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Some conventions and definitions:
@ A will always denote an Artin algebra.

If you prefer, you can consider A as a
finite dimensional algebra over a field.

mod A is the category of finitely generated (right) A-modules.

If C is a subcategory of mod A, then add C is the subcategory of mod A
consisting of the direct summands of finite direct sums of objects of C.

If C has only one object X, then we denote addC = add X.

e n will always be a positive integer.
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What is higher Auslander—Reiten theory?

Here is a short answer:
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Auslander—Reiten theory: (1970s, Maurice Auslander and Idun Reiten.)

o We work with the category mod A.

@ We study almost split sequences in mod A.

Higher Auslander—Reiten theory: (2000s, Osamu lyama.)

@ We work with a convenient subcategory C of mod A.

@ We study n-almost split sequences in C.

(We recover the classical case by taking n =1.)
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Higher homological algebra! (2010s)

@ (n+ 2)-angulated categories.

@ n-abelian and n-exact categories.

(We recover the classical cases by taking n = 1.)
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We say that a short exact sequence
0—X-"y-572-—50
in mod A is an almost split sequence in mod A if

@ g is right almost split in mod A,

o f is left almost split in mod A.
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Let C be a convenient subcategory of mod A. We say that an exact sequence

fa fn f f
00— X-5HY, 5. ... 5Y—57Z—0

in mod A of length n with terms in C is an n-almost split sequence in C if

@ fi is right almost split in C,
@ fpy1 is left almost split in C,
@ f; € rade for each 2 < i < n.
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How to understand the theory?

Through the functorial approach!
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Let ' be a ring and Ab be the category of abelian groups.

@ We can view I as a preadditive category C consisting of only one object
X and such that C(X, X) =T.

e If F is a contravariant additive functor from C to Ab, then F(X) is a
right -module:

vyel,ze F(X) = z-v=F()(2)

@ The category (C°P, Ab) consisting of the contravariant additive functors
from C to Ab is isomorphic to ModT.

“module = functor”
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Let C be a skeletally small preadditive category.

e Cis a "ring with several objects”. (Barry Mitchell)

@ We call a contravariant additive functor from C to Ab a C-module.

@ We denote (C°P, Ab) = Mod C (the category of C-modules).

“C-module = right C-module”.

A left C-module is a covariant additive functor from C to Ab.

A left C-module is the same as a right C°P-module.

@ Hence we have (C,Ab) = Mod C°P (the category of left C-modules).
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@ An example of a (right) C-module:

The contravariant functor C(—, X) : C — Ab for some X € C.

@ An example of a left C-module:

The covariant functor C(X,—) : C — Ab for some X € C.
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In this talk we will also assume that C is a Krull-Schmidt category, i.e.

o C is an additive category,

@ Every object X € C can be written as
X~=2X1® - dXn

with the endomorphism ring of each X; being local.
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Some facts and definitions:

@ A C-module F is finitely generated and projective if and only if
F ~ C(—, X) for some X € C.

o If F € Mod(C, then we say that F is finitely presented if there is an
exact sequence

C(—,f)

C(—,Y) C(—,X) — F —0

in ModC with X, Y €C.

@ We denote by mod C the subcategory of Mod C consisting of the finitely
presented C-modules.
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Why are we doing this?

If T is a ring, then we may study Mod T to understand T.

If Cis a (...) category, then we may study ModC to understand C.

If Ais an Artin algebra, then we may study mod A to understand A.

Furthermore, we may study Mod(mod A) to understand mod A.

o We will give more attention to mod(modA).

@ Auslander—Reiten theory!
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More facts and definitions:

e If F € ModC, then we denote its Jacobson radical by rad¢ F.
@ rad¢ C(—, X) = rad¢(—, X) for X € C.
@ A C-module F is simple if and only if

~ C(—,Z) -9
~rade(—, 2) ¢
for some indecomposable Z € C.
@ A left C-module G is simple if and only if
~ C(X’ _) — SX
~ rade(X, )

for some indecomposable X € C.
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Proposition

An exact sequence

0—X-"vy & 7_50

in mod A is an almost split sequence in mod A if and only if X and Z are
indecomposable and if

Homp (—,f) Homp(—,g),

0 — Homa(—, X) Homa(—, Y) Homa(—,Z) — Sz — 0O
and

0 — Homp(Z,-) ———— Hom’\(g Hom/\(Y -) 4>H°m'\(f'7) Homa(X, =) — X —o0

are minimal projective resolutions of Sz in Mod(modA) and of SX
Mod(mod A)°P, respectively.
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Let C be subcategory of mod A such that add C = C. We say that an exact
sequence

f, f f f
0—X—"5HY, 5. . .25Y, 5Z—0

in mod A of length n with terms in C is an n-almost split sequence in C if
X and Z are indecomposable and if

()4)6(_7 ) C(—fpt1) C(-,Yn) C(—,fn) .”C(*va)

C(— Z)— Sz — 0

and

fi,

0 — c(z,—) S0 oy, —) L)y

C(fot1,—)

(Y, —) C(X,-) — S*¥ —o0

are minimal projective resolutions of Sz in Mod C and of SX Mod CP,

respectively.
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Proposition
An exact sequence

f, f f f
00— X—"5HY, 5. . .Y, 2Z-—0

in mod A of length n with terms in C is an n-almost split sequence in C if

and only if
@ fi is right almost split in C,
@ fpy1 is left almost split in C,
@ f; € rade for each 2 < i < n,
@ The sequences
0 — (= X) S (=, ) 5 S0 o yy) S5, (-, 2)
and
0 — c(z,—) LE oy, —) LB, D) oy, y ST oox

are exact in Mod C and in Mod C®P, respectively.

Vitor Gulisz Higher Auslander—Reiten Theory 14 May, 2021 18 /29



It would be interesting to have the following property:

“If
00— X My, o Py ALz Lo

is an exact sequence in mod A of length n with terms in C, then

0 — (o, x) S oy CEhL L CoB) o vy R, o
and
0 — ¢(z,-) 52 e(n,-) L2 - B gy, ) SRS (X, )

are exact in Mod C and Mod C®P, respectively.”

To have this property it is sufficient to suppose that
Exth(X,Y) =0
forevery X, Y € Cand 0 < i < n.
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Proposition

Suppose that Exti (X, Y) = 0 for every X, Y € C and 0 < i < n. Then an
exact sequence

f, f f f
0—X—5HY, 5. .- 25Y, 2Z—0

in mod A of length n with terms in C is an n-almost split sequence in C if
and only if

@ fi is right almost split in C,
@ fpi1 is left almost split in C,

@ f; € radg for each 2 < i < n.
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We say that C has n-almost split sequences if

@ For every indecomposable and nonprojective Z € C there is an n-almost
split sequence

0 —X—Y— - —Y1T —272—0

in C.
@ For every indecomposable and noninjective X € C there is an n-almost
split sequence

0O—X—Y,— - —Yr —2Z2—0

in C.
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Which subcategories of mod A have n-almost splits sequences?

Well, if we impose some conditions on C, then we
can guarantee that it has n-almost split sequences.
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Let C be a subcategory of mod A such that addC = C. If C satisfies the
conditions below, then it has n-almost split sequences.

Q Ext)(X,Y)=0forevery X,Y €Cand 0 <i<n,
@ C is functorially finite in mod A,

@ If X € mod A satisfies that Ext) (X, Y) = 0 for every Y € C and
0<i<n,then X €C,

Q@ If Y € mod A satisfies that Exth (X, Y) = 0 for every X € C and
0<i<n,then Y €C.

v

Such a subcategory is called an n-cluster tilting subcategory of mod A. |

What do these properties mean?

@ implies that mod C and mod C°P are abelian categories.
@ implies* that P(A) C C and that gl.dim(modC) < n+ 1.
Q implies* that Z(A) C C and that gl. dim(modC°?) < n+ 1.
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Let C be a subcategory of mod A such that addC = C and define

¢ = {X € mod A | Exti(X,Y)=0forall 0 <i<nand Y €C},
CH" = {Y e modA | Exti(X,Y)=0forall 0 < i< nand X €C}.

Then to say that C is an n-cluster tilting subcategory of mod A means that
C is functorially finite in mod A, -"C = C and C = C*".

Proposition

Let C be a subcategory of mod A such that addC = C. If C is functorially
finite in mod A\, then the following are equivalent:

© C is an n-cluster tilting subcategory of mod A.
@ C=C'"and P(A) CC.
@ "C=Cand Z(N) CC.
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If M € modA satisfies that add M is an n-cluster tilting subcategory of
mod A, then we say that M is an n-cluster tilting module over A.

However, we have the following result:

Proposition
If M € modA, then add M is functorially finite in mod A.

Therefore, for M € mod A the following are equivalent:

@ M is an n-cluster tilting module over A.
@ '"(add M) = add M and add M = (add M)~+".
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An example: (Gustavo Jasso / Laertis Vaso)
Consider the quiver
Q: 1252253 54 %5 56 257

and take A = KQ/(rad KQ)?, where K is a field. Then the Auslander-Reiten
quiver of A is given by:

Ps Ps Py Ps P, Py

AN AN /N /AN /N /N
P7 Se Ss Sy S3 S, S

@ Obviously, mod A is a 1-cluster tilting subcategory of mod A.

@ Moreover, mod A has the following n-cluster tilting subcategories:
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-
= ANNA NS NS NN
Se Ss Sa S3 S @

|
"= AN NS Y AN NN
Se Ss Ss S &)

=X AN N AN N 2NN
R O R N O R O
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Some open problems:

Problem (1)

When does mod A contain an n-cluster tilting subcategory (module)?

Problem (2)
Is every n-cluster tilting subcategory of mod A with n > 2 of finite type?

We can verify that if 1 < gl. dim A < oo and if mod A has an n-cluster tilting
subcategory, then n < gl. dimA.

Problem (3)

If gl. dim A = oo, then are there only finitely many positive integers n such
that mod A admits an n-cluster tilting module?
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Thank youl!
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