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1. INTRODUCTION

Let (X,A, ) be a measure space, i.e., X is a set, A is a o-algebra of
subsets of X and p: A — [0,400] is a countably additive set function with
(D) = 0. Given a measurable function f: X — IR and p € [1, 400 we set:

1= ([ 177 an)" € f0.+o0),
and:

[ fllso = inf {c € [0, +00] : | f] < ¢, p-almost everywhere} € [0, +00].

We denote by M(X, A) the real vector space of measurable real valued maps
on X and by M(X, A, i) the quotient of M(X, A) by the subspace of u-
almost everywhere vanishing maps. As usual, for p € [1,+o0], LP(X, A, 1)
will denote the subspace of M(X, A, 11) consisting of classes of maps f with
| fll, < +o0; under a (very standard) abuse of terminology, we will say that
fisin LP(X, A, ) meaning that the class of maps almost everywhere equal
to fisin LP(X, A, u). The vector space LP(X, A, 1) becomes a Banach space
when endowed with the norm || - ||,. Given p,q € |1, 4o00[ with % + é =1
then the well-known Riesz Representation Theorem states that the (g, p)-
Riesz map:

(1.1) LI(X, A 1) 3 g— ay € LP(X, A, 1),

where

(1.2) oolf) = [ Fadn feLX A
X

is a linear isometry, where LP(X, A, u)* denotes the topological dual space
of LP(X, A u). If ¢ =1 and p = +o0o then the map (1.1) is an isometric
immersion but it is not surjective even for fairly simple measure spaces
(X, A, p). If, on the other hand, ¢ = +00 and p = 1 then the map (1.1) is
well-known to be a linear isometry in the case where (X, A, u) is o-finite,
i.e., if X can be covered by a countable number of sets of finite measure.
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In this article we are concerned about studying general conditions on the
measure space (X, A, u) under which the Riesz map:

(1.3) L¥(X, A, 1) 3 g — ag € LN(X, A, p)*

with a4 defined as in (1.2), is a linear isometry. Observe that if X is an
arbitrary set, A = p(X) is the o-algebra of all subsets of X and p is the
counting measure p(A) = number of elements of A, then the Riesz map
(1.3) is an isometry; however, if X is uncountable, (X, A, ) is not o-finite.
Thus, o-finiteness of the space is not a necessary condition for the Riesz
map to be an isometry. In [1] a sufficient condition for the Riesz map to be
an isometry which is weaker than o-finiteness (and is satisfied by counting
measures) is presented. The condition is that the space X should admit a
decomposition; in [1] a decomposition for X is a partition X = J;c; X; of
X into pairwise disjoint measurable sets X; with u(X;) < 400 for all i € T
satisfying the following property: if A is a subset of X with AN X; € A
and p(AN X;) =0 for all ¢ € I then A is measurable and pu(A) = 0. For
instance, if A = p(X) and p is the counting measure then X = (J o x {7} is
a decomposition for X.

2. INFINITE BLOCKS

Definition 2.1. Let (X, A, 1) be a measure space. A measurable subset
B € A is called an infinite block for p if u(B) = 400 and p(A) € {0, +oo}
for every A € A contained in B. If there are no infinite blocks for u then
we call u a block-free measure.

A subset of X will be called o-finite for p if it is equal to the union of a
countable family of sets of finite measure p. The intersection of a o-finite
set with an infinite block has measure zero. Note that if f is in LP(X, A, u)
with p < +oo then the set f~(IR\ {0}) is o-finite because:

R\ {0}) = U{xeX ()] > 1)

thus f|p = 0 almost everywhere, 1f B is an infinite block.

Lemma 2.2. The Riesz map (1.3) is injective if and only if u is block-free;
in this case, (1.3) is an isometric immersion.

Demonstragao. 1If B C X is an infinite block then ay = 0, where g = x5 # 0
is the characteristic function of B; thus (1.3) is not injective. Now assume
that p is block-free. Given g € L>®(X, A, ) then clearly [jogy| < [/g]co-
Moreover, given ¢ > 0 with ¢ < ||g||co, We can find a measurable set A
contained in the set {# € X : |g(z)| > ¢} with 0 < p(A) < +oo. Thus
f = (sign(g))x 4 is a nonzero element of L*(X, A, y1) with:

ag(f) = el flh,

which proves that [[agy|| > ||g|lcc. Hence (1.3) is a (injective) isometric
immersion. g
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In some spaces one can “factor out” the infinite blocks, i.e., write X as a
disjoint union X = XgU X, where X, is an infinite block and X contains
no infinite blocks. This is not always possible, as the following example
shows.

Example 2.3. Let X be the rectangle [0,1]2. We define A C X to be
measurable if the line AY = {z € [0,1] : (z,y) € A} is Lebesgue measurable
for every y € [0,1]. The measure u(A) is defined as follows. If AY is non
empty for only a countable number of values of y € [0, 1] then we set:

n(A) =) m(aY),
ye(0,1]
where m denotes the Lebesgue measure on IR; otherwise, we set p1(A) = 4o0.
Observe that each column {z} x [0,1], € [0,1], is an infinite block. We
claim that X cannot be written as a disjoint union X = Xy U X, where
X is an infinite block and Xy does not contain infinite blocks. Namely,
if X is an infinite block then m(X%) = 0 for all y € [0, 1] and thus there
exists a point a(y) € [0,1] \ X&; therefore B = {(a(y),y) : y € [0,1]} is an
infinite block disjoint from X.

Example 2.3 shows that “factoring out” is not the right way to get rid of
the infinite blocks. The right way is to “fix” the measure p by defining a
“block-free” version of u as follows; set:

(2.1) pne(A) =sup {u(E) : EC A, E € Aand u(E) < 400},

for all A € A. Obviously ppe(A) < u(A), for all A € A and upe(A) = 0 if
and only if either u(A) = 0 or A is an infinite block. Moreover, we have the
following:

Lemma 2.4. The set function ppe : A — [0, +00] defined in (2.1) has the
following properties:

(a) given A € A, there exists a o-finite subset E for p contained in A
with jue(4) = p(E);

(b) if A € A does not contain infinite blocks for u (in particular, if A is
o-finite for 1) then j(4) = e(4);

(¢) pe is a block-free measure;

(d) if A € Aiso-finite for uns then A can be written as a disjoint union
A= AgU A, Aoy, Ax € A, with Ay o-finite for p and pps(As) =0
(so that either 1(As) = 0 or A is an infinite block for ).

Demonstragao.

e Proof of (a).

By the definition of pp¢ there exists a sequence (Ey,)p>1 of subsets of A
of finite measure with limy, oo ft(Er) = ppe(A). Set E = J,; En; then
E is a o-finite subset of A with p(E) = limy, oo p(Eq U ... U E,). The
conclusion follows by observing that u(E,) < p(E1U.. .UE},) < upe(A),
for all n > 1.



NOTES ON THE RIESZ REPRESENTATION THEOREM 4

e Proof of (b).

If upe(A) = 400 then also pu(A) = +oo. Assume that ppe(A) < 400.
Let E be a measurable subset of A with pu(E) = upe(A4). If E' is a
measurable subset of A\ F with finite measure then:

five(A) = p(E) < p(E) + w(E') = w(EU E') < ne(A),

so that u(E’) = 0. Since A\ E is not an infinite block, it must be
WA\ E) = 0. Hence p(A) = u(E) = jue(A).

e Proof of (c).

We prove that pps is countably additive. Let (Ay)n,>1 be a sequence
of pairwise disjoint measurable sets and let E be a o-finite subset of
A=, Ay with p(E) = pupe(A); for each n > 1, let E,, be a o-finite
subset of A,, with u(E,) = pupe(Ay). Then, keeping in mind the simple
fact that the set function ppe is monotonically increasing we have:

iﬂbf(An) = iM(En) = M( E_OJ En) = ubf< D En) < pini(A) = p(E)
n=1 n=1 n=1 n=1

= Z wENA,) = Zubf(E NA,) < Z,U«bf(An)'
n=1 n=1

n=1

In order to prove that ppe is block-free, observe that if ppe(A4) = +oo
for some A € A then there exists a measurable subset E of A with
0 < u(E) < 4o00; hence pupe(E) = pu(F) < +o00 and A is not an infinite
block for pips.

e Proof of (d).

Write A = U2 | Apn, with upe(A4,) < +oo for all n > 1. For each
n there exists a measurable subset E, of A, with u(E,) = up(4,).
Thus pne(En) = pne(An) and ppe(A, \ En) = 0. Set Ag = U~ By, and
Ao = A\ Ag. Then Ay is o-finite for p and A C ;21 (A4y \ Ep), so
that ,ubf(Aoo) =0. O

Definition 2.5. The measure pup : A — [0,4+00] defined in (2.1) is called
the block-free version of the measure p : A — [0, +00].

Since the measure ups is absolutely continuous with respect to u, the
identity map of M (X, .A) induces a linear map M (X, A, u) = M(X, A, pps);
moreover, since pps < p such map takes LP(X, A, u) to LP(X, A, upt) and
thus we obtain a canonical map:

(22) Lp(Xa A,u) — Lp<X7 Aa be)?
for all p € [1,400].

Lemma 2.6. The map (2.2) is an isometry for p < 4+o00.
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Demonstragdo. If fisin LP(X, A, i) then the set f~1 (ZR\{O}) is o-finite for
w and thus, by item (b) of Lemma 2.4, p and p,s coincide on all measurable
subsets of f~!(IR\ {0}). This proves that:

Jouran= [ 107 dps

i.e., (2.2) is an isometric immersion. In order to prove that (2.2) is surjective
we fix f € LP(X, A, upe) and we exhibit an element of LP(X, A, u) that
is equal ppr-almost everywhere to f. Since f~!'(IR\ {0}) is o-finite for
fbe, item (d) of Lemma 2.4 allows us to write f~'(R\ {0}) = Ao U A
with Ag, A € A, Ao N A = 0, Ag o-finite for p and ppe(As) = 0.
Thus fy Ay = f ppe-almost everywhere and, since p and ups coincide on all
measurable subsets of Ao, we have [y [|fx, [P du = [ |f[P dppe < +00 and
hence fx ,, € LP(X, A, p). O

Recall that if E and E’ are Banach spaces then a bounded linear map
q: E — E'is called a quotient map if it is surjective and:

lg(z)|l = inf {|lyll : y € E, q(y) = q(z)},

for all x € E. Alternatively, ¢ is a quotient map if it induces a linear isometry
from the quotient Banach space E/Ker(q) onto E’.

Lemma 2.7. The map (2.2) is a quotient map for p = 400 and the nonzero
elements of its kernel are the maps f € L>®(X, A, p) such that f~1(R\ {0})
is an infinite block.

Demonstracdo. Let f € L*™(X, A, ) be fixed and let ¢ be the norm of f in
L>(X, A, upe). We define fp : X — IR by setting fo(z) = f(x) if [f(z)| < ¢
and fo(z) = 0 otherwise. Then fy € L*(X,A,u) and f = fo ppe-almost
everywhere. Thus fp is mapped by (2.2) into f, which proves that (2.2) is
surjective. We will now prove that the norm of fy in L (X, A, i) is equal to
c and that for every f1 € L>®(X, A, u) with f = fi ppe-almost everywhere
the norm of f1 in L*>°(X, A, ) is greater than or equal to ¢. This will imply
that (2.2) is a quotient map. For any € > 0 we have:

be({x e X :|filz)| > c—s}) :be<{x e X :|f(x)] > c—s}) >0
and thus:
u({x e X :|fi(z)| > c—a}) > ,ubf<{a: e X :|fi(z) > c—e}) > 0.

This proves that the norm of f; (and the norm of fy) in L™(X, A, ) is
greater than or equal to c. Finally, since |fo(x)| < ¢ for all z € X, the norm
of fo in L*™(X, A, p) is indeed equal to c. O
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For p,q € [1,4+00] with }D + % =1 we have a commutative diagram:

Lp(X7 A7 :U’)* -~ LP(X’ Aa /,Lbf)*

| i

LUX, A, p) LA(X, A, por)

where the vertical arrows are the (g, p)-Riesz maps (1.1) for (X, A, u) and
(X, A, pg), the top horizontal arrow is the transpose of the map (2.2) and
the bottom horizontal arrow is the version of the map (2.2) for L?. If
p,q € ]1,+00] then (2.3) is just a commutative diagram of isometries. The
most interesting case for us is p = 1 and ¢ = +o0; in this case we get a
commutative diagram:

LHNX, A, p)*

@4 T

LOO(XaAaN) LOO(XaAnubf)

In diagram (2.4) the slanted arrow differs from the Riesz map of the space
(X, A, upe) by an isometry; since pups is block-free, the slanted arrow is an
isometric immersion. Therefore diagram (2.4) shows us how to factor the
Riesz map of the space (X,.A,u) into a isometric immersion (the slanted
arrow) and a quotient map (the horizontal arrow).

3. FuLL MEASURES

Recall that a measure space (X, A, ) is called complete if every subset
of a measurable set of null measure is also measurable. If (X, A, u) is an
arbitrary measure space then:

A={AUN: A€ Aand N contained in some M € A with (M) =0}

is a o-algebra containing A and p extends in a unique way to a measure
g A — [0,+0c] by setting i(AU N) = p(A) when A € A and N is
contained in some M € A with u(M) = 0. The measure space (X, A, i) is
complete and it is called the completion of (X, A, i). We have the following:

Lemma 3.1. If (X, A, i) is the completion of (X, A, p) then for every
p € [1,400] the inclusion map of M(X,A) in M(X,A) induces a linear
1sometry:

(3.1) IP(X, A, p) — LP(X, A, fi).

Demonstragao. Clearly (3.1) is an isometric immersion. Moreover, a stan-
dard argument using limits of simple functions shows that if f : X — IR
is measurable with respect to A then there exists a map f; : X — IR that
is measurable with respect to A with f = f1 j-almost everywhere. Hence
(3.1) is surjective. O
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For p,q € [1,400] with }D + % = 1 we have a commutative diagram:

Lp(Xa Aa M)* <E— Lp(Xa Za ﬁ)*

T

LI(X, A, p) —— LU(X, A, 1)

where the vertical arrows are the (g, p)-Riesz maps (1.1) for (X, A, u) and
(X, A, [i), the top horizontal arrow is the transpose of the map (3.1) and the
bottom horizontal arrow is the version of the map (3.1) for L4.

In this section we study another type of “completion” for measure spaces
which is related to the Riesz Representation Theorem. We start with an
example where the Riesz map (1.1) is not surjective.

Example 3.2. Let X be an uncountable set and let A be the o-algebra con-
sisting of all subsets of X that are either countable or have countable com-
plement. Let u : A — [0,+00] be the counting measure. Thus L'(X, A, p)
is the space of maps f : X — IR with ) __ [f(z)| < 4o00; note that this
condition implies that f~*(IR\ {0}) is countable. Let S be a subset of X
such that neither X \ S nor S is countable. Then a(f) = > g f(z) is a
bounded linear functional on L!(X, A, 1) with ||a| = 1. We claim that « is
not on the image of the Riesz map (1.3). Namely, if g € L>°(X, A, u) and
agy = « then for every x € X we have X{z} € LY(X, A, p) and:

g(z) = ag(X{x}) = O‘(X{x}) = Xs(x)7
so that g = x4. But x4 is not measurable.

Observe that the lack of surjectivity of the Riesz map in Example 3.2
is caused by the bad choice of g-algebra for the domain of the measure.
Indeed, note that the map g = x4 has the property that a(f) = [ fgdu
for all f € LY(X, A, u), but the map g is not a valid representation for
the functional o because it is not measurable. Observe however that the
counting measure p can be naturally extended to the o-algebra p(X) of
all subsets of X. Such extension of ; does not change the space L' but it
enlarges the space L™ in such a way that the Riesz map (1.3) is an isometry.

Definition 3.3. A measure u : A — [0,+0o0] is called full if the following
property holds; given A C X such that ANE € A for all E € A with
u(E) < 400 then A € A.

Set:
Ac={ACX:ANE € A, for all E € A with u(E) < +00};
obviously A C A.. Now define i : Ae — [0,400] by setting:
w(A), for Ae A,
(33 pe() = 1 |
400, for A € A, not in A.
We have the following:
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Lemma 3.4. The map pe : Ae — [0, +00] defined in (3.3) is a full measure.

Demonstragao. In order to prove that ue is a measure it suffices to show
that if (A,)n>1 is a sequence of pairwise disjoint sets in A, with A,, & A for
some n > 1 then ,ue(UZo:l An) = +00. Assuming that ,ue(UZo:l An) < +00
we would have E = |J | A, € A and p(E) < 400, which would imply
A, NE = A, € A, contradicting our assumption. We have proven that
lte 18 a measure. Now, if A C X is such that ANFE € A, for all £ € A,
with pe(E) < 400 then ANE € A, for all E € A with u(E) < +o0; but
ANE € A impliess ANE = (ANE)NE € A. Hence A € A, and p is
full. U

Definition 3.5. The measure pe : Ae — [0, +00] defined in (3.3) is called
the canonical full extension of the measure p: A — [0, 4+00].

Clearly if p is full then A, = A and pe = p

Lemma 3.6. A map f : X — IR is measurable with respect to A if and only
if fxg is measurable with respect to A, for every E € A with u(E) < +oo.

Demonstragao. Simply observe that fx is measurable with respect to A if
and only if f~!1(B) N E € A for every Borel subset B of IR. O

Corollary 3.7. If f : X — IR is measurable with respect to A and E C X
is o-finite for p then fxp is measurable with respect to A.

Demonstragao. Let (Ey,),>1 be a sequence of sets of finite measure with
E, /' E. Then lim, o fXp = fxp and fxp is measurable with respect
to A for all n > 1. O

Proposition 3.8. For any g € L>(X, Ae, j1e) we have fg € LY(X, A, u) for
all f € LM(X, A, p) and formula (1.2) defines a bounded linear functional
ag on LY X, A, ). Conversely, if g : X — IR is a map such that fg is in
LY X, A, p) for all f € LY (X, A, 1) and such that (1.2) defines a bounded
linear functional ag on L*(X, A, p) then g is in L (X, Ac, (tte)ns) and there
exists g1 € L>®(X, Ac, fte) with oy = g, .

Demonstragdo. Let g € L>®(X, Ae, pte) be fixed. Given f € LY(X, A, p)
then the set £ = f~! (R \ {0}) is o-finite for 4 and thus fg = fgx, is
measurable with respect to A, by Corollary 3.7. Moreover, there exists
¢ > 0 with |g| < ¢ pe-almost everywhere; but “pe-almost everywhere” is the
same as “p-almost everywhere”, so that |fg| < ¢|f| p-almost everywhere
and thus fg is in L'(X, A, ). Conversely, assume that g : X — IR is a map
such that fg is in L'(X, A, u) for all f € L'(X, A, 1) and such that (1.2)
defines a bounded linear functional oy on LY(X, A, n). Given E € A with
p(E) < 400 then y is in L'(X, A, 1) and thus gx is also in L' (X, A, p);
it follows from Lemma 3.6 that g is measurable with respect to A.. Now set
¢ = ||lag|| and let us prove that |g| < ¢ (e )bs-almost everywhere, so that g
isin L*° (X, Ae, (,ue)bf). It suffices to show that if E € A, is a subset of:

B={ze X :|g(z)>c}
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with pe(E) < 400 then pe(F) = 0. Let such a set E be fixed. Then
E € A and u(E) < +oo, so that x, € L'(X, A, ). The map sign(g) is in
L*(X, Ac, pte) and thus (sign(g))x is in L'(X, A, n). We have:

cu(E) < /X 191X A = o[ (sign(9)) x ] < || (sign(g)) x g, = cu(E);

thus [y (lg| — ¢)xpdp =0 and pe(E) = p(E) = 0.
In order to complete the proof, observe that by Lemma 2.7 the canonical
map (analogous to (2.2), with A and p replaced with A and pe):

(3'4) LOO(Xa Aeyﬂe) — L™ (Xv Aea (:ue)bf)

is surjective and therefore there exists g1 € L(X, Ae, o) that is mapped
by (3.4) to g. The commutativity of diagram (2.4) (with A and u replaced
with A. and p.) implies that a4 is the same as ay,, when considered as
linear functionals in L'(X, A, pte); but since every f € L'(X, A, 1) can be
regarded as an element of L' (X, Ae, ue) (see (3.5) below), it follows that «
and ay, are also equal as linear functionals in L'(X, A, u). (]

Since the measure i, extends p, there is for every p € [1,400] a canonical
map:
(35) Lp(X7-A7M) — Lp(X7Aevue)
induced by the inclusion of M (X, A) into M(X, Ae).

Lemma 3.9. The canonical map (3.5) is an isometry for p < 400 and an
isometric immersion for p = 4o00.

Demonstragdo. Since jie extends p it is clear that if f : X — IR is measurable
with respect to A then the p-norm of f computed using p is the same as the
one computed using e; thus (3.5) is an isometric immersion for all p. For
p < +oo we claim that (3.5) is surjective. Namely, if f is in LP(X, A., pte)
then the set E = f~' (IR \ {0}) is o-finite for ;1 and hence, by Corollary 3.7,
[ = fxp is measurable with respect to . Thus f is in LP(X, A, ). O

For p,q € [1,400] with % + % =1 we have a commutative diagram:

LP(X’ -’41 :U‘)* -~ LP(X7 A67 :ue)*

| i

Lq(Xa .A,,U) Lq(X7 AC)/’LC)

where the vertical arrows are the (g, p)-Riesz maps (1.1) for (X, .4, u) and
(X, Ae, tte), the top horizontal arrow is the transpose of the map (3.5) and
the bottom horizontal arrow is the version of the map (3.5) for L9.

Lemma 3.10. Given a measure p: A — [0,400], then:

(a) if u is complete then e is also complete;
(b) if p is full then pne is also full;
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(c) if p is full and complete then unt is also (full and) complete.

Demonstragao.

e Proof of (a).
Given A € A, with pe(A) =0 then A € A and p(A) = 0; thus, since
1 is complete, every subset of A is in A and hence also in A,.

e Proof of (b).

Assume that AN E is in A for every E € A with up(E) < +o0.
Notice that u(E) < 400 implies pupt(E) = p(E) < 400, by item (b) of
Lemma 2.4; thus AN FE is in A for every E € A with u(E) < +o00 and
therefore, since p is full, A is in A.

e Proof of (c).

Let B € A be fixed with up(B) = 0. We claim that every subset
A of Bisin A. If pu(B) = 0 this follows from the completeness of p.
Otherwise, B is an infinite block for u. Thus, for every E € A with
pu(E) < 400, we have (BN E) = 0; since AN E is contained in BN E,
it follows that A N E is in A, by the completeness of p. Since p is full,
we get that A is also in A. O

Definition 3.11. A measure p : A — [0,+00] is called perfect if it is
complete, full and block-free.

Given a measure p : A — [0,400], we denote by pyp : Ay, — [0, 400] the
block-free version of the canonical full extension of the completion of u; in
symbols, i, = ((ﬂ)e)bf and A, = (X)e It follows from Lemma 3.10 that
Hp is a perfect measure.

Definition 3.12. The measure p, : A, — [0, +00] defined above is called
the perfect version of pu.

Remark 3.13. Given a measure space (X,.A, u) and a measurable subset
Y € A, then the o-algebra A and the measure p can be restricted to Y
(see Remark 4.2 below), so that Y becomes itself a measure space. It is
easy to check that the operation of taking the completion, the operation of
taking the block-free version and the operation of taking the canonical full
extension all commute with the operation of restricting to Y. It follows that
also the operation of taking the perfect version commutes with the operation
of restricting to Y. In particular, when p(Y') < +o0, then the restriction to
Y of the perfect version p, of p is simply the completion of the restriction
of i to Y (since for finite measures, taking the perfect version is the same
as taking the completion).

Obviously the o-algebra A, contains A and the inclusion map of M (X, A)
in M(X, Ap) induces, for every p € [1,+00], a linear map:

(37) Lp(X7 .A, H) — Lp(X7 AP?MP)
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which is just the composite of the maps (3.1), (3.5) and (2.2). Thus, we
have the following:

Lemma 3.14. The map (3.7) is an isometry for p < +oo.

Demonstracao. It follows from Lemmas 3.1, 3.9 and 2.6. O

Combining the commutative diagrams (3.2), (3.6) and (2.3) we obtain a
new commutative diagram:

LP(X, -'47 /.L)* -~ LP(X> Ap7 ,Up)*

| |

Lq(Xa A,/L) Lq(XvApaMP)

where the vertical arrows are the (g, p)-Riesz maps (1.1) for (X, A, u) and
(X, Ap, pip), the top horizontal arrow is the transpose of the map (3.7) and
the bottom horizontal arrow is the version of the map (3.7) for LY.

For perfect measures the Riesz map (1.3) is always an isometric immersion
(recall Lemma 2.2) and it has the “best chances” of being surjective. In
Section 4 we will present a perfect measure space for which the Riesz map is
not surjective. When we switch from a measure u to its perfect version py
we do not change (up to a natural isometric identification) the LP spaces for
p < +o0o and we make the L* space more suitable for the bijectivity of the
Riesz map; we get rid of the kernel of the Riesz map by taking a quotient
of L (recall Lemma 2.7) and we extend L™ to the largest possible space
of maps g that correspond to functionals oy on L' (recall Proposition 3.8).

4. A STRONG COUNTER-EXAMPLE TO THE BIJECTIVITY OF THE RIESZ
MApP

Given sets C1, Cy and a subset A of X = Cy x (5 then for each y € Cy
we denote by AY the line {x € C: (z,y) € A} and for each x € Cy we
denote by A, the column {y € Cy : (z,y) € A}. Assume that both C; and
Cs are uncountable. Let A denote the g-algebra consisting of those subsets

A of X such that:

e either AY or C \ AY is countable, for all y € Co;
e either A, or Cy \ A, is countable, for all = € Cj.

Given z € (4, y € Cy we define py : A — {0,1}, p¥ : A — {0,1} by setting:
0, if A, is countable,
pa(A) = . .
1, if Cy\ A, is countable,

y 0, if AY is countable,
p(A) = . ,
1, if C7\ AY is countable,
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for all A € A. Finally, we consider the measure u : A — [0, +00] defined by:

pA) = pa(A) + ) pH(A),

zeCq yeCs

for all A € A.
Lemma 4.1. The measure p defined above is perfect.

Demonstragao.

® 1 is complete.

Given A € A with pu(A) = 0 then A, and AY are countable for all
x € C1, y € Cy. Thus, if B is a subset of A, then B, and BY are also
countable for all z € C1, y € Cy. It follows that B is in A.

o i is full.

Let A C X be such that ANE € A for all E € A with pu(F) < +o0.
Note that for all y € Cy we have E = Cy x {y} € A and pu(F) = 1. Thus
ANEisin A and (AN E)Y = AY is either countable or has countable
complement in C;. Similarly, by setting £ = {z} x Cy we can show
that A, is either countable or has countable complement in Cs, for all
x € Cq. Hence A € A.

o (1 is block-free.

If A € Aissuch that u(A) = 400 then either there exists € Cy with
pz(A) = 1 or there exists y € Cy with p¥(A) = 1. If py(A) = 1 then
{z} x A, is a subset of A with p({z} x A;) = 1; similarly, if u¥(A) =1
then AY x {y} is a subset of A with p(AY x {y}) = 1. Hence A is not
an infinite block. g

Remark 4.2. In what follows we use the following simple fact. If (X', A", 1)
is an arbitrary measure space and A is a measurable subset of X’ then we
can regard A itself as a measure space endowed with the o-algebra consisting
of elements of A’ contained in A and the measure obtained by restricting
w'. For any p € [1,+00] the space LP(A) corresponding to the measure
space A can be (isometrically) identified with the subspace of LP (X', A’, i)
consisting of maps that vanish outside A.

Lemma 4.3. If the Riesz map (1.3) of the space (X, A, p) defined above is
an isomorphism then there exists a subset R of X = Cy x Cy such that RY
is countable for all y € Cy and Cy \ Ry is countable for all x € Cy.

Demonstragao. Consider the measure v : A — [0, 4+00] defined by:
v(A) = nalA),
zeCh

for all A € A. Since v(A) < u(A), for all A € A, integration with respect
to v defines a bounded linear functional on L'(X, A, 1); more explicitly, the
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map a(f) = [y fdv is a linear functional on L'(X, A, ) with |[a < 1.
If the Riesz map of the space (X, .A, p) is an isomorphism then there must
exist g € L>®(X, A, ) with ag = a. Let y € Cy be fixed and consider the
line X¥ = C; x {y}. The Riesz map L>(XY) — L!(XY)* of the space XV is
injective and it carries g|xv to the restriction of a to the space L(XVY) (see
Remark 4.2). Since v(XY) = 0, the functional a vanishes on L'(X¥) and
thus the injectivity of the Riesz map of XV implies that g|xv = 0 p-almost
everywhere. In particular, if R = g~!(1) then RY is countable. Let now
x € Oy be fixed and let us consider the restriction of a to L'(X,). Note that
v and p coincide on all measurable subsets of X, so that a(f) = [y fdu,
for f € LY(X,). Again, the Riesz map of the space X, is injective, which
implies that g|x, = 1 p-almost everywhere. Hence the set R, has countable
complement in Cs. This concludes the proof. ([

Proposition 4.4. If C; and Cs are uncountable sets then the following
conditions are equivalent:
o [C1] = [Cof =Ny;
e there exists a subset R of C1 x Cy such that RY and Cy \ Ry are
countable for all x € Cy, y € Cs.

Demonstracao. If |Ch| = |Co| = X; then we may assume that C1 = Cy = Ny.
The set R can thus be defined by R = {(z,y) € X; x®; : z € y}. Conversely,
assume that we are given a subset R of C; x Cs such that RY and Cy \ R,
are countable for all z € C1, y € Cy. Since C] is uncountable, there exists a
subset A of C7 with |A] = X;. We have (", .4 R: = 0; namely, y € (,c4 Ra
would imply A C RY, contradicting the assumption that RY is countable.

Thus:
Cy = U (Ca2\ Ry);
z€EA

since C \ R, is countable for all z € Cj, we obtain |Ca| < N; - Ny = Ry,
proving that [Cy| = R;. Now observe that C1 = U, c¢, RY; namely, for
x € Oy the set Cy \ R, is countable, so that there exists y € R, and thus
x € RY. Since RY is countable for all y € Cy, we have |C1| < Ry - Ry = Ny
and hence |C7| = N;. O

Corollary 4.5. If C; and Cs are uncountable and either Cy or Cs has
cardinality greater than Ny then the Riesz map (1.3) of the space (X, A, u)
18 not an isomorphism.

Demonstracao. It follows directly from Lemma 4.3 and Proposition 4.4. [

5. ESSENTIAL DECOMPOSITIONS

Definition 5.1. Let (X, A, u) be a measure space. A family (X;)ier of
measurable subsets of X is called essentially disjoint if pu(X; N X;) = 0,
for all 4,5 € I with i # j. An essential decomposition for (X,.A, u) is an
essentially disjoint family (X;);c; of measurable subsets of X satisfying the
following properties:
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o 0 < u(X;) < +oo, foralli € I;

e if Ac A u(A) < +ooand u(ANX;) =0 forall i € I then u(A) = 0.
An essential decomposition (X;);er for (X,.A, p) in which the sets X; are
pairwise disjoint is called a decomposition for (X, A, u).

Remark 5.2. Tt is easy to check that if (X;);cs is an essential decomposition
(resp., a decomposition) for (X, .4, u) then (X;);cs is also an essential de-
composition (resp., a decomposition) for the spaces (X, A, i), (X, A, unt),
(X, Ae, pte) and (X, Ay, ptp) (in order to check that if (X;);cr is an essential
decomposition for (X, A, u) then it is also an essential decomposition for
(X, A, ppt), notice that if A € A and if pupe(AN X;) = 0 for all ¢ € I then,
for every £ C A with E € A and p(E) < 400 we have:

w(ENX;) = poe(ENX;) =0,
so that p(E) = 0; this proves that pps(A) = 0).

Clearly, if (A;);cr is a countable essentially disjoint family of measurable
subsets of X then pu(U;c; 4i) = Yier ().

Lemma 5.3. Let (X;)icr be an essentially disjoint family of measurable
subsets of X. If A € A is o-finite for i then the set:

{iel:pAnX;) >0}
1s countable.

Demonstragao. Let us first consider the case in which p(A) < +o0o. Then,
for any € > 0, the set {z el:puAnX;) > 5} is finite; otherwise, it would
contain an infinite countable set I’ which would imply:

w(A) = u( | JANX)) =D u(ANXy) = +oo.

iel’ el
Since:
{iel:pAnX) >0} =J{iel:mAnX;) > 1},
k=1

it follows that {i € I : u(AN X;) > 0} is countable. Assume now that A is
o-finite, so that A = (Jp—; Ak, with p(Ag) < +oo, for all £ > 1. We have:

{ielT:pAnX;) >0} =] {iel:pArnX) >0}
k=1
which proves that {i € I : p(AN X;) > 0} is countable. O

Corollary 5.4. Let (X;)ier be an essential decomposition for (X, A, pn). If
A € A is o-finite for i then:

(a) we can write A = Ay U Ag, with A1, Ay € A disjoint measurable sets,

Ay contained in the union of a countable subfamily of (X;)icr and

M(AO) =0;
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(b) p(A) =2 ier n(ANX).

Demonstragio. Set I' = {i € I : p(AN X;) > 0}, 41 = U;ep (AN X))
and Ag = A\ A;. We know that I’ is countable and thus item (a) will be
established once we show that p(Ap) = 0. We claim that p(AoNX;) = 0 for
all i € I; namely, for i € I, the set AgN X, is empty and for i € I\ I’ the set
ApN X, is contained in AN X; and thus has null measure. This implies that
every measurable subset of Ag with finite measure has null measure; since
Ay is o-finite, we have p(Ap) = 0. This concludes the proof of item (a). To
prove item (b) observe that:

p(A) = p(A) = > (AN X)) => p(ANX;). O

iel’ el
Lemma 5.5. Let (X;);cr be an essential decomposition for (X, A, u). Then:

(a) for any A€ A, we have png(A) =D, n(AN X5);
(b) if p is complete and full then a set A C X is measurable if and only
if AN X; is measurable for all i € 1.

Demonstragao.

e Proof of (a).
Let E C A be a o-finite set for p with ppe(A) = p(E) (recall item (a)
of Lemma 2.4). By item (b) of Corollary 5.4 we have:

(5.1) pi(A) = p(B) => (BN X,).
iel

If ppe(A) = +oo then (5.1) implies:

+0o0 = Z/J,(EQXZ') < ZM(AQXZ'),
i€l i€l
so that ppr(A) = 400 = > ;. (AN X;). Assume that ppe(A) < +o0.
Then pne(A\ E) = pn(A) — ppe(E) = 0. Thus p((A\ E) N X;) =0,
which implies pu(A N X;) = p(E N X;), for all ¢ € I. The conclusion
follows from (5.1).

e Proof of (b).
If A C X is measurable then obviously A N X; is measurable for all
i € I. Conversely, assume that AN X; is measurable for all i € I. Since
w is full, in order to prove the measurability of A, it suffices to show
that AN E is measurable for every E € A with u(F) < +oo. By item
(a) of Corollary 5.4 we can write £ = E; U Ey, with E1, Ey € A disjoint,
Ey C U;ep Xi for some countable subset I’ of I and pu(Ep) = 0. Now:

ANE = (AnX)NnE),
iel’
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which implies that AN F4 is measurable. Moreover, since p is complete,
AN Ey is also measurable and hence AN E = (AN E1) U (AN Ey) is
measurable. O

Corollary 5.6. Let (X;)icr be an essential decomposition for (X, A, n). If
u is perfect then A consists of those subsets A of X such that AN X; is in
A for all i € I and the measure i is given by pu(A) => .. m(ANX;). O

Proposition 5.7. Any measure space (X, A, 1) admits an essential decom-
position. Moreover, any essentially disjoint family (X;);cr of measurable
sets of positive finite measure can be extended to an essential decomposition

fO?” (X,.A,,U)

Demonstragdo. Let A denote the collection of all subsets C of A such that:

o (1(A) €]0,+oc], for all A € C;
e (A1 NAy) =0, for all Ay, Ay € C with A; # As.

If A is partially ordered by inclusion then clearly every chain in A has an
upper bound. Thus, Zorn’s Lemma gives us a maximal element C of A.
Note that if A € A, p(A) < +oo and u(ANA") = 0 for all A" € C then
w1(A) = 0; otherwise, CU{ A} would be an element of A containing C properly.
It follows that the elements of C constitute an essential decomposition for
(X, A, ). Finally, if (X;);er is an essentially disjoint family of measurable
sets of positive finite measure then the set Cy = {X,- ciel } is in A and one
can again use Zorn’s Lemma to obtain a maximal element C of A containing
the set Cg. O

Lemma 5.8. A measure space (X, A, p) admits an essential decomposition
(X;)ier with I finite if and only if upe(X) < +o0.

Demonstragao. If (X;);er is an essential decomposition for (X, A, p) with I
finite then, by item (a) of Lemma 5.5, we have pu,¢(X) = >,y u(X;) < +o0.
Conversely, if pups(X) < 400 then by item (d) of Lemma 2.4 we can write
X = XoUX o, with X, Xo € A disjoint, Xo o-finite for g and ppg(Xoo) = 0.
Note that 1(Xo) = pbt(Xo) = ppe(X) < 4o00. If pp(X) = 0 then every
measurable subset of X with finite measure has null measure; this implies
that the empty family is an essential decomposition for (X, .4, ). On the
other hand, if pupe(X) > 0 then the unitary family consisting solely of the set
Xy is an essential decomposition for (X, .4, u); namely, if A € A has finite
measure and (AN Xp) =0 then p(A N Xs) =0 and hence p(A) =0. O

Proposition 5.9. If up(X) = 400 then, for any two essential decomposi-
tions (X;)ier, (Yj)jes for (X, A, n), we have |I| = |J|, i.e., the sets I and J
have the same cardinality.

Demonstragao. Note that by Lemma 5.8 the sets I and J are both infinite.
For each j € J we set:

Ii={iel:pnY;nX;) >0}
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By Lemma 5.3 the set I; is countable. Now, for each i € I we have u(X;) >0
and p(X;) < 400 so that there must exist j € J with u(Y; N X;) > 0, ie.,
i € I;. We have shown that I = UjeJ I, which implies that:

] < |J]-Ro = [J].
Similarly, we have |J| < |I| and hence |I| = |J|. O

Definition 5.10. If ppe(X) = +oo then the dimension of the measure
space (X, A, u) is defined by dim(X,.A, u) = |I|, where (X;);er is an arbi-
trary essential decomposition for (X, A, u). If upe(X) < 400 then we set
dim(X, A, p) = 1 if ppe(X) > 0 and dim(X, A, ) = 0 if ppe(X) = 0.

Lemma 5.11. We have dim(X, A, ) < Ng if and only if X is o-finite for
the measure .

Demonstragao. Assume that dim(X, A, u) < No. If dim(X, A, 1) < ¥p then
tpt(X) is finite. If dim(X, A, 1) = Yo then there exists an essential decom-
position (X;);er for (X, A, u) with I infinite and countable. For each i € I
we have ppe(X;) = u(X;) < 400 and by item (a) of Lemma 5.5 we obtain
s (X \ Uier XZ-) = 0. Thus X is o-finite for pps. Conversely, assume that
X is o-finite for pps. If ppe(X) < 400 then the dimension of (X, A, u) is
finite. Assume that ppe(X) = +o0o. By item (d) of Lemma 2.4 we can write
X = XoUX o, with X, Xo € A disjoint, X o-finite for p and ppe(Xso) = 0.
Since Xy is o-finite for p we can write Xo = o~ | Xy, where (X,,)p>1 is
a sequence of pairwise disjoint measurable sets of positive finite measure.
We claim that (X;,),>1 is an essential decomposition for (X, A, ). Namely,
if A € A has finite measure and u(A N X,) = 0 for all n > 1 then also
u(AN Xs) =0 and thus u(A) = 0. Hence dim(X, A, u) = Rg. O

Definition 5.12. Let (X;);cs be an essential decomposition for (X, A, ). A
family (X/);cr of measurable subsets of X with X! C X; and pu(X;\ X]) =0
for all ¢ € I is called a refinement of the essential decomposition (X;)ies.

Clearly a refinement of an essential decomposition is again an essential
decomposition. Moreover, a refinement (X/');e; of a refinement (X/);er of
an essential decomposition (X;);cr is a refinement of (X;);er.

Lemma 5.13. If (X, A, u) admits a decomposition (X;)ier then every es-
sential decomposition (Yj) ey for (X, A, 1) can be refined to a decomposition

for (X, A, n).

Demonstracao. For each j € J, we set:
L={iel:pnY;nX;) >0},

and for each ¢ € I we set:

Ji:{jEJlu(}/jﬂXi)>O}.
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By Lemma 5.3 the sets I; and J; are countable, for all ¢ € I, j € J. For
each j € J we consider the set:

v =Josn X
1€l
arguing as in the proof of Corollary 5.4 we obtain that p(Y; '\ Y;l) =0, for

all j € J. Thus (le)jej is a refinement of (Yj);cs. We claim that for all
7 € J we have:

(5.2) {keT:vnYy} #£0}c | i

i€l;
namely, assume that Yk,1 N le # () for some k,j € J. Since Yk1 C Uie 1, Xi
le C Uic I X; and since the sets X; are pairwise disjoint, there must exist

i € I; N I. Thus i € I; and k € J;, proving the claim. Now (5.2) implies
that the set {k: eJ: Ykl N le # (Z)} is countable and thus:

Z; = Jminy)
keJ
k#j

has null measure, for all j € J. Therefore, setting Yj’ = le\Zj forall j € J,
we obtain a refinement (Y});e s of (le) jes; clearly, the sets Y] are pairwise
disjoint. Hence (Y});e, is a decomposition that refines (Y;);e. O

Proposition 5.14. Let (X, A, u) be a measure space. If dim(X, A, pn) < Ng
then X admits a decomposition.

Demonstragao. Let (X;);er be an essential decomposition for X. Since |I| <
N1, we can well-order the index set I so that for all ¢ € I the initial segment
{j el j< z} is countable. For all 7 € I, set:

Y, =X\ [ J&XinX;).
i<t

Then u(X;\Y;) = 0 and thus (Y;);es is a refinement of (X;);cr. Clearly, the
sets Y;, @ € I, are pairwise disjoint. O

6. SUMS AND QUOTIENTS

Given a family (X;);cr of sets we denote by ), ; X their disjoint union

defined by:

el icl
to simplify the notation, except in situations in which it may be confusing,
we identify each = € X; with (i,z), so that X; is thought of as a subset of

Zie[ Xi.
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Definition 6.1. Let (X, A;, p;)icsr be a family of measure spaces. The

external sum:

D (X, Ai, i)

el
of such family is the measure space (X,.A, ) defined as follows; we set
X = Zie[ Xi,

.A:{ACX:AQXZ‘G.AZ', for alliel},
and:
p(A) =" m(ANXy),
el
for all A € A.
Note that if A C X; then A € A if and only if A € A; and in this case

p(A) = pi(A). Moreover, if p;(X;) € ]0,+o00| for all 4 € I then the family
(Xi)ier is a decomposition for the external sum (X, A, p) = >, ( Xy, Ag, ).

Remark 6.2. If (X, A, ) = > ;e (Xi, Ai, p1s) then clearly a map f defined
on X is measurable if and only if f|x, is measurable for all i € I.

Lemma 6.3. Let (X;, A;, 115)icr be a family of measure spaces and let:

(X7 Av /’L) = Z(X’Lv Ai> :ul)
iel
denote its external sum. Then:
(a) if each p; is complete then u is complete;
(b) if each p; is full then p is full;
(c) if each p; is block-free then w is block-free;
(d) if each u; is perfect then p is perfect.

Demonstracao.

e Proof of (a).
Let A € A be fixed with u(A) = 0. Given B C A then AN X; € A;,
uwi(ANX;)=0and BNX; C AN X, for all i € I. Since p; is complete
it follows that BN X; € A; for all ¢ € I and hence B € A.

e Proof of (b).

Let A C X be given and assume that AN E € A, for all E € A with
pu(E) < +o00. Let i € I be fixed. If E € A; and i;(E) < +oo then F € A
and u(E) = pi(F) < 400, so that ANE € Aand (ANX;)NE € A,.
Since p; is full, it follows that A N X; is in A; for all 4 € I and hence
Ac A

e Proof of (c).

Let A € A be given with p(A) = +oo. Thus u; (AN X;) > 0 for
some i € I. If u;(ANX;) < +oo then A is not an infinite block. If
wi(A N X;) = +oo then, since p; is block-free, there exists E € A;
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contained in AN X; with u;(E) € ]0,+00[, proving again that A is not
an infinite block.

e Proof of (d).
It follows from (a), (b) and (c). O

Let (E;)ier be a family of Banach spaces. For v = (v;)ier € [].o; Fi and

p € [1,+00] we define the LP-type norm of v by:

el

1
ol = (S lol?)”, ifp<+o0  and ol = sup ful.
icl el

The LP-type (external) direct sum of the family (F;);cs is defined by:

Q' - {v e[ : vl < +oo}.

el el

It is easy to check that @i 1 Ei is a subspace of [ [;; £; and that it becomes
a Banach space when endowed with the norm || - [|,. Note that if p < 400

then for v € @i 1 we have v; = 0 except for a countable number of indices
1€ 1.

Lemma 6.4. Given p,q € [1,400] with % + % = 1 then for every bounded
linear functional o on @Z;IEi the family (a|g, )icr is in @z’quE;k; moreover,

if p < 400 then a(v) = >, cpa(v;) for all v = (v;)ier € @feIEi and the
map:

6.1) (@pEi)* S v (alp)ier € @ B

icl icl
18 a linear isometry.

Demonstragao. Use the same standard arguments that are used to prove the
Riesz Representation Theorem for counting measures. ([

Lemma 6.5. If (X;, A, i)ier is a family of measure spaces then, for all
p € [1,400], the map:

—<P
(6.2) LP (31 (Xiy Ais i) 3 f — (flx.)ier € @ LP(X;, A;, i)
el
s a linear isometry.

Demonstragdo. If f : >, ; X; — IR is a measurable map then it can be
easily checked that:

| fllp = H(”f|XiHP)iEIHp'

The conclusion follows from Remark 6.2. O
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If pe[l,400], ¢ € ]1,+00] and % + % = 1 then the composition of the
transpose of the linear isometry (6.2) with the linear isometry (6.1) gives us
a linear isometry:

—y .
(6.3) @ LP(X, A 1) 2 (ei)ier — oo € LP (3,01 (Xi, Ay )

el
where (X, A;, 11;)ies is an arbitrary family of measure spaces and « is defined
by a(f) = > ;e; il flx,), for all f € LP(Y, o (Xi, Ai, p15)). We also have a

commutative diagram:
Lp( Zie[(Xiv Ai? IU"L))* <T éiqeij<Xi7 Ai7 /’L’L)*

W |

L3 (X, Ai, i) T@iqell’q(XiaAi:,Ui)

where the top horizontal arrow is the map (6.3), the bottom horizontal
arrow is the version of the map (6.2) for L9, the left vertical arrow is the
(q,p)-Riesz map (1.1) for the space ), ;(X;, A;, pi) and the right vertical
arrow is given by the (g, p)-Riesz map (1.1) for the space (X;, A;, p;) on each
coordinate.

Remark 6.6. It follows from the commutativity of diagram (6.4) that if for
each space (Xj, A;, it;) the (g, p)-Riesz map is an isometry then also for the
external sum ), ;(Xj, A;, pi) the (g, p)-Riesz map is an isometry.

Definition 6.7. Given a measure space (X, A, u) and a map ¢ : X — X'
taking values in a set X’ then the o-algebra

dA={AC X :¢7(A) e A}

of subsets of X’ is called co-induced by ¢. If A’ is a o-algebra of subsets of
X' contained in ¢,.A then the measure (¢,u) : A" — [0, 400] defined by:

(Gup)(A) = (o' (A), AecA

is called co-induced by ¢ on A'. If (X', A’ 1) is a measure space then a
map ¢ : X — X' is called measure preserving if A" C ¢ A and p' = ¢y p; if,
in addition, we have A" = ¢, A then we call ¢ a quotient map. A bijective
quotient map ¢ : X — X' is called an isomorphism.

Note that an isomorphism from (X, A, ) to (X', A, i’) is a bijective map
¢ X — X' such that, for all A C X, ¢(A) € A" if and only if A € A, and,
in this case, p/(¢(A)) = pu(A).

Remark 6.8. If ¢ : X — X' is a quotient map then clearly a map f defined
on X' is measurable if and only if the composition f o ¢ is measurable.

Lemma 6.9. Given measure spaces (X, A, pn), (X', A',1') and a measure
preserving map ¢ : X — X' then for all p € [1,+00], the map induced by ¢
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on LP:
(6.5) IP(X' A W) fr— fope LP(X, A, )

is an isometric immersion. Moreover, if ¢ is a quotient map and p is
complete then the image of (6.5) consists of those maps g € LP(X, A, 1)
for which there exists a map f : X' — IR such that f o ¢ = g p-almost
everywhere.

Demonstragao. To prove the first part of the statement, simply observe that:

1f o llp = [1.f1lp,

for any measurable map f : X’ — IR. The second part of the statement
follows from the equality above and from Remark 6.8, keeping in mind the
following fact: if p is complete, g : X — IR is measurable and fo¢ = g
u-almost everywhere then f o ¢ is measurable. (]

Given p, q € [1, +00] with %4—% = 1, measure spaces (X, A, u), (X', A, 1)
and a measure preserving map ¢ : X — X’ then we have a commutative
diagram:

LP(X!, AL i) ~—— LP(X, A, )

60 | |

L(](X/’ Al? /’L/) - Lq<X7 A7 /'L)

where the vertical arrows are the (g, p)-Riesz maps (1.1) for (X', A, /) and
(X, A, ), the top horizontal arrow is the transpose of the map induced by
¢ on LP and the bottom horizontal arrow is the map induced by ¢ on L9.

If (X, A, ) is a measure space and ~ is an equivalence relation on X then
we have a canonical map q : X — X/~ and we may endow the quotient set
X/~ with the o-algebra q..4 and the measure q,u co-induced by ¢, so that
the map q becomes a quotient map in the sense of Definition 6.7.

Recall that a measurable subset of a measure space can be naturally
regarded as a measure space (see Remark 4.2).

Lemma 6.10. Let ¢ : X — X' be a quotient map, where (X, A, ) and
(X", A 1) are measure spaces. Then ¢(X) is a measurable subset of X'
whose complement has null measure. Moreover, if ~ is the equivalence re-
lation on X induced by ¢, t.e.:

T~y = o) = d(y), w,y€X,

and the quotient set X/~ is endowed with the o-algebra and measure co-
induced by the canonical map q : X — X/~ then ¢ induces an isomorphism
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¢ (X/~) — ¢(X) such that the diagram.:

|

X/~ —— ¢(X)

commutes.

Demonstragdo. We have ¢(X) € A’ because ¢ '(¢(X)) = X is in A
Moreover, since the inverse image of X'\ ¢(X) by ¢ is empty we have
1/ (X" \ ¢(X)) = 0. The fact that ¢ is an isomorphism follows straight
forwardly from Definition 6.7. (]

Proposition 6.11. Let (X;, A;, ;) be a family of complete measure spaces

such that 0 < p;(X;) < +oo for alli € I. Let ~ be an equivalence relation

on Y .1 Xi satisfying the following property:

() for alli,j € T with i # j the set {x € X;:x~y, for somey € Xj}

has null measure and for all i € I and oll x,y € X; we have x ~ y
if and only if x = y.

Set X = (Y ;e; Xi)/~ and let A and p be respectively the o-algebra and

the measure co-induced on X by the canonical map q: ) ;.; X; — X. Then

(X, A, ) is a perfect measure space, (q(Xi))iel s am essential decomposition

for X and q|x, : X; — q(X;) is an isomorphism for all i € 1. Moreover, for

p < +00, the map:

LP(X, A, ) > LP (e 1(Xi, Ai, i)
induced by q on LP is an isometry.

Demonstragcao. We divide the proof into several steps.

Step 1. For A C X we have A € A if and only if ¢~ (A) N X; € A;, for
alli € I; in this case, p(A) =3 ;e pi(a H(A) N X;).
This follows directly from the definitions of quotient maps and exter-
nal sums.

Step 2. The measure p is complete.

Let A € A be fixed with u(A) = 0 and let A’ be a subset of A.
Then q~'(A) N X; is in A; and p;(q7'(A) N X;) = 0 for all i € I.
Since q~1(A") N X; € q71(A) N X; and y; is complete, it follows that
g N (A) N X; € A; for all i € I and hence A’ € A.

Step 3. Foralli € I, a subset E of q(X;) is in A if and only if g~ (E)NX;
is in A;; in this case, p(E) = pi(q7(E) N X;).
By step 1, it suffices to show that for j # i we have 71 (E)N X, € A,
and 11 (¢~ (E) N X;) = 0. Note that:

T HE)NX; Cq ' (q(Xy)NX;={z€X;:x~y, for somey € X;}.
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The conclusion follows from the completeness of the measure p; and
from property (x) of the equivalence relation ~.

Step 4. For all i € I, q(X;) is in A and q|x, : X; — q(X;) is an iso-
morphism.
Property (*) implies that q|x, : X; — q(X;) is bijective. The fact
that q(X;) isin A and q|x, : X; — q(X;) is an isomorphism follows then
from step 3.

Step 5. For A C X, we have A € A if and only if ANq(X;) € A, for all
i € 1; in this case p(A) = > ;c; n(ANq(X5)).
For i € I, note that:

' (ANq(X))NX; =q ' (4)NX;;

thus, by step 3, AN q(X;) € A if and only if ¢7!(A) N X; € A; and, in
this case, u(ANq(X;)) = pi(q7(A) N X;). The conclusion follows from
step 1.

Step 6. The family (q(Xi))Z.GI is an essential decomposition for X.
By step 4, for all i € I, q(X;) is in A and p(q(X;)) = pi(X;), so that
11(q(X;)) is positive and finite. Moreover, if A € A and p(ANg(X;)) =0
for all i € I then, by step 5, p(A) = >, n(ANq(X;)) =0.

Step 7. The measure p is full.

Let A C X be given and assume that AN FE € A for all E € A with
n(E) < +oo. By Step 4, q(X;) € A and p(q(X;)) = pi(Xi) < +oo, for
all i € I. Thus ANq(X;) € Afor all i € I and hence A € A, by step 5.

Step 8. The measure p is block-free.
Let A € A be given with pu(A) = +oo. By step 5 we have:

u(4) =3 w(An (X))
i€l
and thus p(ANq(X;)) > 0 for some i € I. But u(ANq(X;)) < p(q(X;))
and, by step 4, u(q(Xi)) = u;(X;) < 400, proving that A is not an
infinite block for u.

Step 9. For p < +o00, the map induced by q on LP is an isometry.

By Lemma 6.3, the space ), ;(X;, A;, y1;) is complete and thus, by
Lemma 6.9, it suffices to prove the following assertion: for every map
g in LP(Y,c;(Xi, As, i) there exists a map f : X — IR such that
foq= g almost everywhere. By Lemma 6.5, the family (g|x,)ier is in
@QILP(XZ-,A@ ;) and, in particular, the set:

I'=T1\{i€l:g|x, =0 almost everywhere}
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is countable. For i € I’ we set:

Yi=X; )\ U {xEXi:xwy, forsomeyEXj},

jer

J#i
so that p;(X; \'Y;) = 0 for all i € I’ and the sets q(Y;), i € I', are
pairwise disjoint. Consider the map f : X — IR such that foqly, = gly,
for all i € I’ and such that f vanishes outside (J;cp q(Y3). Let us show
that foq|x, = g|x, almost everywhere for all i € I; this will imply that
foq = g almost everywhere and conclude the proof. If i € I’ then foq|x,
and g|x, are equal on Y; and p(X; \ Y;) = 0, so that f oq|x, = g|x,
almost everywhere. If i € I and i ¢ I’ then g|x, = 0 almost everywhere
and f o q|x, vanishes outside the set:

U {xEXi:xwy, forsomeyEXj}.
Jjel’

Hence f o q|x, = g|x, almost everywhere. O

Proposition 6.12. Let (X, A, u) be a perfect measure space and let (X;)icr
be an essential decomposition for X. For each i € I, let A; denote the o-
algebra of all elements of A contained in X; and let p; denote the measure on
A; obtained by the restriction of u, so that (X;, A;, p;) is a complete measure
space with 0 < p;(X;) < +oo; consider the external sum ;o1 (Xi, A, ).
Let ¢ : > ;1 Xi — X be the canonical map whose restriction to each X;
is equal to the inclusion map X; — X. Then ¢ is a quotient map and
the equivalence relation ~ induced on X by ¢ satisfies property (x) in the
statement of Proposition 6.11.

Demonstracao. To prove that ¢ is a quotient map it suffices to show that for
all A C X we have A € Aif and only if ANX; € A, for all ¢ € I and, in this
case, (A) = >, c; m(ANX;). But this it precisely the content of Lemma 5.5,
since pupr = p. Finally, the fact that the equivalence relation ~ satisfies
property () follows from the definition of essential decomposition. O

Corollary 6.13. Under the conditions and notations of the statement of
Proposition 6.12, assume that the quotient set (Zz‘el Xi)/N is endowed with
the o-algebra and the measure co-induced by the canonical map

icl iel
Then the map ¢ induces an isomorphism ¢ : (Zie[ Xi)/w — qb(ziel Xi)
such that the diagram:
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commutes and ¢(Ziel Xi) 18 a measurable subset of X whose complement
has null measure.

Demonstracao. It follows from Lemma 6.10. O

Corollary 6.14. Under the conditions and notations of the statement of
Proposition 6.12, for all p € [1,+00[ the map:

(6.7) LP(X, A, i) — P (3 (X Aiy i)
induced by ¢ on LP is an isometry.

Demonstragdo. As in Corollary 6.13, we consider the maps q and ¢. By
Proposition 6.11, the map induced by q on L?:

Lp((ziel Xi)/'\’) — Lp(ZiGI(Xia Aj, Mz))
is an isometry. Moreover, since ¢ is an isomorphism, the map induced by ¢
on LP:
Lr (¢(Ziel Xl)) — L* ((Ziel Xi) /N)

is an isometry. Finally, since the complement of d)( Y el Xi) in X has null
measure we have:

L (gb(zie , Xi)> — [P(X, A, p).

The conclusion follows. O

Remark 6.15. In Corollary 6.14 we actually don’t need the hypothesis that
the measure p be perfect. Namely, if (X;);cr is an essential decomposition
for (X, A, 1) and py is the perfect version of  then (X;)ies is also an essential
decomposition for (X, Ay, 1p) (see Remark 5.2) and the restriction of p, to
X, is the completion 1; of p; (see Remark 3.13). Corollary 6.14 then says
that, for p € [1,400], the map:

(6.8) LP(X, Ap, pip) — LP (X, (Xi, Ai 7))
induced by ¢ is an isometry. But, keeping in mind that >,/ (X;, A, i) is
the completion of ) . ;(Xj, A;, j1;), Lemmas 3.1 and 3.14 give us isometries:
Lp (Eie](Xi’ Aia ,uz)) =[P (EiEI(Xi’ Iia E)),

Lp(Xa -A7 M) = Lp(X7 Apa ,Up)a

and the map (6.7) differs from the map (6.8) by the isometries (6.9), so that
(6.7) is also an isometry.

(6.9)

The composition of the map (6.7) with the linear isometry (6.2) is given
by:

P
(6.10) LP(X, A ) > f v (flx)ier € @ LP(Xi, A, i)
iel
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For p < +o00, the map (6.10) is a linear isometry and for p = +o0, (6.10)
is, in general, just an isometric immersion. The commutativity of diagrams
(6.4) and (6.6) gives us a new commutative diagram:

LP(X, A, :U’)* ~= @z’quLP(Xiv Ai, :ui)*
(6.11) ET
LI(X, A, ) @i LU(Xi, Ay i)

for all p € [1,400[, ¢ € ]1,4+00] with % + % = 1, where the top horizontal
arrow is the composition of the map (6.3) with the transpose of the map
(6.7), the bottom horizontal arrow is the version of the map (6.10) for L9,
the left vertical arrow is the (¢, p)-Riesz map (1.1) for the space (X, A, p)
and the right vertical arrow is given by the (g¢,p)-Riesz map (1.1) for the
space (Xj, A;, ;i) on each coordinate. Note that, since p;(X;) < +oo for all
i € I, the right vertical arrow on diagram (6.11) is an isometry, by the Riesz
Representation Theorem for spaces of finite measure.

Proposition 6.16. If p,q € ]1,400| and % + % =1 then, for any measure
space (X, A, ), the (q,p)-Riesz map (1.1) is a linear isometry.

Demonstra¢ao. By Lemma 3.14 and by the commutativity of diagram (3.8)
we may replace p by its perfect version pp. Thus, we may assume that g
is perfect. Since p,q < 400, Corollary 6.14 implies that both horizontal
arrows on diagram (6.11) are linear isometries. The conclusion follows. O

Proposition 6.17. If a perfect measure space (X, A, 1) admits a decompo-
sition (X;)ier then its Riesz map (1.3) is a linear isometry.

Demonstragao. If (X;);er is a decomposition for (X, A, p) then the map ¢
appearing on the statement of Proposition 6.12 is injective and hence the
map q on the statement of Corollary 6.13 is simply the identity map of
> icr Xi- Thus ¢ = ¢ is an isomorphism from > icr Xi onto a measurable
subset of X whose complement has null measure. This proves that the map
induced by ¢ on L™ is a linear isometry and thus both horizontal arrows
of diagram (6.11) are linear isometries for p = 1, ¢ = +00. The conclusion
follows. (]

Corollary 6.18. Let (X, A, ) be a perfect measure space. If
dim(X, A, u) <Ny
then the Riesz map (1.3) of X is a linear isometry.
Demonstragao. It follows from Proposition 5.14. (]

Commutative diagram (6.11) allows us to see exactly what’s the obstacle
for the bijectivity of the Riesz map (1.3) of a perfect measure space (X, A, u).
Namely, the Riesz map (1.3) of (X, A, i) is a linear isometry if and only if
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the bottom horizontal arrow of diagram (6.11) is surjective. Thus, we have
the following:

Lemma 6.19. Let (X, A, p) be a perfect measure space and let (X;)icr be
an essential decomposition for X. For ¢ = 400, the image of the bot-
tom horizontal arrow of diagram (6.11) consists of the families (f;)ier in
@ioeoILoo(Xi,Al-,m) for which there exists a map [ : X — IR such that
flx, = fi almost everywhere, for alli € I. In particular, the Riesz map (1.3)
of (X, A, ) is a linear isometry if and only if the following condition holds:
given a family (fi)ier in [1;c; L°(Xi, A, i) with supep | filloo < +o00 then
there exists a map f : X — IR with f|x, = fi almost everywhere, for all
1el. [l

We have now the following:

Proposition 6.20. Let (X, A, u) be a perfect measure space with
dim(X, A, u) < 2%,

Then the Riesz map (1.3) of X is a linear isometry if and only if X admits
a decomposition.

Demonstracao. If X admits a decomposition then its Riesz map is a linear
isometry, by Proposition 6.17. Now assume that the Riesz map of X is a
linear isometry and let (Xj;);er be an essential decomposition for X. Since
|I| is less than or equal to the continuum, we can find an injective map
c: I —10,1]. Foralli e I, let f; € L>®(X;, A;, ;) be the constant map
equal to ¢(i). By Lemma 6.19, there exists a map f : X — IR such that
flx, = c(i) almost everywhere, for all i € I. Set ¥; = X; N f~1(c(i)), so
that u(Xz\Y;) = 0. Thus (Y;)er is a refinement of (X;);er. For i # j, since
c(i) # ¢(j), we have Y; NY; = 0 and hence (Y;)ies is a decomposition for
X. O

7. SOME EXAMPLES

In this section we give a few examples that illustrate the relations between
several of the concepts introduced in the earlier sections.

Example 7.1. Let X be an uncountable set and let A be the o-algebra
consisting of those subsets of X which are either countable or have countable
complement in X. Let S be a subset of X that is not in 4. Define a measure
w: A — [0,+00] by taking, for each A € A, u(A) to be the number of
elements of AN S. Notice that if A € A has countable complement in X
then ANS =S5\ (X \ A) is uncountable and therefore p(A) = +o00. The
measure p is clearly complete, since if A € A has null measure then A is
countable and therefore every subset of A is in A. The measure p is also
block-free, since if A € A is such that u(A) = +oo then AN S is an infinite
set and, for every # € AN S, the unitary set {z} is a measurable subset of
A with p({z}) = 1. The measure p is not full; moreover, we claim that the
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o-algebra A, coincides with the set p(X) of all subsets of X. Namely, if
A € p(X) is an arbitrary subset of X and if F € A has finite measure then
E is countable and therefore A N E is also countable, so that AN FE € A.
Now consider the canonical full extension pe : p(X) — [0,+00] of . We
claim that the set X \ S is an infinite block for p.. Namely, since X \ S is
not in A, we have pe(X \ §) = +00. Now, given a subset A of X \ S, if A
is not countable then A cannot be in A (since the complement of A in X
contains S and therefore cannot be countable), so that ue(A) = +o00. If A is
countable then A € A and since AN S is empty, we have pe(A) = p(A) = 0.

Example 7.1 illustrates the fact that the canonical full extension of a (com-
plete) block-free measure is not in general block-free. It also illustrates the
fact that the block-free version of the canonical full extension of a measure
is not in general the same as the canonical full extension of the block-free
version of that measure, i.e., (upf)e # (le)bf (even when both (upf)e and
(te )b are defined in the same o-algebra).

Example 7.2. Let A be an arbitrary uncountable set and set X = [0, 1] x A.
Consider the o-algebra A consisting of all subsets A of X such that the A-th
line:

A ={z€0,1]: (z,\) € A}
is a Borel subset of [0, 1], for all A € A. Define a measure p : A — [0, +00] as
follows: if A € A has an uncountable number of nonempty lines (i.e., if the
set of those A € A with A* # () is uncountable) set ;(A) = +oo; otherwise,

set:
p(4) = 3 m(4Y),
AEA

where m denotes Lebesgue measure. The measure p is not block-free; na-
mely, if A € A has an uncountable number of nonempty lines and if all the
lines of A have zero Lebesgue measure then A is an infinite block for pu.
The measure p is full; namely, given A € A, then for every A € A the set
[0,1] x {A\} € A has finite measure and therefore:

AN ([0,1] x {\}) € A.

But the A-th line of AN ([0,1] x {A}) is equal to the A-th line A* of A and
therefore A* is a Borel subset of [0, 1] for all A € A, i.e., A € A. The measure
p is not complete and the completion f : A — [0, 400] of p is defined in the

o-algebra A consisting of those subsets A C X such that A is a Lebesgue
measurable subset of [0, 1] for all A € A and such that the set:

(7.1) {xeA: A is not Borel }

is countable. Namely, if A € Athen A= BUN, with N C M, B,M € A
and u(M) = 0. For all A € A, A = B*U N*, with N» ¢ M, B}, M*
are Borel sets and M* has null Lebesgue measure, so that A* is Lebesgue
measurable. Moreover, the set (7.1) is contained in the set:

(7.2) {NeA: M £0],
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which is countable, since (M) is finite. Conversely, if all the lines of A are
Lebesgue measurable and if the set (7.1) is countable then one can assemble
subsets B, N, M of X such that, for all A € A, A = BNUN?*, N* ¢ M*,
B*, M* are Borel subsets of [0,1], M A has null Lebesgue measure and it is
empty whenever A* is Borel. Then A= BUN, N C M, and B, M are in
A. The set (7.2) is equal to the set (7.1), so that the set (7.2) is countable,
u(M) =0 and A is in A. We claim that the measure fi is not full. First,
observe that if £ € A is such that i(E) < +oo then E has a countable
number of nonempty lines; namely, if £ has an uncountable number of
nonempty lines, let Ey contain exactly one point from each line of E. Then
Ey € A, Ey C E and a(Ey) = p(Ep) = +oo, so that i(F) = +oo. Now
let S be a Lebesgue measurable subset of [0, 1] that is not Borel. The set
A =8 x A is not in A. We claim that A is in (71)6 Namely, if £ € A
is such that fi(E) < 400 then E has only a countable number of nonempty
lines and therefore A N E has only a countable number of lines that are not
Borel (since it has only a countable number of nonempty lines). Moreover,
all the lines of AN E are Lebesgue measurable and hence AN E is in A.

Example 7.2 illustrates the fact that the completion of a full measure
may not be full and that the canonical full extension of the completion of a
measure may not coincide with the completion of the canonical full extension
of that measure, i.e., it can happen that (&i)e 7# (ie)-

For the examples that follow we consider the following setup. Let (Y, B, v)
be a measure space with v a non zero finite measure and let B’ be a o-algebra
of subsets of Y contained in B. Let A be an arbitrary uncountable set and
set X =Y x A. Let A be the o-algebra of subsets of X consisting of those
A C X such that the A-th line:

A’\:{yEY:(y,)\)EA}
isin B, for all A € A. In A we define a measure u : A — [0, +00] by setting:
u(A) = v(AY),
A€A
for all A € A. Notice that (X, A, u) is isomorphic to the external sum:
> (V.B,v);
AEA

since v (being finite) is full and block-free, it follows from Lemma 6.3 that
is also full and block-free and that it is perfect if v is complete. Moreover, it
follows from Remark 6.6 that the (oo, 1)-Riesz map for the space (X, A, u)
is an isometry. Let A’ be the o-algebra of subsets of X consisting of those
A € A such that the set:

(7.3) {NeA:A ¢ B}

is countable. Denote by ' the restriction of u to A’. The measure y’ is
block-free, since given A € A" with p/(A) = +oo, there exists A € A with
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v(A) > 0, so that A* x {\} is a subset of A with A* x {A\} € A’ and
1 (A x {A}) = v(4*) €0, +oo[. We claim that:
(7.4) (A)e C A,
i.e., the o-algebra (A’). in which the canonical full extension of x' is defined
is contained in A. Namely, given A € (A’)e, then for each A € A the set
Y x {A}isin A" and /(Y x {A}) = v(Y) < +o0, so that AN (Y x {A}) is
in A" and in particular the A-th line of AN (Y x {A}) is in B. But the A-th
line of AN (Y x {A}) is A* and this proves that A is in A.

We also observe that both for p and 4/ the family (Y x {A})
decomposition.

In each of the following two examples we consider the set up just described

and we make a few extra assumptions about the space (Y, B,r) and the o-
algebra B’.

Aen 152

Example 7.3. Assume that the restriction of v to B’ is complete. We claim
that:
(A)e = A.
Namely, by (7.4) it suffices to check that A C (A')e. Let A € A and let
E € A’ be such that:
W (E) = u(B) = 3" (B < +oc.
AEA
Obviously, AN E € A. If A € A does not belong to the countable set:

{(NeA:v(EY)>0u{reA: B} ¢ B},

then (AN E)* = AN E is a subset of E*, where E* € B’ and v(E*) = 0.
The completeness of v|z thus implies that (AN E)* is in B/, so that AN E
is in A" and A is in (A')e. Notice that, if B’ is not B itself, then also A’ is
not A itself and we have thus proven that the measure y' is not full.

If the measure v is complete then the measure u’ is also complete; namely,
given A € A’ with p/(A) = p(A) = 0 and given B contained in A then B
is in A (as remarked earlier, the completeness of v implies the completeness
of 1) and, by the completeness of v|z and from the fact that v(A*) = 0 for
all A € A, the set:

{xeA:B ¢ B}
is contained in the countable set:
{AxeA: AN g B},
so that B is in A’. Now assume that the following condition holds:
(o) for every U € B, there exists Uy € B’ such that v(U A Uy) = 0.
Here U A U; denotes the symmetric difference (U \Uy) U (Up \U). It follows
easily from condition (e) that for all A € A there exists A; € A" such that

w(A A Ap) = 0; namely, simply assemble A; in such a way that, for each
A € A, the A-th line A} of A; is in B’ and such that v(A* A A}) = 0. Now,
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a standard argument using limits of simple functions shows that given a
map f : X — IR that is measurable with respect to A there exists a map
f1 : X — IR that is measurable with respect to A’ and such that f = f;
p-almost everywhere. Thus, just like in the proof of Lemma 3.1, it follows
that the inclusion map of M(X, A’) in M(X, A) induces a linear isometry:

LP(X, A 1) — LP(X, A, ),

for all p € [1,400]. As remarked earlier, the (0o, 1)-Riesz map of the space
(X, A, ) is an isometry and, using a commutative diagram:

LMX, A p ) =—— LNX, A, p)*

| |

L(X, A p) —— L®(X, A, )

we conclude that the (oo, 1)-Riesz map of the space (X, A’,u/) is also an
isometry.

Concrete examples in which both v and v|g are complete, B’ # B, and
in which condition (e) is satisfied are not hard to find. One possibility is
the following: assume Y is uncountable, let BB consist of sets that are either
countable or have countable complement in Y, let v give measure zero to
countable sets and measure 1 to sets having countable complement and let
B = {0,Y}. Another possibility is the following: let x1, k2 be infinite
cardinals with k1 < kg, assume that the cardinality |Y| of Y is greater than
Ko, let B consist of sets B with |B| < kg or |Y \ B| < k2, v be such that
v(B) =0if |B] < kg, v(B) = 1if |[Y'\ B| < kg, and B’ consist of sets B with
|B| < kyor |Y\ B| <k

Example 7.3 illustrates the fact that a measure need not be full in order for
its (oo, 1)-Riesz map to be an isometry. This might look a little surprising,
since the (0o, 1)-Riesz map corresponding to the canonical full extension
of a measure is an extension of the (0o, 1)-Riesz map corresponding to the
original measure. So, if the (oo, 1)-Riesz map of the original measure is an
isometry, what happens to its extension? It turns out that such extension
is not injective (and the canonical full extension of the original measure is
not block-free).

Example 7.4. Let us now assume that the measure space (Y, B,v) and the
o-algebra B’ satisfy the following condition:

(ee) for every U € B\ B/, there exists Uy € B with v(Uy) = 0 and
UnUy ¢ B.

Let us show that the measure p is full. Let A € (A'), be given. We know

(see (7.4)) that A is in A. Let us show that the set (7.3) is countable.

Assemble a set E C X satisfying the following property: for each A € A, if
A* is in B, set E* = (); if A* is not in B, use (ee) in order to find E* € B/
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with v(E*) =0 and AAN E* ¢ B'. Then E is in A’ and /(E) = 0; since A
is in (A)e, we must have AN E € A" and therefore the set:
(7.5) {NeA:(ANEY =AnE ¢ B}

must be countable. But, from our construction, the set (7.5) coincides with
the set (7.3).
Denote by B’ the o-algebra in which the completion of the measure vz

is defined. Assume that:

(i) B is not contained in B’;

(i) every U € B with v(U) =0 is in B'.
We will show that the (0o, 1)-Riesz map of the measure space (X, A, u') is
not surjective. Let S € B be such that S ¢ B’. Define a measure p in the
o-algebra A’ by setting:

p(4) =S v N S),

A€A
for all A € A". Since p(A) < p/(A) for all A € A, the map:

a:Ll(X,A/,u/)Bfr—>/dep€ﬂ%

is a bounded linear functional with ||«|| < 1. Assume by contradiction that
there exists g € L (X, A, i//) such that:

a(f) = ay(f) /X Fgdid,

for all f € LY(X,A’, ). For each \ € A, we define maps:
i LYY, B,v) — LY(X, A, 1)),

e LO(X, A ) — L(Y,B,v),
as follows; t is just given by composition on the right with the measurable
map:

(Y,B,v) 2y — (y,A) € (X, A" 1)
The map iy carries f € LY(Y,B,v) to the map i\(f) € L' (X, A, u’) that
vanishes outside the line Y x {A} and such that ix(f)(y,A) = f(y), for all
y € Y. It is easily seen that the diagram:

LYY, B, v)* —2 LN(X, A, i)

T

LOO(}/’ B, I/) 'T LOO(X, A/,/L,)

1A more informal (perhaps easier to understand) description of what we are about
to do is the following: identify (Y,B,v) with the A-th line Y x {\} of (X, A’,u’) and
identify L'(Y,B,v) with a subspace of L*(X, A’, /') as explained in Remark 4.2. Under
such identifications, the map iy is just inclusion and the map t) takes L°° maps defined
in X to their restriction to the A-th line.
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in which the vertical arrows are (oo, 1)-Riesz maps is commutative. The
map t), carries g € L°(X, A', /) to the map:

(7.7) t(g):Yoy— gy, A\ €eR

which is in L*(Y, B, v). We claim that the map (7.7) is v-almost everywhere
equal to the characteristic function x4. Since a = oy, the commutativity of
diagram (7.6) implies that the linear functional:

aoiy=ayo0iy =i}(ay) € LYY, B,v)*

corresponds by the (0o, 1)-Riesz map of the space (Y, B, v) to the map (7.7).
But it is easy to see that:

(aoiA><f>=[gfdu=/1foSdu,

for all f € L'(Y,B,v), so that the (oo, 1)-Riesz map of the space (Y, B,v)
also carries x4 to awoiy. The claim that (7.7) is v-almost everywhere equal
to x g then follows from the injectivity of such Riesz map. Now, denoting
by ¢g~'(1)* the A-th line of the set g~'(1) (which is the same as the set in
which the map (7.7) takes the value 1), we conclude that the sets:

(78) S\gT' N g NS,

(are in B and) have measure zero with respect to v, for all A € A. It follows
from assumption (ii) that the sets (7.8) are in B’. Now, since g~ (1) is in
A’, there exists A € A such that the line g71(1)* is in B’ and therefore:

S=[g WM\ (¢ WM\ S) U (S\ gt W)Y)

is in B’, contradicting our assumptions. Thus the bounded linear functional
a € LY (X, A, i')* is not in the image of the (0o, 1)-Riesz map of the space
(X, A ).

Let us now present a concrete example of a measure space (Y, B,v) and
of a o-algebra B’ satisfying (ee), (i) and (ii). Let:

Y = [03 1] X {07 1}7
B be the o-algebra consisting of all sets of the form:

(7.9) (Bo x {0}) U (B1 x {1}),

with By, B; C [0, 1] Lebesgue measurable. Let the measure v of the set (7.9)
be equal to the sum of the Lebesgue measures of By and B;. Let B’ consist
of the sets of the form (7.9) with By, B; Lebesgue measurable and By = B;.
In order to prove property (ee), let U € B\ B’ be of the form (7.9); then
By # By and there exists x € By A By. The set Uy = {z} x {0,1} is in B/,
v(Up) = 0 and U N Uy is not in B'. Tt is easy to see that the o-algebra B
consists of the sets of the form (7.9) with By, B; Lebesgue measurable and
such that By A By has Lebesgue measure equal to zero. Thus, B’ is properly
contained in B and every element of B having measure zero is in B'.
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Example 7.4 shows that in Proposition 6.17 the hypothesis that the me-
asure be complete is important. Namely, the measure p’ is full, block-free,
admits a decomposition, but its (oo, 1)-Riesz map is not an isometry. This
is somewhat surprising, since by completing a measure we do not change its
Riesz map. What happens here is that the completion of x4/ is not full and
the (o0o,1)-Riesz map of the perfect version (u'), of ' is a proper exten-
sion? of the (0o, 1)-Riesz map of pi/. Clearly, the (0o, 1)-Riesz map of (1),
is an isometry, by Proposition 6.17, since (1), admits a decomposition (see
Remark 5.2).
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It is easy to determine explicitly what the perfect version (i), of p’ is. First, it follows
from Remark 3.13 that the restriction of (1), to each line Y x {A} is (up to the obvious
identification of Y with Y x {A}) the completion 7 of v, which is defined in the o-algebra
B. Moreover, since the lines Y x {A}, A € A, constitute a decomposition for z’, it follows
from Remark 5.2 that they also constitute a decomposition for (u')p; therefore it follows
from Corollary 5.6 that (A’), consists of those sets A C X such that A is in B, for all
A € A and that (1'),(A) is equal to 3, ., 7(A*). Notice that if v is complete then (1),
coincides with p (and, in general, it coincides with the completion of p).



