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Abstract

We study a two-parameter family of twist maps defined on the torus.
This family essentially determines the dynamics near saddle-centre loops of
four-dimensional real analytic Hamiltonian systems. A saddle-centre loop is
an orbit homoclinic to a saddle-centre equilibrium (related to pairs of pure real,
+v, and pure imaginary, i, eigenvalues). We prove that given any period
n we can find an open set of parameter values such that this family has an
attracting n-periodic orbit of a special type. This has interesting consequences
on the original Hamiltonian dynamics.

Mathematics Subject Classification: 37E40, 37E45, 37C25

1. Introduction

This paper is part of a series on the dynamics of a certain two-parameter family of twist maps
(see [10-13, 1, 3,4]). This family of maps, which we call saddle-centre loop maps, appears in
the study of four-dimensional real analytic Hamiltonian systems in the following way. Suppose
the system has an equilibrium of saddle-centre type (namely, it has pure real, £v # 0, and
pure imaginary, +wi # 0, eigenvalues) and additionally there exists an orbit I homoclinic to
this equilibrium. The union of I" and the equilibrium is called a saddle-centre loop. Under a
mild hypothesis on the topology of the energy level set of the saddle-centre loop (see [11]),
it is possible to define a Poincaré map to a transverse section to the saddle-centre loop. This
construction, due to Lerman [17] and Mielke et al [18], is analogous to the more familiar
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one of a Poincaré map to a periodic orbit. The leading order term of the Poincaré map to the
saddle-centre loop, that we call saddle-centre loop map, restricted to the energy level set of the
saddle-centre loop is given by the following area preserving map:

a 0 i
B cosf —sinf\ (z;
Fana)=1, 1 <sin9 cos 6 ) <Zz>’
o

where z € R? has sufficiently small norm, o — y log(l1z11?/2), ydga)/v >0anda > 1
is a parameter obtained from the flow of the system linearized at the orbit I (it is analogous
to a Floquet coefficient of a periodic orbit). For examples of computations of «, see [13, 5].
The origin z = (0, 0) represents the intersection of I' with the transverse section and it is, by
definition, a fixed point of the saddle-centre loop map.

In [12, 4] it has been proved that many properties of the saddle-centre loop map extend
to the real Poincaré map and thus to the Hamiltonian flow. For instance, in [12] it is shown
that for certain parameter values («, y) the stability (instability) of the origin under iterations
of the saddle-centre loop map implies a sort of stability (instability) of the saddle-centre loop
under the action of the Hamiltonian flow. In [4] it is shown that if the origin is unstable under
iterations of the saddle-centre loop map (which necessarily happens if y (@ — a¢™!) > 1, see
[12]), then the set of orbits that escape from it may contain some special points that in some
sense ‘attract’ most of the escaping orbits. The reason for using the strange word ‘attract’
in this conservative setting will become clearer below. In order to motivate and explain the
problem studied in this paper, we need first to present a result from [4].

The logarithmic singularity of the saddle-centre loop map can be removed with the
following choice of polar coordinates that blow up the origin:

71 = ﬁemy cos(I — ¢),
2 = V2" sin(I — ¢).
In these coordinates the saddle-centre loop map is written as
P =pn@+1,
F: 1
{I’:ylog](¢)+1, M

where

J (@) = o® cos*(¢) + a2 sin*(¢),

tan(¢)
2

o

u(¢) = arctan < ) , with ©(0) = 0.

Using these coordinates we can easily identify the punctured plane with a cylinder (¢, I) €
S' x R where S! =R/nZ, or ¢ = ¢ mod w. We denote as F the map induced by F (see (1))
on this cylinder. The area preserving property of the saddle-centre loop map implies that F
preserves the following measure on the cylinder:

w(A) =/e’/V de A dl. 2)
A

Map F is invariant under vertical translations by 7, namely o (p,1+m) = o (o, 1) +m.
Thus, F induces a map on the 2-torus, that we denote as F, just by taking / = I mod 7. Notice
that the measure p (2) is not invariant under /-translations by w which implies that it does not
define a measure on the quotient 2-torus ¢ mod r, I mod r. So, the original measure preserving
property of F is lost in the quotient construction of F. In this context a natural side question,
that is not further addressed in this paper, is: does F preserve any measure on the 2-torus
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which is absolutely continuous with respect to the Lebesgue measure? For the rather special
case of o = 1, the answer is trivially yes, the invariant measure is simply d¢p A d/. If map F
has a homotopically nontrivial invariant curve, then the answer is again yes. In this case an
annulus bounded by this invariant curve and its translation by 7 define a fundamental domain
for the 2-torus which is invariant under £. The measure (2) restricted to this fundamental
domain is invariant under F. If F does not admit a rotational invariant curve, then it is proved
below that for certain values of (o, y), map F has attractive periodic points which implies
the nonexistence of an invariant measure absolutely continuous with respect to the Lebesgue
measure. For other values of («, y), the existence of such an invariant measure is an open, and
probably hard, question, although numerical studies indicate that for every pair (o, y) such
that F does not have rotational invariant circles there are “attractors’, which may be periodic
sinks, Hénon-like attractors (see [3]), or something else.

Throughout this paper we assume the hypothesis that F does not have rotational invariant
circles. In this case F can simultaneously have certain properties of a conservative and a
dissipative system. For instance, all periodic points of F that are also periodic points of F
have a conservative character, i.e. F can have elliptic points surrounded by invariant curves
and also hyperbolic saddles with eigenvalues A, ' Periodic points of F which represent
vertical /-translations for F have necessarily a dissipative or expansive character. In [1-3], the
reader can find examples of more complicated invariant sets of F with dissipative dynamics
like, for instance, Hénon attractors. The consequences of the existence of attractors for F on
the dynamics of the original Hamiltonian flow is not completely understood, yet. In [4] we
prove several results in this direction. The main difficulty we find is that we still do not have
a good description for the dynamics of F or F for most values of the parameters (¢, y). In
order to better explain this point, let us get back to the analogy between the dynamics near a
saddle-centre loop and the dynamics near a periodic orbit. For the saddle-centre loop the role
played by the linear part of the Poincaré map to a periodic orbit is replaced by F. The dynamics
of a linear map is very simple for any value of its eigenvalues while the dynamics of F, and its
dependence on («, ), is very complicated. For instance, when the dynamics of the linear map
is unstable, the set of orbits that escape from the periodic orbit has a very simple description
given by the unstable manifold theorem. In the analogous case where the origin of the saddle-
centre loop map is unstable, the unstable set of the saddle-centre loop is very complicated and
still not fully understood. An interesting partial result proved in [4] says that if the origin of
the saddle-centre loop map is unstable and F has a periodic topological sink, then there is a
set of points of positive measure that escapes under the action of the original Hamiltonian flow
from any sufficiently small neighbourhood of the saddle-centre loop following (or clustering
around) a finite number of escaping orbits that correspond to the periodic sink of F. In
[4] we present some very particular pairs of values of (¢, y) where we can find explicitly
attractive fixed points of F. Our goal in this paper is to show that F has attractive periodic
orbits of all periods and all ‘vertical rotation numbers’ (see definition below) for open sets of
values of («, y). This is an important step in the understanding of the local dynamics near a
saddle-centre loop.

This paper is organized as follows. In the next section we present the statements of our
main results. In section 3 and in appendix A we present the proofs of our results.

2. Main results

First we present some definitions. Let F : R2 — RR?, defined by equation (1) with (¢, ) € R?,
be a lift of F to the plane. We recall that F : S' x R — §!' x R and F : T2 — T2 are the
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quotient maps induced by F, where S! = R/(wZ) and T?> = R?/(7Z)?:

_ (¢’ = () +1I'mod s |¢ = n(@)+1'modm,
F {I/:ylogj(¢)+lmodn and F {1/=V10g1(¢)+1-

It is clear that F is homotopic to the identity on the cylinder and F is homotopic to the
following linear map, denoted as L M, on the torus:

11
LM(¢>,I)=<0 1) (i’) (mod )*. 3)

Letr : R — S! x Rand p : R? — T2 be the associated covering maps (7(¢, ) =
(¢mod, I) and p(¢, I) = (¢ mod 7z, I mod )). We define p; : R> - Rand p> : R? - R
as the standard projections, respectively, in the ¢ and / directions. We also use p; and p, for
the standard projections on the cylinder.

We say that a point x € T? is n-periodic for F with vertical rotation number py = m/n if
F'(x) =x and p2oF (;C:[—pz(x) = %, for any x € p~H(x).

A simple fact about these points is the following proposition.

Proposition 1. Let x be a periodic point for F with nonzero vertical rotation number. If py > 0
then the product of the eigenvalues associated with x is <1 (the periodic point is dissipative),
and if py < O then this product is > 1 (the periodic point is expansive).

Proof. To prove this we just have to observe that
det[DF"(x)] = ]:[l det[DF (F'(x))]
= ;Z(:[DF(F"—l(x))] det[DF(F"*(x))]---det[ DF (x)]
1 1 1 1
TG T@) TG @) el

where x = (¢, ) and Fi(x) = (¢:, I;). This happens because as x is n-periodic with
py = m/n, we have

“

n—1
mmw+1 = VlOgJ(¢,1_|)+In_] = Zylog](¢1)+l
i=0
=y log[J(pp_1)--- J( P+ 1 = J(pp_1)--- J(p) =™/ .

Soif m > (<) 0, then x is dissipative (expansive). As we are looking for sinks, we can
restrict ourselves to points with py > 0 (the case of sources is analogous).

Before we start the discussion about the stability of periodic orbits of F with py > 0, it is
necessary to present two results proved in [2] that show that these orbits exist. We recall that
F has a rotational invariant curve (RIC) if there is a homotopically nontrivial simple closed
curve y C S' x R such that ﬁ(y) =y.

Theorem 1. Givenk € N*, 3N > 0, such that F has at least 2-periodic orbits with py = k/N,
if and only if F does not have RICs.

Theorem 2. If F has a periodic orbit with py = k/N > 0, then for every rational k'/N'
such that 0 < k'/N’ < k/N, F has at least two periodic orbits with vertical rotation number
oy =k'/N'.
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As we mentioned in the introduction, F does not have RICs if, for instance,
y(a —a~!') > 1[12]. Moreover, a simple computation shows the following proposition.

Proposition 2. For any given positive integer 6, F has a hyperbolic fixed point with py = 6
and another one with py = —6, provided o > ety

So as a corollary of theorem 2 and this proposition, we get that for any given rational
m/n > 0, F has n-periodic orbits with py = m/n for all sufficiently large «, depending
alsoon y.

Now we come to the main results proved in this paper. The following theorem is crucial
to show that F has topological sinks.

Theorem 3. Given k € Z* and n € N*, the n-periodic points of F with vertical rotation
number py = k/n are finite.

As a simple corollary of the above theorem, we get the following one.

Corollary 1. For alln € N*, #{x € T? : F"(x) = x and py(x) # 0} < co.

Proof. We just need to show that for a fixed n > 0, there exists K > 0 such that no

point in the torus can have |py| > K/n. In this case, #{x € T?: F'(x) = x and

ov(x) # 0} < K« #A% < oo, where AX is the set of n-periodic points of F with py = k/n.
(k=#0)

The existence of such K is a consequence of the inequality |/’ — I| < 2y log « that we obtain

from equation (1). |

Theorem 3 implies that the n-periodic points of F that have py # 0 are isolated. So, we
can use a simple topological index argument to prove the following lemma.

Lemma 1. The index of any periodic point of F with nonzero vertical rotation number can
only assume the following values: —1, 0, 1. If the periodic point has real negative eigenvalues,
then the index is 1. Moreover, if the periodic point has positive vertical rotation number and
real positive eigenvalues, then it is a topological sink if and only if it has index 1.

Using this lemma we prove the following theorem.

Theorem 4. Given a rational m/n > 0, for all « > exp[(|m/n]+1)7/y], F has at least two
n-periodic orbits with py = m/n such that their topological indices are —1 and 1.

Finally, from a bifurcation argument, we get the main result of this paper.

Theorem S. Forany giveny > 0andm/n > 0, there exists an interval I, = Is(m/n,y) C R
such that for a € I, F has an n-periodic point with py = m/n, which is a topological sink.

So we have periodic attractors for F with all rational vertical rotation numbers. We just
have to choose the appropriate parameters.

The proof of theorem 3 is based on the analyticity of F and on the invariance of measure
u. The proof of theorem 4 is by contradiction. We suppose that all n-periodic points for
F with py = m/n have index zero. Using that there is a finite number of these points, we
construct a map C¥ close to F (k > 1) without n-periodic points with py = m/n. This leads
to a contradiction. Theorem 5 is a consequence of a simple bifurcation argument.
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3. Proofs

3.1. Proof of theorem 3
What we have to prove is that
#{x € T>: F'(¥) = X + (s, k), for some s € Z, where ¥ € p (%)} < oo.
First, let
={F e€[0,7]*: F"(¥) = X + (s, k)7, for some s € Z}.

Using that the square [0, 7]*> C R? is a fundamental domain of the torus, T? = R?/(7Z)?, we
get that to prove the theorem it is enough to show that #4% < co.
Let N € N* be such that
F*(x
N > sup Imo—(x)| +1. (5
Fel0,7]? T

Defining AX, = {%¥ € [0, 7]* : F"(X) = X + (s, k)7 }, we obtain that
U Am, because from (5), if |s| > N then Aﬁs = 0.

So, it is enough to show that #Ak is finite for every |s| < N. For each s € {—N,...,
—1,0,1,..., N} let us define the followmg function:

fl@. D) =F' (¢, 1)— (s, k)m.

The map f : R*> — R? induces an analytic diffeomorphism f :S' xR — S! x R that
is homotopic to the identity on the cylinder.
Let

Po(f) ={x € S' xR: f(¥) = &, where 7 (%) = x}.

If x € Py(f)then ' (x) N[0, 7]*> € AX, (of course 7' (x) N[0, 7]* is a single point or

the empty set). And if ¥ € A%, then (%) € Py( f ). So we have the following inequality:

#Py(f) = #AX,. (6)

Analysis ong(f) fX)=x<s F'"(x) =X+(s,k)m. As Fisatwistmap and 9, (p;o F) = 1
(see (1)), itis clear that 3 M > O such thatif X € R x [M, ool, then p; o F”(x) > p1(X)+sm
and 1fx € Rx ] — 0o, —M] then p; o F"(X) < pi1(x) + sm. So Po(f) c S'x [-M, M]
= Py( f ) i s a compact set (it is closed by deﬁmtlon) In the following we will define a new
function G : S' x R — R such that G~1(0) = Py(f).

First let G : R> — R be the following function:

G, I)=(piof(@, 1) —¢)+(pro f(¢p, ) — D) (7

Using G((jz +m,I) = G(¢, I), we can define a function on the cylinder G:S'xR — R,
such that G o m = G. Notice that

G0 =767 O] = Po(f) C S x [-M, M].
So, from (6) we obtain the following inequality:

#G71(0) > #AX . (8
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Now we have the following remarkable lemma where the analyticity of G is crucial. This
lemma is a simple consequence of some general well-known results in algebraic geometry and
singularity theory (see, for instance, [19], lemmas 3.1 and 3.3).

Lemma 2. Let G be a real-valued nonidentically null analytic function defined on a real
analytic connected two-dimensional manifold with no boundary such that G~'(0) is compact.
Then G~'(0) is the union of a finite number (maybe zero) of isolated points and a one-cycle
(maybe empty). Moreover, this one-cycle is the union of a finite number of closed curves and
each closed curve is made of finitely many analytic arcs.

In figure 1 we show some possibilities for the set G~ 0. .
Applying this lemma to G~'(0) we get that if #G~'(0) = oo, then as G~'(0) is compact,
it must contain a closed curve that we denote by 1. The definition of G implies that 1 satisfies
F"() = n+ (0, ). ©)
Now there are two possibilities for 7.

(a) n is homotopically nontrivial. Then, let n~ be the connected component of n¢ (the
complement of ) in the cylinder that is below 1. As the measure p (see (2)) is invariant
under F', using (9) we get

p() = w(E" (7)) = ),
which is impossible because k # 0.

(b) n is homotopically trivial. In this case, let n~ be the connected component of 1° in the
cylinder that is bounded (the set inside n). Again we have

(™) = w(E" (7)) = i),

which is also impossible because k # 0. (Here the density function of p plays a
fundamental role.)

So, we have the following implications:
#G71(0) < 0o = #Py(f) < 00 = #AK < 0o = #AX < o0, (10)

ns

and the proof is complete. g

—
<

Figure 1. Diagram showing possibilities for the set G~ (0).
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3.2. Proof of lemma 1

Given an n-periodic point x for F such that py(x) # 0, proposition 1 says that
0 < det(DF"(x)) # 1 and if py > O then det(DF"(x)) < 1. If the periodic point is
additionally supposed to be hyperbolic, then the lemma follows from an analysis of the
linearized map (see [14], section 8.4). So, in the following we assume that this is not the
case, namely its eigenvalues are either (1, A), with A > 0, A # 1, or (—1, 1), with A < O,
A # —1. In any case the periodic point has a one-dimensional centre manifold and either a one-
dimensional unstable manifold (if |*| > 1) or a one-dimensional stable manifold (if |A| < 1).
For simplicity of writing we suppose that 0 < A < 1. The proofs for the other cases are
similar. We can do a linear change of variables such that the centre manifold W€ is tangent to
the horizontal axis (it is given by the graph of a C*-function x; — h¢(x;) = x, where k can be
chosen arbitrarily large) and the stable manifold W* is tangent to the vertical axis (it is given
by the graph of a C*°-function x, — h(x;) = x;). Now doing the C*-change of variables,

i =x1 — hs(x2),

Y2 = x3 — he(xy),
we obtain that in a small neighbourhood of the origin (which after the coordinate changes
coincides with the fixed point x of F"), the map F” is written as

O y2) — il +---1, yo[A +---]). (11

In these coordinates W¢ coincides with the horizontal axis and W* with the vertical axis.
The crucial step in the proof of the lemma is to use that x is an isolated fixed point of F”
(see theorem 3) to show that in a sufficiently small neighbourhood of the origin, the dynamics
of F" (see (11)) restricted to W¢ satisfies one of the following conditions:

(@) yi <0=>y1d§15”(y1,0)<y1 and y; > 0= y| > yi,

) yi <0=y; >y andy; >0=y| >y,
©)y1<0=>y <yrandy; > 0= y| < y1,
@y <0=y;>yandy > 0=y <y

Then a simple computation (using that F (y) — y, with || y|| sufficiently small, is horizontal
if and only if y, = 0 and is vertical if y; = 0) shows that the index of the periodic point in
case (a) is —1, in cases (b) and (c) is zero, and in case (d) is 1 (see also [7], proposition 4.1,
p 127 for a similar result in a more general context). If A > 1 we arrive at essentially the
same result, the index can be either —1, 0 or 1, and if A < 0 the same analysis shows that the
index is always 1. Finally the statement about the asymptotic stability of the periodic point if
pv > 0 and its eigenvalues are real and positive, which implies 0 < A < 1, is a consequence
of a theorem (see, for instance, [6], section 2.8, theorem 8), saying that in this case the periodic
point is a sink if and only if it is a sink for the dynamics restricted to the centre manifold.
Notice that this happens only in case (d). This result is also a consequence of theorems on
normal hyperbolic manifolds contained, for instance, in [20, 8].

3.3. Proof of theorem 4

From theorem 3 and the choice of «, there is a finite number of fixed points for F" such that
pv =m/n. Let {Py, P>, ..., Py} = {x € Fix(F") : py(x) = m/n}. Suppose that all these
points have topological index zero, namely ind(/7;, F"y=0,fori =1,2,..., K. Then they
all fall in cases (b) or (c) of the proof of lemma 1. Moreover, each of these points has a one-
dimensional C¥ centre manifold, where k > 1 can be chosen arbitrarily large. The dynamics
of F on the centre manifold must be as illustrated in figure 2 (a rigorous justification of this
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s
W (Pi)

¥
y

Figure 2. Diagram showing the dynamics of F" in a neighbourhood of a point P;.

figure, which is not necessary in the following, can be done using the results in [20, 8]). Now,
let F be the lift of F, given by (1) and let x; be the set of preimages of P; by the covering
map p : R? — T2 Letx, = F(x1),...,Xx, = F(x,_;) be the iterates of x; by F and let
Wi = FJ/(Wf), j =0,...,n— 1be the images of Wi by F, where W{ is the preimage by
p of a centre manifold of F” at P,. Let V, be the preimage by p of a small neighbourhood
of P and let V, = F(V}),...,V, = F(V,_1). The diameter of the connected components
of V| can be chosen sufficiently small such that we can find C*-coordinate systems on each
connected component of Vi, ..., V, suchthat F : V; — V. is writtenas (11) with A < 1. In
these coordinates Wy, ..., W; locally coincide with the y;-axis. Now, let ¥ : R — R be an
even Ck-function with compact support such that: ¥/(s) < 0 fors > 0, ¥ (s) = 1 for |s| < 1
and ¥ (s) = O for |s| > 2. Let Hys, : R? — RZ be the map that is the identity outside V; and
that in each connected component of V; is given by
1, y2) — (y1 +ey (%) v (%) ; yz) .

where § > 0 and € > 0 are sufficiently small. Notice that Hs. — Id, where Id is the identity
map, is doubly m-periodic in the coordinates (¢, I). Notice that H,;. differs from /d only
inside a square of size 4§ centred at (y;, y2) = (0, 0) and the C* norm of Hy5. — Id tends to
zero as € — 0. This construction can be repeated for all P;,i = 1, ..., K. Now, we define
the composition map Fper = Hyse 0 -+ 0 Hgse o F. For § > 0 small, Fp, differs from F only
in small neighbourhoods of p’1 (P),i =1,...K,and the C¥ norm of Foer — F tends to zero
as € — 0. This implies that for any given € > 0 we can choose § > 0 and € > 0 sufficiently
small to construct a diffeomorphism Fp, : R* — R? that is (€ — C¥)-close to F, such that
F;’er does not have any fixed point with py = m/n (the definition of H;s. ‘destroys’ the fixed
point P;), and such that the following properties of F are preserved:

@) Fper(@+im, [+ jm) = Fper(@p, I) +([i + jlm, jm), so, in the same way as F, Fpe; induces
maps on the cylinder ﬁper _and on the torus Fper such that ﬁ’per is (€ — C*)-close to F and

Fper is (€ — CF)~close to F;
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(b) Fper is homotopic to LM (see (3));

(©) 3;1(p1 © Fper) > 3 (recall that 8;(p; o F) = 1);

(d) Fper has two hyperbolic fixed points 0, and Q, such that py(Q,) = |m /n] + 1 and
ov(Q2) = —|m /n] — 1 (recall that F has a similar property due to proposition 2 and the
assumption o > exp[(lm/n] + D /y].

We remark that this perturbation argument used to destroy the zero index fixed points
could be done without the use of centre manifold theory, for instance, as suggested to us by
the referee. We just kept our proof because a centre manifold argument was already necessary
in the proof of lemma 1 (see the statement on topological sinks). Now we have the following
claim.

Claim 1. It is impossible for a map Fye, to exist satisfying the above properties such that I:"per
does not have n-periodic points with py = m/n.

The proof of this claim will be given in appendix A. It is a small modification in the argument
used to prove theorem 2 in [2].

So this contradicts the hypothesis that ind(P;, F "y =0, fori = 1,2,..., K, which
implies that at least one fixed point P; of F" must have either index 1 or —1. Finally, as a
consequence of the Lifschitz fixed-point formula (see, e.g., [9]) and the fact that F is homotopic
to LM (3), we obtain that

Z ind(x, F") = 0.
x€e[Fix(Fm):py (x)=m/n]
So, from lemma 1, if there is one point with index —1, we must have one with index 1 and
vice versa. |

3.4. Proof of theorem 5

Given y > 0 and m/n > 0, we know from theorem 4 that the set {o € R : F has at least one
n-periodic orbit with py = m/n} is closed and contains the interval [exp[(|m/n] + 1)
7 /y], +o0o[. So there is a function oy = «;(m/n, y) > 1 such that for ¢ > «y, F has at
least one n-periodic orbit with py = m/n and index equal to 1 and for o = «; all n-periodic
orbits with py = m/n that exist must have zero index. Now we discuss the following claim.

Claim 2. When o = ay there is a point P € {x € Fix(F") : py(x) = m/n} such that the
eigenvalues of DF"(P) are {1, e ™™/} and given a sufficiently small disk D C T? centred
at P, there exists a number § > 0, such that for all o € (o, ag + §) we have

aD N {x € Fix(F") : py(x) = %} — g, (12)

and for all oy < a < a5 + 8, there is at least one n-periodic point for F with py = m/n and
index equal to 1 in D (the interior of D).

To prove this claim, first let {Py, P>, ..., Px} = {x € Fix(F") : py(x) = m/n and
o = oy }. Now suppose that for any arbitrarily small disk D; centred at P; and V§ > 0, there is
ana € (o, a;+8), suchthat d D;N{x € Fix(F") : py(x) = m/n} # (). Taking the limit§ — O,
we get that for@ = o5, dD; N {x € Fix(F") : py(x) = m/n} # @, which is a contradiction
because the points P; are isolated. So thereis aconstantr > 0 and anumber§ = §(r) > 0 such
that if diam(D;) < r and « € (o, ot +8) we have dD; N {x € Fix(F") : py(x) =m/n} =@
and further

o B - m
DO {x € Fix(F") : py(x) = —} .
1 n

K
i=
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Now we choose some iy € {1, ..., K} such that for « € («;, oty + §) there is at least one point
with index 1 inside D;,, that we will just call D.
The choice of a; and expression (12) imply that

Z ind(x, F") = 0, for any o € (a, o +8).
xeDN[Fix(F"), py=m/n]
So, for o, < o <o +4, there is also at least one n-periodic point with py = m/n and
index equals —1 in D . Moreover, as the disk D can be chosen arbitrarily small, the eigenvalues
of DF™" calculated at any point of D must be both positive, which implies that the n-periodic

point with py = m/n and index equal 1 that is inside D must be a topological sink
(see lemma 1). O
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Appendix A

Appendix A.1. Proof of claim 1

Here we prove claim 1 of theorem 4. The theorem we prove is valid in a more general context,
so we have to start with some standard definitions and background theory.

(a) Let (¢, I) denote}hg coordinates for the cylinder S IxR=(R /7Z) x R, where ¢ is defined
modulo 1. LeE (¢, I) denote the coordinates for the universal cover of the cylinder, R2.
For all maps f : S xR — S! x R, we define

@.1N=f@.nH ad @ 1)=1@ D,

where f : R? — R is a lift of f.

(b) D!(R?) = {f : R? — R?/f is a C'-diffeomorphism of the plane, I'(¢, [) ' -3 oo,
0;¢ > 0 (twist to the right), ¢'(, 1) 3% Lo0 and f is a lift of a C'-diffeomorphism
f:SlxR—>Sl>A<R}. A

(c) Dif (S' x R) = {f : ' x R — S' x R/ f is induced by an element of D! (R?)}.

Now we recall some topological results for twist maps due to Le Calvez (for proofs, see
[15,16]). Let f € Dif,l_ (S' x R) and f € D!(R?) be its lifting. For every pair (p, q), p € Z
and g € N* we define the following sets:

Kp.o)={@.DeR:pofigDH=¢+p) ad  K(p,q)=noK(p.g).

(13)

Then we have the following lemma.

Lemma 3. For every p € Z and q € N*, K(p,q) D C(p, q), a connected compact set that
separates the cylinder.

For every ¢ > 1 and ¢ € R let
g (1) = fUP, 1), fort € R. (14)

We say that the first encounter between u, and the vertical line through some ¢ € R
is for

tr € R such that: 1z = min{r € R : p; o g (t) = o},
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and the last encounter is defined in the same way:
t; € Rsuch that: f;, = max{t € R: p; o uy(t) = ¢o}.
Of course we have 1 < fr.

Lemma 4. For all ¢y, (;_5 € R, let puy(t) = f4 ((;3, t), as in (14). So we have the following
inequalities: p> o g (t) < pro g (t) < proug(tr), forallt € Rsuch that py o g (1) = ¢o.

Forall s € Z and N € N*, we can define the following functions on S':

n(¢) = min{pz(Q) : Q € K(s, N) and p1(Q) = ¢},
(@) = max{p2(Q) : Q € K(s, N) and p;(Q) = ¢},

and we can define similar functions for f N(K (s, N)):

V7 (¢) = min{py(Q) : Q € jiN o K(s,N)and pi1(Q) = ¢},
V(@) = max{p2(Q) : Q € fN o K(s, N) and pi(Q) = ¢}.

Lemma 5. Defining Graph{u*} = {(¢, u*(¢)) : ¢ € S'} we have
Graph{u~} U Graph{u*} C C(s, N),
so forall ¢ € S', we have (¢, n*(¢)) € C(s, N).

We have the following simple corollary to lemma 4.

Corollary 2. fN(¢, 1= (9)) = (¢, v*(9)) and fN(p, u*(#)) = (¢, v (9)).

Now we define a large class of maps, already studied in [2], such that our result will apply.
LetTQ C Dr1 (R?) be such that for all T € T Q we have

. ¢ =Ty, 1),
I'=Ti(¢, D),
T +1,1) =T, D),
Ty, T+1)=Ti(p, ) +1,
Ty(p+1,1) =Ty(p, ) +1,
Ts(p, [ +1) =Ty(p, I) + 1.

with 9;¢" = 8;Ty(¢, I) > 0 and

15)

Every T € T Q induces a map T e Dif i(S ! x R) homotopic to the identity and a map
T:T2— T? homotopic to LM (see (3)). Itis clear that both ' and Fy, belong to T Q (see
proof of theorem 4).

Now we are ready to prove the following theorem.

Theorem 6. Given T € T Q and a rational k/N > 0, if T has fixed points Q, and Q, with
vertical rotation numbers py(Q1) = |k/N]|+ 1 and py(Q2) = —|k/N] — 1, then T has
at least one N-periodic orbit with py = k/N.

Remark. As F., € TQ and Fper has two hyperbolic fixed points Ql and Qz such that

pV(Ql) = |m/n]+1and pV(Qz) = —|m/n] —1, theorem 6 impli_es that Fper has at least one
n-periodic orbit with py = m/n, which contradicts the choice of Fj; and proves theorem 4.
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Proof. If we do not have an N-periodic orbit with py = k/N, then there are two possibilities.

(a) For any fixed s € Z, we have the following: p; o fN(Q) — p2(Q) < k, for any

Q € C(s, N). This implies that v*(¢) — u=(¢) < k, for all ¢ € S'. So there is a
homotopically nontrivial simple closed curve y C S! x R that separates TN(C(s, N))
from C(s, N) + (0, k). If we call y~ the connected component of y¢ which is below y we
get fiN(y‘) — (0, 1ik) C y~. But this contradicts the fact that py(Q;) > k/N.

(b) The second possibility is the following: for any fixed s € Z, p; o YA“N(Q) — p2(0) >k,

for all Q € C(s, N). As above we get a contradiction, now using Q5.
So, for all s € Z there must be points R;, R, € C(s, N) such that

p2o TV (Ry) — pa(Ry) > k,
p20oTY(Ry) — p2(Ry) < k.
Now the result follows from the fact that C (s, N) is connected. O
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