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Finger and WassermannIn this work we propose a general framework for modeling limited rea-soning, and show two systems whi
h are spe
ial 
ases of the more generalframework. Our system is based on Cadoli and S
haerf's approximate en-tailment [13℄. Their method 
onsists in de�ning di�erent logi
s for whi
hsatis�ability is easier to 
ompute than 
lassi
al logi
 and treat these logi
s asupper and lower bounds for the 
lassi
al problem. In [13℄, these approximatelogi
s are de�ned by means of valuation semanti
s and algorithms for test-ing satis�ability. The language they use is restri
ted to that of 
lauses, i.e.,negation appears only in the s
ope of atoms and there is no impli
ation.Our starting point here is their family of logi
s S3. S3 is a family of logi
sparameterized by a set S of relevant propositions. These logi
s approximate
lassi
al logi
 (CL) in the following sense. Let P be a set of propositions andS0 � S1 � : : : � P; let Th(L) indi
ate the set of theorems of a logi
. Then,by means of su

essive approximations:Th(S3(;)) � Th(S3(S0)) � Th(S3(S1)) � : : : � Th(S3(P))where Th(S3(P)) = Th(CL) is the set of 
lassi
al theorems. From this prop-erty, we see that it suÆ
es to prove a result in some S3-approximation to havea 
lassi
ally valid theorem.Approximate entailment has been used to formalize approximate diagnosis[15℄ and belief revision [5℄. However, the knowledge had to be en
oded in
lausal form. It happens that ea
h approximation step is 
hara
terized by aformal logi
. The �nal step of the approximations is 
lassi
al logi
, in whi
hevery formula is equivalent to one in 
lausal form. However, in none of theintermediate systems su
h equivalen
e holds.The original system has been extended to deal with full propositional logi
in [10℄. In this paper, we extend another system, S�3 , whi
h was introdu
ed in[4℄. We provide a proof method based on tableaux for extended S�3 and thenshow that both S3 and S�3 are parti
ular 
ases of a system that we 
all Se.We provide semanti
s and a tableaux method for Se. We then show how thisgeneral system 
an be used to formalize di�erent heuristi
s used in theoremproving.Most proofs are omitted due to spa
e limitations.Notation: Let P be a 
ountable set of propositional letters. We 
on
en-trate on the 
lassi
al propositional language LC formed by the usual boolean
onne
tives ! (impli
ation), ^ (
onjun
tion), _ (disjun
tion) and : (nega-tion).Throughout the paper, we use lower
ase Latin letters to denote proposi-tional letters, lower
ase Greek letters to denote formulas, and upper
ase letters(Greek or Latin) to denote sets of formulas.Let S � P be a �nite set of propositional letters. We abuse notation andwrite that, for any formula � 2 LC , � 2 S if all its propositional letters arein S. A propositional valuation vp is a fun
tion vp : P ! f0; 1g.2



Finger and Wassermann2 The Family S3In this se
tion, we �rst present Cadoli and S
haerf's system S3 and then theextended version that deals with full propositional logi
.S
haerf and Cadoli [13℄ de�ne two approximations of 
lassi
al entailment:j=1S whi
h is 
omplete but not sound, and j=3S whi
h is 
lassi
ally sound butin
omplete. These approximations are 
arried out over a set of atoms S � Pwhi
h determines their 
loseness to 
lassi
al entailment. Here we will 
on
en-trate only in the latter, namely the S3 family of logi
s.In the trivial extreme of S3 approximate entailment, i.e., when S = P,
lassi
al entailment is obtained. At the other extreme, j=3; 
orresponds toLevesque's logi
 for expli
it beliefs [12℄, whi
h bears a 
onne
tion to Relevan
eLogi
s su
h as those of Anderson and Belnap [1℄.In an S3 assignment, if p 2 S, then p and :p get opposite truth values,while if p 62 S, p and :p do not both get 0, but may both get 1. The nameS3 
omes from the possible truth assignments for literals outside S. If p 62 S,there are three possible S3 assignments, the two 
lassi
al ones, assigning p and:p opposite truth values, and an extra one, making them both true. The setof formulas for whi
h we are testing entailments is assumed to be in 
lausalform.Formally, the semanti
s of the logi
 S3(S) over 
lauses is 
onstru
ted byde�ning an S3-valuation of literals into f0; 1g su
h that:� v3S(:p) = 1 i� v3S(p) = 0, if p 2 S.� if p 62 S, we 
an have one of 3 possibilities:� v3S(:p) = 1 and v3S(p) = 0� v3S(:p) = 0 and v3S(p) = 1� v3S(:p) = v3S(p) = 1This valuation 
an be generalized simply to 
lauses. By varying S, wegenerate a family of logi
s. Also, satis�ability, validity and entailment arede�ned in the usual way.Although in 
lassi
al logi
 any formula is equivalent to one in 
lausalform, the usual transformation does not preserve truth-values under the non-standard S3 semanti
s. The S3 family of logi
s has been extended to proposi-tional formula in [10℄, where a sound and 
omplete in
remental proof systemfor it was also provided.The generalized semanti
s for S3 is the following:
De�nition 2.1 An S3-valuation v3S is a fun
tion, v3S : LC ! f0; 1g, that ex-tends a propositional valuation vp (i.e., v3S(p) = vp(p)), satisfying the following3



Finger and Wassermannrestri
tions: (i) v3S(� ^ �) = 1 , v3S(�) = v3S(�) = 1(ii) v3S(� _ �) = 0 , v3S(�) = v3S(�) = 0(iii) v3S(�! �) = 0 , v3S(�) = 1 andv3S(�) = 0(iv) v3S(:�) = 0 ) v3S(�) = 1(v) v3S(:�) = 1; � 2 S ) v3S(�) = 0Rules (i){(iii) are exa
tly those of 
lassi
al logi
. Rules (iv) and (v) restri
tthe semanti
s of negation: rule (iv) states that if v3S(:�) = 0, then negationbehaves 
lassi
ally and for
es v3S(�) = 1; rule (v) states that if v3S(:�) = 1,negation must behave 
lassi
ally only if � 2 S. Formulas outside S maybehave 
lassi
ally or para
onsistently, i.e., both the formula and its negationmay be assigned the truth value 1.Note that an S3-valuation is not uniquely de�ned by the propositionalvaluation it extends. This is due to the fa
t that if � 62 S and v3S(�) = 1, thevalue of v3S(:�) 
an be either 0, in whi
h 
ase � has a 
lassi
al behavior, or 1,in whi
h 
ase � behaves para
onsistently. A 
omparison between S3 semanti
sand axiomatization and da Costa's Para
onsistent Logi
 C1 was done in [9℄.We de�ne a formula � to be S-valid in S3 if v3S(�) = 1 for any S3-valuation.A formula is S-satis�able in S3 if there is at least one v3S su
h that v3S(�) = 1.The S3-entailment relationship between a set of formulas � and a formula �is represented as � j=3S �and holds if every valuation v3S that simultaneously satis�es all formulas in �also satis�es �. A formula is S-valid if it is entailed by ;, represented as j=3S �.An inferen
e system for the full logi
 S3 based on the KE-tableau method-ology was developed in [10℄ and further developed in [11℄. KE-tableaux wereintrodu
ed by D'Agostino [7℄ as a prin
ipled 
omputational improvement overSmullyan's Semanti
 Tableaux [14℄, and have sin
e been su

essfully appliedto a variety of logi
s [6,2,3℄.KE-tableaux deal with T - and F -signed formulas. An expansion of atableau is allowed when the premises of an expansion rule are present in abran
h; the expansion 
onsists of adding the 
on
lusions of the rule to the endof all bran
hes passing through the set of all premises of that rule.For ea
h 
onne
tive, there are at least one T - and one F -linear expansionrules. Linear expansion rules always have a main premise, and may also havean auxiliary premise. They may have one or two 
onsequen
es. The onlybran
hing rule is the Prin
iple of Bivalen
e, stating that a formula has to beeither true of false. Figure 1 shows KE-tableau expansion rules for the family4



Finger and WassermannS3. T �! �T �T � (T !1) T �! �F �F � (T !2)F �! �T �F � (F !)F � ^ �T �F � (F^1) F � ^ �T �F � (F^2) T � ^ �T �T � (T^)T � _ �F �T � (T_1) T � _ �F �T � (T_2) F � _ �F �F � (F_)T :�F � (T:) provided � 2 S F :�T � (F:)T � F � (PB)Fig. 1. KE-rules for S3The only way in whi
h su
h a tableau system di�ers from a 
lassi
al oneis in the (T :) rule, whi
h 
omes with a proviso:T :�F � provided that � 2 SThe meaning of this rule is that the expansion of a bran
h is only allowedif it 
ontains the rule's ante
edent and the proviso is satis�ed, that is, theformula in question belongs to S. This rule is a
tually a restri
tion of the
lassi
al rule, stating that if � 62 S the (T :)-rule 
annot be applied. Let us
all the system thus obtained KES3.This makes our system immediately sub
lassi
al, for any tableau that
loses for KES3 also 
loses for 
lassi
al logi
. So any theorems we prove inKES3 are also 
lassi
al theorems.So KES3 is 
orre
t and in
omplete with respe
t to 
lassi
al logi
. In fa
t,KES3 is 
omplete and 
orre
t with respe
t to the semanti
s above.Theorem 2.2 ([10℄) �1; : : : ; �n j=3S � i� any possible KES3 tableau for �1;: : : ; �n ` � 
loses. Furthermore, if one S3 tableau for �1; : : : ; �n ` � 
loses,any su
h tableau 
loses. 5



Finger and Wassermann3 The Dual Family S�3Cadoli and S
haerf in a subsequent work [4℄ have proposed a dual family oflogi
s whi
h they 
alled S�3 . An S�3 -valuation of literals into f0; 1g su
h that:� v3�S (:p) = 1 i� v3�S (p) = 0, if p 2 S.� if p 62 S, we 
an have one of 3 possibilities:� v3�S (:p) = 1 and v3�S (p) = 0� v3�S (:p) = 0 and v3�S (p) = 1� v3�S (:p) = v3�S (p) = 0Only this last line di�ers from the previous S3 family, in that for an atomp 62 S, both p and :p may be false. As a result, in su
h a logi
, the formula p_:p is not valid for p 62 S, whi
h 
hara
terizes su
h logi
s as para
omplete. Thislogi
 was presented in [4℄ with the same setting as S3 was presented: formulasin 
lausal form only (in fa
t, negation normal form was also a

epted); noextension to full logi
; no proof theory.In an analogous way to our extension of S3, we extend here S�3 to fullpropositional logi
.De�nition 3.1 An S�3 -valuation v3�S is a fun
tion, v3�S : LC ! f0; 1g, thatextends a propositional valuation vp (i.e., v3�S (p) = vp(p)), satisfying the fol-lowing restri
tions:(i) v3�S (� ^ �) = 1 , v3�S (�) = v3�S (�) = 1(ii) v3�S (� _ �) = 0 , v3�S (�) = v3�S (�) = 0(iii) v3�S (�! �) = 0 , v3�S (�) = 1 andv3�S (�) = 0(iv) v3�S (:�) = 0; � 2 S ) v3�S (�) = 1(v) v3�S (:�) = 1 ) v3�S (�) = 0The de�nition of S�3 -logi
al 
onsequen
e, j=3�S is totally analogous to that ofj=3S.Also, in an analogous way, we de�ne a KE-tableau proof system for theS-parameterized family of logi
s S�3 . The rules for the 
onne
tives !, ^ and_ are the same as in S3 (whi
h are the same as the 
lassi
al rules). The rulesfor negation are now:T :�F � and F :�T � provided that � 2 SThe rule (T :) is the 
lassi
al one, while (F :) 
omes with a proviso. Thisis dual to the situation in S3. 6



Finger and WassermannAs an example we illustrate two tableaux. The �rst one is the prin
ipleof 
ontradi
tion, p;:p ` q, whi
h was not a theorem in para
onsistent S3but is now a theorem in S�3 . The se
ond example is the prin
iple of ex
ludedmiddle ` p _ :p, whi
h was a theorem in S3, but whi
h is not a theorem inpara
omplete S�3 . T pT :pF qF p�
F p _ :pF pF :p{In the �rst tableau, we simply apply (T :) to the se
ond line to 
lose thetableau. In the se
ond tableau, we would want to apply (F :), but sin
e we
onsider S = ;, the proviso pre
ludes us from doing that, and the tableauremains open.We have the following soundness and 
ompleteness result for KES�3 tableaux.Theorem 3.2 �1; : : : ; �n j=3�S � i� any possible KES�3 tableau for �1; : : : ; �n `� 
loses. Furthermore, if one S�3 tableau for �1; : : : ; �n ` � 
loses, any su
htableau 
loses.From the way KES�3 was built, it is 
lear that it is also an approximationof 
lassi
al logi
 from below. Also, it appears that S3 and S�3 are in
om-patible families, due to the following properties, that 
ome straight from thede�nitions of v3S and v3�S .Lemma 3.3 For � 62 S:(a) In S3, if v3S(�) = 1, then v3S(:�) may be either 0 or 1.(b) In S�3 , if v3�S (�) = 1, then v3S(:�) = 0.(
) In S�3 , if v3S(�) = 0, then v3S(:�) may be either 0 or 1.(d) In S3, if v3�S (�) = 0, then v3S(:�) = 1 .However, as we are going to see, this does not 
onsist in any kind ofin
ompatibility, and we may have systems that obey both rules.If we 
on
entrate on both tableau methods that approximate 
lassi
al logi
from below, we see that both 
onsist of a restri
tion of one rule in a 
lassi
altableaux.It turns out that 
onstru
ting a proof theoreti
al approximation of 
lassi
allogi
 is a trivial task!Creating a Family that Approximates Classi
al Logi
. It suÆ
esthat one restri
ts the use of one (or a set of) rules of one's favorite proofmethod to a limited set a formulas, in a way that eventually the rule willbe appli
able to all 
lassi
al formulas.7



Finger and WassermannThe hard bit, however, is to �nd a 
orresponding semanti
s for su
h a sys-tem. In the following, we show all the possibilities of approximating 
lassi
allogi
 from below by restri
ting the KE-tableau method, and provide it with ageneri
 semanti
s as well.4 A Generalized Approximation Inferen
eWe have seen how to restri
t (T:) in KES3 and how to restri
t the use of (F:)in KES�3 . We assumed that the parameter set S governing both approxima-tions was the same, but sin
e there was no intera
tions between the S3-ruleand the S�3 rule, this assumption has no 
onsequen
es. Now, we are going forgreater generality, and we assume di�erent 
ontext sets for ea
h rule. Thisgives us a system where every 
onne
tive behaves 
lassi
ally only for formulaswhi
h belong to the 
orresponding 
ontext set: ST̂ , SF̂ , ST_ , SF_ , ST!, SF!, ST:and SF: .An initial step towards this generalization was given in in [11℄, with asystem that dealt with ST: and ST!.We present a generalization of the KE-tableaux, that we 
all KESe, thatdeals with 
ontext sets for all the tableau rules. The system is obtained byadding restri
tions to ea
h expansion rule, as illustrated in Figure 2.T �! �T �T � if � 2 ST!(T !1) T �! �F �F � if � 2 ST!(T !2) F �! �T � if � 2 SF!F � if � 2 SF!(F !)F � ^ �T �F � if � 2 SF̂(F^1) F � ^ �T �F � if � 2 SF̂(F^2) T � ^ �T � if � 2 ST̂T � if � 2 ST̂ (T^)T � _ �F �T � if � 2 ST_(T_1) T � _ �F �T � if � 2 ST_(T_2) F � _ �F � if � 2 SF_F � if � 2 SF_ (F_)T :�F � if � 2 ST: (T:) F :�T � if � 2 SF: (F:)T � F � (PB)Fig. 2. KE-rules for the generalized systemLemma 4.1 KESe 
an simulate the dynami
 evolution of both KES3 andKES�3 . 8



Finger and WassermannProof. To see that KESe 
an simulate the dynami
 evolution of KES3, itsuÆ
es to set S = ST: and all other S parameters to the full set of propositionalletters. In pra
ti
e, this amounts to lifting the proviso of all rules ex
ept forthe (T:) rule. Similarly for KES�3 . 2As usual, we want our system to be based on a sound and 
omplete sub-
lassi
al semanti
s4.1 Semanti
s for Generalized Approximate Inferen
eDe�nition 4.2 An Se-valuation veS is a fun
tion, veS : LC ! f0; 1g, that ex-tends a propositional valuation vp (i.e., veS(p) = vp(p)), satisfying the followingrestri
tions:(^1) veS(� ^ �) = 1; � 2 ST̂ ) veS(�) = 1(^2) veS(� ^ �) = 1; � 2 ST̂ ) veS(�) = 1(^3) veS(� ^ �) = 0; veS(�) = 1; � 2 SF̂ ) veS(�) = 0(^4) veS(� ^ �) = 0; veS(�) = 1; � 2 SF̂ ) veS(�) = 0(_1) veS(� _ �) = 0; � 2 SF_ ) veS(�) = 0(_2) veS(� _ �) = 0; � 2 SF_ ) veS(�) = 0(_3) veS(� _ �) = 1; veS(�) = 0; � 2 ST_ ) veS(�) = 1(_4) veS(� _ �) = 1; veS(�) = 0; � 2 ST_ ) veS(�) = 1(!1) veS(�! �) = 0; � 2 SF! ) veS(�) = 1(!2) veS(�! �) = 0; � 2 SF! ) veS(�) = 0(!3) veS(�! �) = 1; veS(�) = 1; � 2 ST! ) veS(�) = 1(!4) veS(�! �) = 1; veS(�) = 0; � 2 ST! ) veS(�) = 0(:1) veS(:�) = 0; � 2 SF: ) veS(�) = 1(:2) veS(:�) = 1; � 2 ST: ) veS(�) = 0It is easy to see that the semanti
s of S3 is a parti
ular 
ase of the sys-tem above, where the sets ST̂ , SF̂ , ST_ , SF_ , ST!, SF!, and SF: 
ontain all thepropositional letters of the language and S = ST: . Similarly, the semanti
s ofS�3 
orresponds to S = SF: and ST̂ = SF̂ = ST_ = SF_ = ST! = SF! = ST: = P.4.2 Soundness and CompletenessWe say that KESe is sound with respe
t to the Se semanti
s if whenever atableau 
loses for an input sequent, then the sequent's ante
edent formulasentail its 
onsequent in Se. Conversely, the KESe-tableau method is 
omplete9



Finger and Wassermannwith respe
t to the Se semanti
s if for all sequents su
h that the the ante
edententails the 
onsequent in Se, all KESe-tableaux 
lose.We extend an Se-valuation to signed formulas making veS(T�) = 1 i�veS(�) = 1 and veS(F�) = 1 i� veS(�) = 0. A valuation satis�es a bran
hin a tableau if it simultaneously satis�es all the signed formulas in the bran
h.To prove soundness, we �rst show the 
orre
tness of all linear expansionrules of KESe.Lemma 4.3 If the ante
edents of the KESe linear expansion rules are S-satis�ed in Se by veS so are its 
on
lusions.Lemma 4.4 If a bran
h is satis�ed by a valuation veS prior to the appli
ationof PB, then at least one of the two bran
hes generated is satis�ed by a valuationveS after the appli
ation of PB.Theorem 4.5 (Soundness) Suppose a tableau for �1; : : : ; �n ` � 
loses.Then �1; : : : ; �n j=eS �.Proof. We show the 
ontrapositive. So suppose �1; : : : ; �n 6j=eS �, so thereis a valuation veS su
h that veS(�1) = : : : = veS(�1) = 1 and veS(�) = 0.In this 
ase, the initial tableau for �1; : : : ; �n ` � is su
h that all formulasT �1; : : : ; T �n; F � are satis�ed by veS.By Lemmas 4.3 and 4.4, we see that ea
h appli
ation of an expansion rulepreserves at least one satis�able bran
h. As 
losed bran
hes are not satis�able,at least one bran
h remains open and the tableau 
annot 
lose. 2We say that a bran
h of a tableau is 
omplete if there are no more appli-
able expansion rules.Lemma 4.6 An open 
omplete bran
h in a KESe-tableau is S-satis�able inSe.Theorem 4.7 (Completeness) If �1; : : : ; �n j=eS � then any possible KESetableau for �1; : : : ; �n ` � 
loses.Proof. Suppose for 
ontradi
tion that there is a tableau for �1; : : : ; �n `� with an open 
omplete bran
h B. Then by Lemma 4.6 there is an Sevaluation that satis�es B, whi
h in
ludes T �1; : : : ; T �n; F �, 
ontradi
ting�1; : : : ; �n j=eS �. 24.3 Appli
ations of SeWe examine here the use of Se as a formalization of proof strategies usingKE-tableaux. In a tableau expansion, more than one rule may be appli
ableat a time, and the 
hoi
e of whi
h rule to use may have dramati
 e�e
ts, fora short proof may exist but the wrong 
hoi
e of rule appli
ation may lead toan explosion in the number of bran
hes.Let X 2 fT; Fg and � 2 f^;_;!;:g. The use of an SX� 
ontext set inKESe-tableaux may lead to a delay in using the rule (X�). This works as10



Finger and Wassermannfollows: suppose the rule (X�) is 
lassi
ally appli
able at one point in thebran
h expansion, but the 
orresponding proviso, � 2 SX� , is not met at thatpoint. The use of the rule (X�) is then blo
ked. All other appli
able ruleswould take pre
eden
e, and will be applied. After their appli
ation, there aretwo possibilities: either all bran
hes passing through that (X�)-blo
ked pointare 
losed, in whi
h 
ase there is nothing to be done, or there is at least oneopen bran
h. In the latter 
ase, the formula � is inserted in SX� , the logi
 is
hanged to one \
loser" to 
lassi
al logi
, from Se(SX� ) to Se(SX� [ f�g), sothat the proviso is now met. The expansion of the tableau 
an then pro
eedin
rementally in the new logi
, without having to restart from square 1.In the systems S3 and S�3 we have seen that most of the sets SX� were equalto P. So the 
hoi
e of whi
h set SX� to be 
hosen to be di�erent from P hasto do with whi
h rule appli
ation we want to postpone.Clearly, we do not want to postpone the appli
ation of one-premised linearrules. These rules, whi
h 
orrespond to the �-rules in Smullyan's analyti
tableaux, never generate a new bran
h and are all 
ommutative, for the appli-
ation of one rule does not invalidade the appli
ation of another. This meansthat for theorem proving purposes we would want to haveSF! = ST̂ = SF_ = ST: = SF: = PNote that the 
ontext sets of S3 and S�3 are in
luded in the sets abovethat we want to maintain �xed in P. In fa
t, this is in a

ordan
e to someexperiments made in [8℄ with the implementation of KES3 tableaux, in whi
ha de
rease in performan
e was noted from the use of KES3 strategy in re-spe
t to 
lassi
al KE in whi
h the one-premised rules were given appli
ationpre
eden
e, as above.The two-premised rules are normally asso
iated with the bran
hing pro-
ess, whi
h is the important point to 
on
entrate on when trying to redu
e thesize of a proof. There are two premises in those rules. The main premise is themain formula, whi
h in Smullyan's analyti
 tableaux are asso
iated to �-rulesand the bran
hing pro
ess. The other premise is the auxiliary formula, whi
his asso
iated with the KE bran
hing heuristi
s. A

ording to su
h heuristi
s,given a main formula of a two-premised rule where the auxiliary formula isabsent, one should bran
h using PB so as to generate, in one of the bran
hes,the missing auxiliary formula.As a result, a strategy for tableau bran
hing based on Se should keep tra
kof the formulas in the 
ontext sets SF̂ ; ST_ and ST!.The resulting strategy goes in a

ordan
e with the general intuition oftableau expansion: �rst expand the formulas that do not generate new bran
hes,and only then expand the bran
hing rules. Furthermore, our new strategy nowpla
es further restri
tions on the bran
hing rule, for we are giving preferen
eto bran
h over a formula that is already on one of the sets SF̂ ; ST_ and ST!.That is, our strategy gives preferen
e for bran
hing over subformulas of for-mulas over whi
h there has already o

urred a bran
hing operation higher up11



Finger and Wassermannin the tableau.Example 4.8 In this example we will 
onsider S = SF̂ = ST_ = ST!. Thatis, if there is a bran
hing over some formula, subsequent bran
hes over sub-formulas of it will be privileged. This strategy is good if there are irrelevantformulas, for it helps to avoid using them for the bran
hing heuristi
s.To see that, 
onsider the sequentA; (A! B)_(A! C); ((A^B_C) ! D)_(A^(B_C) ! E); (G^F )!(B _ C) ` D _ Ewhi
h generates, with initially S = ;, the initial tableau1: T A2: T (A! B) _ (A! C)3: T (A ^ (B _ C)! D) _ (A ^ (B _ C)! E)4: T (G ^ F )! (B _ C)5: F D _ ENote that line 4 is totally irrelevant to the proof, and we want to avoid usingit. After the �rst expansion of line 5 into6: F D (F_)57: F E (F_)5we have a 
hoi
e of lines 2, 3 and 4 over whi
h to apply the bran
hing heuris-ti
s. As all those lines are T -marked, we 
hoose a formula that has some atomsin 
ommon with the F -marked formulas in tableau; this justi�able, for the F -marked formulas are those we are trying to prove, and so we 
hose formulasthat are relevant to the goal.This 
hoi
e leads to a bran
h over 3, with bran
hing formulas F A ^ (B _C)! D and T A ^ (B _ C)! D. The left-hand bran
h develops as follows:8a: F A ^ (B _ C)! D9a: T A ^(B _C) !E (T_) 3; 8a S := fA;B;C;Dg10a: T A ^ (B _ C) (F !) 8a11a: T E (T !) 9a; 10a�In line 9a, the use of (T_) using 3 as main premise and 8a as auxiliary premisefor
es the insertion of all atoms of 8a into S. Sin
e S = SF̂ = ST_ = ST!, thisnew S allows the use of (T !) to obtain line 12a, whi
h 
loses the bran
hwith line 7. 12



Finger and WassermannOn the right-hand bran
h, we obtain the following expansion:8b: T A ^ (B _ C)! D9b: F A ^ (B _ C) (T !) 8b; 610b: F (B _ C) (F^) 9b; 111b: F B (F_) 10b12b: F C (F_) 10bThe fa
t that B;C 2 S li
enses the use on (T !) in line 9b; similarly, A 2 Sli
enses (F^) in line 10b. At this point we have to bran
h over lines 2 or 4.But 4 is blo
ked, for some of its atoms are outside A, whi
h does not o

urwith line 2. So the expansion pro
eeds bran
hing over A! B.13ba: T A! B 13bb: F A! B14ba: T B (T !) 13ba; 1 14bb: T A! C (T_) 2; 13bb� 15bb: T C (T !) 14bb; 1�As all bran
hes are 
losed, the tableau is proved in Se and also in 
lassi
allogi
.5 Con
lusions and Future WorkIn this paper, we have extended the system S�3 [4℄ to deal with full propositionallogi
, obtaining a family of para
omplete logi
s whi
h is dual to the family ofpara
onsistent logi
s S3. Comparing the semanti
s and proof methods of bothsystems, we noted that the idea behind those systems, namely restri
ting theappli
ation of a rule, 
ould be further generalized. This generalization gave usthe system Se, for whi
h we gave a semanti
 and a sound and 
omplete proofmethod. We then showed how Se 
an be used to formalize di�erent heuristi
sused for theorem proving.Future work in
ludes extending the implementation of the theorem proverfor KE and KES3 to KESe and testing it extensively with di�erent 
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