invertible
operators, we can define T~': X — B(Ha, Hy) by (T~'), = (T)~! = T, !. By the continuity of
the inversion A — A~', we have that 77! is continuous if T is continuous. If H; = H, and
if T is a family of nonnegative selfadjoint invertible operators, the square root of 1" is the map
TV?: X — B(Hy, Hy) given by (TY?), = (T,)'/? = T+/2. Since the square root A —s AY/2 s
continuous (see Corollary 1.31), it follows that T2 is continuous if T is continuous. The list of
operations could continue.

Let us begin with the constructions of the families-index.

3.3.1 First Approach

In this section, we follow closely what was done in [Brel6|.
Let X be a topological space and T': X — F(Hj, Hs) be a continuous map. In the beginning of

this chapter it was wondered if

Ker T = |_| Ker T, and Coker T = |_| Coker T,
zeX reX

would be vector bundles if dim Ker T, and dim Coker T, were locally constant on z € X. Let us

answer this question.

Proposition 3.23. Let T: X — F(Hi, Ha) be as above and suppose that the dimension of Ker T,

15 locally constant on x € X. Then

Ker T = |_| Ker T,
reX

seen as a topological subspace of X x Hy, is a vector bundle over X.

Proof. Denoting by p: Ker T" — X the restriction of the projection onto the first coordinate X Xx
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Hy — X, we can easily see that Ker T is a family of vector spaces over X. It remains to prove that
it is locally trivial.

Fix v € X. Let P,: Hi — Ker T, and Q,: Hy — T,(H;p) be the orthogonal projections. For
y € X, consider the map T; H, — Ker T, & T;(H;) given by T;(u) = (Pyu, Q;Tyu). The map
T7%: X — B(H,Ker T, ® T,,(H1)), y —> T, is continuous since for u € H;

1Ty = Tyyull = 1100, Qu(Ty — Ty)u)ll = 1Qu(Ty — Ty )ull < | Ty — Ty l]ull

(recall [|Q. ]| < 1), which implies ||T — T%[| < [|IT5, — Ty |-

Notice that T is surjective: for (v, w) € Ker T,,®T,(H;) we can let u € H; be such that T,u = w
and see that P, (v 4 u — Pyu) = v and Q,T,(v + u — Pyu) = w, so that T7 (v + u — Pyu) = (v, w).
Besides, T§ is injective: if u € Ker Tf we have P,u = 0, implying u € (Ker Ty)*, and Q,T,u = 0,
implying T,u € (T,,(H1))* which is only possible if v € Ker T}, hence u = 0.

By the Open Mapping Theorem, Tf is an isomorphism. Since the set of isomorphisms in
B(Hi,Ker T, & T,(H)) is open (see Proposition 1.25), there exists an open neighborhood U,
of z such that 7! , 1s an isomorphism for every y € U,. Replacing U, by the connected component
of U, that contains zx if necessary, we can assume that U, is connected.

Observe that T;(Ker Ty) € Ker T, @ {0} since T;(u) = (Pu,0) whenever u € Ker T;. By
hypothesis and connectedness of Uy, dimKer T), = dimKer T for y € U,. Thus T}/ induces an
isomorphism from Ker T}, onto Ker T,. Then the continuous map p~!(U,) — U, x (Ker T} & {0}),
given by (y,u) — (y,T;(u)), is bijective and its inverse is given by (y;v,0) — (y, (T;)_I(U,O)).
This proves the local triviality of p: Ker T' — X. O

Corollary 3.24. Let T: X — F(Hy, Ha) be continuous. If T, is surjective for every x € X, then
Ker T'— X is a vector bundle.

Proof. By Lemma 3.20, ind(7}) = dim Ker 7, — dim Coker T, = dim Ker T is locally constant.
The result follows from Proposition 3.23. O

We need some technical results before defining a families-index.

Lemma 3.25. Let V; and V, be arbitrary vector spaces, L: Vi — Vo be a linear map and W C Vs
be a linear subspace. Suppose Ker L is finite dimensional. If W is finite dimensional, then L=*(W)

1s finite dimensional.

Proof. By contradiction, assume that {v, : n > 1} is an infinite linearly independent subset of
L=Y(W). Let V = span{v, : n > 1}. We clearly have that Ker L|y, C Ker L and L(V) C W.
Applying the Rank-Nullity Theorem for L|y: V' — Va, we have that

dimV =dimKer L|y +dim L(V) < dimKer L + dim W,

which is a contradiction since V has infinite dimension. O
Lemma 3.26. The set {T € B(Hy, Hs) : T(Hy) = Ha} is open in B(Hy, Hs).

Proof. Let Ty € B(Hy, Hy) be such that To(H;) = Hy and denote the inclusion (Ker Tp)+ «— H;
by a. We have that the map B(Hy, Hy) — B((Ker Tp)*t, Hy), S +— Sa, is continuous and Ty is
invertible. Since the set of invertible elements of B((Ker Tp)*, Hy) is open (see Proposition 1.25),
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there exists an open set U C B(Hi, Hy) such that Ty € U and S« is invertible for every S € U.
Notice that Hy = S((Ker Tp)*) C S(H;) for every S € U, so that U is an open neighborhood of
Ty entirely contained in {T' € B(Hy, Ha) : T(H) = Ha}. d

Proposition 3.27. Let X be compact and T: X — F(Hy, Hs2) be continuous. There exists a finite
dimensional linear subspace W C Hy such that T,(Hy) + W = Hy for every x € X.

Proof. Fix x € X. Let W, = T,(H;)*, which is finite dimensional since T, is Fredholm. Consider
T%: X — B(H, ® W,, Hy), given by Tyx(v,w) = T,(v) +w. Since (T; - T;,)(U, w) = (Ty — Ty )(v),
we have

Ty = Ty) (v, )|l < [Ty = Ty llllvll < 1Ty = Ty [l (o, w)l

so that ||T; - T;,H < ||[Ty — T,/||- This proves that T is continuous. Observe that

Ty (Hy e W,) =T,(H)+ W, = Hy

because T, (H) is closed. The previous Lemma and the continuity of T* give an open neighborhood
U, of x in X such that T;(Hl & W,) = Hs for every y € U,. Thus T,(H1) + W, = H» for every
y e U,.

The collection {U, : x € X} is an open cover of X. By compactness, there are xy, -+ ,x, € X
such that X = U?:l U,,. Consider the finite dimensional subspace W = W, +---+ W, C Hy. If
r € X, we have x € Uy, for some j, so that T;,(Hy) + W 2 T, (Hy) + W,,; = Ha. This concludes
the proof. O

Let X be compact and T: X — F(Hp, H2) be continuous. Consider W C Hy given by the
previous Proposition, and define TV : X — B(H; @ W, Hy) by T}V (v,w) = Ty(v) + w. Since

T = T,") (0, w)l| = [(Te = Ty) ()| < 1T = Tyllloll < 1T = Tyllll (v, w)]

for every x,y € X, we have that ||[T)V — TJVH < |IT — Ty|l, from where it follows that T"
is continuous. Let z € X. If T)V (v,w) = 0, then T,(v) = —w, so that w € T,(H;) N W and
v € T;Y(W). Thus, Ker TV C T, '(W) @ (T(H;) N W), from where it follows that Ker T\ is
finite dimensional (the space T, }(W) is finite dimensional by Lemma 3.25). Besides, the equality
T.(Hy) + W = Hs gives the surjectivity of 7V. In particular, we have that T}V is Fredholm for
every € X, and we can write TV : X — F(H; @ W, Hy). Applying Corollary 3.24, we obtain

Theorem 3.28. Let X be a compact space, T: X — F(Hy, Hs) be continuous, W be as in Propo-
sition 3.27 and TV be as above. Then Ker TV, seen as a topological subspace of X x (Hie W), is

a vector bundle over X.

Proposition 3.29. Let X be a compact Hausdorff space and T: X — F(Hi, Ha) be continuous.
Let W, W' C Hy be finite dimensional subspaces such that T,(H1) + W = Hy = T,(Hy) + W' for
every x € X, and consider the respective associated continuous maps TV : X — F(Hy @ W, Hs)
and TV : X — F(H, & W', Hy). Then the following equality holds in K(X):

[Ker TV] = [X x W] = [Ker TV — [X x W']. (3.3)
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Proof. First assume we have W C W’ and dim W + 1 = dim W’'. Write W' = W & span{wy}, for
some wy € W'\ W. We have that TV : X — F(H; @ W, Hy) and TV : X — F(H, ® W', Hy) are
defined by

TV (v,w) = T,(v) +w and TV (v,w+ M) = Te(v) + w + Mg -

T

Define F': X x [0,1] — F(Hy @ W', Ha) by F(v,w + Awo) = Tp(v) + w + tAwp. Since
T.(Hy) + W = Hjy, we have that Fi,  is surjective for every (z,t) € X x [0,1]. By Corollary 3.24
we have a vector bundle p: Ker F' — X x [0,1]. For ¢t € [0, 1], consider i;: X — X x [0,1] given by
it(z) = (z,t). Lemma 2.34 gives

ig(Ker F) = ij(Ker F).

If welet S: X — F(H1 ®@W @©C, Hz) be given by Sy (v, w, ) = T (v) +w = F(50)(v, w+ Awo),
then Corollary 3.24 implies that Ker S, seen as a topological subspace of X x (H; @ W @ C), is a

vector bundle, because S, is surjective Vz € X. Observe that Ker S is isomorphic to

ip(Ker F) = {(z,e) € X x Ker F : p(e) = (z,0)}
={(z,(y,1), (v,w)) € X x (X x [0,1]) x (H1 @ W') : (y,1) = (2,0), (v,0') € Ker F, 1}
={(z,(z,0), (v,w+ dwp)) : x € X,v € Hj,w € W, A € C, (v,w + Awo) € Ker F, )}
via
Ker S 5 (z, (v,w,\)) — (, (z,0), (v,w + Awp)) € i5(Ker F).
Besides, notice that T,V = Fiz1) for every x € X, so that Ker T"' is isomorphic to
ii(Ker F) = {(z,e) € X x Ker F : p(e) = (z,1)}

= {(.le, (yat)a (’U,’w,)) € X X (X X [07 1]) X (Hl S W,) : (yvt) = ($, 1)7 (val) € Ker F(y,t)}
= {(z, (2, 1), (v,w+ o)) : ® € X,v € Hj,w € W,A € C, (v,w + Mwp) € Ker F, 1y}

via
Ker TV 5 (2, (v, w + Awp)) — (z, (x,1), (v, w + Awp)) € it (Ker F).
Moreover, we have that Ker S is isomorphic to

Ker T @ (X x C) = {((z, (v,w)), (y,\) € Ker TV x (X x C) : x = y}
={((z, (v,w)), (xz,N)) 1z € X, A € C, (v,w) € Ker TZV}

via

Ker S 3 (z, (v,w,\) — ((z, (v,w)), (z,\)) € Ker T & (X x C).
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Considering these isomorphisms together, we have

Ker TV @ (X x W) 2 Ker TV @ (X x (Co W))
~Ker T @ (X xC) @ (X x W)
=Ker S (X x W)
= jp(Ker F) & (X x W)

i1 (Ker F) & (X x W)

~Ker TV @ (X x W),

12

from where it follows that [Ker T ]+ [X x W] = [Ker T"'] 4 [X x W] in K(X). This proves (3.3)
for this case.

The second step is to drop the assumption dim W + 1 = dim W’, so that we assume only that
W C W' Write W = W span{ws, - ,wp} for alinearly independent set {wy, -+ ,wp,} € W \W.
Using induction on n we can apply the first step to prove that (3.3) also holds for this case.

Finally, dropping all extra assumptions about W and W’ that we have made in steps one and
two, we observe that both W and W’ are contained in the finite dimensional subspace W+W' C H,.
Applying the second step, we have

[Ker TW] — [X x W] = [Ker TV W' — [X x (W + W")]
= [Ker TV = [X x W],

concluding the proof. O

We are ready to define the notion of index of a family of Fredholm operators given in [Brel6].

Definition 3.30. Let X be a compact Hausdorff space and T: X — F(Hi, Hy) be continuous.
The B-index bundle of T is

indg(T) = [Ker TV] — [X x W] € K(X),

where W C Hj is a finite dimensional subspace such that T,,(H;) + W = Hy for every x € X and
TV : X — F(Hy @ W, Hy) is defined by TV (v, w) = Ty (v) + w.

Proposition 3.29 shows that the above definition of index depends only on T" and not on the
choice of W.

Remark 3.31. In the case one has a single point space X = {zo}, the map T': {zo} — F(H1, H2)
can be seen as a single Fredholm operator T' = T, € F(Hy, Hy). Choosing W = T/(H;)*, we have
Ker T = Ker T" and Coker T = W as vector spaces. Since K({z¢}) = Z, it follows that indg(T)
equals dim Ker 7' — dim Coker T'. This proves that the B-index bundle coincides with the classical

Fredholm index under these assumptions.
We finish this section proving some properties about the B-index bundle.

Lemma 3.32. Let X and Y be compact Hausdorff spaces, and let f:Y — X and T: X —
F(Hy, Ha) be continuous maps. Then we have the equality indg(T o f) = f*(indp(T)) in K(Y).
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Proof. Let W C Hj be a finite dimensional linear subspace such that T,,(H;) + W = Hj for every
x € X. Then T}, (H1) + W = Hy for every y € Y, so that

indg(T o f) = [Ker (T o /)V] - [Y x W].
The associated map (T o /)V:Y — F(H, @ W, Hy) is given by

(To f)ZV(v,w) =(To f)y(v) +w
=Ty (v) +w
= (T o f)y(v,w),

so that (T'o f)W = TW o f. Denoting by p: Ker T" — X the bundle projection, we have that

f*(Ker V)

{(y.e) €Y x Ker TV : p(e) = f(y)}
{(y,z,(v,w)) €Y x X x (HL®W): f(y) =z, (v,w) € Ker TV}
{(y, f(y), (v,w)) :y €Y, (v,w) € Ker Tf@}

is isomorphic to

Ker (TW of)=A(y,(v,w)) €Y x (HLd&W): (v,w) € Ker (TW of)z}
{(y, (v,w)):y €Y, (v,w) € Ker T%)}

via
f*(Ker T) 3 (y, f(y), (v,w)) — (y, (v,w)) € Ker (T o f).
Similarly, Y x W is isomorphic to
X XW)={(y,z,w) €Y x X x W:x= f(y)}
={(y, f(y),w) :y €Y,w e W}

Y x W3 (g,w) — (4, f(y),w) € F*(X x W),

In conclusion, we have

indg(T o f) = [Ker (T o /)] —[Y x W]
= [Ker (T" o f)] = [Y x W]
= [f*(Ker T)] = [f*(X x W)]
= f*([Ker TV] — [X x W])
= [*(indp(T)),
as desired. O

The following result concerns the invariance of ind 5(7") under homotopies, in analogy to Lemma
3.20.
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Proposition 3.33. Let X be a compact Hausdorff space and S,T: X — F(Hy, H2) be continuous
maps. If S and T are homotopic, then indg(S) = indp(T).

Proof. As usual, for t € [0,1] let 4: X — X x [0, 1] be given by i;(z) = (z,t). Let F': X x [0,1] —
F(Hy, H2) be a homotopy between S and 7', that is, F oiyg =S and F oi; = T. We have then

indp(S) = indp(F o ip)

1) /.
D 5 (nd(F)

F))
@ i (ndp(F))
)

(:1) indB (F o ’il
=indp(T),
where (1) follows from Lemma 3.32 and (2) follows from Lemma 2.34. O

Proposition 3.34. Let X be a compact Hausdorff space, Hy, Ho, Hj and H) be Hilbert spaces.
For continuous maps S: X — F(H1,Hs) and T: X — F(H;y, H}), we have

indB(S D T) = indB(S) + iIldB(T) .

Proof. Let W C Hy and W’ C HJ, be finite dimensional subspaces such that S,(H;)+W = Hs and
T.(H{) + W' = H), for every € X. We have, for all z € X,

(SeT),(HHe H)+WaW = (S,(H1)+ W) & (Tp(Hy) + W)= Hy & Hj .
Also, (S T)WeW'. X — F((H, @ H}) ® (W @ W'), Hy ® H}) satisfies

(S & T)Y W (0, 0), (w,w) = (S © T)alv, ') + (w, )

Observe that

Ker (SEBT)W@W/ ={(z, (v,?"), (w,w")) € X x (H; ® H}) & (W e W")):

(v,w) € Ker SV, (v, w') € Ker TV}
is isomorphic to

Ker (S o T"") = {(z, ((v,w), @', w')) € X x (Hy ® W) ® (H, dW")) :
(v,w) € Ker SV, (v, w') € Ker TV}

via

Ker (S T)VEW' 5 (2, ((v,0)), (w,w")) — (z, (v, w), (v, ")) € Ker (W & TV,
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which in turn is isomorphic to

Ker S @ Ker TV’ N, (y, W, w'"))) € Ker SV x Ker TV : 2 = y}

= {((z, (v,w
= {((z, (v,w)), (z, (W, ")) : z € X, (v,w) € Ker SV, (v, w') € Ker TV}
Ker (SW & T"") 5 (z, (v, w), (', w'))) — (z, ((v,w), W', w'))) € Ker SV & Ker TV .
Therefore

indg(S & T) = [Ker (S®T)VOW' | —[X x (W a W)
= [Ker (SW @ TV - [X x (W & W)
= [Ker SV @ Ker TV = [(X x W) @ (X x W)
= [Ker S"] + [Ker TV] — ([X x W]+ [X x W'])
= ([Ker S"] —[X x W]) + ([Ker TV'] — [X x W'])
= indp(S) +indp(T).

O
Corollary 3.35. Let X, S and T be as in Proposition 3.34. Then indp(S & T) =indp(T & 5).
Proof. K(X) is an abelian group. O
Proposition 3.7 can be generalized by the as follows.

Proposition 3.36. Let X be a compact Hausdorff space and H be a Hilbert space. If S,T: X —

F(H,H) are continuous maps, then
indB(ST) = indB(S) + iIldB(T).

Proof. Let I: X — F(H,H), x — idg. We obviously have indg(I) = 0 € K(X) and Proposition
3.34 gives
indg(ST) = indp(ST) + indg(I) = indp(ST & I).

For t € R, consider

< cos(t)idy  sin(t)idy
R, =

o , €eBH®H H®H).
—sin(t)idg cos(t)idy

It is clear that R, is an invertible operator, which implies R, € F(H & H,H ® H) for t € R.
Proposition 3.7 allows us to define the continuous map F': X x [0,7/2] — F(H ® H,H ® H) by
F(z,t)=(S®I)zoRio(T & I), o R_. Straightforward calculations give F(x,0) = (ST & I), and
F(z,m/2) = (S®T), for every x € X, so that F' is a homotopy between ST @& I and S @ T. Thus,
by Propositions 3.33 and 3.34,

indB(ST) = indB(ST@ I) = indB(S ©® T) = indB(S) + indB(T),
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as desired. O
Corollary 3.37. Let X, S and T be as in Proposition 3.36. Then indg(ST) = indg(T'S).

Proof. K(X) is an abelian group. O
Lemma 3.38. Let X be a compact Hausdorff space, Hi, Hy and Hs be Hilbert spaces.

(a) If T: X — F(Hy, Ha) is continuous and I € B(H2, H3) is invertible, then

indB(IT) = indB (T)

(b) If I € B(Hy, Ha) is invertible and T': X — F(Ha, H3) is continuous, then

indg(TI) = indp(T).

Proof. (a) Let W C Hj be a finite dimensional subspace such that W + T,(H;) = Hj for every
x € X. Consider W' = I(W) C Hs, which has the same dimension of W because I is invertible.
We have, for every x € X,

W' + IT,(Hy) = I(W) + [Ty (H1) = I(W + Ty(H1)) = I(Hs) = H;.
Then
indp(T) = [Ker TV] = [X x W]  and  indg(IT) = [Ker (IT)"'] - [X x W],
where TW : X — F(H, ® W, Hy) is given by TV (v,w) = Tp(v) +w, and (IT)V': X — F(Hy, Hz)

is given by (IT)V' (v, w') = IT,(v) + w'.
Since dim W’ = dim W, we have [X x W] = [X x W’]. Besides, the vector bundle

Ker TV = {(z, (v,w)) € X x (H1 ® W) : (v,w) € Ker T}V }
={(z,(v,w) e X x (H1®&W): Tp(v) = —w}
is isomorphic to
Ker (IT)V' = {(z, (v,w")) € X x (HL ® W) : (v,w') € Ker (IT)V"}

(z, (v,w') € X x (Hi ®@W') : IT,(v) = —w'}
Ker TV 3 (z, (v, w)) —> (z, (v, I(w))) € Ker (IT)V".

This shows that [Ker TW] = [Ker (IT)"W'], from where the result follows.
(b) Let W C Hj be a finite dimensional subspace such that W + T, (Hs) = Hj for every z € X.
We have, for every x € X, W + T, I(Hy) = W + T,(H2) = Hs. Then

indg(T) = [Ker TW] — [X x W]  and  indg(T1I) = [Ker (TH"] - [X x W],



3.3 THE FAMILIES-INDEX 51

where TW : X — F(Ho® W, H3) is given by T (ve, w) = Ty(v2) +w, and (TI)W: X — F(Hy, H3)
is given by (T1)Y (v, w) = TpI(v1) + w.
The vector bundle

Ker (TT)V = {(z, (v1,w)) € X x (Hy @ W) : TpI(v1) = —w}

is isomorphic to

Ker TV = {(z, (vo,w)) € X x (Hy ® W) : Tpp(vo) = —w}

Ker (TDHY 3 (z, (v1,w)) — (z, (I(v1),w)) € Ker TV .

Therefore, we have [Ker TW] — [X x W] = [Ker (T'1)"] — [X x W], concluding the proof. O

Proposition 3.39. Let X be a compact Hausdorff space, and Hy, Ho and H3 be infinite dimensional
Hilbert spaces. If T X — F(Hy, Hs) and S: X — F(Ha, H3) are continuous maps, then

indB(ST) = iIldB(S) + indB(T) .

Proof. The existence of Fredholm operators between Hi, Ho and Hs gives Banach space isomor-
phisms I19: Hy — Hj and I13: Hy3 — Hj (see Proposition 3.11). Notice that I13S57T is a family
of Fredholm operators from Hj to itself, as well as 113511_21 and I1oT. This allows us to apply
Proposition 3.36 to obtain the equality

indp(I13ST) = indg((I135155")(I12T)) = indp(L135155") + indp(I12T) . (3.4)

By Lemma 3.38, we have that indg(l135T) = indg(ST), indg(I1351;") = indg(S) and
indp(I12T) = indp(T), so that equation (3.4) becomes

indB(ST) = indB(S) + indB(T) . OJ

Proposition 3.40. Let X be a compact Hausdorff space and T: X — F(Hy, Hy) be continuous. If
T, is surjective for every x € X, then indg(T") = [Ker T7.

Proof. By Corollary 3.24 we have that Ker T', seen as a topological subspace of X x Hy, is a vector
bundle over X. Since T, is surjective for every € X, we can choose W = {0} C Hj to see that
T.(Hy) + W = Hy + {0} = Hj for every x € X. Therefore,

indp(T) = [Ker T"] — [X x W] = [Ker T1%] — [X x {0}] = [Ker T{}],
where T{0}: X — F(H, @ {0}, Hy) is given by 7% (v,0) = T (v) + 0 = T (v). Observe that
Ker T'={(z,v) € X x Hy : v € Ker T}
is isomorphic to

Ker T1% = {(z, (v,0)) € X x (H; @ {0}) : (v,0) € Ker T}}
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via
Ker T'3 (z,v) — (z, (v,0)) € Ker T,
Therefore indg(T) = [Ker T1%}] = [Ker T7. O

Corollary 3.41. Let X be a compact Hausdorff space and T: X — F(Hy, Ha) be a continuous
family of invertible operators. Then indg(T) = 0.

Proof. By Proposition 3.40, we have indp(7") = [Ker T'|. Notice that

Ker T'= | | Ker T, = | |[{0} = X x {0},

zeX zeX
from where it follows that indg(T) = [X x {0}] =0 € K(X). O

Proposition 3.42. Let X be a compact Hausdorff space, H be a Hilbert space andT: X — F(H, H)

be a continuous family of self-adjoint operators. Then indg(T) = 0.

Proof. Preliminarily, note that a bounded operator L € B(H, H) satisfies A\— (z+L) = (A—z2)— L
for every A, z € C, so that
ANeo(z+L) <= A—zeco(l)

and therefore o(z + L) = z 4+ o(L) for every z € C (as subsets of C).

For x € X, we have a self-adjoint operator T,, € F(H, H). It is a well known fact that the
spectrum of a selfadjoint operator is contained in R (see [Sch12], for example), so that o(7,) C R.
Then, for ¢ € [0,1] it is true that o (it +7,) = it+o0(Ty) C it+R. This gives 0 ¢ o(it+T,) whenever
t € (0,1], which means that it + T} is invertible for every ¢ € (0,1]. The map F': X x [0,1] —
F(H,H), F(z,t) =it + T,, is a homotopy between T and the family of invertible operators i + T
Applying Propositions 3.33 and 3.41, we obtain indg(T) = indg(i + T) = 0. O

Corollary 3.43. Let X be a compact Hausdorff space and T: X — F(Hy, H2) be continuous.
Suppose that either Hy = Hs or that both Hi and Hs are infinite dimensional. The following
equality holds in K(X):

indg(T) = —indp(T™).
Proof. 1t follows from the fact that the product T*T: X — F(H;, Hy) is a family of selfadjoint
Fredholm operators and from either Proposition 3.36 or Proposition 3.39 that

0 =indp(T*T) = indp(T™) + indp(T),
as desired. O

3.3.2 Second Approach

In this section, we follow closely what was done in the Appendix of [Ati67] and in [Muk13].

We begin with some preliminary results. I learned the following proof from Ruy Exel in [1].

Lemma 3.44 (Ruy Exel). Let X be a topological space and T: X — F(Hi, Ha) be continuous. Let
V C H; be a closed linear subspace of finite codimension such that V N Ker T, = {0} for every
x € X. Forx € X, let P, € B(Ha, H2) be the orthogonal projection onto T,,(V'). Then the map
P: X — B(Hsy, Ha), x — Py, is continuous.
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Proof. For x € X, let S, = Ty|y: V — Hj. Since V has finite codimension and T, induces a
surjective linear map Hy/V — T,(H1)/T»(V), we have that T,(H;)/T,(V) is finite dimensional.
We have Ker S, = {0} because V N Ker T, = {0}, and Coker S, = H2/S,(V) = Hy/T,(V) is
finite dimensional because dim Hs /T, (V) = dim Hy/T,(H1) + dim T, (Hy)/T,(V), so that Sy is

Fredholm. Then S¥: Hy — V is also Fredholm, and S%(Hz) = Si(Hs) = (Ker S;)* = V. The map
S: X — F(V,Hs), © —> Sy, is continuous since

152 = Syll = ITelv = Tylvll < ITe = Tyl -

Consider the product S*S: X — F(V, V). For x € X, we have that S35, is a nonnegative selfadjoint
Fredholm operator. Also, (S%S,(v),v) = [|S:(v)||? gives Ker S%S, C Ker S, = {0}. So S%S,(V) =
(Ker S%S,)* = V. By the Open Mapping Theorem, S%S, is an isomorphism. This allows us to define
the continuous map R = S(S*S)~V/2: X — B(V, Hy). Notice that, for z € X, R* = (S*S,)"1/25*
and

RiR,y = (S3S2)1/25582(S58,)~"/? = idy

and this implies
(RyR)?> = R,R:R,R’ = R, R .

Since (R, R})* = R, R}, we have that R, R} is the orthogonal projection onto

Thus, RR* = P and we conclude that P is continuous. ]

Proposition 3.45. Let V C Hy and W C Hj be closed linear subspaces. For S € B(Hy, Hy), define
¢s: VoW — Hy by ¢pg(v,w) = S(v) +w. The map ¢: B(Hy1,Hz) — B(V & W, Hy), S — ¢g,
is continuous. Moreover, if Sy € B(H1, H2) is such that ¢g, is a Banach space isomorphism, then
there exists an open set U C B(Hy, Ha), with Sy € U, such that for all S € U,

(i) VNKer S={0}
(1i) S(V) is closed in Hy
(#i7) the map W — Hy/S(V), given by w — w + S(V'), is a Banach space isomorphism.

Proof. The map ¢ is continuous because from
l(bs — ¢s) (v, )|l = [I(S = S) () < 1S = S[[[[v]l < 1S = S"[[[| (v, w)]

one obtains ||¢s — pgr|| < ||S — ||
Now, since the set of invertible elements of B(V @& W, Hs) is open (see Proposition 1.25) and
¢s, is invertible, there exists U open in B(H, H2) with Sy € U and such that ¢g is invertible for
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every S € U. Let S € U. One can easily see that (V N Ker S) @ {0} C Ker ¢g, showing that
VNKer S = {0} since ¢g is injective. This proves (7). (i) follows from S(V) = ¢s(V & {0}). Note
that

Vew
W= —— 0 V{0
H
is a linear isomorphism, as well as the map Vow — os(V O W) — 2 , given by

Vel{o}  os(Vefo}) S(V)

(v,w) + (V& {0}) — ds(v,w) + d5(V @ {0}) = w + S(V).

The composition of these maps is precisely the map described in (7i7), concluding the proof. O

Proposition 3.46. Let T € F(Hi,Hs) and let V. C Hy be a closed linear subspace of finite
codimension such that V NKer T = {0}. Then Hy/T (V) is finite dimensional and T'(V') is closed
m Hs.

Moreover, there is an open set U C B(Hy, Ha), with T € U, such that for all S € U,

(1) VnKer S = {0}
(13) S(V) is closed in Hy
(iii) the map T(V)* — Hy/S(V), given by w — w + S(V), is a Banach space isomorphism.

Proof. Since V has finite codimension and 7" induces a surjective linear map H;/V — T(Hy)/T(V),
we have that T'(H;)/T (V) is finite dimensional. The sequence

0 —— T(Hy)/T(V) — Ho/T(V) —— Ho/T(H;) — 0

is a short exact sequence of vector spaces, and therefore it splits. Then Ho/T' (V') is isomorphic to
T(H,)/T(V) @ Hy/T(H;) and one has dim Hy/T(V) < oo. The operator 71 = T'|y: V — Hj is
Fredholm, so that T'(V)) = T1(V) is closed in Ha.

Now, let W = T(V)*. The linear map 7": V & W — Ho, T'(v,w) = T'(v) + w, is a continuous
bijection since V N Ker T' = {0} and Hy = T(V) & W. By the Open Mapping Theorem, 7" is an
isomorphism. We can then apply Proposition 3.45 noting that 7" = ¢ to obtain the neighborhood
U of T in B(H;, Hs) satisfying the desired properties. O]

Let T € F(Hy, Hy). Take V = (Ker T)* and let U be given by Proposition 3.46. Fix S € U.
We have a surjection Ho/S(V) — Hy/S(Hy), y+ S(V) — y+ S(Hj), so that Coker S has finite
dimension (recall that Hy/S(V) 2 T(V)* is finite dimensional). Similarly, taking V = (Ker T*)*,
we obtain an open set U C B(Ha, Hy) satisfying properties corresponding to (i), (ii) and (iii) of
Proposition 3.46. Denote by U* the set {S* : S € U}, which is an open set because the adjoint
map is a homeomorphism. Without loss of generality, eventually replacing U by U N U* and U by
(U)*NU = (UNU*)*, we can assume that U = U*. By the above argument, Coker S* is finite
dimensional, so that

Ker S = S*(Hy)* = H,/S*(H,) = Coker S*

is also finite dimensional. Therefore, every S € U is Fredholm.
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Remark 3.47. The above discussion shows that we can eventually shrink the open subset U of
B(Hy, Hy) given by Proposition 3.46 to obtain a neighborhood of T' that is entirely contained in
F(Hy, Hy).

In particular, we obtain the following
Corollary 3.48. F(Hi, Ha2) is open in B(Hy, H2).

Theorem 3.49. Let T € F(Hy, H2) and let V C Hj be a closed linear subspace of finite codimension
such that V N Ker T = {0}. Then there exists an open set U C B(Hy, Hs), with T € U, such that
the disjoint union

|_| Hy/S(V),

SeU

topologized as a quotient space of U X Hs, has the structure of a vector bundle over U.

Proof. Consider U as described in Proposition 3.46. By Remark 3.47, we can assume that U is
entirely contained in F(Hi, Ha).

Let us be more explicit about the topology of | |goi; H2/S(V). In U x Hy, consider the equiv-
alence relation

(S,z) ~ (T,y) < (S=Tandy—zeSV)).

The quotient space (U x Ha)/~ is precisely | |g.;; H2/S(V). It is clear that the projection onto the
first coordinate U x Hy — U, (S,x) — S, induces a continuous map p: | |gopy H2/S(V) — U,
acting as p(z + S(V)) = S. For every S € U, we have that p~1(S) = Hy/S(V).

Given S € U, let S|y € B(V, Hz) be the restriction of S to V. Since VN Ker S = {0} and S(V)
has finite codimension, we have that S|y is Fredholm. The dimension of Ker (S|y/)* = S(V)* is
constant on S € U because S(V)+ = Hy/S(V) = T(V)* (due to Proposition 3.46), so that we can
apply Proposition 3.23 to conclude that the disjoint union

| | s = | | Ker (Shv)7,

SeU SeU

seen as a topological subspace of U x Ha, is a vector bundle over U (its projection arises from
restricting the projection onto the first coordinate U x Hy — U).
To conclude that | |g . H2/S(V) is a vector bundle over U, we are going to prove that there

exists a homeomorphism between

E = LlS(V)LgUXHQ and F = |_|HQ/S(V)Z(UXH2)/N
SseU SeU

that commutes with projections and is linear on fibers. The restriction of the quotient projection
U x Hy — F to E is a continuous map ¢: F — F, given by ¢(S,z) = x + S(V), that clearly
commutes with projections and is linear on fibers. Let us construct a continuous inverse for . For
S € U, let Pg: Hy — Hs be the orthogonal projection onto S(V'). By Lemma 3.44, the map U >
S +—— Ps € B(Haz, Hy) is continuous, from where we obtain the continuity of the map U x Hy — E,
(S,z) — (S,x — Pg(z)). Notice that the former map is compatible with the equivalence relation
~, so that it induces a continuous map 1: F — FE satisfying ¢(z + S(V)) = (S, — Ps(z)). It is
straightforward to see that v is the desired inverse for . O
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Proposition 3.50. Let X be a compact topological space and T: X — F(Hy, Hs), © —— Ty, be a

continuous map. Then

(1) there exists a closed subspace V- C Hy of finite codimension such that V N Ker T, = {0} for
every x € X.

(7i) the set

| | Ho/Tu(V

zeX

topologized as a quotient space of X X Hs, is a vector bundle over X. This vector bundle will
be denoted by Ha/T(V).

Proof. Fix z € X and let V, = (Ker T;)*. From Proposition 3.46 and Remark 3.47, there exists
an open neighborhood U, of T, in F(Hy, Hs) such that each S € U, satisfies V, N Ker S = {0}.
Consider U, = T~1(U,) C X. Notice that V, N Ker T, = {0} for every y € U,. Compactness of X
provides a finite cover Uy, ,--- ,Us, of X. We can then define V' = (;_, V,, which satisfies (7).
Now, for each z € X one can apply Theorem 3.49 to T to obtain an open neighborhood U of

z such that | | .y Hg/Ty(V)‘U = U, ev H2/Ty(V) is trivial, proving (ii). O

We need one more technical result before we are able to give Atiyah’s definition of the index of

a family of Fredholm operators.

Proposition 3.51. Let X be a compact space and T: X — F(Hy, Hs) be continuous. Let V, V' C
Hy be closed linear subspaces with finite codimension such that V N Ker T, = {0} = V' NnKer T,
for every x € X. Then we have the following equality in K(X):

(X x (H1/V)] = [H/T(V)] = [X x (H1/V')] = [Hz/T(V")].
Proof. First assume V' C V. We have the short exact sequence of trivial vector bundles
0 —— X x (V/V') L X x (H/V') —2= X x (H/V) —— 0

where f and g are bundle morphisms induced by the inclusion V —— H; and the surjective map
H,/V' — Hy/V , respectively. This sequence splits since these vector bundles are trivial and every

short exact sequence of vector spaces splits, so that
X x (Hy/V') 2 (X x (H1/V)) & (X x (V/V)). (3.5)

Notice that T" induces a bundle isomorphism between X x (V/V’) and

T(V)/T(V') = | | Te(V)/To(V)
rzeX

x, Tp(v)) with

the quotient projection X x Hy — Hy /T (V'), obtaining a continuous map that sends (z,v) € X xV

to Tp(v)+T, (V') € Hy/T(V'). Notice that (z,v1—v9) € X xV' issent to Ty (vi—v2)+T,(V') =0

via this composition. This allows us to define ¢: X x (V/V') — Hy/T(V') by ¢(x,v + V') =

as follows: we compose the continuous map 7": X xV — X x Hy given by T'(z,v) = (
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Ty (v) + T(V'), making the diagram

X><V—>X><H2

Lo~

X x (V/V') =X Hy/T (V")

commutative. Since V N Ker T = {0}, we have that T,,(v) € T,(V') = v € V', implying that ¢
is injective. Thus ¢ is a bundle isomorphism between X x V/V’" and ¢(X x V/V') =T(V)/T(V")

due to Propositions 2.22 and 2.12. Besides, we have the short exact sequence
0 —— T(V)/T(V') — Hy/T(V') —1— Hy/T(V) — 0 (3.6)

where i is an inclusion and j is defined via the diagram (just like the map ¢ above)

X><H2

XXH2 XXHQ

l\l

Hy/T(V') —-2-5 HyJT(V

(explicitly, we have j(v+T,(V')) = v+ T,(V)). Let us prove that sequence (3.6) splits. For z € X,
we consider P, € B(Hs, H3) to be the orthogonal projection onto T,(V'). Lemma 3.44 shows that
P: X — B(Hy,Hsz), v — Py, is continuous. The continuous map p: Ho/T (V') — Hy/T(V')

defined by the commutative diagram

XXH2—>XXH2

I~

Hy/T(V') --Y- HyJT(V)
satisfies p(v + T (V")) = Py(v) + T,(V’). Thus
poi(Ty(v) + T (V")) = p(To(v) + To(V")) = Po(Ty(v)) + To(V') = Ti(v) + T (V') .

This shows that p defines a splitting at the left of the sequence (3.6). Therefore, by Proposition
2.30,

Hy/T(VY = Hy/T(V)DT(V)/T(V') = Hy/T(V)® (X x (V/V')). (3.7)

y (3.5) and (3.7), we have
[X x (Hy/V')] = [X x H/V] + [X x (V/V')]

and
[Ha/T(V')] = [H2/T (V)] + [X x (V/V')],

from where it follows that

(X x (Hy/V)] = [X x (H/V)] = [X x (V/V')] = [H/T(V")] = [H2/T(V)],
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which proves the desired result.
Now we can drop the assumption V' C V simply noticing that V NV’ is a closed subspace of

H1 and
Vo VAV
vnv: vV vnv Vv V!
so that V' NV’ has finite codimension. Besides, (V N V') NKer T, C V N Ker T, = {0} for every

x € X. From what we have proved above, it follows that

(X x (Hy/V)] = [Ho/T(V)] = [X x (Hi/(Vn V)] = [Ha/T(V V)]
= [X x (Hy/V")] = [Hy/T(V')].

This concludes the proof. O

Definition 3.52. Let X be a compact space and T: X — F(Hy, H3) be continuous.The A-index
bundle of T is
indA(T) = [X X (Hl/V)] — [HQ/T(V)] S K(X),

where V' is a closed linear subspace of H; with finite codimension such that V N Ker T, = {0} for

every x € X.

Proposition 3.51 shows that the above definition of index depends only on T and not on the
choice of V.

Remark 3.53. Asin Remark 3.31, let X = {z¢} and see the map T": {xo} — F(H1, H2) as a single
Fredholm operator T' = Ty, € F(Hi, Hs). Choosing V = (Ker T)*, it follows that H;/V = Ker T
and Hy/T(V') = Coker T'. Recall that Vect {zo} = N (see Examples 2.45 and 2.48), so K({zo}) =Z
and this allows us to say that ind4(7") is the difference of integers dim Ker 7' — dim Coker T'. This

proves that the A-index bundle coincides with the classical Fredholm index in these conditions.

3.3.3 Equivalence of the two Indices

Our goal in this section is to prove that our two approaches to define the index bundle give the
same object.

Let X be a compact Hausdorff space, H; and Hs be Hilbert spaces, and T: X — F(Hy, Ha) be
a continuous map. Suppose that either H; = Hy or that both H; and H» are infinite dimensional.
We shall prove that ind4(7") = indg(T") in K(X).

Let W C Hs be a finite dimensional linear subspace such that T, (Hy) + W = Hj for every
x € X. Recall that the B-index bundle of T is

indp(T) = [Ker TV] — [X x W], (3.8)

where TW : X — F(Hy @ W, Hy) is defined by T)V (v, w) = T,(v) + w.

Observe that W is a closed linear subspace of finite codimension and, for z € X,

W N Ker TF = WENT,(H)* C (W + To(Hy))*: = Hy = {0}.
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Therefore, we can take V = W in Definition 3.52 and write
indA(T*) = [X x Hy/WH| — [H/T*(WH)] = [X x W] — [H/T*(WH)], (3.9)

where Hy /T*(W+) = || Hy/T:(W+) is topologized as the quotient space of X x Hj obtained via
zeX
the equivalence relation (z,v) ~ (2/,v') <= (z =2’ and v — v’ € Tj(W™)).

Consider the continuous map v : Ker TV — X x H; given by ¢(z, (v,w)) = (x,v). Composing
v with the quotient map X x Hy — Hy/T*(W+), we obtain the continuous map ¢: Ker 7" —
Hy/T*(W) given by o(z, (v,w)) = v + T (W). Clearly, ¢ is fiberwise linear, being therefore a
bundle morphism.

We are going to prove that ¢ is a bundle isomorphism. By Proposition 2.12, it suffices to prove
that ¢ is fiberwise bijective. Fix € X. Since W is closed, we have that 7, (W) = T*(W+)*.
Besides, every (v,w) € Ker T)V C Hy @ W satisfies T, (v) = —w, so that v € T, ' (W) = T (W+)*.
Therefore, an element of Ker TV is of the form (v, T,(—v)) for a suitable v € T} (W L)+

Since W has finite dimension, 7|, : W+ — Hj is also Fredholm, and therefore T* (W) is

closed in Hy. We can then write
Hy = Ty (W) @ Ty(WH) = Tr (W) @ T, (W).

For every v = vy + vy € T (W) @ T, 1 (W), with vy € T (W) and ve € T, H(W), we have
v TE(WE) =02 + T (W) = o(a, (v2, Tu(—v2)))

which proves that ¢, : Ker T/ — Hy/T;(W+) is surjective.
On the other hand, if we let (v, T,.(—v)), (v', Te(—2")) € Ker T)V be such that v, v’ € T} (W+)+,
it follows that

p(a, (v, To(—0))) = ez, (v, To(—0")) = v+ Ty (W) =o' + T;(WH)
— v—0 ey (W)
— v=1,
proving that ¢, is injective.

In conclusion, ¢: Ker TW — H;/T*(W+) is a bundle isomorphism.
Comparing equations (3.8) and (3.9) and using Corollary 3.43, it follows that

indg(T*) = —indg(T') = ind(T™).

Applying the above argument to 7™, we obtain

Theorem 3.54. Let X be a compact Hausdorff space. Assume that either Hy = Ho or that both
Hy and Hy have infinite dimension. Every continuous map T: X — F(Hy, Hy) satisfies ind4(T) =
indB(T).

Definition 3.55. Let X be a compact Hausdorff topological space. Assume that either H; = Hs
or that both H; and Hs have infinite dimension. The index bundle of a continuous map 7: X —
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.F(HI,HQ) 18
ind(7T") = ind4(7T") = indp(T) .

To sum up, given a compact Hausdorff topological space X, to each pair of Hilbert spaces
(Hy, Hs) such that either H; = Hy or both Hy and Hj are infinite dimensional, we have a map
ind: C(X,F(H1, Hz)) = K(X), from the set of continuous maps X — F(H;, H2) into the K-group
of X, satisfying the following equations in K(X):

(a) ind(S) =ind(T") if S is homotopic to T';

(b) ind(S & T) =ind(S) +ind(7T);

(¢) ind(ST) = ind(S) + ind(T) ;

(d) ind(T) =0 if T, is invertible for every x € X ;
(e) ind(T) =0 if T, is self-adjoint for every x € X ;
(f) ind(7T") = —ind(T™).

From (a), it follows that ind: C(X, F(H1, H2)) — K(X) induces a map [X, F(Hi, H2)] — K(X),
defined on the set of homotopy classes of continuous maps X — F(Hj, Hz), which we will also

denote by ind . This latter map is called families-index.

3.4 The Atiyah-Janich Theorem

In this section, X will denote a compact Hausdorff topological space as well as H will denote an
infinite dimensional Hilbert space. For simplicity, we will denote B(H, H) by B(H), and F(H, H)
by F(H).

The monoid structure on F(H) induces a monoid structure in C'(X, F(H)) under the pointwise
product of families of operators. If F': X x[0,1] — F(H) is a homotopy between S, 5" € C(X, F(H))
and G: X x [0,1] — F(H) is a homotopy between T,T" € C(X,F(H)), then FG is a homotopy
between ST and S"T”. Therefore, the pointwise product on C(X, F(H)) induces a monoid structure
in [X, F(H)], the set of homotopy classes of continuous maps X — F(H).

From (a) and (c) above, we have
Theorem 3.56. The families-index
ind: [X, F(H)] — K(X)

s a monotd morphism.

Lemma 3.57. Let B = {e;}ienU{ea}taca be a Hilbert basis for H (we could take A to be the empty
set in case H is separable). For k € Z, let Sy = S,(f) € F(H) be the operator defined in Example
3.2 and denote by Si: X — F(H) the constant map x —— Sk. If k > 0, we have

ind(Sp) =[X xC*  and  ind(S_;) = —[X x C¥].
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Proof. Let k > 0. Recall that the linear maps Sy = S,(f) € F(H) and S_, = S(_i) € F(H) are

defined by

€j—k if je Nand j >k, .
€, ,
Sng)(ej) =40 if je Nand j <k, and S(_i)(ej) _ ) Gtk 1 j
if j ej ifjeA,
e; ifjeA

Since the operator Sy € F(H) is surjective, we have that the index of the family S is given by
ind(Sy) = [Ker Si]. Since Ker Sy = span{ey,--- ,ex} = C*, it follows that

Ker S = |_| Ker S = |_| span{ey,- - ,ex} = X X span{ep,--- ,ex} = X X Ck,
rzeX rzeX
proving that ind(Sy) = [X x CF].
Let I: X — F(H) denote the constant map x — idy. Since SiS_j = I, it follows that

0 =ind(I) = ind(SpS_x) = ind(Sk) + ind(S_y),

from where we obtain ind(S_j) = —[X x CF]. O

Lemma 3.58. Let V and W be vector spaces, {vi,--- ,on} be a linearly independent subset of
V and {wy,--- ,wn} be an arbitrary subset of W. If Zf\il v; ®@ w; = 0, then w; = 0 for every
j=1,--- N.

Proof. Let {u1,--- ,u,} be a basis for span{ws, - - - ,wxn}. Complete {v1,- -+ ,on} and {u1, - ,u,}
and get basis for V' and W, respectively, say By and Byy. Recall that {v @ w : v € By,w € By}
forms a basis for V @ W. Writing w; = Z?:l Aijuj, we have

N N n N n
0= wwwi=3ue (X ) =D A(viow)
i=1 i=1 j=1 i=1 j=1
so that \;; = 0 for every 4, j, finishing the proof. O

Proposition 3.59. The bundle indez ind: [X, F(H)|] — K(X) is surjective.
Proof. Let B ={e;}ien U {€a}taca be a Hilbert basis for H. Let

H, = span{e; }ien and Hy = span{eq faca

so that H = H; & Hy.2

By Proposition 2.50, every element in K(X) is of the form [E] —[X x C¥] for some vector bundle
E — X and some k& > 0. Let E — X be a vector bundle. It suffices to construct a family T such
that ind(T") = [E] since then it will follow that

ind(T'S_1) = ind(T) + ind(S_y) = [E] — [X x CF],

where S_j = S(_i) is the operator associated to B as in Lemma 3.57. By Proposition 2.36 there

exists N > 0 such that E is a subbundle of X x C¥. For z € X, let P,: CV — C be the orthogonal

2Here, span W stands for the closure of the linear space generated by a subset W C H.
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projection onto £, and let Q, = idcy — Py (Qy is the orthogonal projection onto E;). Let Sy = S%B)

be as in Lemma 3.57:
ej—1 ifjeNandj>1,

Si(ej) =< 0 it j=1,
€;j if j € A.
Define T: X — B(CN ® H) by

By Lemma 2.37, © — P, is continuous, so that 7' is a continuous map. Fix x € X. First note that

T, restricts to the identity map over CV @ Hy: if € € CN and v € Hy, then
To(§ ®@v) = Pu(§) © S1(v) + Qu(§) ®idp(v) = (Pr(§) + Qu(§)) @v=EQ v
Moreover, T, restricts to a surjective map over CN @ Hy: given £ € CV and i € N, we have

T2 (Q2(8) @ €i + Po(§) @ €i1) = (Pr ® S1 + Qu ®idpy ) (Qu(§) ® €5 + Pr(§) ® €i11)
= P,Qu(&) ® Si(es) + PF(6) @ Siein1) + Q2(E) @ ei + QuPo(€) ® eipa
=P(§) ®ei + Qz(§) ® ey
= (Po(§) + Qz(§)) ® e
={Re

(boundedness of each T} gives surjectivity because span{é ® e; : £ € CV,i € N} = CN ® Hy).
Therefore, T, is a surjective map.

Now, let Y7 & ® v; € Ker T,. We can assume {v;}"; is linearly independent. Using the
decomposition CV = E, @ EX, write & = w; + n; with w; € E, and n; € Ex. Let {aj}gnzl and
{b; }N ™ be bases for F, and Eg, respectively. Write w; = >ty aija; and n; = Zj\[:—lm Bi;bj
Applying T}, to

n n n
Zfz‘@?)izzwz‘@w-i-z?h@vi
i1 ) i1
n
—ZZazjaj@meZ

=1 j=1 =1

Z Bng & v;

N—m
7=1

leads us to (observe that P, (w;) = wj, Pr(n:) =0 = Qz(w;) and Q4 (1) = n;)

022%@51(%)4‘2%@%

n N—-m
—ZZa,ja]@JSl (v) —l—Z Z Bijb; ® v;
i=1 j=1 i=1 j=1

m n N—m n
:Zaj@)Sl(Zaijvi)Jr ij(g)(ZBijvi)-
j=1 i—1 j=1 i=1
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By Lemma 3.58, it follows that
n
Zaijvi € Ker S} =span{e1} Vj=1,---,m

i=1

and

n
> Byvi=0 ¥ji=1,---,N—m,
=1

Since {v;}; is linearly independent, one has 8;; = 0 forevery j =1,--- ,N and every i = 1,--- ,n,

which imply 7; = 0 for all ¢ = 1,--- ,n. Putting all this together, we have
n n
Zfi@)vi = Zm@vi
i=1 i=1
n m
=2 D aija; @ v

i=1 j=1
m n
= Z a; ® (Z ozijvz) € E, ®span{e;}.
j=1 i=1
This shows that Ker T, C E, ® span{e; }. On the other hand, for £ € E,,

To(§ ®er) = Po(§) @ Si(e1) + Qa(§) ®er = 0.

Thus Ker T, = E, ® span{e;}. This proves in particular that T, is a Fredholm operator for each
x € X. We can then regard T as a continuous map X — F(CV ® H). Since each T, is surjective,
Proposition 3.40 gives that

ind(T) = [Ker T7.

Notice that E C X x CV is isomorphic to

Ker T = {(z,u) € X x (CN ® H) : u € Ker T},}
= {(z,u) € X x (CN® H) :u € E, ®span{e; }}

via
E> (2,§) — (2,6 ®e1) € Ker T.

Therefore, we obtain ind(7T") = [Ker T] = [E].
We have obtained a continuous map 7: X — F(CN®H) with ind(T) = [E]. Let I: CN@H — H
be an isomorphism of Banach spaces. The product IT1~': X — F(H), given by 2 — IT, 1!, is

a continuous family of Fredholm operators in H that, by Lemma 3.38, satisfies
ind(ITI™Y) = ind(T) = [E],
as desired. O

Denote by GL(H) C B(H) the set of invertible bounded linear operators in H.

Lemma 3.60. LetT: X — F(H) be continuous. Ifind(T") = 0, then T is homotopic to a continuous
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map X — GL(H).

Proof. Let V' C H be a closed linear subspace of finite codimension such that V NKer T, = {0} for
every x € X. We have

0=ind(7T) =inda(T) = [X x (H/V)| - [H/T(V)].
Now, since [X x (H/V)] = [H/T(V)], by Proposition 2.50 there exists k > 0 such that
X x (H/V)aCr) =2 (X xCH e H/T(V).
Let W be a closed linear subspace of V' with dim V/W = k. We clearly have
X x (H/W)=2X x ((H/V)® (V/W)) =X x (H/V)®CF).

Now we need to read again the proof of Proposition 3.51 and invoke Equation (3.7) with W instead
of V', obtaining

H/T(W)=H/T(V)® (X x (V/W)) =2 H/T(V)® (X x C").
Putting together the three previous isomorphisms, we get a bundle isomorphism
a: X x (H/W) — H/T(W). (3.10)

For ¢ € X, let P, € B(H) be the orthogonal projection onto T,(W). Lemma 3.44 gives the
continuity of P: X — B(H), © — P,. Consider the continuous map x: X x H — X x H
given by x(z,v) = (x,v — P,(v)). Note that for (z,v),(z,v") € X x H with v — o' € T,(W)
we have that P,(v —v') = v — v/, so that x(z,v) = x(x,v’). Thus, x induces a continuous map
v: H/T(W) — X x H making the diagram

XxH X3 XxH

|7
T

H/T(W)

commutative, that is, for (z,v) € X x H the map v sends v+T,(W) to (z,v—P,(v)) continuously.
Note that, for every € X, ¢ maps H/T,(W) isomorphically onto T, (W)*. The composition
Yoa: X x (H/W) - X x H induces a continuous map S: X — B(H/W, H) such that S; is a
linear isomorphism from H/W onto T,(W)* for every x € X. Since W N Ker T}, = {0} for every
x € X, we have that T} is a linear isomorphism from W onto T, (W).

Let Q € B(H) be the orthogonal projection onto W+, and define F': X x [0,1] — F(H) by

Fon(v) = Te(v —tQ(v)) + S:(tQ(v) + W) .

We have that F' is a homotopy between T'and T"7: X — F(H), To(v) = Tp(v—Q(v))+Sz(Q(v)+W).

Fix € X and let us prove that T}, is an isomorphism from H onto itself. Since

H=T,(W)® T, (W)t =T,(W)® S, (H/W),
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we have that T is surjective. Besides, if v € H is such that T, (v) = 0, then T,(v — Q(v)) =
—S:(Q(v) + W) € To(W) N Tp(W)*, so that Tp(v — Q(v)) = 0 = S.(Q(v) + W). Since T|w is
injective, we obtain v = Q(v). On the other hand, injectivity of S, gives Q(v) € W, which is
only possible if Q(v) = 0. Thus v = 0. In conclusion, T" is homotopic to the continuous family of

invertible operators 7T". O

Let i: [X,GL(H)] — [X,F(H)] be the map induced by the inclusion GL(H) — F(H).
Corollary 3.41 gives that the index bundle of a family of invertible operators is trivial, so that
i([X,GL(H)]) € Ker ind. On the other hand, Lemma 3.60 shows that Ker ind C i([X,GL(H)]).
Therefore

Ker ind = i([X,GL(H))) . (3.11)

A theorem by Kuiper [Kui65]| states that [X, GL(H)] = 0 whenever H is a separable Hilbert
space. This result remains true for arbitrary infinite dimensional Hilbert spaces (see [I1165]).

Applying this to equation (3.11), one obtain that the index bundle ind has trivial kernel. Since
ind was already shown to be surjective (Proposition 3.59), Proposition 1.6 allows us to say that ind

is also injective. We have proved the main result of this text.

Theorem 3.61 (Atiyah-Jénich). Let X be a compact Hausdorff topological space and H be an

nfinite dimensional Hilbert space. The families-index
ind: [X,F(H)] — K(X)

s an isomorphism.

Corollary 3.62. If X is a compact Hausdorff space and H is an infinite dimensional Hilbert space,
then the monoid [ X, F(H)] is actually an abelian group.

Let us interpret the Atiyah-Jénich Theorem from the viewpoint of Category Theory.
Fix an infinite dimensional Hilbert space H. For every compact Hausdorff topological space X,
we can associate the monoid [X, F(H)|. Let X and Y be compact Hausdorff spaces and f: X — Y

be continuous. We have the associated map
C(Y,F(H)) — C(X,F(H)), T—Tof. (3.12)
Notice that this map is compactible with the pointwise product, that is,
(ST)o f=(Sof)(Tof), foreveryS,TeC(Y,F(H)),

so that it is a monoid morphism. Now, suppose that S,7" € C(Y,F(H)) are homotopic, and let
G:Y x[0,1] = F(H) be a homotopy between them. The continuous map H: X x [0,1] — F(H),
given by H(z,t) = G(f(x),t), is then a homotopy between S o f and T o f. Thus, (3.12) induces a
monoid morphism

[ FH)] — [X, F(H)]

Therefore, this association provides a contravariant functor from the category of compact Hausdorff

topological spaces into the category of monoids, which we shall call F.



66 FAMILIES-INDEX AND ATIYAH-JANICH THEOREM 3.4

Recalling that every abelian group can be seen as a monoid, the K-theory functor can be seen as
a contravariant functor from the category of compact Hausdorff topological spaces into the category

of monoids. It is a consequence of Lemma 3.32 that the families-index
ind: [X,F(H)] — K(X)

is a natural transformation between the functors F and K. In this context, what the Atiyah-J&nich

Theorem actually states is that ind is a natural isomorphism.
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