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tThe standard theory for belief revision [1℄ provides an elegant and powerful framework for reasoningabout how a rational agent should 
hange its beliefs when 
onfronted with new information. However,the agents 
onsidered are extremely idealized. Some re
ent models attempt to ta
kle the problemof plausible belief revision by adding stru
ture to the belief bases and using nonstandard inferen
eoperations. One of the key ideas is that not all of an agent's beliefs are relevant for an operation ofbelief 
hange.In this paper we in
orporate the insights pertaining to lo
al 
hange and relevan
e sensitivity withthe use of approximate inferen
e relations [13℄. These approximate inferen
e relations o�er us partialsolutions at any stage of the revision pro
ess. The quality of the approximations improves as weallow for more and more resour
es to be used. We are provided with upper and lower bounds towhat would be obtained with the use of 
lassi
al inferen
e.We brie
y summarize the 
on
epts of lo
al 
hange and approximate inferen
e and argue forheuristi
s based on relevan
e to guide the approximations. We show how approximate inferen
e 
anbe integrated with the lo
al 
hange paradigm.Keywords: Belief Change, Approximate Reasoning1 Introdu
tionBelief revision, the pro
ess of transforming a belief state on re
eipt of new informa-tion, is an integral part of any attempt to provide plausible ar
hite
tures for auto-mated agents. Conventional AGM-style revision [1℄ provides an elegant and powerfulframework for reasoning about how a rational agent should 
hange its beliefs when
onfronted with new information, but it tells us very little about how that agent
ould really perform su
h belief 
hanges. Moreover, the rational agent des
ribed is ahighly idealized one, a perfe
t reasoner with unbounded memory, logi
al ability, noin
onsistent beliefs and no time 
onstraints.In the AGM paradigm, the belief state of an agent is represented by a belief set,i.e., a logi
ally 
losed, 
onsistent theory. Su
h an approa
h su�ers from problemsasso
iated with representational infeasibility and 
omputational intra
tability. Toalleviate these problems, belief base revision o�ers open, �nite representations. This1L. J. of the IGPL, Vol. 0 No. 0, pp. 1{13 0000 
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2 Approximate Belief Revision - Preliminary Reportalternative has been extensively studied and AGM-like operations have been de�nedfor belief bases. Although the use of belief bases solves the problem of representinga belief state, belief bases are typi
ally quite large and the belief 
hange operationsmake use of 
omputationally expensive 
onsisten
y 
he
ks.One way to atta
k the problem is to try to redu
e the size of the set to be explored.Intuitively, not all of an agent's beliefs are relevant for de
iding what to do withnew information. There should be a way of isolating the subset of a belief base that
ontains the relevant beliefs for a query or an operation of belief 
hange. Re
entmodels su
h as [12℄, [8℄, [4℄, [16℄, attempt to ta
kle the problem of plausible beliefrevision by using nonstandard inferen
e operations su
h as lo
al 
hange operatorsand o�ering stru
turing relations on belief bases via relevan
e sensitivity. In theseframeworks for lo
al reasoning and belief 
hange, the key idea is that not all of anagent's beliefs are relevant for an operation of belief 
hange. As an example, supposethat I wake up and see that the sun is shining in Amsterdam. This 
ontradi
ts myprevious beliefs about the weather, like the one that it always rains in Holland, andleads to revision. However, the revision pro
ess does not have to take my beliefs aboutmathemati
s into a

ount. These beliefs are 
ompletely irrelevant for the 
hangetaking pla
e and should not play any role in it.In this paper we in
orporate the insights pertaining to lo
al 
hange and relevan
esensitivity with the use of approximate inferen
e relations [13℄. These approximateinferen
e relations o�er us partial solutions at any stage of the revision pro
ess. Thequality of the approximations improves as we allow for more and more resour
es tobe used. The pro
ess of belief revision is rendered an approximate one, with theunderstanding that at any given stage, we are provided with upper and lower boundsto what would be obtained with the use of 
lassi
al inferen
e.The outline of this paper is as follows: we �rst brie
y summarize the 
on
eptsof lo
al 
hange and approximate inferen
e. We then argue for heuristi
s based onrelevan
e to guide the approximations. We show how approximate inferen
e 
an beintegrated with the lo
al 
hange paradigm. We 
lose the paper with a dis
ussionabout the gains of using the two di�erent approximations proposed in [13℄. Due tothe la
k of spa
e, most proofs are left for the full version of the paper.Notation: L is a �nite propositional language with the usual logi
al 
onne
tives(:;_;^;!;$). The 
onstants true, false are in L; �; �; 
 : : : denote arbitrary for-mulae; p; q; r : : : denote propositional atoms; A;B : : : denote sets of formulae. Forany formula �, L(�) is the set of propositional atoms in �. Cn stands for 
lassi
al
onsequen
e, C stands for arbitrary inferen
e operations.2 Lo
al ChangeIn this session, we brie
y des
ribe the paradigm for lo
al 
hange proposed in [8℄. Themain idea is that if we 
an isolate the part of a belief base whi
h is relevant for agiven 
hange, we 
an apply the belief 
hange operations to this subset of the base andkeep the rest as it was.In [8℄, given two sets of formulas A and B, the relevant formulas in B for A arede�ned to be those that 
ontribute to proving or disproving any formula of A. This isformalized using the notion of kernel sets - minimal subsets implying a given senten
e:



Approximate Belief Revision - Preliminary Report 3Definition 2.1[7℄ Let C be an inferen
e operation on L. Then the kernel operation ??C is theoperation su
h that for every set B and every formula �, X is an element of B ??C�if and only if:1. X � B2. � 2 C(X)3. for all Y , if Y � X then � 62 C(Y )The elements of B ??C� are 
alled �-kernels.We write ?? as an abbreviation of ??Cn, where Cn is a 
lassi
al 
onsequen
e oper-ation.Definition 2.2[8℄ The A-
ompartment of B, where A and B are sets of senten
es, is de�ned as:
(A;B) = S�2A(S((B ??�) [ (B ??:�) n (B ?? ?))We 
all 
 the 
ompartmentalization fun
tion for the sets A and B.The 
ompartments de�ned above are usually overlapping, and should not be seenas a partition of the belief base into di�erent topi
s or subje
ts.The lo
alization of a given inferen
e operation C to A is given by:Definition 2.3[8℄ Let C be an inferen
e operation on L and let 
 be a 
ompartmentalization fun
tionas in de�nition 2.2. Then for any set A, the A-lo
alization of C is the inferen
eoperation CA su
h that for all sets B of senten
es: CA(B) = C(
(A;B)).A set B is A-lo
ally 
onsistent if and only if ? 62 CA(B).Lo
al versions of the operations of 
ontra
tion, revision, 
onsolidation and semi-revision 
an be 
onstru
ted and 
hara
terized by means of postulates. We reprodu
ebelow the 
hara
terization of lo
al kernel 
ontra
tion [8℄, whi
h 
an be used for deriv-ing the others. In kernel 
ontra
tion, if we remove from the belief base at least oneelement of ea
h �-kernel, we obtain a belief base that does not imply �. In the 
aseof the lo
al operation, we want a belief base that does not A-lo
ally imply �, whereA is a set of senten
es. We 
onsider only those kernel sets that A-lo
ally imply � anduse an in
ision fun
tion to sele
t the formulas from the kernel sets to be removed.Definition 2.4[7℄ An in
ision fun
tion is any fun
tion � : P(P(L))! P(L) su
h that for any subsetS of P(L):1. �(S) � SS2. If ; 6= X 2 S, then X \ �(S) 6= ;Example: Let S = ffa; bg; fb; 
g; fa; d; egg, (one possible) �(S) = fb; 
; eg.Definition 2.5[7℄ Let C be an inferen
e operation on L and � an in
ision fun
tion. The lo
al kernel
ontra
tion of B determined by C and � is the operation _�C;� su
h that for all setsof senten
es B:B _�C;�� = B n �(B ??C�)



4 Approximate Belief Revision - Preliminary ReportThe following theorem 
hara
terizes the operation of lo
al kernel 
ontra
tion andis a generalization of the result obtained in [7℄. The intended interpretation is thatC is a lo
alization CA of an inferen
e operator. However, the formal result is moregeneral:Theorem 2.6[8℄ Let C be an inferen
e operation satisfying monotony and 
ompa
tness. An opera-tion _� is an operation of lo
al kernel 
ontra
tion determined by C and some in
isionfun
tion if and only if for all sets of senten
es B:� If � 62 C(;), then � 62 C(B _��) (su

ess)� B _�� � B (in
lusion)� If x 2 B n B _��, then there is some B0 � B su
h that � 62 C(B0) and � 2C(B0 [ fxg) (
ore-retainment)� If for all subsets B0 of B, � 2 C(B0) if and only if � 2 C(B0), then B _�� = B _��(uniformity)Sets of postulates and representation results are given for operations of partialmeet 
ontra
tion, kernel revision and partial meet revision. Besides 
ompa
tness andmonotony, two other properties are needed for the 
hara
terization of revision:� 
onsisten
y ? 62 C(;).� �-lo
al non-
ontravention if :� 2 C(B [ f�g), then :� 2 C(B).The 
onstru
tion of the 
ompartments required for the lo
al 
hange inferen
e op-erations is 
omputationally expensive. Lo
al 
hange operations are 
omputationallyas 
ostly as the original versions, although intuitively more appropriate. However,the representation results proven in [8℄ do not rely on the way the 
ompartmentsare de�ned, but only on properties of the lo
al inferen
e operation obtained, namely,monotony, 
ompa
tness, 
onsisten
y, and �-lo
al non-
ontravention.We now turn to more eÆ
ient ways in whi
h to isolate a meaningful part of a beliefbase for a 
hange operation.3 Approximate entailmentIn this se
tion, we summarize the main results 
on
erning approximate inferen
es.In [13℄, S
haerf and Cadoli de�ne two approximations of 
lassi
al entailment: j=1Swhi
h is 
omplete but not sound and j=3S whi
h is sound and in
omplete. Theseapproximations are 
arried out over a set of atoms S � L whi
h determines their
loseness to 
lassi
al entailment. In the trivial extreme of approximate entailment,i.e., when S = L, 
lassi
al entailment is obtained. At the other extreme, when S = ;,j=1S holds for any two formulas and j=3S 
orresponds to Levesque's logi
 for expli
itbeliefs [11℄, whi
h bears a strong resemblan
e to Anderson and Belnap's relevan
elogi
.In an S1 assignment, if x 2 S, then x;:x are given opposite truth values; if x 62 S,then x;:x both get the value 0. In an S3 assignment, if x 2 S, then x;:x get oppositetruth values, while if x 62 S, x;:x do not both get 0, but may both get 1. The beliefbase B is assumed to be in 
lausal form.11All results 
an be extended for negation normal form 
f. [2℄, but further generalization implies missing the



Approximate Belief Revision - Preliminary Report 5The following examples illustrate the use of approximate entailment. Sin
e j=3S issound but in
omplete, it 
an be used to approximate j=, i.e., if for some S we havethat B j=3S �, then B j= �. On the other hand, sin
e j=1S is unsound but 
omplete,it 
an be used for approximating 6j=, i.e., if for some S we have that B 6j=1S �, thenB 6j= �.Example 3.1[13℄L= f
ow, grass-eater, dog, 
arnivore, has-
anine-teeth, mammal, has-molar-teeth,vertebrate, animalg.B = f:
ow _ grass-eater,:dog _ 
arnivore,:grass-eater _ :has-
anine-teeth,:grass-eater _ mammal,:
arnivore _ mammal,:mammal _ has-
anine-teeth _ has-molar-teeth,:mammal _ vertebrate,:vertebrate _ animalg.We want to 
he
k whether B j= �, where � = :
ow _ has-molar-teeth.For S = fgrass-eater, mammal, has-
anine-teethg, we have that B j=3S �, andhen
e B j= �.Example 3.2[13℄ L = fperson, 
hild, youngster, adult, senior, student, pensioner, worker,unemployedg.B = f:person _ 
hild _ youngster _ adult _ senior,:youngster _ student _ worker,:adult _ student _ worker _ unemployed,:senior _ pensioner _ worker,:student _ 
hild _ youngster _ adult,:pensioner _ senior,:pensioner _ :student,:pensioner _ :workerg.We want to 
he
k whether B 6j= �, where �=:
hild _ pensioner.For S = f
hild, worker, pensionerg, we have that B 6j=1S �, and hen
e B 6j= �.Note that in both examples above, S is a small part of the total language L. Theapproximation of 
lassi
al inferen
e is made via a simpli�
ation of the belief base Bas follows (for a given 
on
lusion � and 
ontext set S):Lemma 3.3[13℄ Let simplify-3(B;S) be the result of deleting all 
lauses of B whi
h 
ontain anatom outside S. Then B is S3-satis�able if and only if simplify-3(B;S) is 
lassi
allysatis�able.good 
omplexity upper bounds, as shown in [3℄. Besides the in
rease in 
omplexity, the standard translation offormulas into NNF makes use of De Morgan's law and does not preserve truth values under S
haerf and Cadoli'snon-standard semanti
s.



6 Approximate Belief Revision - Preliminary ReportLemma 3.4[13℄ Let simplify-1(B;S) be the result of deleting all literals of B whi
h mention atomsoutside S. B is S1-satis�able if and only if simplify-1(B;S) is 
lassi
ally satis�able.Lemma 3.5Let i be 1 or 3. If B � B0, then simplify-i(B0; S) = simplify-i(B;S) [ simplify-i(B0 nB;S).S
haerf and Cadoli then obtain the following results for tra
table approximated in-feren
e:Theorem 3.6[13℄ There exists an algorithm for de
iding if B j=3S � and de
iding B j=1S � whi
hruns in O(jBj:j�j:2jSj) time.The result above depends on a poly-time satis�ability algorithm for belief basesand formulas in 
lausal form alone. This result has been extended in [2℄ for formulasin negation normal form, but is not extendable to formulas in arbitrary forms [3℄.4 Using Relevan
e to Guide the ApproximationsThe main problem with the use of approximate entailment, as noted in [13℄ and in[15℄, is that there is no general strategy or heuristi
 for 
hoosing the right set S forthe approximation. In this se
tion, we argue for the use of a notion of relevan
e inorder to guide the 
hoi
e of the 
ontext set S.It has been shown in [5℄ and [16℄ that one way in whi
h relevan
e in a database
an be de�ned is by looking at the synta
ti
al stru
ture of the formulas. In thesestudies, two formulas were 
onsidered relevant to ea
h other if they shared an atom;the de�nition was generalized to the 
ase when formulas did not share an atom withea
h other but did so with other formulas that in turn shared atoms. This enabledthe de�nition of a notion of degrees or levels of relevan
e. In the present paper, wewill use a notion of relevan
e between propositional variables: two atoms are relevantto ea
h other if and only if they o

ur in the same formula in the belief base.2Definition 4.1Given a belief base B, two atoms p; q are dire
tly relevant (denoted by R(p; q; B)) ifand only if there is a formula � 2 B su
h that p; q 2 L(�). A pair of atoms, p; q arek-relevant w.r.t B if 9p1; p2; : : : pk 2 L su
h that:i) p; p1 are dire
tly relevantii) pi; pi+1 are dire
tly relevant, i = 1; : : : k � 1iii) pk; q are dire
tly relevant.We �rst look at some ne
essary 
onditions that the 
ontext set S must satisfy. Asshown in [14℄3, if we want to use S1 interpretations to approximate B j= �, S must
ontain at least L(�) and at least one propositional variable o

urring in ea
h of the
lauses of B. For S3 interpretations, no su
h requirement is needed.The following strategy may then be used in the 
onstru
tion of the set S. If we are
onsidering S1 entailments, we start with S being su
h that L(�) � S and for every2This is used in RABIT [6℄ and 
ited in [16℄.3Theorems 2 and 3.



Approximate Belief Revision - Preliminary Report 7formula 
 2 B, L(
)\ S 6= ;. For S3 entailment, lemma 5.1 from [13℄ says that L(�)
an be left out of S. Thus, we start with S being the set of propositional variablesthat are dire
tly relevant to the elements of L(�). We 
al
ulate the approximationsand 
he
k whether the result is satisfa
tory, i.e., whether B 6j=1S � or B j=3S �. If it isnot and we still have resour
es available to pro
eed the 
omputation, we repeat the
al
ulation adding to S the set of atoms that are dire
tly relevant to the elements ofS.Constru
tion strategy for S:1. For S1 entailment, start with S 
ontaining L(�) and at least one atom from ea
hformula in B; for S3, start with S = fpjp dire
tly relevant to q and q 2 L(�)g.2. Test entailments.3. If the result is not satisfa
tory and resour
es are available, add to S the atomsrelevant to elements in S and go to 2.4. Return approximations.If we look ba
k to Example 3.1, we see that we start with S being the set ofatoms dire
tly relevant to 
ow and has-molar-teeth, i.e., S= fgrass-eater, mammal,has-
anine-teethg.Applying this te
hnique to example 3.2, we start with an initial S = L(�). Sin
eL(�) does not share atoms with all 
lauses in B, we have a 
hoi
e of adding eitherworker, student or both youngster and unemployed, or both youngster and adultto S. If we start with 1-relevant, S is just the entire languageL ex
ept for unemployed.Clearly, su
h a result is not satisfa
tory sin
e our strategy has not provided us witha useful heuristi
 for minimizing the size of the set S. In session 6, we suggest animprovement to this strategy.The 
onstru
tion of the set S and the level of relevan
e of formulas 
he
ked in the
onstru
tion of S is a fun
tion of the length of proofs required for the 
on
lusion inquestion. A query that requires a longer proof will require a deeper sear
h in termsof levels of relevan
e for the members of S.Example 4.2Take B = fp; p! q; q ! r; r ! s; s! tg; � = t. Now, S = fp; q; r; sg, is 
onstru
tedby 
olle
ting all atoms up to 3-degrees of relevan
e and the degree of relevan
e whi
hwe need to 
onsider is a fun
tion of the length of proof required to derive � from B.Note, however, that belief bases of the form above are likely to be extremely rare inpra
ti
e and therefore, we may expe
t that in most 
ases, S will be 
onstru
ted fairlyqui
kly i.e., with small k. In any 
ase, the fa
t that it takes a larger S to �nd a longproof is in line with our intuition that long proofs are only found if the agent hasenough resour
es and 
an, therefore, reason with a larger 
ontext set S.Proposition 4.3Using the above strategy, S1 and S3 entailment 
onverge in a �nite number of steps,i.e., after a �nite number of iterations, we have that either B 6j=1S �, and hen
e B 6j= �or B j=3S � and hen
e B j= �.It is not hard to see that in most 
ases, our strategy will return a set S whi
h islarger that what is needed. As noted in [15℄, if we have domain information about



8 Approximate Belief Revision - Preliminary Reportthe parti
ular problem we are trying to solve, spe
i�
 heuristi
s 
an be used to limitthe 
ontext set S. The parti
ular notion of relevan
e that we use in this paper is tobe used in the general 
ase, when no domain information is available. In the 
ase ofparti
ular appli
ations, usually there is a better notion of relevan
e that 
an be used(see for example [17℄). If B is in 
lausal form, we 
an use dependen
e links as usedin logi
 programming [10℄.5 Approximating Belief Change OperatorsWe now show that the notion of approximate entailment des
ribed in the previousse
tion 
an be used for implementing lo
al 
hange eÆ
iently. As we have noted abovein se
tion 2, if an inferen
e operation satis�es monotony, 
ompa
tness, 
onsisten
y,and �-lo
al non-
ontravention, it 
an be used together with the axiomatizations givenin [8℄. We now show that approximate entailment satis�es these requirements.Definition 5.1CiS(B) = f�jB j=iS �g, where S is a set of propositional variables and i 2 f1; 3g.Proposition 5.2Let S be a �xed set of propositional variables. Then C3S satis�es monotony, 
ompa
t-ness, 
onsisten
y, and �-lo
al non-
ontravention for every formula �.Proof: Monotony follows from the monotony of 
lassi
al entailment together withlemmas 3.3 and 3.5. Compa
tness holds sin
e we only 
onsider �nite sets. Consisten
yof C3S follows from 
onsisten
y of 
lassi
al 
onsequen
e, sin
e C3S(;) = Cn(;). IfL(�) � S, then �-lo
al non-
ontravention follows dire
tly from the non-
ontraventionproperty of Cn. Suppose L(�) 6� S. If all S3 interpretations that assign 1 to Balso assign 1 to :�, then �-lo
al non-
ontravention holds trivially. So let t be anS3 interpretation su
h that v(t; B) = 1 and v(t;:�) = 0. Then v(t; �) = 1 and theproperty holds. 2Proposition 5.3Let S be a �xed set of propositional variables. Then C1S satis�es monotony, 
ompa
t-ness, 
onsisten
y, and �-lo
al non-
ontravention i� L(�) � S.Proof: Monotony follows from the monotony of 
lassi
al entailment together withlemmas 3.4 and 3.5. Compa
tness holds sin
e we only 
onsider �nite sets. Consisten
yof C1S follows from 
onsisten
y of 
lassi
al 
onsequen
e, sin
e C1S(;) = Cn(;). IfL(�) � S, then �-lo
al non-
ontravention follows dire
tly from the non-
ontraventionproperty of Cn. Suppose L(�) 6� S. If all S1 interpretation that assign 1 to Balso assign 1 to :�, then �-lo
al non-
ontravention holds trivially. So let t be anS1 interpretation su
h that v(t; B) = 1 and v(t;:�) = 0. Then v(t; �) = 0 and theproperty fails. This shows that L(�) 2 S is a ne
essary 
ondition. 2As an example of how C1S 
an fail to satisfy the 
onditions above when L(�) 6� S,take � = p, B = ;, and p 62 S. Then any S1 interpretation assigns both � and :�the value 0. We have that :� 2 C1S(B [ f�g) = Cn(?), but :� 62 CiS(B) = Cn(;).The propositions above imply that both inferen
e operations 
an be used to de-�ne lo
al operations of belief 
hange. This allows us to 
ombine the 
omputational



Approximate Belief Revision - Preliminary Report 9eÆ
ien
y of S
haerf and Cadoli's method for approximate entailment with the logi-
al 
hara
terization of belief 
hange operations given in [8℄. The idea is that theseapproximate inferen
es give us an approximation of the revised belief base and thelarger the set S grows, the 
loser we get to the 
lassi
al de�nition. At any point inthe revision pro
ess, we 
an stop to 
he
k our results and depending upon resour
eavailability, we 
an 
hoose to 
arry on the revision pro
ess further or stop. To thisend, we de�ne the following 
ontra
tion operations:Definition 5.4Let CiS be an inferen
e operation on L and � an in
ision fun
tion. The approximatelo
al kernel 
ontra
tion of B determined by CiS and � is the operation _�CiS;� su
hthat for all sets of senten
es B: B _�CiS;�� = B n �(B ??CiS�)Note that in keeping with the approximated inferen
e operation used above, we willobtain two kinds of 
ontra
tion operations. Operations based on S1 entailment willmodel more radi
al 
ontra
tion operations (leading to a greater loss of beliefs) andthose based on S3 will model 
autious operations (fewer beliefs than warranted aredropped). The 
hoi
e of whi
h 
ontra
tion operation to use will be a 
ontext-sensitiveone. At any stage of the approximated revision pro
ess, we know that 
ontra
tionbased on 
lassi
al 
onsequen
e lies between 
ontra
tion based on approximated 
on-sequen
e relations, and that adding more propositional variables to the 
ontext Sprovides a better approximation. If S = L, then B _�CiS;�� = B _�Cn;��. Usually, theapproximations will 
onverge for a proper subset S of L.Definition 5.5Let X and Y be two families of sets. We say that Xv Y if and only if for all Y 2 Ythere is X 2 X su
h that X � Y .Proposition 5.6(B ??C1S�) v (B ??Cn�) v (B ??C3S�).It is not diÆ
ult to see that sin
e C1S is 
omplete but not sound, there will be atleast as many C1S kernels as there are 
lassi
al ones. However, some of the sets whi
hare kernels a

ording to C1S may not be subsets of any 
lassi
al kernel. A similarrelation holds for 
lassi
al and C3S kernels. An example of these in
lusion relationsis provided in Se
tion 5.1 below. The following result, a spe
ial 
ase of theorem 2.6,
hara
terizes the approximations thus obtained:Theorem 5.7An operation _�iS is an operation of lo
al kernel 
ontra
tion determined by CiS andsome in
ision fun
tion if and only if for all sets of senten
es B:� If � 62 CiS(;), then � 62 CiS(B _�iS�) (su

ess)� B _�iS� � B (in
lusion)� If x 2 B n B _�iS�, then there is some B0 � B su
h that � 62 CiS(B0) and � 2CiS(B0 [ fxg) (
ore-retainment)� If for all subsets B0 of B � 2 CiS(B0) if and only if � 2 CiS(B0), then B _�iS� =B _�iS� (uniformity)



10 Approximate Belief Revision - Preliminary ReportIn the model that we have presented above, belief revision is viewed as an approxi-mated pro
ess, arrived at by a 
ombination of the revision s
hemes presented above.Given that the approximate inferen
e operations satisfy the 
onditions required forthe general results obtained in [8℄, we note that similar results will obtain for theoperations of partial meet 
ontra
tion, partial meet and kernel revision.5.1 ExampleWe now present an example that demonstrates the use of the relevan
e based heuristi
for 
onstru
ting a 
ontext-set S and the appli
ation of approximated inferen
e to lo
alkernel 
ontra
tion. The following represents our belief base about a young student,Hans.L = fstudent, pensioner, young, six-feet-tall, likes-dan
ing, blue-eyes,workerg.B = fstudent ,:student _ young,:young _ :pensioner,worker,:worker _ :pensioner,blue-eyes,likes-dan
ing,six-feet-tallg.We now �nd out that Hans is a young genius who made millions of dollars in thesto
k market and is now happily retired and drawing a pension. As a result, we wantto 
ontra
t B by :pensioner. The two tables below show how B gets simpli�ed asS grows. B S = fpensionerg S = fpensioner,young, S = fpensioner,young,workerg worker,studentgstudent ? ? student:student _ young ? young :student _ young:young _ :pensioner :pensioner :young _ :pensioner :young _ :pensionerworker ? worker worker:worker _ :pensioner :pensioner :worker _ :pensioner :worker _ :pensionerblue-eyes ? ? ?likes-dan
ing ? ? ?six-feet-tall ? ? ?Table 1. Simplify-1 applied to B with di�erent values of S.Table 1 shows the result of simplifying the belief base B a

ording to S1 usingdi�erent 
ontext sets. The se
ond 
olumn of table 1 shows the result of simplify-1(B,fpensionerg). Sin
e all formulas whi
h are redu
ed to in
onsisten
y are minimal setsS1-implying anything, this gives us the following set of kernels:B ??C1S:pensioner=ffstudentg, f:student _ youngg, f:young _ :pensionerg,fworkerg, f:worker _ :pensionerg, fblue-eyesg, flikes-dan
ingg, fsix-feet-tallgg.



Approximate Belief Revision - Preliminary Report 11As S grows, some S1-kernels are eliminated. The third 
olumn, where S= fpensioner,young, workerg, gives:B ??C1S :pensioner=ffstudentg, f:student_ young, :young _ :pensionerg,fworker,:worker _ :pensionerg, fblue-eyesg,flikes-dan
ingg,fsix-feet-tallgg.Finally, the fourth 
olumn, where S=fpensioner, young, worker, studentg gives:B ??C1S :pensioner=ffstudent,:student_ young, :young _ :pensionerg, fworker,:worker _ :pensionerg, fblue-eyesg, flikes-dan
ingg, fsix-feet-tallgg.B S = fpensionerg S = fpensioner, young, S = fpensioner, young,workerg worker, studentgstudent - - student:student _ young - - :student _ young:young _ :pensioner - :young _ :pensioner :young _ :pensionerworker - worker worker:worker _ :pensioner - :worker _ :pensioner :worker _ :pensionerblue-eyes - - -likes-dan
ing - - -six-feet-tall - - -Table 2. Simplify-3 applied to B with di�erent values of S.Table 2 shows the result of simplifying B a

ording to S3. The se
ond 
olumn oftable 2 shows the result of simplify-3(B,fpensionerg). This gives us:B ??C3S :pensioner= ;.The third 
olumn, where S= fpensioner, young, workerg gives:B ??C3S:pensioner = ffworker, :worker _ :pensionergg.Finally, the fourth 
olumn, where S=fpensioner, young, worker, studentg gives:B ??C3S:pensioner=ffstudent,:student _ young, :young _ :pensionerg, fworker,:worker _ :pensionergg.Our example above serves as an illustration of proposition 5.6 to obtain upperand lower bounds for 
lassi
al kernels via approximated kernels. Using an appropri-ate in
ision fun
tion would provide us with similar upper and lower bounds for the
ontra
ted belief base.6 Alternative Heuristi
sAs we have seen in Se
tion 4, for S1, we have to start the approximation with a setS whi
h interse
ts all formulas of the belief base in order to guarantee 
onvergen
e.There are many possible su
h sets and it is not trivial how to sele
t one. For a spe
ialsort of belief base, this is not ne
essary:Definition 6.1A belief base B is 
onne
ted i� any two atoms p; q 2 L(B) are k-relevant for some k.



12 Approximate Belief Revision - Preliminary ReportProposition 6.2If B is 
onne
ted, then our strategy for S1 approximation 
onverges to the 
lassi
alresult for the initial 
ontext set S = L(�).We illustrate the ne
essity of the 
onne
tedness 
ondition via the example in Se
tion5.1. It is easy to see that the initial base is not 
onne
ted. The last three formulas(blue-eyes, likes-dan
ing, six-feet-tall) are 
ompletely dis
onne
ted from therest. They are treated in the appropriate way by S3 approximations, i.e., they areignored. On the other hand, simplify-1(B;S) renders them in
onsistent whenever Sdoes not mention their atoms. This means that these irrelevant formulas will alwaysgenerate in
onsistent kernels whi
h are singletons and therefore will be needlesslydeleted by a 
ontra
tion operation.We 
an 
hoose to pre-pro
ess the belief base eliminating irrelevant formulas assuggested in [4℄ and [16℄: we only revise the relevant 
omponent and keep the rest ofthe belief base un
hanged.We now present a slightly di�erent strategy whi
h uses j=1S in a more sophisti
atedway. Re
all from De�nition 4.1 that R(p; q; B) i� there is a 
lause in B whi
h hasliterals based on both p; q. Now de�ne Ri as the set of atoms whi
h are i relevant toatoms in L(�) a

ording to De�nition 4.1. Then for any k we 
hoose, divide all atomsinto three 
lasses: V = Rk, T = Rk+1 nRk, and U = L�Rk+1. V are the atoms mostrelevant to �, T are the atoms of medium relevan
e and U 
ontains those whi
h, wehope, are not relevant to the truth of �. Now eliminate all literals based on atomsfrom T . The remaining 
lauses either 
ontain literals only from Rk or else literalsnot from Rk+1, and these two varieties never o

ur together in a 
lause. Let B1 bethe �rst (relatively small) set of 
lauses and B2 the se
ond. Assuming that B2 is notin
onsistent, we get, B1 6j= � i� B 6j=1S � and of 
ourse if B 6j=1S �, then B 6j= �. Thisallows us to approximate B j= � from the negative dire
tion. We postpone detailsand proofs to the full paper.7 Con
lusionIn this paper, we have presented an appli
ation of the te
hniques of approximateentailment to belief revision. We have shown how approximate belief 
hange �ts thelo
al 
hange paradigm given in [8℄. This provides us a 
lear logi
al axiomatization ofthe approximate operations. It also provides us an eÆ
ient method for implementingoperations of belief 
hange as performed by resour
e-bounded agents. In addition, wehave provided heuristi
s for the 
onstru
tion of the 
ontext set S, without whi
h anyimplementation of approximated reasoning systems would be very diÆ
ult. We notethat domain spe
i�
 knowledge will play a key role in any heuristi
 for 
onstru
tingthe 
ontext set. In future work, we plan to implement su
h a system and furtherinvestigate its properties.Referen
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