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Overview

Goal: To give a geometric interpretation (using diagonals and
polygons) to the category of representations of peak posets (peak
P-spaces) of type A. This establishes a link between the theory of
cluster algebras and the the category of peak P-spaces.
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Representation theory of peak posets

® |t is a generalization to the representations of ordinary posets.
® Due Simson in 1991 [8,10].

® Finiteness criterion is due Simson. Moreover, J. Kosakowska
classified the exact posets and its exact representations (finite
representation type case) [2-4].

® The tameness is due Kasjan and Simson in [5].
® AR-sequences were studied by Simson and J.A. de la Pefia [6].
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Given P a finite poset, P is an r-peak poset if [maxP| = r.
Definition
A peak P-space U of P over k is a system of finite-dimensional
k-vector spaces
U= (Ux)xé?a
satisfying:
(a) For each x € P, Uy is a k-subspace of U* = @,cmaxp U
(b) For each x < y in P it holds that 7,(Uy) C U,, where 7, is the
natural map

Us — U = U, — U*
y

y=<z€max?P

(c) If ze maxP and x £ z then 7,(Uy) = 0.
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Definition
A morphism f : U — V is a collection of k-linear maps

f= (fz . Uz — Vz)zemaxT

such that for all x € P

(@ £)wicw.

zeémax P

= instead C (isomorphism).

This category is denoted by rep P.

5/37

= SN



Example
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Module theoretic approach of peak P-spaces

The incidence algebra kP is a bound quiver algebra kP = kQ//
induced by the quiver @ whose vertices are the points of P and there
is an arrow « : x — y for each pair x,y € P such that y covers x.

The ideal / is generated by all the commutativity relations v — ~/
with v and +/ parallel paths in Q.

We let mod(kP) denote the category of finitely generated right
kP-modules.
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Example

In our example, the incidence algebra kP of P is the bound quiver
algebra defined by the quiver QF

and the ideal (af — 7J).
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Definition (socle-projective modules)

Recall that the socle soc M of a module M is the submodule
generated by all simple submodules of M. A module M is called
socle-projective if soc M is a projective module.

mod,,kP denotes the category of socle-projective f.g kP—modules
over the incidence algebra kP of P.

The categories rep P and mod,,kP are equivalent.
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socle-projective representations

Each f.g. right kP-module M is identified with a quiver

representation M = (M, , hy)x yep of kP, where M, is a f.d. k-vector

space and ,h, : M, — M, is a k-linear map, one for each relation

x <Xy in P, satisfying: [10].

(a) xhy is the identity of M, for all x € P and h, -, h, =, h, for
al x <y < win .

This is a socle-projective representation if and only if additionally

satisfies: [10]:

(b) k=N  keryhy=0forall x e P~ =P\ max?P.

zexVMNmax P
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The AR-quiver of mods,(k?P)

F Dar
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Posets of type A

Roughly speaking, the posets of type A are posets with n > 1
elements whose category of socle-projective representations is
embedded in the category of representations of a Dynkin quiver of
type A,.

Definition

A full subposet P’ of P is a peak-subposet if max P C max P.

A finite connected poset P is of type A if P 2 Ry — Rq, as a
peak-subposet.

Ra R Rs Ran n=>0
* *x K K k1 ko k3 .- Kkpyo
NN BT
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Examples

1. The one-peak poset

Although {2,4,5,6} is a subposet of type R, it is not a
peak-subposet.

2. The three-peak poset

2% X5
[

10 04 %7
|1/

30 o6

This poset can be viewed as a Dynkin quiver of type [E;.
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Alien set of new arrows for Q

Q is a Dynkin quiver of type A. A set F = {a,...,a;} of new
arrows for @ is an Alien set for Q if the following conditions hold.

1. Vo € F there exists a sink vertex z € @ s.t
s(a), t(a) € Supp /(z). But,

2. t(«) isn't a source vertex in Q unless it's an extremal vertex in
Q.

3. Vo € F, the arrow « is the unique path from s(a) to t(«) in
QF, where QF iss.t QF = Q and Qf = Q UF.

4. The quiver QF is acyclic.
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Example

If Qis 1 2 3 4 5 6 and F = {552}
then QF is
6

/

1 5
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Definition
If Q is an acyclic quiver, the poset P = (Qo, =), where

x =< y if and only if there exists a path from x to y in @

is the poset associated to Q.
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Example
Given the quiver

the associated poset is
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Posets of type A are coming from quivers QF

Lemma
A poset P is of type A iff P = Pgr, for any Dynkin quiver Q of type
A and an alien set F of new arrows for Q.
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Lemma
Let P = Pqor be a poset of type A. The following statements hold:

(a) mods,k? is finite representation type.

(b) Up to isomorphism, any indecomposable kP—module
M = (M, yhy)xyep in mods,(kP) is s.t M, = k and ,h, = idj
for all x <y in SuppM.

(c) SuppM is connected as a subset of the quiver Q.
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Category of diagonals not in T

Q ( A type with n vertices), M,,3 a regular polygon with n+ 3
vertices. We associate to Q a triangulation (set of n non-crossing
diagonals)

T=A{m,....,7}

such that: there is an arrow x — y in @y precisely if the diagonals 7,
and 7, bound a triangle in which 7, lies clockwise from 7, (see Figure

1).

Ty Tx

X =Y

Figure: 7, is counter-clockwise from 7,
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Example

In our example, @ = 1 2 3 4 5 6 and T is
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The additive category of diagonals Cr is s.t
® Indecomposable objects: the diagonals that are not in T.

® Morphisms: the compositions of pivoting elementary moves
modulo mesh relations.

v, 1 7
- V.
V2 v{w\é
Pv’Pv1 —Pvl’Pvz
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According to [CCS] repQ is equivalent to the category Cr.

In particular, there is a bijection

{diagonals not in T} < {conected subsets of Q}
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What kind of diagonals correspond to the socle-projective modules?

Definition
A fanin T is a maximal subset ¥, C T, |X,| > 2, s.t all of the
diagonals in X, share the vertex v.

Definition
The peak diagonal of a fan ¥, is the diagonal that can be obtained
from each other diagonal in X, by a clockwise rotation around the

vertex v.

peak diagonal
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Example

In our example, @ = 1 2 3 4 5 6 and T is

There are two fans ¥ = {7, 7, 73} and ¥’ = {73, 74,75, 76 }. 73 is the
peak diagonal in both fans.
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sp-diagonals

Definition
A diagonal v ¢ T is an sp-diagonal if it satisfies the following
conditions:

(a) If v crosses 7 € T then ~y crosses the peak diagonal of a fan ¥
stTel.

(b) If y crosses 75(oy and 7., where v € F is s.t
s(a), t(a) € Suppl(z), then v crosses Ty(q).

26/37 & Dacx



Example

In our example, F = { 5 —5 2} and T is

The sp-diagonals ~ are s.t v crosses 73 and if v crosses 75 then ~
Crosses 7.

27/37 & Dacx



Category of sp-diagonals

C(t,F):=full subcategory of the category of diagonals C7 generated by
all sp-diagonals. Here, the irreducible morphisms are pivoting

sp-moves between sp-diagonals, i.e, a composition

(1) ) (s)
Py Py Py
Piy=y—"—mn——...—=5="
of pivoting elementary moves with the same pivot v s.t v1,...,7vs_1

are not sp-diagonals in Cr.
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Geometrically

Figure: Mesh relations in C(1 F).
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The functor Q

Definition
The functor
Q: C(T,F) — mOdsp(kﬂ))

is s.t for any sp-diagonal v, Q(y) = MY = (M, ,h}), where

x1Yy'x

M — k, if v crosses 7y,
X 1 0, otherwise.

idy, if M7 =M =k,

v o
If x <y € P then ,h] = { 0, otherwise.
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For any pivoting sp-move ~y £ 7" in C(t,F), the morphism
M 2E, M is defined by

idy, if M =M} =k,

0, otherwise.

Q('D)x:{
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Theorem
Q is a categorical equivalence.

Corollary

(a) The irreducible morphisms of C( ) are direct sums of the
generating morphisms given by pivoting sp-moves.

(b) Let~ LEN o] LEN ~' be a composition of two pivoting sp-moves
between sp-diagonals as in the figure
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Then,
e If 3 €Cirpythen0 — vy — B[ —+ —0isa
AR-sequence.
e |f ' is either a boundary edge or a diagonal in T then
0—~v— B — 7 —> 0is a AR-sequence.
® If ' ¢ C(1F) then 7/ is a indec. projective in C(7 ) and 7 is a
indec. injective in C(1 F).
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Example: The AR-quiver of (7 )

F Dar
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A link to cluster algebras

® P is poset of type A associted to Q.

x = (x1,...,Xp) initial cluster

A(Q, x):= Cluster algebra associated to the inicial seed (x, Q).
A(P):= the subalgebra of A(Q, x) generated by the cluster
variables x, s.t v is an sp-diagonal in the category C(1 F)
together with the cluster variables in the initial cluster x.

Under which conditions we have A(P) = A(Q, x)?
Theorem

Let P be a poset of type A associated to Q° and let A(P) be the
subalgebra of A(Q, x) associated to P. Then A(P) = A(Q, x).
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