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In what follows all random objects are assumed to be defined on a fixed
probability space (2,.4,P) and the probability distribution of a random ob-
ject Y (i.e., the push-forward of P by Y') will be denoted by Py. The real
finite-dimensional vector space V' appearing in the statements below will
be assumed to be endowed with an arbitrary fixed norm || - | and with the
corresponding topology. Recall that a topological space is called separable
if it admits a countable dense subset and first countable if every point ad-
mits a countable fundamental system of neighborhoods. It holds that every
metrizable space is first countable and every compact metrizable space is
separable.

Proposition 1 (uniform strong law). Let (), B) be a measurable space, K be
a compact separable and first countable topological space and g : Y x K — V
be a map taking values in a real finite-dimensional vector space V. Let
(Yo)n>1 be an independent and identically distributed sequence of YV-valued
random objects and assume that the following conditions hold:

(a) for Py, -almost every y € Y, the map K > 0 — ¢g(y,0) € V is
continuous;
(b) for all @ € K, the map Y >y~ g(y,0) € V is measurable;

(c) there exists a measurable function h : Y — [0,+00[ such that the
expected value E(h(Yl)) is finite and such that, for Py, -almost every
y € Y, we have ||g(y,0)|| < h(y) for every 0§ € K.

Under such conditions, we have that for P-almost every w € Q the equality

i~ g(Yi(w).0) = B(g(11,))
=1

n—-+00 N 4
holds for every 0 € K, with the limit being uniform in 6.

Proof. By replacing Y with a subset of Py,-probability 1 and restricting all
Y, to a subset of Q with P-probability 1, we can assume that conditions (a)
and (c) hold with “for Py,-almost every y € )” replaced with “for every
y € V7. Given a nonempty open subset U of K and 6 € K, we define a map
Hyg: Y — [0, +00[ by setting

(1) Hyo(y) = sup |lg(y,0') — g(y,0)]|,
0'cU
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for all y € Y. Note that Hyg < 2h and that the function Hy g is measurable
since, by the continuity of g(y,-), one can take the supremum in (1) over
a countable dense subset of U. Given § € K and a decreasing countable
fundamental system of open neighborhoods (Uy)x>1 of 6, the continuity of
g(y,-) implies that (Hy, ¢)k>1 converges pointwise to zero and therefore
the Dominated Convergence Theorem yields limg 1o (HUk’g(Yl)) = 0.
Moreover, the continuity of g(y, -) and the Dominated Convergence Theorem
also yield that the map K 3 6 — E(g(Y1,60)) € V is continuous.

Now let € > 0 be fixed. To prove the proposition, it is sufficient to show
that, for P-almost every w € €2, we have

ilzg(Yi(ww)
=1

for all § € K and for n > 1 sufficiently large (keep in mind that one will
be able to choose the set of P-probability 1 for which this holds indepen-
dently of € > 0 since it is sufficient to consider countably many ¢ > 0).
By the observations in the beginning of the proof, each § € K has an open
neighborhood U (#) such that

— E(9(11,0))|| <e,

(2) E(Hy @) o(Y1)) <e
and
(3) |E(9(11,0") = E(9(11,0)) <&,

for all ¢’ € U(0). Since K is compact, we can find a finite subset F' of K such
that K = (Jycp U(0). By the Strong Law of Large Numbers, for P-almost
every w € 2, the conditions

n

(4) L % ; Hy(9)9(Yi(w)) = E(Hy9)6(Y1)),
(5) Jim > o(4i).0) = B(o(1:.0)

hold for all § € F. Let w € Q for which (4) and (5) are satisfied for all § € F
be fixed, so that

(6) % [Z Hy )0 (Yi(w)) | — E(Hyg)o(Y1))]| <e.
=1 |
(7) i[ZQ(Yi(wM)) —E(9(11,0)| <,
=1 |

for all € F and for n > 1 sufficiently large. Now let n > 1 be fixed such
that (6) and (7) hold for all # € F. For arbitrary 6’ € K, we pick § € F



A UNIFORM LAW OF LARGE NUMBERS 3

with 6" € U(#) and using (2), (6) and the definition of Hy(g) ¢ We obtain:

! [Satson] - 2ot

i=1 i=1

(8)

1 n
<= > Hy)o(Yilw))
=1

< E(Hyg)o(Y1)) +& < 2e.
Finally from (3), (7) and (8) we get

% [Zg(Yi(w%@')
=1

concluding the proof. O

—E(g(1,0"))|| < 2e+e+¢e =4,

Corollary 2 (uniform weak law). Under the assumptions of Proposition 1,
we have that the sequence of functions

1 [zn:g(Yi(W),@)

n _E(g(Ylae)) ) w €
i=1

Sp(w) = sup
oeK

converges to zero in probability.

Proof. As in the proof of Proposition 1 we obtain (by possibly deleting a
subset of P-probability zero from ) that the functions S,, are measurable
because by continuity one can replace the supremum over K in the definition
of S, with the supremum over a countable dense subset of K. By Propo-
sition 1, the sequence (Sn)nzl converges almost surely to zero and hence it
also converges in probability to zero. O

Example 3. Assumption (c) in the statement of Proposition 1 is really
necessary. Namely, consider the set of positive integers endowed with the
discrete topology and let K = {1,2,...} U {oco} denote its one-point com-
pactification. A map g : Y x K — V satisfying assumptions (a) and (b) in
the statement of Proposition 1 is determined by a sequence (g, )m>1 of mea-
surable maps ¢g,, : J — V that converges pointwise to a map goo : YV — V.
We set V' =R and we let ) = [0, 1] be endowed with its Borel o-algebra and
gm be equal to m times the indicator function of the interval ]O, %] (so that
goo = 0). Let (Y;,)n>1 be an independent sequence of random variables with
a uniform distribution in [0, 1]. We have E(gm,(Y1)) = 1 for all m > 1. Given
n > 1and w € Q, we can take m > 1 such that % is less than every nonzero
element of the finite set {Yi(w),...,Y,(w)} so that 37 | gm(Yi(w)) = 0.
Hence

— E(gm(Y1))| > 1,

n
meK i—1

(9) sup | [ng(mm)

for all n > 1 and all w € 2 and we conclude that not even the thesis of the
uniform weak law of large numbers (Corollary 2) holds.
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In the statement of Proposition 1, if K is not compact we might in some
cases be able to find a first countable compactification K of K such that
g(y,-) admits a continuous extension to K for Py,-almost every y € . In
this case all assumptions of Proposition 1 will be valid for the extension of
g to Y x K and hence the thesis of the proposition will hold. Note that
the desired extension of ¢ will always exist if we let K be the Stone-Cech
compactification of K, but Stone-Cech compactifications are typically not
first countable. Below we show that Proposition 1 does not hold in general
if K is not compact.

Example 4. Let V, Y and (Y,),>1 be as in Example 3 and let K be
the set of positive integers endowed with the discrete topology. A map
g Y x K — V satisfying assumptions (a) and (b) in the statement of
Proposition 1 is then determined by a sequence (g, )m>1 of measurable maps
gm : [0,1] — R and assumption (c) is also satisfied for instance if the
sequence (gm)m>1 is uniformly bounded. Since the Banach space C([0,1])
of continuous real-valued functions on [0,1] endowed with the supremum
norm is separable, we can pick g, such that the set { Gm @M > 1} is dense
in the unit ball of C([0,1]). Given n > 1 and w € Q, we can for any ¢ > 0
find a continuous map g : [0,1] — [0,1] such that |g(Y;(w))| < € for all
t=1,...,n and such that E(g(Yl)) > 1 —e&. Thus, there exists m > 1 such
that such inequalities hold with ¢ = g¢,,,. Hence inequality (9) is satisfied
for all n > 1 and all w € ) so that again not even the thesis of the uniform
weak law of large numbers holds.
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