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29 de octubre de 2021
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Introduction

In classical representation theory one of the objects of study are the artin
algebras Λ and its category of finitely generated left Λ-modules mod(Λ).
On the other hand, dualizing varieties were introduced by Auslander
and Reiten as a categorical counterpart for doing representation theory.
In fact, Auslander-Reiten theory has its origin from dualizing varieties.
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Definition

Let Λ be an artin algebra and I an ideal of Λ. The following are
equivalent.

(a) I is an idempotent ideal (that is, I = I2)

(b) There exists an isomorphism for all M,M ′ ∈ mod(Λ/I)

Ext1
Λ/I(M,M ′) ' Ext1

Λ(M,M ′).
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Definition

Let Λ be an artin algebra and I an ideal of Λ. It is said that I is a
k-idempotent ideal if there exists an isomorphism for all
M,M ′ ∈ mod(Λ/I) ExtiΛ/I(M,M ′) ' ExtiΛ(M,M ′) ∀0 ≤ i ≤ k.
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Given a small preadditive category C we can think C as a ring with several
objects. So, we can construct its category of left C-modules as follows:

Mod(C) := (C,Ab) := {F : C −→ Ab | F additive and covariant}

We recall that

(a) Mod(C) is a Grothendieck abelian category.

(b) {HomC(C,−)}C∈C is a set of projective generators.

Luis Gabriel Rodŕıguez Valdés advisor: Valente Santiago Vargas Homological theory of k-idempotent ideal in dualizing varieties



Tensor product

There is a unique (up to isomorphism) functor
⊗C : Mod(Cop)×Mod(C) −→ Ab called the tensor product. The
abelian group ⊗C(A,B) is denoted by A⊗C B for all Cop-modules A and
all C-modules B.

1 1 For each C-module B, the functor ⊗CB : Mod(Cop) −→ Ab given
by (⊗CB)(A) = A⊗C B for all Cop-modules A is right exact.

2 For each Cop-module A, the functor A⊗C : Mod(C) −→ Ab given
by (A⊗C)(B) = A⊗C B for all C-modules B is right exact.

2 For each Cop-module A and each C-module B, the functors A⊗C
and ⊗CB preserve arbitrary sums.

3 For each object C in C we have A⊗C (C,−) = A(C) and
(−, C)⊗C B = B(C) for all Cop-modules A and all C-modules B.
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Luis Gabriel Rodŕıguez Valdés advisor: Valente Santiago Vargas Homological theory of k-idempotent ideal in dualizing varieties



Varieties

Definition

It is said that and additive category C (preadditive with finite coproducts)
is a category with splitting idempotents if for each idempotent
e = e2 ∈ HomC(X,X) there are morphisms µ : Y → X and ρ : X → Y
such that µρ = e and ρµ = 1Y .

Definition

Let C be an additive category with splitting idempotents. Such categories
are called varieties.
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Definition

If C is an R-variety, then Mod(C) = (C,Ab) is an R-variety, which we
identify with the category of covariant functors (C,Mod(R)).

The category (C,mod(R)) is abelian and the inclusion

(C,mod(R)) ⊆ (C,Mod(R)) = Mod(C)

is exact.
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Definition

Let C be a Hom-finite R-variety. We denote by mod(C) the full
subcategory of Mod(C) whose objects are the
finitely presented functors. That is, M ∈ mod(C) if and only if, there
exists an exact sequence in Mod(C)

HomC(C0,−) // HomC(C1,−) // M // 0.
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Consider the functors

DCop : (Cop,mod(R))→ (C,mod(R))

DC : (C,mod(R))→ (Cop,mod(R)),

which are defined as follows:

for any object C in C, D(M)(C) = HomR(M(C), I(R/r)) where r is the
Jacobson radical of R, and I(R/r) is the injective envelope of R/r.

Proposition

The functor DC defines a duality

DC : (C,mod(R)) −→ (Cop,mod(R)).
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Luis Gabriel Rodŕıguez Valdés advisor: Valente Santiago Vargas Homological theory of k-idempotent ideal in dualizing varieties



Definition

An Hom-finite R-variety C is dualizing, if the functor

DC : (C,mod(R))→ (Cop,mod(R)) (1)

induces a duality between the categories mod(C) and mod(Cop) :

(C,mod(R))
DC // (Cop,mod(R))

mod(C) //
?�

OO

mod(Cop)
?�

OO
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Ideals

Definition

Let C be a preadditive category. An ideal I of C is an additive subfunctor
of HomC(−,−). That is, I is a class of the morphisms in C such that:

(a) I(A,B) = HomC(A,B) ∩ I is an abelian subgroup of HomC(A,B)
for each A,B ∈ C;

(b) If f ∈ I(A,B), g ∈ HomC(C,A) and h ∈ HomC(B,D), then
hfg ∈ I(C,D).

A
f∈I // B
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Luis Gabriel Rodŕıguez Valdés advisor: Valente Santiago Vargas Homological theory of k-idempotent ideal in dualizing varieties



Ideals

Definition

Let C be a preadditive category. An ideal I of C is an additive subfunctor
of HomC(−,−). That is, I is a class of the morphisms in C such that:

(a) I(A,B) = HomC(A,B) ∩ I is an abelian subgroup of HomC(A,B)
for each A,B ∈ C;

(b) If f ∈ I(A,B), g ∈ HomC(C,A) and h ∈ HomC(B,D), then
hfg ∈ I(C,D).

A
f∈I // B
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Definition

Let I and J be ideals in C. The product of ideals I · J is defined as
follows: for each A,B ∈ C we set

(I · J )(A,B)

:=

{
n∑
i=1

figi

∣∣∣∣ fi ∈ I(Ci, B), gi ∈ J (A,Ci) for some Ci ∈ C

}
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C1

f1

��==================

C2

f2

&&MMMMMMMMMMMMMM

A

g1

@@�������������������

g2

88qqqqqqqqqqqqqq //

gn−1

&&MMMMMMMMMMMMM

gn

��===================
... // B

Cn−1

fn−1
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Cn

fn
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gi ∈ J , fi ∈ I.
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Definition

We say that an ideal I of C is idempotent if I2 = I.

Definition

Let I be an ideal of C, we set
Ann(I) := {F ∈ Mod(C) | F (f) = 0 ∀f ∈ I(A,B) ∀A,B ∈ C}.
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Definition

Let I be an ideal in a preadditive category C. The quotient category
C/I is defined as follows:

(a) it has the same objects as C and

(b) HomC/I(A,B) := HomC(A,B)
I(A,B) for each A,B ∈ C/I.

Composition in C/I:

For f = f + I(A,B) ∈ HomC/I(A,B) and
g = g + I(B,C) ∈ HomC/I(B,C)

we set
g ◦ f := gf + I(A,C) ∈ HomC/I(A,C).
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Luis Gabriel Rodŕıguez Valdés advisor: Valente Santiago Vargas Homological theory of k-idempotent ideal in dualizing varieties



Definition

Let I be an ideal in a preadditive category C. The quotient category
C/I is defined as follows:

(a) it has the same objects as C and

(b) HomC/I(A,B) := HomC(A,B)
I(A,B) for each A,B ∈ C/I.

Composition in C/I:

For f = f + I(A,B) ∈ HomC/I(A,B) and
g = g + I(B,C) ∈ HomC/I(B,C)

we set
g ◦ f := gf + I(A,C) ∈ HomC/I(A,C).
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Canonical functor

Let I be an ideal of C, we have the canonical functor π : C −→ C/I
defined as:

π(A) = A ∀A ∈ C and

π(f) := f = f + I(A,B) ∈ HomC/I(A,B) ∀f ∈ HomC(A,B).
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π : C −→ C/I induces a functor

π∗ : Mod(C/I) −→ Mod(C)

given as:

π∗(G) := G ◦ π for G ∈ Mod(C/I).

C π //

G◦π   AAAAAAAA C/I

G

��
Ab

π∗(η) := η ◦ π for η : HomMod(C/I)(G,H).
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Ann(I)
π∗

Mod(C/I) Mod(C)

Figura: π∗ is full and faithful
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{M∈Mod(Λ)|IM=0}
π∗

Mod(Λ/I) Mod(Λ)

Figura:
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Definition

We define the functor CI⊗C : Mod(C) −→ Mod(C/I) as follows: for

M ∈ Mod(C) we set
( C
I ⊗C M

)
(C) := C(−,C)

I(−,C) ⊗C M for all C ∈ C/I
and

( C
I ⊗C M

)
(f) = C

I (−, f)⊗C M for all

f = f + I(C,C ′) ∈ HomC/I(C,C ′).

Definition

We define the functor C( CI ,−) : Mod (C) −→ Mod (C/I) as follows: for

M ∈ Mod(C) we set C( CI ,M)(C) = C
(
C(C,−)
I(C,−) ,M

)
for all C ∈ C/I and

C( CI ,M)(f) = C
( C
I (f,−),M

)
for all

f = f + I(C,C ′) ∈ HomC/I(C,C ′).
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Proposition

Let I be an ideal in C and π : C −→ C/I the canonical functor. Then we
have the following diagram

Mod(C/I) π∗ // Mod(C)
π∗oo

π!

oo

where (π∗, π∗) and (π∗, π
!) are adjoint pairs, π! = Hom( CI ,−) and

π∗ := C
I⊗C .
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Definition

Consider the functor C( CI ,−) : Mod(C) −→ Mod(C/I). We denote by

EXTiC(C/I,−) : Mod(C) −→ Mod(C/I) the i-th right derived functor of
C( CI ,−).

Definition

Consider the functor CI⊗C : Mod(C) −→ Mod(C/I). We denote by

TORCi (C/I,−) : Mod(C) −→ Mod(C/I) the i-th left derived functor of
C
I⊗C .
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C( CI ,−).

Definition

Consider the functor CI⊗C : Mod(C) −→ Mod(C/I). We denote by

TORCi (C/I,−) : Mod(C) −→ Mod(C/I) the i-th left derived functor of
C
I⊗C .
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Property A

Definition

Let C be a preadditive category. We say that an ideal I satisfies the
property (A) if for every C ∈ C there exists epimorphisms

HomC(X,−) −→ I(C,−) −→ 0

HomC(−, Y ) −→ I(−, C) −→ 0.

Proposition

Let C be an additive category and X an additive full subcategory of C.
Let I = IX be the ideal of morphisms in C which factor through some
object in X . Then I satisfies property A if and only if X is functorially
finite in C.
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Proposition

Let C be a dualizing R-variety and I an ideal which satisfies property A.
Let π1 : C −→ C/I be the canonical functor, then we can restrict to the
finitely presented modules

mod(C/I) (π1)∗ // mod(C)
π∗1oo

π!
1

oo
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Proposition

Let C be a preadditive category and I an ideal in C. The following are
equivalent.

(a) I is an idempotent ideal.

(b) There exists an isomorphism for all F, F ′ ∈ Mod(C/I)

ϕ1
F,π∗(F ′)

: Ext1
Mod(C/I)(F, F

′) −→ Ext1
Mod(C)(π∗(F ), π∗(F

′)).
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Proposition

Let F,G ∈ Mod(C). Then for each i ≥ 0, there exists canonical
morphisms of abelian groups

ϕiF,G : ExtiMod(C/I)(F,G) −→ ExtiMod(C)(π∗(F ), π∗(G)).
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Definition

Let C be a preadditive category and I an ideal in C.

(a) We say that I is k-idempotent if

ϕiF,π∗(F ′) : ExtiMod(C/I)(F, F
′) −→ ExtiMod(C)(π∗(F ), π∗(F

′))

is an isomorphism for all F, F ′ ∈ Mod(C/I) and for all 0 ≤ i ≤ k.

(b) We say that I is strongly idempotent if

ϕiF,π∗(F ′) : ExtiMod(C/I)(F, F
′) −→ ExtiMod(C)(π∗(F ), π∗(F

′))

is an isomorphism for all F, F ′ ∈ Mod(C/I) and for all 0 ≤ i <∞.
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Proposition

Let C be a dualizing R-variety, I an ideal which satisfies property A and
1 ≤ i ≤ k. The following are equivalent.

(a) I es k-idempotent.

(b) ϕiF,π∗(F ′) : Extimod(C/I)(F, F
′) −→ Extimod(C)(π∗(F ), π∗(F

′)) is an

isomorphism for all F, F ′ ∈ mod(C/I) and for all 0 ≤ i ≤ k.

(c) EXTiC(C/I, F ′ ◦ π) = 0 for 1 ≤ i ≤ k and for F ′ ∈ mod(C/I).

(d) EXTiC(C/I, J ◦ π) = 0 for 1 ≤ i ≤ k and for each J ∈ mod(C/I)
which is injective.
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Ann(I)

π∗

Mod(C/I)

•F •F ′

Mod(C)
•F◦π •F ′◦π

ExtiC/I(F, F
′) ' ExtiC(F ◦ π, F ′ ◦ π), ∀0 ≤ i ≤ k

Figura: Definition of k-idempotent
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Ann(I)

π∗

Mod(C/I)

•F ′

Mod(C)
•F ′◦π

Ann(I) ⊆ Ker
(
EXTiC(C/I,−)

)
, ∀1 ≤ i ≤ k

Figura: Equivalent condition of k-idempotent
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Let Λ be an artin algebra and P a finitely generated projective Λ-módule.
In this case we consider the trace ideal

I = TrP (Λ) :=
∑

f∈Hom(P,Λ)

Im(f) ⊆ Λ.

It is well known that I is two sided ideal of Λ and I2 = I.
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Definition

Let F = {Fi}i∈I be a family in Mod(C). For each N ∈ Mod(C) de
define a C-submodule of N , denoted by TrF (N) as follows:
for X ∈ C we define

TrF (N)(X) =
∑

{f∈Hom(F,N) | F∈F}

Im(fX).

In the case F = {F} is just one object, we will write TrFN .
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Definition

Let C be a preadditive category and F = {Fi}i∈I a family of objects in
Mod(C).
For each C ∈ C consider the C-submodule TrF (HomC(C,−)) of
HomC(C,−).
We define the subfunctor TrFC of HomC(−,−) : Cop × C −→ Ab as
follows:

(TrFC)(C,C ′) := TrF (HomC(C,−))(C ′)

for all C,C ′ ∈ C. This ideal will be called trace ideal. In the case that
F = {P} with P a projective C-module, we will write TrPC.
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Let C be a preadditive category and let P be a projective C-module. Then
I := TrPC defines an idempotent ideal of C (i.e I2 = I).

Let C be a dualizing R-variety, P = HomC(C,−) a finitely generated
projective C-module and I = TrPC. Then I satisfies property A.
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Corollary

Let C be a dualizing R-variety, P = HomC(C,−) ∈ mod(C) and
I = TrPC. Then we can restrict the diagram of a previous result to the
finitely presented modules

mod(C/I) (π1)∗ // mod(C)
π∗1oo

π!
1

oo
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Definition

Let C be a dualizing R-variety and P ∈ mod(C) be a projective module.
For each 0 ≤ k ≤ ∞ we define Pk to be the full subcategory of mod(C)
consisting of the C-modules X having a projective resolution

· · ·Pn // Pn−1
// · · · // P1

// P0
// X // 0

with Pi ∈ add(P ) for 0 ≤ i ≤ k.
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Proposition

Let C be a dualizing R-variety, P = HomC(C,−) ∈ mod(C) and
I = TrPC. For 1 ≤ k ≤ ∞ and X ∈ mod(C), the following are
equivalent.

(a) X ∈ Pk.

(b) Extimod(C)(X, (π1)∗(Y )) = 0 for all Y ∈ mod(C/I) and i = 0, . . . , k.

(c) Extimod(C)(X, (π1)∗(J)) = 0 for all J ∈ mod(C/I) injective and
i = 0, . . . , k.
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We recall that given an abelian category A and B a subcategory of A we
define the perpendicular category

⊥iB = {A ∈ A | ExtiA(A,B) = 0, ∀B ∈ B, ∀ 0 ≤ i ≤ k}
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Z:=Ann(I)∩mod(C)
π∗

π∗

π!

mod(C/I) mod(C)

Pk=⊥iZ

Figura: Pk = ⊥iZ with I = TrP C.
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We also have the dual notion of Pk.

Definition

Let C be a dualizing R-variety, P ∈ mod(C) a projective module and
J := I0( P

rad(P ) ) ∈ mod(C) the injective envelope of P
rad(P ) . For each

0 ≤ k ≤ ∞ we define Ik to be the full subcategory of mod(C) consisting
of the C-modules Y having an injective coresolution
0 // Y // J0

// J1
// · · · with Ji ∈ add(J) for 0 ≤ i ≤ k.
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Proposition

Let P = HomC(C,−) ∈ mod(C) be a projective module, I = TrPC and
1 ≤ k ≤ ∞. Let π1 : C −→ C/I the canonical projection. The following
conditions are equivalent for Y ∈ mod(C).

(a) Y ∈ Ik.

(b) Extimod(C)((π1)∗(X), Y ) = 0 for all X ∈ mod(C/I) and
i = 0, . . . , k.

(c) Extimod(C)((π1)∗(Q), Y ) = 0 for all Q ∈ mod(C/I) projective and
i = 0, . . . , k.
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We recall that given an abelian category A and B a subcategory of A we
define the perpendicular category

B⊥i = {A ∈ A | ExtiA(B,A) = 0, ∀B ∈ B, ∀ 0 ≤ i ≤ k}
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Figura: Pk = ⊥iZ and Ik = Z⊥i
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Definition

Let A, B and C be abelian categories. Then the diagram

B i∗=i! // A j!=j∗ //
i∗oo

i!
oo

C
j!oo

j∗
oo

is called a recollement, if the additive functors i∗, i∗ = i!, i
!, j!, j

! = j∗

and j∗ satisfy the following conditions:

(R1) (i∗, i∗ = i!, i
!) and (j!, j

! = j∗, j∗) are adjoint triples, i.e. (i∗, i∗),
(i!, i

!) (j!, j
!) and (j∗, j∗) are adjoint pairs;

(R2) j∗i∗ = 0;

(R3) i∗, j!, j∗ are full embedding functors.

Luis Gabriel Rodŕıguez Valdés advisor: Valente Santiago Vargas Homological theory of k-idempotent ideal in dualizing varieties



i∗ = i!

i∗

i!

B A
j! = j∗

j!

j∗

C

Figura: Recollement
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Proposition

Let Λ an artin algebra and P ∈ mod(Λ) a finitely generated projective.
Consider the trace ideal TrP (Λ) = I. Then, there exist a recollement

mod(Λ/I) π∗ // mod(Λ) HomΛ(P,−) //

Λ/I⊗Λ−oo

HomΛ(Λ/I,−)
oo

mod(RP )

P⊗RP
−

oo

HomRP
(P∗,−)

oo

where RP = End(P )op and P ∗ = HomΛ(P,Λ).
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Proposition

Let C be a dualizing R-variety, P = HomC(C,−) ∈ mod(C),
B = add(C) and RP = EndMod(C)(P )op. Then, there exist a recollement

mod(C/IB) π∗ // mod(C) Hommod(C)(P,−) //

C/IB⊗C−oo

C(C/IB,−)
oo

mod(RP )

P⊗RP
−

oo

HomRP
(P∗,−)

oo

where IB is the ideal of morphisms in C which factor through objects in
B. Moreover, we have that IB = TrPC.
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π∗

C/IB⊗C−

C(C/IB,−)

mod(C/IB) mod(C)
Hommod(C)(P,−)

P⊗RP
−

HomRP
(P∗,−)

mod(RP)

module category over a ring

Figura: The recollement of finitely presented functors.
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Proposition

Let C be a dualizing R-variety and P = HomC(C,−) ∈ mod(C). The
map

ΦnX,Y : Extnmod(C)(X,Y ) −→ ExtnRP

(
Hommod(C)(P,X),Hommod(C)(P, Y )

)
is an isomorphism for all n ≥ 0, provided one of the three following
conditions holds:

(a) X ∈ Pi, Y ∈ Ij and n ≤ i+ j,

(b) X ∈ mod(C) and Y ∈ In+1,

(c) X ∈ Pn+1 and Y ∈ mod(C).
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Luis Gabriel Rodŕıguez Valdés advisor: Valente Santiago Vargas Homological theory of k-idempotent ideal in dualizing varieties



Proposition

Let C be a dualizing R-variety and P = HomC(C,−) ∈ mod(C). The
map

ΦnX,Y : Extnmod(C)(X,Y ) −→ ExtnRP

(
Hommod(C)(P,X),Hommod(C)(P, Y )

)
is an isomorphism for all n ≥ 0, provided one of the three following
conditions holds:

(a) X ∈ Pi, Y ∈ Ij and n ≤ i+ j,

(b) X ∈ mod(C) and Y ∈ In+1,

(c) X ∈ Pn+1 and Y ∈ mod(C).
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Corollary

Let C be a dualizing R-variety and P = HomC(C,−) ∈ mod(C). The
following conditions hold.

(a) If X ∈ P∞ then pd(X) = pdRP

(
(P,X)

)
.

(b) If X ∈ I∞ then id(X) = idRP

(
(P,X)

)
.
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Relation with quasi-hereditary algebras

Proposition

Let C be a dualizing R-variety with cokernels and consider
P = HomC(C,−) ∈ mod(C). If P1 = P∞ or I1 = I∞ then
gl.dim(RP ) ≤ 2. In particular, RP is a quasi-hereditary algebra.
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Proposition

Let C be a dualizing R-variety, P = HomC(C,−) ∈ mod(C) and
I = TrPC. Consider the functor π∗ : mod(C/I) −→ mod(C). If I(C ′,−)
is projective for all C ′ ∈ C, we have a full embedding

Db(π∗) : Db(mod(C/I)) −→ Db(mod(C))

between its bounded derived categories.
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