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Latin squares and critical sets
I A Latin square of order n is an n× n array filled

with elements from the set {1, 2, ... , n} such that
every element occurs exactly once in each row
and each column.

I A critical set is the minimal set of entries in a
Latin square L that uniquely identifies it among
all Latin squares of order n.
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Conjecture 1 ([Nel][Mah95][BvR99]). Every critical
set for a Latin square of order n is of size at least
bn2/4c.

VC, teaching dimensions
Consider a finite set Ω, and let F(Ω) denote the
power set of Ω. In computational learning theory, a
subset C ⊆ F(Ω) is refered to as a concept class,
and the elements c ∈ C are called concepts.
I A subset S ⊆ Ω is said to be shattered by C if

for every T ⊆ S there exists a concept c with
c ∩ S = T .

I The VC-dimension of C is the size of the largest
set shattered by C.

I A set S ⊆ Ω is called a teaching set for a con-
cept c ∈ C if (c ∩ S) 6= (c′ ∩ S) for every concept
c′ 6= c. Let TD(c; C) denote the smallest size of
a teaching set for a concept c ∈ C.

I The teaching dimension and minimum teach-
ing dimension are defined as:

TD(C) = max
c∈C

TD(c; C)

TD(C) = min
c∈C

TD(c; C)

I The recursive teaching dimension is:

RTD(C) = max
C′⊆C

TDmin(C′).

Results
Theorem 2 (Main theorem). For sufficiently large
n, every critical set for a Latin square of order n is
of size at least 10−4n2.

Theorem 3. The VC-dimension of the class of
Latin squares of order n is at least n2−(e+o(1))n5/3.

Theorem 4. The recursive teaching dimension of
the class of Latin squares of order n is at least n2−
(e + o(1))n5/3.

Previous Work on Critical sets
I Fu, Fu, and Rodger [FFR97] showed a lower-

bound of b(7n − 3)/6c for n ≥ 20.
I Horak, Aldred, and Fleischner [FFR97] im-

proved it to b(4n − 8)/3c for n ≥ 8.
I Finally in 2007, Cavenagh [Cav07] gave the

first superlinear lower-bound by showing that the
size of a critical set in a Latin square is at least
nb(log n)1/3/2c.

I Our Theorem 2 is the first to establish that as
it was predicted in Conjecture 1, the size of the
smallest critical set is of quadratic order.

However, determining the exact coefficient and re-
solving Conjecture 1 remain unsolved.

Proof of Theorem 2
Lemma 5 (See [BKL+16, Corollary 1.6] and
[Duk15, Theorem 1.3]). Let γ > 0 and n >
n0(γ). Every balanced and locally balanced 3-
partite graph on 3n vertices with minimum degree
at least (101/52 + γ)n, admits a K3-decomposition.

Set ε = 10−4 and λ = 0.012.
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Proof of Theorem 3 and 4
Lemma 6 ([vLW92, Theorem 17.2]). Let Ln be the
set of all Latin squares of order n. Then

|Ln| ≥
(n!)2n

nn2 .

Lemma 7 ([GHM05, Theorem 3]). Let Tn,k be the
set of all partial Latin squares of order n and of size
k. Then

|Tn,k | ≤
(

n2

k

)
n!2n− k

n en(3+ ln(2πn)2
4 )

(n − k
n )!2nek

.

Lemma 8 ( [Paj85]). Every finite set family F shat-
ters at least |F| sets.

Sketch of Proof of Theorem 3:

For d = VC(Ln), we have
d−1∑
k=0
|Tn,k | < |Ln|.

So it suffices to show that for every k ≤ n2 − (e +
o(1))n5/3, we have |Tn,k | < |Ln|

n2 . Then, use similar
calculations in Ghandehari, Hatami and Mahmood-
ian [GHM05].

Sketch of Proof of Theorem 4:

Remarks on Theorem 3 and 4
In Theorems 3 and 4 we established a lower bound
of n2− (e +0(1))n5/3 for both VC-dimension and the
recursive teaching dimension of the class of Latin
squares of order n. One can easily obtain an upper
bound of the form n2 − Ω(n) for VC-dimension, but
obtaining a stronger upper-bound and more am-
bitiously determining the exact asymptotics of the
VC-dimension seems difficult. For the teaching di-
mension and consequently recursive teaching di-
mension, a stronger upper-bound of n2 −

√
π

2 n3/2

follows from the results of [GHM05]. Hence

n2−(e+0(1))n5/3 ≤ RTD(Ln) ≤ TD(Ln) ≤ n2−
√
π

2
n3/2.

It would be very interesting to improve either of the
constants 5/3 and 3/2 appearing in the power of n
in the above bounds.
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