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One of the most important conjectures in the Representation
Theory of Artin Algebras is the finitistic dimension conjecture.

It states that the supremum of the projective dimensions for the f.
g. modules with finite projective dimension over an Artin algebra is
finite.

In an attempt to prove the finitistic dimension conjecture, Igusa
and Todorov defined two functions from the finitely generated
modules over an Artin algebra to the natural numbers, which
generalizes the notion of projective dimension.

Nowadays, these functions are known as the Igusa-Todorov
functions.
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We fix the following notation

A'is an Artin algebra.
JC A is the Jacobson ideal of A.

ModA and modA are the right A-modules and the finitely
generated right A-modules, respectively.

S(A), P(A) and Z(A) are the simple, projective and injective
A-modules, respectively.
indA are the indescomposable A-modules.

Given M € modA we denote by:

e pd(M) its projective dimension.

e id(M) its injective dimension.

o Q(M) its syzygy.
findim(A) is the finitistic dimension of A.
gldim(A) is the global dimension of A.

repdim(A) is the representation dimension of A.
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The following version of Fitting Lemma is used to define the
Igusa-Todorov functions:

Lemma (Fitting Lemma)

Let R be a noetherian ring. Consider M € ModR and
f € Endgr(M).Then, ¥ X C M, such that X € modR there is a
non-negative integer

n7(X) = min{k € N : fgm(x) : F(X) 5 F™H(X),¥m > k}.
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Definition
Let Ko(A) be the abelian group generated by all symbols [M], with
M € modA, modulo the relations

Q [M] — [Mi] — [Mg] if M = My & My,

@ [P] for each projective module P.

Let Q : Ko(A) — Ko(A) be the group endomorphism induced by Q.
That is B
Q([M]) = [(M)].

If M € modA, then (addM) denotes the subgroup of Ky(A)
generated by the classes of indecomposable (non projective)
summands of M.
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remark
Observe that
o for a finitely generated subgroup G C Ko(A), the map
Q6 : G = Q(G) is an isomorphism if and only if

rk(G) = rk(Q2(G))
o In general Q((addM)) # (addQ(M)).

Given a finitely generated subgroup G of Ky(A), we define 15(G)
as in the Fitting Lemma.



Igusa-Todorov functions
00000®00

Definition (lgusa, Todorov)
The Igusa-Todorov function ¢ of M € modA is defined as

¢(M) = ng((addM)).



Igusa-Todorov functions
00000®00

Definition (lgusa, Todorov)
The Igusa-Todorov function ¢ of M € modA is defined as

¢(M) = ng((addM)).

Definition (lgusa, Todorov)
The Igusa-Todorov function ¥4 of M € modA is defined as

Y(M) = (M) + sup{pd(N) : N/Q*M (M) and pd(N) < co}.
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Proposition (Igusa, Todorov)
Given M, N € modA.
e Ifpd(M) < oo, then p(M) = (M) = pd(M).
e If M € indA and pd(M) = oo, then $(M) = »(M) = 0.
o G(M) < 6(M & N) and H(M) < (M @ N),
o P(M¥) = ¢p(M) and (MK) = (M) if k € ZF.

Proposition (Huard, Lanzilotta, Mendoza)
If M € modA, then

o G(M) < G(Q(M)) + 1 and

o Y(M) < H@M)) + 1.
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Consider the radical square zero algebra A = ”3—62?, with @ as follows

1 2 3 n")

If S(A) = {S1,...,Sn}, we have:

L Siifi=1,....n—1,
Q(S')_{ S, ifi=n.

Let us compute ¢(S1 @ Sp).

(_add(51 D 52)> =77,
Q((add(S1 & $5))) = (add(S, @ S,)) 2 Z & Z,

Gm2((add(Sy @ 1)) = (add(Sy_1 & S,)) = Z & Z
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Consider the radical square zero algebra A = ”3—62?, with @ as follows

1 2 3 n")

If S(A) = {S1,...,Sn}, we have:

L Siifi=1,....n—1,
Q(S')_{ S, ifi=n.

Let us compute ¢(S1 @ Sp).

(add(S1 & S2)) 2 Z & Z,
Q((add(Sl ®5))=(add(S2 8 Sn)) 2ZBZ,

an- 2((add(S; @ S2))) = (add(Sp_1 @ Sp)) =
Q" 1((add(S1 @ S2))) = (add(S, @ S,)) = Z
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Consider the radical square zero algebra A = JQ with @ as follows

1 2 3 n")

If S(A) = {S1,...,Sn}, we have:

L Siifi=1,....n—1,
Q(S')_{ S, ifi=n.

Let us compute ¢(S1 @ Sp).

(add(S1 & S2)) 2 Z & Z,
Q((add(Sl ®5))=(add(S2 8 Sn)) 2ZBZ,

Q”‘2(<add(51 ©S5))) =2 (add(S,-1 @ S,)) 2 ZBZ
Q" 1((add(S1 @ S2))) = (add(S, @ Sp)) = Z
Qr1tk((add(S1 @ $2))) = (add(S, @ S,)) 2 Z,V k >0

Hence ¢(S1 @ Sp) = n— 1.
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Let A be an Artin algebra, and C a full subcategory of modA. We
define
e ¢dim(C) = sup{¢p(M) : M € ObC}, and
e Ydim(C) = sup{yy(M) : M € ObC}.
In particular, we denote by
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The following inequalities hold for an Artin algebra A

’ﬁndim(A) < ¢pdim(A) < dim(A) < gldim(A)‘

’ dim(A) < 2.¢dim(A). ‘

Observe that an algebra with finite ¢-dimension verifies the
finitistic dimension conjecture. This motivates the following
question. Question: does every algebra have finite ¢-dimension?
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Let A be an Artin algebra. We say that A is of Q"-finite
representation type if Q7(modA) is of finite representation type.

Examples of algebras of Q!-finite representation type are:
@ Special biserial algebras,
e Radical square zero algebras (A = kQ) and

@ Truncated path algebras (A = Lj—? for k > 2).

Monomial algebras are of Q°-finite representation type, but in
general not of Q!-finite representation type.
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Consider A= %3. If M € modA, then Q(M) is a semisimple
A-module.

Theorem (Lanzilotta Marcos, Mata)

If A= X2, then pdim(A) < ¢(Dses(a)S) + 1 < |Qol-

The previous result can be generalizated to truncated path
algebras as follows.

Theorem (Barrios Mata, Rama)

If A= %%, then ¢dim(A) < f(n) where
0 if m=0,
fu(m) = 2(™)+1 ifm=1 (mod k),

k
;)4—2 ifm=2 (mod k),
2 {’"T*] + 1 otherwise.
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ideals (Huisgen-Zimmermann). Hence:
Theorem (Lanzilotta, Mata)

If A=kQ/I is a monomial algebra, then
¢pdim(A) < dimgA — |Qo| + 2.
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If Ais a monomial algebra, then Q?(M) is a direct sum of right
ideals (Huisgen-Zimmermann). Hence:
Theorem (Lanzilotta, Mata)

If A=kQ/I is a monomial algebra, then
¢pdim(A) < dimgA — |Qo| + 2.

More in general.

Theorem (Lanzilotta, Mata)

If A is an Artin algebra of Q"-finite representation type, then
¢dim(A) < oo and pdim(A) < co.
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We now cosider algebras that are not nesseraly of Q"-finite
representation type. We recall that:

@ an algebra A is selfinjective if P(A) = Z(A).
@ an algebra A is m-Gorenstein if id(A) = id(A°?) = m.

The following is a very nice characterization of selfinjective
algebras.
Theorem (Huard, Lanzilotta)

Let A be an Artin algebra. Then the following statements are
equivalent

e A is selfinjective,
e ¢dim(A) =0,
e ¢dim(A) = 0.
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We define *A = {M € modA : Ext'(M,A) =0, Vi > 1}.

Theorem (Lanzilotta, Mata)
For any Artin algebra A, the Igusa-Todorov functions vanish over
LA, that is,

pdim(+A) = ydim(+A) = 0.
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As a consequence of the previous result, we obtain

Theorem (Lanzilotta, Mata)
For any Artin algebra A such that id(A) = n < oo, it follows that

findim(A) < ¢dim(A) < ¥dim(A) < n.
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As a consequence of the previous result, we obtain

Theorem (Lanzilotta, Mata)
For any Artin algebra A such that id(A) = n < oo, it follows that

findim(A) < ¢dim(A) < ¥dim(A) < n.

Theorem (Garcia Elsener, Schiffler; Lanzilotta, Mata)

If A is a m-Gorenstein algebra, then

findim(A) = ¢dim(A) = dim(A) = m.
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Algebra with infinite ¢-dimension

Example (Barrios, Mata)

Let A= @ be an algebra where Q and | are as follow
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Example (Barrios, Mata)

Let A= @ be an algebra where Q and | are as follow

1

G a4< /
4
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Algebra with infinite ¢-dimension

Example (Barrios, Mata)

Let A= @ be an algebra where Q and | are as follow

1

(o7} a4<
4

| = (ajaiy1 — @iy, 5Iﬂ,+1 BiBiv1, Giciy1, i@it1,
Bﬂl—i—la 615,4.1, fori € Z4, J >
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Algebra with infinite ¢-dimension

Example (Barrios, Mata)

Let A= @ be an algebra where Q and | are as follow

1

(o7} a4<
4

| = {ajqiy1 — @idit1, BiBiv1 — BiBit1, @idiy1, i@iy1,
BiBit1, BiBit1, fori € Za, J*). Then ¢pdim(A) = oo
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M} M}



¢-dimension and 1)-dimension

000000000 e0000000

Consider M,l,, I\7l,% € indA, with n € ZT, as follows

1 1
M M
in ia
i3 i
k" k3n+l k" ﬂ{3"+1
— —
ia i2
of O 0o |0 of O 0 |0 of O 0 |0 of O 0 |0
0 0
m m
== == 0 o=—
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with the maps iy, : k" — k371, for m € {1,2,3, 4}, are defined by:

i(e)=FfVje{l,...n} () = far; Vj€{1,...n}
i3(6) = farjsr Vi € {1,...n} ia(ej) = fonyjr1 Vi €{1,... n}
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with the maps iy, : k" — k371, for m € {1,2,3, 4}, are defined by:

i(e)=FfVje{l,...n} () = far; Vj€{1,...n}
i3(6) = farjsr Vi € {1,...n} ia(ej) = fonyjr1 Vi €{1,... n}

where {e1,...,e,} and {fi,..., fzp41} are the canonical bases of
k™ and k31, respectively.
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with the maps iy, : k" — k371, for m € {1,2,3, 4}, are defined by:

i(e)=FfVje{l,...n} () = far; Vj€{1,...n}
i3(6) = farjsr Vi € {1,...n} ia(ej) = fonyjr1 Vi €{1,... n}

where {e1,...,e,} and {fi,..., fzp41} are the canonical bases of
k™ and k31, respectively.

In an analogous way we define M2, M3 M#* and M2, M3, M.
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We can compute the syzygies of the previous modules for n > 2
and i € Za.
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o QM) =Mt &S
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Then, Vi € {1,2,3,4}, we have :
o M 2 M! for n > 2 and
o Mi= i,

We can compute the syzygies of the previous modules for n > 2

and i € Za.
o QM) =M} &S/,
o Q(M]) =M@ S/I3.

We have ¢(M} @ Mi) = n— 1 for any n > 2.
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Then, Vi € {1,2,3,4}, we have :
o M 2 M! for n > 2 and
o Mi= i,

We can compute the syzygies of the previous modules for n > 2

and i € Za.
o QM) =M} &S/,
o Q(M]) =M@ S/I3.

We have ¢(M} @ Mi) = n— 1 for any n > 2.
Hence ¢dim(A) = oo.



¢-dimension and -dimension

00000000000 0e0000

Another example of an algebra with infinite ¢-dimension was given
by Hanson and Igusa, independently.
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Another example of an algebra with infinite ¢-dimension was given
by Hanson and Igusa, independently.

The examples are both radical cube zero algebras,so their finitistic
dimensions are finite.
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For an artin algebra A, we know that gldim(A) = gldim(A°P)
(Auslander).This motivates the following questions.

Question 1: ¢dim(A) = ¢dim(AP) for every Artin algebra?

Question 2: ¥dim(A) = »dim(A°P) for every Artin algebra?
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For Question 1 we have the following results

Theorem (Lanzilotta, Marcos, Mata)
If A= “j—? is a radical square zero algebra, then

¢dim(A) = ¢dim(A%).
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For Question 1 we have the following results

Theorem (Lanzilotta, Marcos, Mata)
If A= “j—? is a radical square zero algebra, then

¢dim(A) = ¢dim(A%).

Theorem (Barrios, Mata, Rama)
If A= kJ—? is a truncated path algebra, then

pdim(A) = ¢dim(A%).
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Since the notion of m-Gorenstein is symmetric (A is m-Gorenstein
if and only if A°P is m-Gorenstein ), then
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Since the notion of m-Gorenstein is symmetric (A is m-Gorenstein
if and only if A°P is m-Gorenstein ), then

Corollary

If A is Gorenstein, then

¢dim(A) = ¥dim(A) = »dim(A%) = ¢dim(A%)
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Example of an algebra A such that ¢dim(A) # ¢dim(A°P)

Example

If A= %9 is a radical square zero algebra, with Q as follows

T
1 2 3 n")
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Example of an algebra A such that ¢dim(A) # ¢dim(A°P)

Example

If A= %9 is a radical square zero algebra, with Q as follows

T
1 2 3 n")

Then dim(A) = ¢dim(A) = n— 1 and dim(A°%) = 2n — 3.
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The following theorem is very useful to bound the projective
dimension of modules.It is used by several authors to prove the
finitistic dimenension conjecture in several cases.

Theorem (lgusa, Todorov)

Suppose that 0 M Mo M3 0 is a short
exact sequence of f.g. A-modules and Ms has finite projective
dimension. Then pd(M3) < ¢(M; & M) + 1.
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The next two results of Igusa and Todorov use the above theorem.

Corollary (lgusa, Todorov)
Suppose that A is an Artin algebra with J3 = 0, then

findim(A) < ¢(A/J ® A/J?) + 2.
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The next two results of Igusa and Todorov use the above theorem.

Corollary (lgusa, Todorov)
Suppose that A is an Artin algebra with J3 = 0, then

findim(A) < ¢(A/J ® A/J?) + 2.

Corollary (lgusa, Todorov)
If repdim(A) < 3 then findim(A) < oc.
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The following two results also use the previous theorem.

Theorem (Xu)

Let A be a finite dimensional algebra given by a quiver with
relations. Suppose that | is a nilpotent ideal of A such that IJ =0
and A/l is a monomial algebra.
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Let A be a finite dimensional algebra given by a quiver with
relations. Suppose that | is a nilpotent ideal of A such that IJ =0
and A/l is a monomial algebra. Then findim(A) < co.
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The following two results also use the previous theorem.

Theorem (Xu)

Let A be a finite dimensional algebra given by a quiver with
relations. Suppose that | is a nilpotent ideal of A such that IJ =0
and A/l is a monomial algebra. Then findim(A) < co.

Theorem (Wang)

Suppose A is a left artinian ring with J?'*1 = 0 and % is of finite
representation type.
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The following two results also use the previous theorem.

Theorem (Xu)

Let A be a finite dimensional algebra given by a quiver with
relations. Suppose that | is a nilpotent ideal of A such that IJ =0
and A/l is a monomial algebra. Then findim(A) < co.

Theorem (Wang)

Suppose A is a left artinian ring with J?'*1 = 0 and % is of finite
representation type. Then findim(A) < oc.
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We now introduce the notion of Igusa-Todorov algebra.

Definition (Wei)
Let A be an Artin algebra and n € N. Then A is said to be

(n)-lgusa-Todorov if there exists an A-module V' such that for
any A-module M there is an exact sequence

6:0 V1 V2 QH(M)HO

with Vp, Vi € addV.
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We now introduce the notion of Igusa-Todorov algebra.

Definition (Wei)
Let A be an Artin algebra and n € N. Then A is said to be

(n)-lgusa-Todorov if there exists an A-module V' such that for
any A-module M there is an exact sequence

6:0 V1 V2 QH(M)HO

with Vg, V1 € addV.V is called a Igusa-Todorov module.




Finitistic dimension conjecture
0000®000000

The following result also uses Igusa-Todorov's theorem.



Finitistic dimension conjecture
0000®000000

The following result also uses Igusa-Todorov's theorem.

Theorem (Wei)
If A is an Igusa-Todorov algebra, then findim(A) < oco. ’




Finitistic dimension conjecture
0000®000000

The following result also uses Igusa-Todorov's theorem.

Theorem (Wei)
If A is an Igusa-Todorov algebra, then findim(A) < oco. ’

Examples of Igusa-Todorov algebras



Finitistic dimension conjecture
0000®000000
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Theorem (Wei)
If A is an Igusa-Todorov algebra, then findim(A) < oco. ’

Examples of Igusa-Todorov algebras
o Every algebra A with repdim(A) < 3 is 0-lgusa-Todorov.

@ Truncated path algebras are 1-lgusa-Todorov.
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The following result also uses Igusa-Todorov's theorem.

Theorem (Wei)
If A is an Igusa-Todorov algebra, then findim(A) < oco. ’

Examples of Igusa-Todorov algebras
e Every algebra A with repdim(A) < 3 is 0-Igusa-Todorov.
@ Truncated path algebras are 1-lgusa-Todorov.

@ Monomial algebras are 2-lgusa-Todorov.
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The following result also uses Igusa-Todorov's theorem.

Theorem (Wei)
If A is an Igusa-Todorov algebra, then findim(A) < oco. ’

Examples of Igusa-Todorov algebras
o Every algebra A with repdim(A) < 3 is 0-lgusa-Todorov.
@ Truncated path algebras are 1-lgusa-Todorov.
@ Monomial algebras are 2-lgusa-Todorov.

o Q"-finite representation type algebras are Igusa-Todorov.
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Question: Are all Artin algebras Igusa-Todorov?

Let A(V) be the exterior algebra of a vector space V over a field k.

Proposition (Rouquier, Conde)

If k is an uncountable field, N(k™) is not Igusa-Todorov for m > 3.
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that there is a gap at t for A.
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Given an Artin algebra A we say that a value t € N, with

t < ¢dim(A), is admissible for A if there exists M € modA such
that ¢(M) = t. If t < ¢dim(A) is not admissible for A, we say
that there is a gap at t for A.

Theorem (Barrios, Mata, Rama)

Let A be a finite dimensional algebra. If ¢dim(A) > 0, then 1 € N
is an admissible value for A. If also ¢dim(A) is finite, then
¢dim(A) — 1 € N is an admissible value for A.
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Given an Artin algebra A we say that a value t € N, with

t < ¢dim(A), is admissible for A if there exists M € modA such
that ¢(M) = t. If t < ¢dim(A) is not admissible for A, we say
that there is a gap at t for A.

Theorem (Barrios, Mata, Rama)

Let A be a finite dimensional algebra. If ¢dim(A) > 0, then 1 € N
is an admissible value for A. If also ¢dim(A) is finite, then
¢dim(A) — 1 € N is an admissible value for A.

remark
If 0 < ¢pdim(A) < 3,
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Given an Artin algebra A we say that a value t € N, with

t < ¢dim(A), is admissible for A if there exists M € modA such
that ¢(M) = t. If t < ¢dim(A) is not admissible for A, we say
that there is a gap at t for A.

Theorem (Barrios, Mata, Rama)

Let A be a finite dimensional algebra. If ¢dim(A) > 0, then 1 € N
is an admissible value for A. If also ¢dim(A) is finite, then
¢dim(A) — 1 € N is an admissible value for A.

remark
If 0 < ¢dim(A) < 3,then there are no gaps for A.
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Example (Barrios-Mata)

Let A= Hj—?, where Q is the following quiver:
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Example of an Algebra with a gap
Example (Barrios—l\/lata)

Let A = where Q is the following quiver:

J2r

1 iy

S

2/

VANVAN



We have:
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We have:

H(SeL)=1, ¢SS =3 (S Sy) =4



Finitistic dimension conjecture
00000000800

We have:

p(Se ) =1,
#(S3 @ S31) =5,

#(S1 @ S1) =3, ¢(So® Sy) = 4,
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pdim(A) = ¢(@SGS(A)5) +1=7,
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We have:

(S EL) =1, H(S@S)=3 (S Sy)=4,
P(S3® S3v) =5, P(Dses(a)Si) =6,

pdim(A) = ¢(@SGS(A)5) +1=7,

However there is no A-module M with ¢(M) = 2.
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Theorem
If A is a finite dimensional algebra with a gap t,
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Theorem
If A is a finite dimensional algebra with a gap t,then

findim(A) < t < ¢dim(A).
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Theorem
If A is a finite dimensional algebra with a gap t,then

findim(A) < t < ¢dim(A).

Hence the finitistic fimension conjecture holds for A.
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jGracias!
Obrigado!
Thank you!
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