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Basic Detfinitions Characterisation of 2-Hamiltonian 4-graphs

A k-uniform hypergraph or k-graph H = (V, E) is a finite vertex
set V' together with a set of edges EE C (Z) This is a natural
generalisation of a graph which coincides with the case k = 2.

We now want to analyse dense 4-graphs below this Dirac threshold. The key insight is that each
such 4-graph which is not 2-Hamiltonian is a subgraph of one of two extremal examples together
with some very few additional edges.

Given any integer 1 < £ < k, we say that a k-graph C' is an

€-cycle if the vertices of C' may be cyclically ordered such that [y (G. and Mycroft 2016)
every edge of C consists of k consecutive vertices and each edge |

intersects the subsequent edge in precisely £ vertices. There exist €, g > 0 such that the following statement holds for any even n > myq. Let H be
a 4-graph on n vertices with 6 (H) > m/2 — en. Then H admits a Hamilton 2-cycle if and
'\ only if every bipartition of V (H') is both even-good and odd-good.

Let H = (V, E) be a 4-graph of order i, where n is even, and let { A, B} be a bipartition of

V. Wesay anedge e € FE is odd, if |eN A| is odd, otherwise we say that e is even. Furthermore
we say that a pair p € (‘2/) is a split pair, if [pN A| = 1.
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Figure: A 2-cycle 3-graph and a 2-cycle 4-graph. We say that {A, B} is even-good if at
We say that a k-graph H on n vertices contains a Hamilton least one of the following statements holds.
¢-cycle if it contains an n-vertex £-cycle as a subgraph. @ |A|isevenor |A| = |B|.
The degree of a set S C V is @ E contains odd edges e and €’

such that eithere N e’ = 0 or

d(S) =[tec E : §Ce}. e N €’ is a split pair.
The minimal codegree of H is o |[A| = |B| + 2 and E contains
. odd edges e and e’ with
S(H) = mip {d(S)} cre e (4)
k— .
1 o |[B| = |A| + 2 and E contains Figure: Note that with |A| & 2, |A| # |B|, both odd,

odd edges e and e’ with and without the blue edges this leads to an extremal
eNe E (123) example of a non 2-Hamiltonian 4-graph.

Dirac-type Results

Let m € {0,2,4,6} and d € {0,2} be such that m = n mod 8 and d = |A| — |B|
A classic result of graph theory is the theorem of Dirac. mod 4.

Odd-Good

If G is a graph on m > 3 vertices with minimum degree at least ~ \We say that { A, B} is odd-good if at least

n/2, then G contains a Hamilton cycle. one of the following statements holds.
| | | o (m,d) € {(0,0),(4,2)}.

A major focus in recent years has been to find hypergraph ana- o (m,d) € {(2,2),(6,0)} and

logues of Dirac’s theorem. The asymptotic Dirac threshold for any ’ T

1 < £ < k can be collectively described by the following the-
orem which comprises results of independent collaboration among

Han, Keevash, Kiihn, Mycroft, Osthus, Rodl, Rucinski, Schacht and

Szemerédi.

E contains an even edge.
o (m,d) € {(4,0),(0,2)} and
FE contains two even edges e, e’
with l[e N e’| € {0,2}.
o (m,d) € {(6,2),(2,0)} and either

Theorem (Asymptotic Dirac for k-graphs) there is an even edge e € L with

Figure: Note that with |A| = 5, n = 2 mod 4 and

|€ A Al _: 2 or kv Coth_ai_nS S e_ven without the blue edges this leads to an extremal example
Foranyk > 3,1 < £ < k andn > 0, there exists ng such that edges which induce a disjoint union of o s 4-eraph!
if n > ny is divisible by k — £ and H is a k-graph on n vertices 2-paths.
with
(% + 77) n if k — £ divides k,
O(H) > ( FE n)  herwise Consequences and further results
[ | (E—£) '

then H contains a Hamilton £-cycle. A consequence of this characterisation is that we can decide the Hamilton 2-cycle problem in
4-graphs with high minimal codegree in polynomial time.

More recently the exact Dirac threshold has been identified in some

cases, namely for k = 3, £ = 2 by Rad|, Rucifiski and Szemerédi, [EIEN (G. and Mycroft, 2016)

for k = 3, = 1 by Czygrinow and Molla, and for any £k > 3 _ | | | | |
and £ < k/2 by Han and Zhao. We add the exact Dirac threshold There exist a constant € > 0 and an algorithm which, given a 4-graph H on m vertices with

0(H) > n/2 — en, runs in time O(n’*) and returns either a Hamilton 2-cycle in H or a
certificate that no such cycle exists.

for Hamilton 2-cycles in 4-graphs.

Theorem (G. and Mycroft, 2016)

We can also prove that the situation presents itself very differently in the case of tight cycles, i.e.
f = k — 1. Indeed, if PANP, we should not expect a characterisation similar to the case of

There exists ng such that if n > my is even and H is a 4-graph
2-cycles as the following theorem shows.

on N vertices with

0(H) > {3 B ) I:hn 'S_d’WS'ble b8, Theorem (G. and Mycroft, 2016)
9 OoLtnerwise,

then H contains a Hamilton 2-cycle. Moreover, this condition is For any k > 3 there exists C' € N such that it is NP-hard to determine whether a k-graph H
best-possible for any even n > ny. with 6 (H) > %|V(I-I )| — C admits a tight Hamilton cycle.
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