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Free words over a finite alphabet—that 1s, elements of a free monoid with a finite generating set—are
simple discrete objects with a natural substructure relation arising from homomorphic embedding.
This has traditionally been studied in terms of pattern avoidance: determining when no substring of
a word 1s a homomorphic image of a pattern word. Given recent developments in extremal graph
theory and combinatorial limit theory, we introduce and explore asymptotic word densities.

This 1s joint work with Joshua Cooper, University of South Carolina.

Terminology

mumbo i umbo 1s an instance of whoh. SaoPaulo ol encounters st ts.

bananasplit encounters xxy.

ahoo avoids zxvy.
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any finite alphabet, only finitely many words

& avoid V.

M1SS18S1 1S an instance of banana-.
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haha avoids xxy.

Only seven binary words avoid zx.

We’ve known for over a century (Thue, 1906)
that arbitrarily long ternary words avoid xx.

The word postdoctoral encounters |\ O in 4 ways:
postdoctoral, postdoctoral, postdoctoral, pos/docioral.

The density of W OW 1in postdoctoral is thus

A 4
5(WOW, postdoctoral) = N |
( , postdoctoral) #{substrings in postdoctoral} (12; 1)

Denote by E(V/ ¢, n) the expected density E(6(V, W,,)) with W, € [q]" chosen uniformly at random.

Results
Cooper-R. (2016+)
Let V' be a nonempty word. Fix ¢. The limit expectation d(V, q) = 1i_>m E(V, q,n) exists.
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In particular, for ¢ > 2, the following are equivalent:
°i(V,q) =0;
e |/ 1s doubled (every letter in V' appears at least twice).
Moreover, if V' 1s doubled, then as n — oo,
1 logn)?
E(V.q,n) ~ —; \mﬂ%mﬂ0<MW%nywyﬂ>-
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Define the Zimin words recursively as follows:

Zy=¢€, Z1=a, Ly =aba, Z3 = abacaba, Z, = abacabadabacaba, .. ..

Zimin (1982)
Word W with n distinct letters 1s unavoidable if and only 1f Z,, encounters W/'.

As Zimin words are the maximal unavoidable patterns, we considered them worthy of special inves-
tigation. The follows are some results on asymptotic densities of Zimin words over a fixed alphabet.

Cooper-R. (2016)

Expected densities in random words:

q 2 3 4 5 G
0(Z2,q) 0.73221320.44302020.31225200.23993550.1944229 | - - -
0(Z3,q)0.1194437 0.01835140.00519250.0019974 |0.0009253 | - - -
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Minimum densities over all words with fixed q:
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Welg)" q

n—oo

|
liminf 0(Z3, W) > .
e 7 W) 2 o

n—oo
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Figure 1: 7/, and 73 densities in all binary words of length 11, 15, 19, 23.

Parting Questions

e What is the asymptotic minumum density of Z3?
One computations approach suggests at least 0.102.
Does it equal the asymptotic expected density (= 0.119)?

e What is lower-bounding curve for Zs-density in terms of Zo-density?
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