
DIMACS Series in Discrete Mathematicsand Theoretical Computer ScienceVolume 00, 0000
Towards a simple construction method forHamiltonian decomposition of the hypercubeS. W. SONGApril 21, 1994Abstract. We consider the problem of Hamiltonian decomposition on thehypercube. It is known that there exist bn=2c edge-disjoint Hamiltoniancycles on a binary n-cube. However, there are still no simple algorithmsto construct such cycles. We present some promising results that may leadto a very simple method to obtain the Hamiltonian decomposition. Thebinary n-cube is equivalent to the Cartesian product of cycles of lengthfour (C4 � C4 : : : � C4). Case n = 4 is trivial. For the case n = 6, we�rst partition the set of edges of the C4 � C4 � C4 into 12 disjoint cyclesof length 16. We then present an operator to merge the cycles to producethe desired Hamiltonian cycles. In general the edge set of n=2 productsC4 � C4 : : :� C4, can be partitioned into n2n=32 disjoint cycles of length16. It remains to formalize the merge operator in the general case.1. IntroductionThe problem of �nding edge-disjoint cycles on a hypercube can be importantin fault-tolerant distributed computing [1]. When the cube size is large, theprobability of faulty communication links also increases. Thus for applicationsthat require the usage of the nodes of the hypercube connected in a cycle, itis important to have knowledge of the existence of alternate cycles. Obviously,the mere knowledge of their existence is not su�cient. We should be able toconstruct the edge-disjoint cycles by using simple algorithms.Several results concerning the existence of disjoint Hamiltonian cycles ongraphs, in particular, hypercubes, are known. Alspach, Bermond and Sotteau [2]present a nice compilation of some of these results. The interested readers should1991 Mathematics Subject Classi�cation. Primary 65Y10, 05C38; Secondary 65Y05.Supported by FAPESP (Funda�c~ao de Amparo �a Pesquisa do Estado de S~ao Paulo) - Grant93/0603-1 and CNPq (Conselho Nacional de Desenvolvimento Cient���co e Tecnol�ogico) - Grant306063/88-3 and PROTEM-CC. c
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2 S. W. SONGalso refer to [3, 4, 5, 7] for details. Several other properties of the hypercubeare described in [6, 8].It is known [2] that on a hypercube of dimension n, there exist bn=2c disjointHamiltonian cycles. Unfortunately the proof of this result, based mainly on[4], does not lead to any simple algorithm to construct the disjoint Hamiltoniancycles. The problem of �nding such algorithms remains an open problem to thisdate.In this paper we present an interesting approach and some preliminary resultsthat may lead to a very simple method to obtain the Hamiltonian decompositionof the binary n-cube. Observe �rst that the binary n-cube is equivalent to a 4-ary n=2-cube, or the Cartesian product of cycles of length four: C4�C4 : : :�C4.First we consider the case n = 4. M. F. Foregger presents a construction of thetwo Hamiltonian cycles on C4 � C4. We then consider the case of n = 6. Weshow how to partition the set of edges of the C4�C4�C4 into 12 disjoint cyclesof length 16. We then present an operator that merges the 16 cycles to producethe desired Hamiltonian cycles. An amazing result is that, in general, the edgeset of n=2 products C4 � C4 : : : � C4, can be partitioned into n2n=32 disjointcycles of length 16. It remains to formalize the merge operator in the generalcase. However, though we considered only a small example, the same ideas canbe applied to hypercubes in general. The details for this are still being workedout and will be published later.x2 discusses Hamiltonian decomposition of the hypercube and presents a two-step approach to construct the cycles. x3 shows how to partition the edge set ofthe hypercube into cycles of length 16. x4 shows a merge operation that joins cy-cles of length 16 into cycles of length 64, thus obtaining the desired Hamiltoniancycles. Finally x5 discusses the generalization of the merge operation.2. Hamiltonian decompositionThe Hamiltonian decomposition of a graph is the partitioning of the set ofedges of a graph into Hamiltonian cycles. Obviously, for such a partition to exist,the graph should be regular of even degree. In [2] a more general de�nition ofHamiltonian decomposition is presented, that includes the case when the degreeis odd. We are interested in the Hamiltonian decomposition of the binary n-cube. For the sake of simplicity, we will consider n even and throughout thepaper consider its equivalent 4-ary n=2-cube, i.e. the Cartesian product of n=2cycles of length four: C4 � C4 : : : � C4. We state without proof the followingresult (see [2] for details).Theorem 2.1. The binary n-cube, with n even, or equivalently the product ofn=2 cycles, C4 � C4 : : :� C4, can be partitioned into n=2 Hamiltonian cycles.We propose an approach that may lead to a very simple algorithm to constructthe edge-disjoint Hamiltonian cycles. The following two major steps are used.



HAMILTONIAN DECOMPOSITION OF THE HYPERCUBE 3(i) Partition the edge set into cycles of length 16.(ii) Merge the resulting cycles into larger cycles to obtain the desired Hamil-tonian cycles.3. Construction of cycles of length 16In what follows, we consider the binary n-cube, with n even. We use m todenote n=2.Consider �rst n = 4, we want to obtain two edge-disjoint cycles of length 16on the C4 � C4. Foregger [5] gives a construction of the desired cycles, shownin Figures 1 and 2. (The C4 � C4 graph is shown in dashed lines, without thetoroidal edges, for simplicity. Cycles are shown in full thick lines.) To distinguishthe two cycles, consider one cycle colored with color 0 and the other color 1.
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Figure 1. Cycle (color 0) of length 16 on C4 � C4
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�Figure 2. Cycles (color 1) of length 16 on C4 � C4In the �gures, we denote the m directions by e0; e1; : : : ; em�1 (in Figures 1and 2 we have m = 2). Notice the symmetry of the two cycles. In Figure 1,



4 S. W. SONGstarting from node (0; 0), the cycle of color 0 uses three edges along direction e0,followed by one edge along direction e1, and so on.Definition 3.1. We say the a cycle is ei-dominant if it alternately consistsof three edges along direction ei followed by one edge along direction e(i+1 mod m).A ei-dominant cycle is therefore entirely contained on a face determined byei and e(i+1 mod m).The cycle of color 0 of Figure 1 is e0-dominant. Likewise the cycle of color 1of Figure 2 is e1-dominant. (Notice here m = 2.)We now show the partitioning of the set of edges of the C4 �C4 �C4 into 12disjoint cycles of length 16. Here we divide the 12 cycles into� 4 cycles of color 0,� 4 cycles of color 1, and� 4 cycles of color 2.Cycles of length 16 of the same color will be merged in the next section toform a Hamiltonian cycle.Figure 3 shows the 4 cycles of color 0. The cycles of color 0 are e0-dominant.The same cycles are again shown in Figures 4, 5, 6 and 7, corresponding to thefaces e2 = 0; 1; 2; 3, respectively. Notice that when we move from one face to thenext, the cycle is shifted to the left.
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Figure 3. Cycles of color 0 (e0-dominant)Likewise, Figures 8 shows the 4 cycles of color 1. The cycles of color 1 aree1-dominant. Notice again that when we move from one top face (e0 = 0; 1; 2; 3)to the next, the cycle is shifted. Also notice that the cycles on such faces are thesame, with the proper orientation, as those of Figures 4, 5, 6 and 7.



HAMILTONIAN DECOMPOSITION OF THE HYPERCUBE 5
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Figure 4. Cycle of color 0 on face e2 = 0
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Figure 6. Cycle of color 0 on face e2 = 2
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Figure 7. Cycle of color 0 on face e2 = 3
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HAMILTONIAN DECOMPOSITION OF THE HYPERCUBE 7Finally, Figures 9 show the 4 cycles of color 2. Again we notice that the cyclesof color 2 are e2-dominant and they are shifted when moving from one face tothe next. Also, as before, these cycles are the same as those in Figures 4, 5, 6and 7.
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Figure 9. Cycles of color 2 (e2-dominant)In general, the edge set of n=2 products C4�C4 : : :�C4, can be partitioned inton2n=32 disjoint cycles of length 16. We use colors 0 tom�1 to color these cycles.There will be 2n=16 cycles of each color. Cycles of color i, i = 0; : : : ;m� 1, areei-dominant. 4. Cycles mergingWe show how the 12 cycles of length 16 of the previous section can be mergedinto the three desired Hamiltonian cycles. Cycles of the same color will be mergedto form a Hamiltonian cycle.Consider a node and edges incident with it. An edge-permutation operator isone that permutes the colors of these edges. (See Figure 10 for an example.)
""" color 0color 1 color 2 - """ color 2color 0 color 1Figure 10. Example of an edge permutation operatorWe use a set of edge-permutation operators to merge cycles of a given colorto form larger cycles of the same color.



8 S. W. SONGDefinition 4.1. A set of edge-permutation operators constitutes a cycle mergeoperator (resp. cycle split operator) if it transforms a partition of the edge set ofr cycles to a partition of s cycles, with s < r (resp. s > r).Consider the partition of the edge set of C4�C4�C4 into cycles of length 16 asseen in the previous section. Figure 11 shows a cycle merge operator that mergesthe cycles of a given color into a larger cycle of the same color. Figure 12 showsthe locations (indicated by large circles) where reference point A of Figure 11can be placed to apply the operator.""" """"""0 0 01 1 12 22A - """ """"""2 1 20 2 01 10A
Figure 11. A merge operator for C4 � C4 � C4
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Figure 12. Possible locations (shown by large circles) to applythe merge operatorIf the merge operator of Figure 11 is applied on one of the points of Figure 12,two cycles of each color (color 0, 1 and 2) will be merged to form a larger cycleof the same color. It will therefore transform six cycles to three.The desired three cycles of the Hamiltonian decomposition of C4�C4�C4 canbe obtained by applying the merge operator to the points indicated in Figure 13.
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Figure 13. Locations to apply the merge operator for Hamil-tonian decomposition5. GeneralizationTo construct the Hamiltonian decomposition of n=2 products C4�C4 : : :�C4,the approach is therefore as follows.(i) Partition the edge set into cycles of length 16.(ii) Merge the resulting cycles into larger cycles to obtain the desired Hamil-tonian cycles.The merge operator is contained in a binary n=2-cube. (For the case n = 8the merge operator is inside a binary 4-cube, as shown in Figure 14.) It remainsto formalize the merge operator in the general case.
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Figure 14. A merge operator for C4 � C4 � C4 � C4



10 S. W. SONG6. ConclusionWe have presented a simple approach to partition the edge set of a binaryn-cube into Hamiltonian cycles. The starting point is the partitioning of theedge set into cycles of length 16. A merge operator constructs larger cyclesuntil the desired cycles are obtained. Thus, this approach not only obtains theHamiltonian decomposition, but also the partitioning into cycles of lengths 16,32, : : : ; 2n. References1. J. Armstrong and F. G. Gray. Fault diagnosis in a Boolean n-cube array of microprocessors.IEEE Transactions on Computers 38 (1981) 587 - 590.2. B. Alspach, J.C. Bermond, D. Sotteau. Decomposition into cycles I: Hamilton decomposi-tions. In G. H. et al. (editors) Cycles and rays. Kluwer Academic, 9 - 18, 1990.3. J. Aubert et B. Schneider. D�ecomposition de Km +Kn en cycles Hamiltoniens. DiscreteMathematics 37 (1981) 19 - 27.4. J. Aubert. Decomposition de la somme Cartesienne d'un cycle et de l'union de deus cyclesHamiltoniens en cycles Hamiltoniens. Discrete Mathematics 38 (1982) 7 - 16.5. M. F. Foregger. Hamiltonian decompositions of products of cycles. Discrete Mathematics24 (1978) 251 - 260.6. P. Fraigniaud. Communications intensives dans les architectures �a m�emoire distribu�eeet algorithmes parall�eles pour la recherche de racines de polynômes. Ph. Thesis. �EcoleNormale Sup�erieure de Lyon. Universit�e Claude Bernard de Lyon I. December 1990.7. A. Kotzig. Every Cartesian product of two circuits is decomposable into two Hamiltoniancircuits. Centre de Recherche Math�ematiques, Montreal (1973).8. Y. Saad and M. H. Schultz. Topological properties of hypercubes. IEEE Transactions onComputers 37 (1988) 867 - 872.Departamento de Ciência da Computa�c~ao, IME, Universidade de S~ao Paulo, S~aoPaulo, SP, 05508-900, BrazilCurrent address: Departamento de Ciência da Computa�c~ao, IME, Universidade de S~aoPaulo, S~ao Paulo, SP, 05508-900, BrazilE-mail address: song.at.ime.usp.br


