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I. Introduction

Let R be a noetherian ring

tors - R = {e- = It,f) It torsion pairs
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HT E tors - R 3- complex Ct ED1M0DR)

such that ① Hi (G) = O ti # 0,1

② H°(G) determines T :

1- = (↳ H4G) , Cogan H7G))
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EE1ASai - Pfeifer '21] : An interval

fluid , (t.fi is called wide if vnt is

awide of MODR
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today : In ,T] wide ⇒ G- is a mutation

of fu .



1- Wide intervals and HRS -tilts

Definition : Let e be an abelian or triangulated
category .

A pair (t
,f) of full idempotent

complete subcategories of e is a torsion pair
it

① Home ( t , f) = 0

② e = 1- * f

t
M
,
N E E µ N

abelian : µ*N = { ✗ e e 170-1M→✗→N -703

triangulated : M*N = { ✗ECIJM→ ✗→ N→ MA13
a Tv

Example : ① e=Ab= category of abelian groups
1- = torsion groups f= torsion-free groups

② E = DCMODR) or DBCMODR)

1-=D" = { ✗ •

Ee / HIM .)=ov- i>o}
f-=D

>°
= { ✗ • Eel Hill .)=oV-i<o}

Definition : E triangulated ,
F- (a ,y) a torsion

pair . Then IT is a t - structure if *GIGI .

⇒ HIT := *tiny abelian f- the heart)



e.g. A-= (D
"

,
D>°) → HIT = ModR or modR .
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② triangulated G.g. D4modR) , a t-structure
F- (£ , y) (e.g . (D" ,D>°)) . Let c- = It ,f)

be a torsion pair in 71T legit tors R)
There exists at -structure If = ( It , %-)
where It, := 1- * £

, Y, = YI- ☐* f
called the HRS- tilt of IT w.r.tt .
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Question : Suppose we have MET in took .

How are In related to It ?
What about In .tl wide ?

PINI IALSV] : I t - structure , MET

torsion pairs in HT1 .

Then

① 7 torsion pair 0=6 ,
r) in Hu

whose s=tnV and ✓ = f*(uf☐)

② It =(Tµ),
1¥ :

÷É¥*s
③ Em

,
I] is a wide interval ⇐ s=tnv

is a EeEey of Hµ .

Yo→ ✗→ y→2-→ 0 in Hu
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Definition : A torsion pair CT
,
F) in MODR

is called cosilkhg if 5- =hF.

CosiltR:= { IT,F) / costing torsion pair}
ordered by f.

theorem [Crawley- Bowery '94] : 3- order- preserving
bijection torsR-cos.lt - R

t= It ,f)1- I = (lift , tiny f)

Notation : Let t c- hors R .

Denote the HRS - tilt

I1E in DIMODR) by It with heart III

Theorem [Saurin
'

17] : Let t E tors R . Have

-1T
,
in DB1M0DR) with heart Ht and

AI

1TT in Dim"odR) with heart É
Then It is locally coherent Grothendieck

category with fpÉ = Hi . light = HÉ

Coney [AL5V , Herzog , Krause]
: suppose

M-TU.DE T= It
,f) in tors R . TFAE :

① In ,
TJ is a wide interval



②s=tnv is a Serre subcategory of Hµ
③ É = (Eyes , linger) is a hereditary torsion
pair . in Ñµ

0 = ( s
,
r) = It nv

,
ufi*f)

It Mutation of coiling
Definition : An object C in DCMODR) is

called cosilting if Tc =⇐ CK01
, +09>01) is

at - structure .

1
↳
CG0]={ ✗ ED1M0DR) / Homlx ,di]) = 0 it

⑤
Renick : we will assume all cosilting objects
are

pwe-iryedivet-xam-pe.netT E tors R .
Then

IF = It for some cosilkng complex

C E DIMODR) with Hi (C) = 0 V- i =/ 0,1 .

+ converse

Thlo¥I IALSVI : suppose C is a

cosilting complex in DIMODR)
,
let

EE ProdC = { ①and of products C} St . E=ProdE.

If there exists an E- cover E.⇒ C
,
then

consider E
,
→ E.¥ c→ E. A ]. Then

E0-1EO is a cosilting complex called the right



mutation of C w.r.t.ee .

Theorem [ALSV] : Let TK , To be coming
Flues

.
Then TFAE :

① C ' is a right mutation of C
② To , is the HRS -tilt of Tc w.int .
a hereditary torsion pair .

Corday : Let t=(t.HZM-lu.it in tors-R .

Then TFAE :

① t>µ is a wide interval

② II = -1kt , Tim - Tom and G- is a

right mutation of Cm .

Example : K algebraically closed field .

R= K( • →→•) path algebra of Kronecker quiver •⇒ .
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